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Abstract

A large class of hybrid systems can be described by a maxpfasiscaling (MMPS) model
(i.e., using the operations maximization, minimizatiodgigion and scalar multiplication). First,
we show that continuous piecewise-affine systems are dgqoivio MMPS systems. Next, we
consider model predictive control (MPC) for these systemsgeneral, this leads to nonlinear,
nonconvex optimization problems. We present a new MPC ndetboMMPS systems that is
based on canonical forms for MMPS functions. In case the M&tGttaints are linear constraints
in the inputs only, this results in a sequence of linear o&tion problems such that the MPC
control can often be computed in a much more efficient way thafust applying nonlinear
optimization as was done in previous work.

Keywords: model predictive control, hybrid systems, piecewise-affine systems;nmraplus-sca-
ling systems.

1 Introduction

Hybrid systems contain both analog (continuous) and logical (discretiehswg) dynamics. Typical
examples are manufacturing systems, telecommunication and computer netvedficscontrol sys-
tems, digital circuits, and logistic systems. Piecewise-affine (PWA) modetstareused to describe
the behavior of hybrid systems since they form the “simplest” extension drlisgstems that can
still model nonlinear and nonsmooth processes with arbitrary accuracgiace they can deal with
hybrid phenomena. PWA systems have been studied by many author8[3,4.,9, 20, 21, 25, 27].
In particular, Sontag has considered PWA systems from a classicabcpatspective [25]. He has
also studied specific properties like representation, realization, olbdéywand decidability ques-
tions. Furthermore, recently, Morari, Bemporatial. [1, 2, 4, 14] have developed a model predictive
control approach for PWA systems.

Another modeling framework for hybrid systems consists in max-min-plusagddiMPS) mod-
els, which use maximization, minimization, addition and scalar multiplication. Recenihk be-
tweenconstrainedMMPS systems and PWA systems (and other classes of hybrid system®dmas b
established [17, 18]. In this paper we will present a direct connectiweencontinuousPWA
systems and MMPS systems (without the need to introduce additional auxiiegbles or extra
constraints as was done in [17, 18]).

In [12] we have extended the model predictive control (MPC) framkw@MMPS systems. In
this paper we will use the link between continuous PWA systems and MMP Srs/stepresent a
new approach to MPC for continuous PWA systems. In order to computeR(® adntroller for a



continuous PWA system or an MMPS system, we have to solve a nonlinegomax optimization
problem at each sample step. For the case that the MPC constraints areding@aints in the in-
puts, we propose a new optimization approach that is based on cananinalfor MMPS functions
and that is similar to the cutting-plane algorithm for convex optimization problerhg. pfoposed
approach consists in solving several linear programming problems and iefficient than the algo-
rithms used in [12], which are based on multi-start nonlinear local optimizateaquential quadratic
programming) or on the extended linear complementarity problem.

This paper is organized as follows. In Section 2 we present MMPS andl faétions and
systems, and we establish the equivalence between continuous PWA sgsigeBVIPS systems.
Next, we consider canonical forms for MMPS functions. In Section 4 viefli recapitulate our
previous results on MPC for MMPS systems. Because of the link betwegingous PWA and
MMPS systems, this approach can also be used for continuous PWA systiexis we present an
efficient algorithm to solve the MMPS-MPC and PWA-MPC optimization problek¥e. conclude
with two worked examples.

2 Continuous PWA systems and MMPS systems
2.1 MMPS and PWA functions and systems

Definition 2.1 An MMPS function f R" — R™ is defined by the recursive grammar
f(x) :=x | a | max(fk(x), fi (x)) | min(f(x), fi(x)) | f(¥) + i (x) | Bf(¥) 1

withie {1,...,n}, a,B € R, and where f: R" — R™, f : R" — R™ are again MMPS functions; the
symbol| stands for “or”, and maxand min are performed entrywise.

Systems that can be described by a state space model of the form
X(K) = Atx(x(k—1),u(k)),  y(k) = .4y(x(k),u(k)) , 2)

with inputu, outputy, and states, and where#, .#, are (vector-valued) MMPS functions, are called
MMPS systems

Definition 2.2 [8] A scalar-valued function fR" — R is said to be a continuous PWA function if and
only if the following conditions hold:

1. The domain spadk" is divided into a finite number of polyhedral regiong)R .., Ri.

2. Foreachie {1,...,N}, f can be expressed a$x) = a(Ti)er B for any xe R(j) with a(jy € R"
and B € R.

3. fis continuous on any boundary between two regions.

A vector-valued function is continuous PWA if each of its components is goasiPWA.
A PWA system is a system of the form
(k) = Zx(x(k=1),u(k)), y(k) = Zy(x(k),u(k)) , ®3)

with &y, &, vector-valued PWA functions. 1%y, &, are continuous, we say that the system is con-
tinuous PWA. Note that PWA models can also be used as approximations ofjereeeal state space
models of the formx(k) = f (x(k— 1), u(k)), y(K) =g(x(k), u(k)), with f,g continuous and nonlinear.

For more information on PWA functions and PWA systems we refer to [2, 89920, 21, 25]
and the references therein.



2.2 Equivalence of continuous PWA and MMPS systems

Theorem 2.3 [16, 24]if f is a continuous PWA function of the form given in Definition 2.2, then
there exist index sets,l..,l, C {1,...,N} such that

— i T _
F= max min (o X+ B) -

From the definition of MMPS functions it follows that (see also [16, 24]):
Lemma 2.4 Any MMPS function is also a continuous PWA function.

