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Introduction

B naa TN b
Introduction

Theory . . . . .

Model Families Algorithms to optimally cover finite sets of matrices with

C M . . . . . .
bt diagonally-weight unit balls (with Euclidean operator norm) of matrices
D Sl are considered. The motivation of this work is multi-model robust

Data Sets IP and IPN . i .. . L.

Data Set IP control design or covering of a finite set of plants with an additive or
Data Set IPN

multiplicative uncertainty model.

Containment Metric

Summary

m Reformulated as a semi-definite program.

m 'Containment’ metric.

m  Uncertainty model derived from frequency response data via
frequency-by-frequency analysis.

Hindi, H., Seong, C-Y, and Boyd, S., “"Computing optimal

uncertainty models from frequency domain data,” Proceeding
41%¢ |EEE Conf. Decision and Control, vol. 3, 2898-2905 (2002).
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Uncertainty Models

Introduction

Model Families R denotes proper, rational functions, and R™*™ is the set of n x m
Cover Measures . . . . . .

CTM Aireraft matrices with elements in R. Similarly S denotes stable (poles in open
o 2‘*I'IP o left-half plane), proper, rational functions. For any ring IC, Ujcnxn

ata d>e€ts an

Data Set IP denotes the units in X"*". For G € R™*™, the notation U4(G) is the
Data Set IPN . . -

o i number of unstable eigenvalues in a stabilizable and detectable

Summary realization of (5.

Given P S Rnx"m, and WL < USan,WR c Z/{Sme

.A(P, WL,WR) = {15 = P+WrAWgR: A e R"™, HA”EOO <1,
Uy (P) =Uy(P)}

Mz (P,Wp,Wg) = {P=P(In+WLAWg): A€ R™™ |A],_ <1,
Up(P) = Uy(P)}

Mo (P,Wr,Wgr) = {]5 = (I, + WLAWR)P : A € R™™™, ”AH/LOO <1,
Uy(P) =Ugyu(P)}
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Uncertainty Models

Theorem 0.1 (Additive) Given P € R™*™, and
Wi € Usnxn, Wr € Usmxm. Assume P has no poles on the imaginary
axis. Then P € R"*™ satisfies P € A(P, Wy, Wg) if and only if

Uy (P) = Uy (P) and
W,Wi P-P
- * \ 0 (1)
(P . P) WiWn
for all w € R.

Theorem 0.2 (Input-multiplicative) Given P € R™*"™, and

Wi € Usnxn, Wr € Usmxm. Assume P has no poles on the imaginary
axis. Then P € R"*™ satisfies P € Mz (P,Wy,Wg) if and only if

U#(P) = U#(P) and
PW W;pP* P-P
- * . =0 (2)
(P - P) WiWn
for all w € R.

Other over-bound uncertain models can also be represented via LMls.
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Covering a Family of Models

Introduction
Theory

Given a nominal model P € R™*™ and a finite collection of models

Cover Measures

. {Pi},fil (assuming same # of RHP poles), find weights W, and Wg

Data Set | be chosen so that for all ¢
Data Sets IP and IPN

Data Set IP
Data Set IPN

Containment Metric

P,;EA(P,WL,WR) or P; € Mg (P,WL,WR) or P, e Mo (P,WL,WR)

Summary

Select Wy, and Wg as “small” as possible, (approximately “radius” of
the uncertain set).

Define new optimization variables L and R for W W} and W57Wg
respectively.
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Covering a Family of Models

Optimization to determine small, feasible weights is:

1.

= W

Chose positive definite matrices I'y and I'y
Pick a nominal plant model, P

Grid the frequency axis using {Wk}iw:r

At each frequency, solve the SDP

min TrI'yL + TrI's R

L>0,R>0
subject to
L ) P, — P - 0 or PLP )
(P; — P) R (P, — P)

for all {z}fll and at all frequencies {wk}i\il.

P, — P
=0
R s
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Cover Measures

Introduction

Theory

Model Families Given C € CnijD - Cnxn,E -~ Cnx"m, define

GTM Aircraf

et set 1 B.(C,D,E):={C+DAE: A € C"™" 5(A) < a}

Data Sets IP and IPN

Data Set IP _

DO When a =1, B(C,D, E).

Containment Metric

Summary Given (C1, D1, F1) and (Cs, Do, E5), what is the smallest value of «

such B, (C1, D1, Ep) contains B(Cs, Do, E5)? Suppose B(Cy, D1, E1)
and B(Cy, Dy, E5) are two different “covers” of a finite collection of
matrices.

m  How much does (C4, Dy, E71) have to be expanded to include all of
B(Cs, Dy, E5)?

m  Conversely, how much does (C, D5, E5) have to be expanded to
include all of B(Cy, Dy, E1)?

Description which has to be expanded more is a less conservative
cover. [hese are considered as containment metrics.
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Cover Measures

Introduction

Theory

Model Families Theorem 0.3 Theorem: Suppose n > m, C; € C™**™, D, € C™**",
p—— E; € C™*™ with each D; invertible, and each E; full column rank.
Data Set | Then

Data Sets IP and IPN

Data Set IP . _

Daza SeIIPN min {« : B(C2, D2, E2) C Ba(C1, D1, E1)} = max o [M(Az2)]

ApeCnXm 5(Ag)<1

Containment Metric

Summary
where M(A) = Dyt (Cy — Cy + Dy AES) (EfEl)_% Moreover, the
maximization can be computed reliably and accurately with structured
singular value/SDP methods.