From Theorem 2.3 and Lemma 2.4 it follows that continuous PWA systems and3/ystems are
equivalent, i.e., for a given continuous PWA model there exists an MMP &h(aad vice versa) such
that the input-output behavior of both models coincides:

Proposition 2.5 Continuous PWA systems and MMPS systems are equivalent.

This is an extension of the results of [17, 18], which already prove anvalgnce between (not
necessarily continuous) PWA models and MMPS models, but there someaexifiary variables

and some additional algebraic MMPS constraints between the states, the angdutise auxiliary

variables were required to transform the PWA model into an MMPS model.

3 Canonical forms of MMPS functions

Now we consider some easily verifiable properties of the max and min opethtdrwill be used in
the proof of the main theorem of this paper. ke3,y,d € R.

e Since minimization is distributive w.r.t. maximization, i.e., niin, max(3,y)) = max(min(a,
B),min(a,y)), and maximization is distributive w.r.t. minimization, we have

min(max(a,B),maxy,d)) = max(min(a,y),min(a, 8),min(B,y), min(B,9)) 4)
max(min(a,B),min(y,5)) = min(maxa, y),maxa,d),maxB,y),maxB,3)) . (5)

e Since addition is distributive w.r.t. minimization and maximization, we have

min(a, B) +min(y, ) = min(a +y,a + 93,8 +y,f+9) (6)
max(a, B) +maxy,8) =maxa +y,a+05,8+y,f+9) . (7)

e The min and max operators are related as follows:
max(a,B):—min(—or,—B), min(aaB) :—max(—or,—B) . (8)
e If p € Ris positive, then

pmaxa,p)=maxpa,pB),  pmin(a,B)=min(pa,pP) . 9)



Theorem 3.1 A scalar-valued MMPS function f can be rewritten into the min-max canofocal

f= min  max (ag;x+p) (10)

or into the max-min canonical form = nltax mln (y(T- -)x+ d,j)) for some integers K, L. ..,
Lj=1.., ’
Nk, My,..., M, vectorsa j), ¥ j), and real numberﬁ i)

For vector-valued MMPS functions the above statements hold compongntwis

Proof: We will only prove the theorem for the min-max canonical form since the fpimothe
max-min canonical form is similar. It is easy to verify thatfifand f; are affine functions, then the
functions that results from applying the basic constructors of an MMR&itin (max, min+-, and
scaling — cf. Definition 2.1) are in min-max canonical fdrmNow we use a recursive argument
that consists in showing that if we apply the basic constructors of an MMR&ibn to two (or
more) MMPS functions in min-max canonical form, then the result can agatrabhsformed into
min-max canonical form. Consider two MMPS functiohgndg in min-max canonical forf f =
min(max(f1, f2),maxfs, f4)) andg = min(max(g91,92), max(gs,d4)). Now we show that ma),g),

min(f,qg), f +gandBf with B € R can agaln be written in min-max canonijcal for.
gnaxz —max mln?max(fl, fo),maxfs, f 5 mln?max(gl,gz ma><(g3,g4))nT

= max| max(min(fy, f3), min(fy, f4),min(fz, f3), min(f, f4)),
max( min(gs,9s), Min(gs,ga), Min(gz, gs), Min(gz, 9a)) | (by (4))
= max(min(fl, f3), min( f1, f4), min(fy, f3), min(fy, f4),
min(gs,gs), Min(gz, ga), Min(gz, gs), Min(gz, 9a))
= min (max(fa, f1, f2, 2,091,091, 02, 92), max(f1, f1, f2, f2,01,01,02,94), . ..
max( fs, fa, f3, f4,gg,g4,gg,g4)) (since max is distributive w.r.t. min)
e min(f,g) = min | min(max(f1, f2),maxf3, f4)), min(maxg:,g2), max(gs,g4)) |
= min (max(f, f2), maxf3, f4),max(g1,92), max(gs, g4))
o f+g =min(maxf, f2),max(fs, f4)) + min(max(gs1,92), max(gs, ga))
=min ( max( f1, f2) + max(g1,92), max f1, f2) + max(gs, 94),
max 3, fa) +max(g1,9z), maxfs, fa) + maxgs,94))  (by (6))
= min (maxf1+ g1, f1+ g2, f24 91, 2+ g2),
max(f1+9gs, f1+0a, f2+ s, f2+0a), max(f3 + 01, f3+ 92, fa+ 91, fa+ g2),
max f3+0s, fa+ ga, fa+03, fa+0a))  (by (7))
e Bf = Bmin(maxfy, fz),max(fs, f4))

"=’ min (max(B11,BT,), max(Bfs, Bfa))  ifB=0  (by(9))
P=° _| B min (max(fy, f2), max fs, 1)) if B<0
= —min(max(B|f1, |B|f2),max(|B|fs,|B|fa)) (by (9))
lor alternatlvelya( i)+ Vi.j) are matrices, anﬂ ]) are vectors.

2We allow “void” min or max statements of the form nig) or max(s), which by definition are equal te for any
expressiors. Alternatively, we can write mifs,s) or maxs,s).