Special cases:

m Input-multiplicative model must be increased by a factor

o [(PW1)"1W3] & [WyW5 '] to contain the additive model

m Additive model must be increased by a factor

o (W5 H(PW1)] & [W2W, '] to contain the input-multiplicative
model.
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GTM Aircraft: Over-Bound Uncertainty Modeling

Introduction

Theory . . . . .

Model Families Application of over-bounding techniques to generate input
multiplicative and additive uncertainty models for the NASA Generic
Data Set | Transport Model (GTM) aircraft.

Data Sets IP and IPN

e s 5.5% dynamically-scaled, remotely piloted, twin-turbine swept wing
Containment Metric aircraft, NASA Langley Research Center.

Summary

Okko Bosgra Celebration Okko Bosgra Celebration — 12 / 22



Introduction

Theory

Model Families
Cover Measures

Data Set |

Data Sets IP and IPN
Data Set IP

Data Set IPN
Containment Metric

Summary

Okko Bosgra Celebration

Uncertain, Lateral-Directional GTM Model

. Agw €Cr,, Cy,, Cp,, Cr., Cn, (4%), Cy,, Cn, (8%).

4s+4.85 4549.73 .
u Wail — 2197 ) Wrud — Ss_l—_i_97‘3 ’ Wi — dza’g(Wail) Wrud)

m W =0.05- I343

Ast ab

6 Win < Ain

p LAT é T [ Oail ]
r % 5rud
¢

Wsn <— SENSpoise

Three set of input/output frequency response data:

1. | input uncertainty
2. IP input and parametric uncertainty
3. IPN input, parametric uncertainty and sensor noise
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Input Uncertainty Data Set |

From: Aileron[rad] From: Rudder[rad] From: In(1) From: In(2)
1 o7 B
10" F 10° /
.
— [ +—+W1
= / /
5 _ 7 ral — W2
3 7 - N
o S~ 7 AT N N W3
~ ~ < _ _ o \
~—~ \ —_— ==
10° “® N w4
m N
~— AN
m N
o -1
S 10
=
c
=)
s
107 0
10
8
5
(@]
o
'_
107
L n L L L L U 1071
0.01 0.1 1 10 107 10* 10° 10 10° 107 10° 10° 10 10° 10* 10° 10 10°

Frequency (rad/sec) Frequency (rad/sec)

Input multiplicative, Py, = P(I + W1 A;uW5), and additive,
Poga = P+ W3A,qaWa,

m Wy and W5 are identical, W Wy = W,y
m Set Wiy =1, Wy = Wy
m W3 and Wy vary significantly across frequency
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Input Uncertainty Data Set |

Magnitude
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Comparison of Over-Bound and Original Weights
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Uncertainty and Noise, Data Sets IP and IPN

Introduction

Theory
Model Families

Cover Measures

GTM Aircraft From: Aileron[rad] From: Rudder[rad] From: Aileron[rad] From: Rudder[rad]
Data Set | o ' ‘
Data Sets IP and IPN
Data Set IP
Data Set IPN g g
. - 0 L
Containment Metric s 8
Qg Qo
Summary == ER
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Data Set IP (left) and Data Set IPN (right)
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Magnitude (abs)
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Data Set IP
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IP: Input Multiplicative and Additive Uncertainty Over-Bounds
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Data Set IPN

Introduction

Theory
Model Families

Cover Measures

GTM Aircraft : From: In(1) From: In(2) From: In(1) From: In(2)
Data Set |
Data Sets IP and IPN a ~ W3IPN
D Set IP b —— W1 (IPN) NS I
ata oet 5 3" - - - W4IPN
Data Set IPN 5 S -~ “W3IP
P -~ - W1(P) 7 F
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Input Multiplicative (left) and Additive Uncertainty (right)
Over-Bound of Data Set IPN
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Containment Metric

Introduction

Theory

Model Families Compare conservatism of these relative model sets for IP:

Cover Measures

GTM Aircraft m P, = Pnom(] + WlAinW2)

Data Set |

Data Sets IP and IPN B Pogq = Poom + WA qaWa

Data Set IP

Data Set IPN . . . . .
Containment metric for additive uncertainty over-bound weights
Summary

relative to the input multiplicative over-bound model,
Paaa(W3, Wy4) € Py, (W71, W5) is at each frequency w.

|Awad| = (W5t PaomW1)a(Wo W, 1), at w

Input multiplicative over-bound weights relative to additive uncertainty
over-bound weights

Ain| = 6(PaomWh) " W3)a(W W5 ), at w
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Containment Metrics

Introduction

Theory . ] ] .
Model Families m  Containment metric is 1 if the model set, Pyqq(W3, Wy) for
C M . .
bt example, contains all the models in P, (W1, W5).
oare zet'lp o m  Model description with the larger containment metric is the /east
ata Sets an
Data Set IP conservative description.
Data Set IPN
Summary 18 T T T
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Summary

Introduction

Theory

Model Families m Algorithms were developed to optimally cover finite sets of matrices
C M . . . . . .

bt with diagonally-weighted unit balls (with Euclidean operator norm)
Data Set | of matrices.

Data Sets IP and IPN

Data Set IP

Data Set IPN m  Metrics were derived to to assess the relative size of the each
Containment Metric ) .

model set relative to a specific model structure.

m  Application to lateral-directional axis of a radio-controlled aircraft.
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