3For the sake of simplicity we only consider two min-termsfiandg, each of which consists of the maximum of two
affine functions. However, the proof also holds if more terms aresptes

4



ax(—max(|B| f1,|B|f2), —max(|B] f3, |B|f4)) (by (8))

ax(min(—|B|f1,—|B| f2),min(—|B| f3, —|B| f4)) (by (8))

ax(min(B 1, B f2), min(B f3, Bf4))

in(max(B f1, B fs),maxBf1, Bfs),max(Bfz, Bfs),max Bz, Bfs)) (by(5). O

m
m
m
m

4 MPC for MMPS systems

In this section we give a short overview of the main results of [12] in whiethewve extended the MPC
framework to MMPS systems. Related results can be found in [1, 4]. Warasthat the reader is
familiar with the basics of MPC, i.e., MPC is a model-based control approathltbes constraints
on the inputs and outputs; in MPC at each sample step the optimal control inputaitiimize a
given objective function over a given prediction horizon are compuwted,applied using a receding
horizon approach More information can be found in [7, 15, 22] and the referencesithere

We can use the deterministic model (2) either as a model of an MMPS systere, emuilialent
model of a continuous PWA system, or as an approximation of a generatismaalinear system.
Note that we do not include modeling errors or uncertainty in the model. Hawswnce MPC uses
a receding finite horizon approach, we can regularly update the modeharcurrent state as new
information and new measurements become available. We also assume thaettserseasurabte

In MMPS-MPC we compute at each sample stegm optimal control input that minimizes a cost
criterion over the periodk,k + N, — 1] whereN, is the prediction horizon. As we assume that at
sample stefi the current state can be measured, estimated or predicted using prevasigengents,
we can make an estimayék~- j|k) of the output of the model (2) at sample step j based on the
statex(k — 1) and the future inputsi(k+1i), i =0,...,j. Using successive substitution, we obtain
an expression of the fory(K+ j|k) = Fj(x(k—1),u(k),...,u(k+j)) for j =0,...,N, — 1. Clearly,
y(k+ j|k) is an MMPS function ok(k— 1),u(k),...,u(k+ j).

The cost criterion)(K) = Jout(K) + A Jin (k) used in MMPS-MPC reflects the reference tracking
error Jou) and the control effortX,), whereA is a nonnegative weight parameter. letenote the
reference signal, and define the vectors

GK) = [uT(k) .. uT(k+Np= )], §(K) = [§T(KIK) ... §T(k+Np—1]K)] ",
FK) = [rT(k) ... rT(k+Ny—1)]" .

In practical situations, there will be constraints on the input and outpuaisignaused by limited
capacity of buffers, limited transportation rates, saturation, etc.). Inrgenhbis is reflected in an
MMPS constraint of the forr@(k,x(k— 1), G(k),¥(k)) >0 .

In this paper we consider the following output and input cost functions

Jout1(K) =[¥(k) = F(K) |1, Jouteo(K) = [|§1(k) — F(K)|oo, Jin, 2(K) = [|(K) |1, i co() = [[G(K) |-

4This means that after computation of the optimal control sequefhgeu(k+1), ..., u(k+Ng — 1), only the first control
sampleu(k) will be implemented, subsequently the horizon is shifted one sample; nexhatlel and the state are updated
using new information from the measurements, and a new MPC optimizatienfarmed for sample stdp+ 1.

SAlternatively, one might assume that the state can be estimated. Howesés, not a trivial operation as the system is
operating in closed-loop and as — to the authors’ best knowledge —aliélitly and state estimation for (general) PWA
systems is still an open issue.

6In conventional MPC usually quadratic cost functions of the fdga(k) = [|§(k) — F(K)[|3 andJin(k) = ||ti(k) |3 are
used. In a discrete event context, however, other choices are pynepaiate (see [11, 12]).




Note that these cost functions are also MMPS functions (recal|xhatmax(x, —x) for x € R).

The MMPS-MPC problem at sample stlkgonsists in minimizing)(k) over all possible future
input sequences subject to the constraints. Just as in conventional M&dhtrol horizonN; is
introduced in MPC, which means that the input is taken to be constant begomale stef+ Ne:

Uk+j)=u(k+N;—1) for j=Nc,...,Np—1 (11)

Alternatively, we can set the input rate constant as was done in [12ddition to a decrease in the
number of optimization parameters and thus also the computational burden]ex sanatrol horizon
N; also gives a smoother control signal, which is often desired in practicatisiis. On the other
hand,N; should also not be too small since otherwise the controller may not havgledegrees of
freedom to reach constraints and the control objectives.

5 Algorithms for the MMPS-MPC optimization problem

5.1 Nonlinear optimization

In general the MMPS-MPC optimization problem is a nonlinear, nonconpéir@ation problem.
In [12] we have discussed some algorithms to solve the MMPS-MPC optimizatidxtepn such as
multi-start nonlinear optimization based on sequential quadratic programm@ig)(®r a method
based on the extended linear complementarity problem (ELCP). Howeterniethods have their
disadvantages. If we use the SQP approach, then we usually havestdezamlarge number of initial
starting points and perform several optimization runs to obtain (a goo@@pgation to) the global
minimum. In addition, the objective functions that appear in the MMPS-MPC optiinizaroblem
are non-differentiable and PWA (if we use the cost critdg@1, Jouteo, Jin.1, Jinw, OF those given
in [11]), which makes the SQP approach less suitable for them. The mairvaigade of the ELCP
approach is that the execution time of this algorithm increases exponentitiily size of the problem
increases. This implies that this approach is not feasili\g dr the number of inputs and outputs of
the system are large.

An alternative option consists in transforming the MMPS system into a mixed{bti®) sys-
tem [4] since MMPS systems are equivalent to MLD systems [17]. The mderalifce between
MLD-MPC and MMPS-MPC is that MLD-MPC requires the solutiomaifiked integer-reabptimiza-
tion problems. In general, these are also computationally hard optimizatiolepr®bThe on-line
computational cost can be reduced by off-line computation [1], but thisoageh leads to high storage
space requirements.

In the next section we will present another method to solve the MMPS-MEB@iaption problem
that is similar to the cutting-plane method used in convex optimization.

5.2 A new algorithm

We assume that the cost critedgt1, Joute, Jin,1, and/ord, » are used Recall that these objective
functions (and any linear combination of them) are MMPS functions. The baids for the estimate
of future outputy(k). So if we substitutg/(k) in the expression fad(k), we finally obtain an MMPS
function of u(k) as objective function. From Theorem 3.1 it follows that this objective ionacan

"The result below also holds for any other cost criterion that is an MMRStian of y(k) and (k). It follows from
Theorem 2.3 that any continuous PWA norm function can also be used.



be written in min-max canonical form as follofvs

J(k) = mmfJ max (or(, J)(k)l](k)Jr[S(m-)(k))

for appropriately defined integefsny,...,n,, vectorsay jy(k) and integerg;; ;) (k). In general, the
expression obtained by straightforwardly applying the manipulations oftiud pf Theorem 3.1 may
contain a large number of affine argumeafﬁ) (K)G(k) + B, j) (k). However, many of these terms are

redundartt and can thus be removed. This reduces the number of affine argumdstsnaie that
the transformation into canonical form has to be performed only once -~vide that we explicitly
consider all arguments that dependloas additional variables when performing the transformation,
— and that it can be done off-line.

The derivation below is similar to the cutting-plane algorithm for convex optimiagsee, e.g.,
[5]). Hence, it requires constraints that are linear (or convexi(k). "Note that the control horizon
constraint (11) satisfies this condition. However, even if the original MB@straintCe(k,x(k —
1),0q(k),¥(k)) > 0is linear inu(K) andy(k), then in general this constraint is not linear any more after
substitution ofy” Therefore, from now on we assume that there are only linear cortst@inthe
input:

P(K)i(K) +q(k) >0 . (12)

In practice such constraints occur if we have to guarantee that the ksiginal u(k) or the control
signal rateAd(k) stay within certain bounds. The optimization algorithm used below, which iglbase
on the cutting plane algorithm for convex optimization, can also deal with garmestraints. So we
can also allow convex constraintsufk) instead of (12). Furthermore, state or output constraints are
allowed provided that after substitution they lead to a linear or convex edmisitn G(K).

To obtain the optimal MPC input signal at sample stepve now have to solve an optimization
problem of the following form:

min_min max (or( ) (K)G(K) + Bii.j) (k) subject toP(k)d(k) +q(k) >0
G(k) i=1,...0j=1,..., ’

or equivalently

min min max (a< j (K)a(k) + B jy (k) subject toP(k)G(k) +q(k) > 0 . (13)
i=1,...0 G(k) j=L..n ) ’

Now leti € {1,...,¢} and consider the subproblem

min. max (o ()0(K) + B (k) sublect toP(KIA(K) +(k) >0 .

which is equivalent to the following linear programming (LP) problem:

t(k) > a(TLj)(k)G(k) + Biij) (K) forj=1,....n
P(k)d(k) +q(k) >0
This LP problem can be solved efficiently using a simplex method or an infesiot-algorithm [23,

28]. To obtain the solution of (13), we solve (14) fot 1,...,/¢ and afterward we select the solution

G?‘)’t(k) for WhICh _max (or(I i (K) ~‘(’pt( K) + B,j)(k)) is the smallest. This results in an algorithm to

solve the MMPS- MPC problem that is more efficient than the SQP or ELCRapip.

min t(k) subjectto{ (14)

t(K),d(k)

8Note thatay; ;) andf;; j) also depend ok via, e.g., the current statgk — 1).
9E.g., since they appear twice, or since there are other arguments irathémin) expression that are always larger
(smaller) than the given argument.



Remark 5.1 The worst case complexity of the approach presented above is largelyniteed by
the number of LPs to be solved, i.e., the number of linear terms in the equivailemax canonical
form. In the worst case scenario this number increases very rapidliyegzrehiction horizon, the
number of states of the MMPS systems, or the number of max-min nestings in thegtations
or the objective function increases. However, although the number m&tar the full min-max
canonical expression may be very large, it can sometimes be reduc#idaigly as will be illustrated
in Example 6.2 (where the full canonical form contains 216 max-terms, whwdnly 4 are necessary).
Although to the authors’ best knowledge there are currently not yee#ityent algorithms for the
simplification and reduction to a minimal canonical form (i.e., the canonical feitimthe minimal
number of terms), some ad-hoc methods can be used to reduce the numiaertgims significantly
(cf. Example 6.2). Furthermore, the complexity of the reduction procassalsa be reduced by
already eliminating redundant terms during the intermediate steps of the traatifins. Also note
that this reduction may be done off-line. Furthermore, if we use a primdlsiplex method or
an interior-point method to solve the LP problems, we can improve the efficiginithe approach
even further by stopping the optimization if we obtain a lower bound for thectitagefunction of the
current LP problem that is larger than the smallest final objective functidhe LP problems that
have already been solved.

6 Worked examples

In this section we discuss two examples. The first one is kept as simplesaslpas order to show the
basic ideas and all the intermediate steps taken. The second one is morexcéopleoth examples
we provide a comparison with other methods.

Example 6.1 Consider the following PWA state space model:

0.5x(k—1)+4u(k)—1 if 0.5x(k—1)+3.8u(k) <2

. (15)
0.2u(k)+1 if 0.5x(k—1)+3.8u(k) > 2.

wmzmmz{

It is easy to verify that the PWA function on the right-hand side of (15) igiooous®. Hence, (15)
represents a continuous PWA system.

By applying the various properties of the max and min operators given o8 of the main
paper, or by applying the transformations given in the constructivefpiafd16, 24] (cf. Theorem
2.3), itis easy to verify that (15) is equivalent to the following MMPS system:

x(k) = min(0.5x(k— 1) +4u(k) — 1, 0.2u(k) + 1) (16)
y(k) = x(k) . (17)

Let us now apply MPC to the system (16)—(17) using the optimization appasented in Section
5.2. Suppose that we have the following constraints:

—0.2<Au(k) <0.2 and u(k) >0 for all k. (18)

101t we rewrite (15) asy(k) = x(k) = f(x(k— 1),u(k)), then we have — referring to Definition 2R, = {(x(k—
1),u(k)) € R?|0.5x(k— 1) +3.8u(k) < 2}, Rp) = { (x(k—1),u(k)) € R?|0.5x(k— 1) +-3.8u(k) > 2}, aq) = [0.5 4}T,

3(1) =-1lap = [0 O.Z]T, andB(z) =1. Itis easy to verify thaf is continuous on the boundary B(l) andR(2>.



Let!! No = N, = 2, and assume that the MPC objective functi¢k) is given by
J(k) = Jouteo (K) + A Jin 2 (k) = [§(k) — F(K)||eo + A [|Ti(K) |2,

whereA > 0 is a weighting parameter am¢k) the reference signal. Now we have

ax(|y(k) —r(K)|, [y(k+1) —r(k+1)[ ) + A (Ju(k)| + u(k+ 1)| )

ax(y(k) —r(k), r(k) —y(k), y(k+1) —r(k+1), r(k+1) —y(k+ 1))+ (19)
A(u(k) +u(k+1)) (by (18))

ax(y(k) r(k) +Au(k) + Au(k+1),r(k) —y(k) + Au(k) + Au(k+1),

y(k+1) —r(k+1)+Au(k) + Au(k+1),r(k+1) —y(k+ 1)+ Au(k) + Au(k+1)).

3 3

I
3

By using successive substitution and by applying the properties givescting 3 of the main paper,
y(k) andy(k+ 1) can be expressed as functions of the current stite 1) and the future inputa(k)
andu(k+1):
y(k) = x(k) = min(0.5x(k— 1) +4u(k) — 1, 0.2u(k) + 1)
y(k+1) = x(k+ 1) = min(0.5x(k) + 4u(k+1) — 1, 0.2u(k+ 1) + 1)
= min(0.25x(k— 1) + 2u(k) + 4u(k+ 1) — 1.5,
0.1u(k) +4u(k+1)—0.5,0.2u(k+ 1) +1) .

Using these expressions to elimingf&) andy(k+ 1) from the expression fa¥(k) yields

J(k) =max(min((A +4)u(k) + Au(k+1) —r(k) + 0.5x(k— 1) — 1,
(A 4+0.2u(k) + Au(k+1) —r(k) + 1),
(A —=4)u(k) +Auk+1)+r(k) —0.5x(k—1)+1
(A =0.2)u(k) + Au(k+1) +r(k) — 1),
min((A 4+ 2)u(k) + (A +4)u(k+1) —r(k+1) +0.25x(k— 1) — 1.5,
(A +0.2)u(k) + (A +4)u(k+1)—r(k+1)—0.5,
Au(K)+ (A +0.2)u(k+1) —r(k+1)+1),
(A =2u(k) + (A —4)u(k+1) +r(k+1) —0.25x(k— 1) + 1.5,
(A =0.2)u(k) + (A —4)u(k+1)+r(k+1)+0.5,
Au(k)+ (A —02)u(k+1)+r(k+1)—1)) . (20)
Note that this is an MMPS expression in max-min canonical form. In order @bheto apply the

method of Section 5.2 we have to rewriték) into min-max canonical form. Equation (20) can be
written compactly a$

J(k) = max(min(ty, t2), My, mp, min(t, ta, ts), Mg, my, me)

11we take such low values fd¥; and Np so that the size of the analytic expression for the MPC objective fundtion
is still small so that it can be listed explicitly. In practice, larger values woeldnore appropriate, especially for more
complex, higher-order systems.

12For the sake of simplicity of notation we will omit the arguments of the functigns. ,ts andmy, ..., ms.



Method | CPU time (s)
LP 0.35
SQP 2.98
MILP 1.25
ELCP 12.13

Table 1: CPU time required for computing and simulating the closed-loop MPQ $spuence over
the period/1,K] for Example 6.1 (average over 10 runs, with 2 significant decimal digits).

wherety, ..., ts andmy, ..., ms are appropriately defined affine functionsxatk — 1), u(k), u(k+1),
andr (k). The min-max canonical form afk) is then given by

J(k) = min(max(ty, ts, My, Mp, Mg, My, Ms), max(t1, ta, My, M, Mg, My, Me),

max(ty, ts, My, Mp, Mg, Ma, Ms ), max(ty, t3, My, My, Mg, My, Me ),
max(tz, ta, My, My, Mg, My, Ms), Max(to, ts, My, My, Mg, Ma, Ms)) (21)

Hence, the optimal MPC strategy for stiegan be computed by solving six LP probléfsand by
selecting the overall optimum.

Let us now compute the closed-loop MPC input signal over a simulation périkfwith K = 15,
A =0.05,x(0) = 0.5,u(0) = 0.1, and for the reference sigmatiefined by

{r(k)}£2,=05,08,1,15,1.2,1,0.4, -05 -18 —1,-02,08,1,1.1,1 .
This results in the following closed-loop MPC input sequéfice

{umpe(K) }i2, = 0.3, 0.394 0.594, 0.794, 0.6, 0.4, 0.215 0.015 0, 0.171,
0.325,0.475 0.4, 0.5, 0.363 .
In Figure 1 we have plotted the closed-loop MPC input signahe output signay, the reference
signalr, and the difference signgl-r.

We have solved the MPC optimization problem defined above for each satepl& gsing four
different approaches:

1. the new LP based approach of Section 5.2,
2. anonlinear nonconvex SQP approach,
3. the mixed integer linear programming (MILP) approach of [4],

4. the ELCP approach (cf. [12]).

The programs and functions to compute the optimal closed-loop MPC inputiseg|jtor each of the
approaches above have been implemented in Matlab. For solving the LPaS@QMILP optimiza-
tion problems we have respectively usedithapr og function of the Matlab Optimization Toolbox
[26], thef m ncon function of the Matlab Optimization Toolbox, and the mixed integer linear and

13Each LP problem has 13 inequalities (7 coming from the objective functidréerom the constraints (18) férand
k+ 1, and 2 variablesu(k) andu(k+ 1)).
1The numerical values are given with 3 significant decimal digits.
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Figure 1: The closed-loop MPC output signalthe reference signal the difference signay —r,

the input signal, and the regiorR;;) (cf. Footnote 10) in which the system is at sample &tépr
Example 6.1.

quadratic programming functiom gp [3] (in combination withl i npr og). Table 1 lists the CPU
time required to compute the optimal closed-loop MPC input sequence (simulatioimtiueed) for
the system (15) over the peridtl K] on a 2.2 GHz Pentium 4 PC with 512 MB RAM. Clearly, for
this example, the new LP approach outperforms the other approaches.

Example 6.2 Let us (re)consider the example presented in the paper [18], in whidkgtiealence
between general (i.e., continuous or discontinuous) PWA systemsanrairainedMMPS systems

was proved. In Example 1 of [18] the following hybrid system was comsifte:
_ i _ <
X(K) = X(k—1) 4+ u(k) |.f x(k—1)+u(k) <1 (22)
1 if X(k—1)+u(k)>1,

which represents an integrator with upper saturation. It is easy to vesaiff2R) represents a contin-
uous PWA system.

15In order to get the same notation for the state equations as in the mainweg®ye shifted the state by one sample,

i.e., we have replacedk+ 1) andx(k) of [18] by x(k) andx(k— 1) respectively. Note that this does not change the behavior
of the system if the input is shifted accordingly.
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In [18] this system was recast as the following max-plus-sciiingstem:
X(k) = x(k—1) +u(k) —max0,x(k—1) +u(k) — 1) . (23)

By inspection from (22), by applying the various properties of the maxramdoperators given
in Section 3 of the main paper to expression (23), or by applying the tranafions given in the
constructive proofs of [16, 24] (cf. Theorem 2.3), it is easy to vettifat (22) is equivalent to the
following MMPS system:

x(k) = min(x(k—1) +u(k), 1) . (24)
In order to obtain a model of the form (2) we add the following output eqoatio
y(k) = x(K) . (25)

Let us now apply MPC to the system (24)—(25) using the optimization apipmasented in this
paper. Suppose that we have the following constréints

—0.3<Au(k) <0.3 for all k (26)
u(k) +u(k+1) <0 for all k (27)
y(k) > r(K) for all k. (28)

LetN: = Ny = 2, and assume that the MPC objective functiok) is given by
\](k) = JOULOO(k) + A Jm‘l(k) 5

whereA > 0 is a weighting parameter am¢k) the reference signal.
Using an approach that is similar to the approach taken in Example 6.1, we abtakpression
of the following form for the max-min canonical form dtk) (see [13]):

J(k) = max(min(ty,t2), min(ts, ts), min(ts, te),

min(tz,ts, to), Min(tio, t11,t12), Min(ty3, t14, t15)) (29)

wherety, ..., t15 are affine functions ok;(k— 1), u(k), u(k+ 1), andr(k). The min-max canonical
form of J(k) is then given by

J(k) =min(maxty, ts, ts, tz, t10, t13), max(ty, ta, ts, tz, tro, t14), max(ty, ta, ts, t7, tao, t1s),
max(ty, t3,ts,t7, t11,t13), max(ty, t3, 115, t7,t11, t14), maxty, ta, ts, t7, t11, t15),

max(ty, ta, te, to, t12, t13), Max(ta, ta, te, to, t12, t14), Max(ty, ta, te, to, 12, t15) ) (30)

Note that (30) contains a huge number of max-terms, viz.22 2 x 3 x 3 x 3 = 216 max-terms.
Using an iterative computation in which in each step one of the max-terms is rdraogét is verified

18Max-plus-scaling functions and systems are defined analogously toS/tittions and systems but without the min
operator.

171t can be shown that after substitutionygk) the constrainy(k) > r(k) can be recast as a system of linear constraints
in u(k) (see also [13]). This shows that our approach can also deal witltradrs on the output or the state provided that
after substitution they result in constraints that are linear (or convex) imghe U(k).

12



Method | CPU time (s)
LP 0.31
SQP 2.10
MILP 1.04
ELCP 2.21

Table 2: CPU time required for computing and simulating the closed-loop MPQ ssouence for
Example 6.2 (average over 10 runs).

whether the resulting reduced min-max function is equivafetat the original min-max function, it
can be shown that most of these max-terms in are redundant and care treusdyed, which yields

J(k) =min(maxty, ts, ts, t7,t10, t13), max(ty, t3, ts, to, t12, t15), max(t, ta, te, tg, tr1, taa),
max(tz, ta, te, to, t12, t15)) (31)

This finally results in four LP problems that have to be solved in each MPC step
Let us now compute the closed-loop MPC input signal over a simulation pgrigdf] with A =
0.1,x(0) = 1,u(0) = —0.1, and for the reference signal

{r(k)}f2;=1,1,07,05,-045 —0.9, —-1.2, 1.5, —1.4, —2.4,
—25,-2.6,-26,—2.75 —2.75 .

This results in the following closed-loop MPC input sequence:

{Umpe(K)}£2, = 0,0, —0.3, —0.2, —0.5, —0.75, —0.45, —0.25, 0.05, —0.25,
—0.55,—0.35 —0.05, —0.15,0 .

We have also solved the MPC optimization problems using the new approa@Qthapproach, the
ELCP approach, and the MILP approach. Table 2 lists the CPU time redaicesnpute the optimal
closed-loop MPC input sequence (simulation time included) for the systeno@the periodi, 15
using the Matlab Optimization Toolbox amd qp on a 2.2 GHz Pentium 4 PC with 512 MB RAM.
So, for this example, the new LP approach also outperforms the otheveahes.

7 Conclusion

First, we have shown that continuous PWA systems are equivalent to Miyi§t8ms. This result
is a refinement of previous results since it does not require the introduatiauxiliary variables
or additional MMPS constraints. Next, we have considered MPC for asmti;s PWA and MMPS
systems. In general, this leads to nonlinear, nonconvex optimization prabl&mfiave presented
a method that is based on canonical forms for MMPS functions and that is rstmithe cutting-

plane convex optimization algorithm to solve these optimization problems. Mouifisp#y, the

approach consists in solving several LP problems and afterward sgléoéirsolution that yields the

18As MMPS functions are PWA functions, it is easy to verify that the equivadef two MMPS functions (af variables)
can be determined by selecting for each polyhedral regipngcf. Definition 2.2) corresponding to one of the functions
n+ 1 linearly independent points, and by comparing the values of both fursdtiall these points. For the sake of efficiency,
it is useful to consider points that are common to two or more regionsasjahg., the vertices of the regions.
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smallest objective function. This results in a method that is more efficient tsaapplying nonlinear
optimization as was done in previous research.

Topics for future research include: a thorough investigation and cosgmaof the performance
and the efficiency of the different optimization algorithms that have beesidered in this paper and
in[1, 4], investigation and characterization of the computational complexityeafransformation into
the canonical fori?, investigation and characterization of the (average) number of LP pnstdad
the number of inequalities they contain, and extension of our results to inclodeling errors and
noise in a stochastic or &g framework.
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Abstract
This addendum contains some extra information in conneetith the worked examples of Sec-
tion 6 of the paper “MPC for continuous piecewise-affine sgst” (by B. De Schutter and T.J.J.
van den BoomSystems & Control Lettersol. 52, no. 3—4, pp. 179-192, July 2004). In particular,
we give the explicit form of the optimization problems forchaof the four solution approaches
used in Section 6.

All references in this addendum that are not preceded by itat#giter A refer to sections, equations, etc. of
the paper [A2].

Example 6.1 (continued) For each of the solution approaches considered in Sectioa gewthe following
explicit form for the optimization problems:

1. the new LP based approach of Section 5:2
In this case we have to solve the six LPs that correspond jos(fiect td

—0.2<u(k) —u(k—1) < 0.2 (A1)
—02<u(k+1)—u(k) <0.2 (A.2)
u(k) >0 (A.3)
u(k+1)>0 ; (A.4)

2. anonlinear nonconvex SQP approach
Here we have to solve

u(@mépﬂ) max(|y(k) — r(k)|,|y(k+1) —r(k+1)|) +A (u(k) + u(k+1))

subject to
y(k) = min(0.5x(k— 1) +4u(k) — 1, 0.2u(k) + 1)
y(k+ 1) = min(0.25x(k— 1) + 2u(k) + 4u(k+ 1) — 1.5,
0.1u(k) +4u(k+1) —0.5,0.2u(k+1) + 1)
and (A.1)—(A.4);
3. the mixed integer linear programming (MILP) approach of [4] :
This results iR
min t(K) +Au(k) +Au(k+1)

u(k),u(k+1),8(k), 1,
21(k+1),22(K), 22 (k+1),1(K)

*Note that this addendum is not a part of the published journal paper f®Jever, it is available as a separate technical
report [13].

1l.e., (18) fork andk+ 1.

2See [4] for the way to transform a PWA model into a mixed logical dynahnizaiel (MLD) (i.e., a system with both
boolean and real state variables, with linear state and output equatidnsijtaradditional linear inequality constraints on
the state variables). The piecewise linear objective fundian= max(|y(k) —r ()|, |y(k+1) —r(k+1)[) +A (u(k) + u(k+
1)) has been transformed into a linear objective function by introducing &a eariablet (k) = max(|y(k) — r (k)|, |y(k) —
r(k-+1)|). The 5 other extra variable§(k), d(k-+1), 1 (k+1) =x(k)5(k+1), (k) = u(k) d(k), zo(k+1) = u(k+1)d(k+
1)) originate from the transformation from PWA into MLD equations. Note tliatesthe value ok(k — 1) is known at
sample stefk the term 05x(k — 1)d(k) is in fact a linear term. As a consequence, the equation(foris linear inx(k),
0(Kk), zo(k) andu(k).



subject to

—r(k+1)

—x(k+1)

0.5x(k—1)d(k) +3.822(k) —26(k) +0.2u(k) +1

1) =0.5z(k+1)+382z(k+1) —25(k+1)+0.2u(k+1)+1
d(k) < 0.5x (k 1)+ 3.8u(k) —2 < M¢(1—95(k))

u(k) - (1 6<k>> < Zz(k) u(k) +Mu(L - 5(K))
— (Mi+€)0(k+1) <0.5%x(k) +3.8u(k+1) —2 < M (1— d(k+1))
—Myd(k+1) < z1(k4+ 1) < Myd(k+1)
X(K) = My(1—90(k+1)) < z1(k+ 1) < x(k) + Mx(1— d(k+1))
—Myd(k+1) < z2(k+1) < Myd(k+1)
uk+1)—My(1-90(k+1)) <z(k+1) <u(k+1)+My(1-0(k+1))
o0(k),d(k+1) e {0,1}
and (A.1)-(A.4),
with £ a small positive number, and wiMy an upper bountifor |x(k)| for all k, andM, an upper bound
for |u(k)| for all k, andM; = 0.5My + 3.8 My + 2;

4. the ELCP approach (cf. [12])
Here we have to solve the following optimization probfem

mvinmax(|y(k, V) —r(K)],ly(k+1,v) —r(k+1)]) + A (u(k,v) + u(k+1,v))

wherev contains the parameters of the parameterized solutiori 8et &L CP given below (this solution
set can be computed with the ELCP algorithm of [A1]), and welyék, v), y(k+1,v), u(k, v), u(k+1,v)
are respectively thg(k), y(k+ 1), u(k), u(k+ 1) that correspond to the parameter veatorThe ELCP

is given by
0.5x(k—1)+4u(k)—1—y(k) >0
0.2u(k)+1—y(k) >0
(0.5x(k— 1) +4u(k) — 1—y(k)) - (0.2u(k) + 1—y(k)) =0
0.25x(k — 1)+2u(k)+4u(k+ 1)-15-y(kk+1)>0
0.1u(k) +4u(k+1)—05-ykk+1) >0
0.2u(k+1)+1—-y(k+1)>0
(0.25x(k— 1) + 2u(k) + 4u(k+1) — 1.5—y(k+1))-
(0.1u(k) +4u(k+1) —0.5—y(k+1))-
(0.2u(k+1)+1-y(k+1))=0
and (A.1)—(A.4).

3The upper boundsly andMy could be determined based on physical insight or on operational adristr
4This problem can be solved using an SQP approach.
5See [12] for more information on how this ELCP should be constructed.



Remark A.1 For the system (16)—(17) we can also allow output conssaifithe forn§
y(K) = r(k) forall k . (A.5)
Indeed, fork andk + 1 this constraint leads to

y(k) = min(0.5x(k— 1) +4u(k) — 1, 0.2u(k) + 1) >r(k)
y(k+ 1) = min(0.25x(k— 1) + 2u(k) + 4u(k+ 1) — 1.5,
0.1u(k) +4u(k+1) —0.5,0.2u(k+1)+1) >r(k+1)

or equivalently

0.5x(k— 1) +4u(k) — 1> r(k) (A.6)

0.2u(k) +1>r(k) (A7)
0.25x(k—1) +2u(k) + 4u(k+1) — 1.5 > r(k+1) (A.8)
0.1u(k) +4u(k+1)—0.5>r(k+1) (A.9)
0.2u(k+1)+1>r(k+1) . (A.10)

Since these constraints are affineuitk)™= [u(k) u(k+ 1) ]T, the new optimization approach of Section 5.2
can still be applied This also holds for constraints of the form

x(K) > Xou(k) and y(k)>yow(k)  forallk

for lower bound signalsiow andyiew, Or for anynonnegativdinear combination of these constrafhitsThis
shows that our approach can also deal with constraints oouipeit or the state provided that after substitution
they result in constraints that are convex in the ingld.”

Example 6.2 (continued)Recall that we have selected the following MPC objectivecfiom J(Kk):
J(K) = Jouteo (K) +Adin 1 (K) -
Using the system equations (24)—(25) and the constraifi)s-(28) we obtain

JI(k) = max(|y(k) —r(K)|, [y(k+1) —r(k-+1)[ ) +A (Ju(k)|+|u(k+ 1))
=max(y(k) —r(k), y(k+1) —r(k+1)) + (by (28))
A (max(u(k), —u(k)) +maxu(k+ 1), —u(k+1)))
=max(y(k) —r(k), y(k+1) —r(k+ 1))+
+ A max(u(k) + u(k+ 1), u(k) —u(k+1), —u(k) + u(k+ 1), —u(k) — u(k+ 1))
=max(y(k) —r(k), y(k+1) —r(k+ 1))+
+ A max(u(k) —u(k+ 1), —u(k) +u(k+1), —u(k) —u(k+1)) (by (27))
=max(y(k) —r(k) + Au(k) — Au(k+1), y(k) — r (k) = Au(k) + Au(k+ 1),

8Since the output saturates a0(k) + 1, we will have to adapt the reference signall the constraint (A.5) is added,
since otherwise the MPC problem will be infeasible for some valuégdf conditions (A.7) and (A.10)).

’If the constraint (A.5) is added, the term(&) — y(k) andr (k+ 1) —y(k+ 1) in expression (19) for the objective function
become redundant. As a consequence, the temms. ., ms will disappear from (21), but the constraints (A.6)—(A.10) will
be added. Hence, we still have 6 LPs with 13 inequalities and 2 variables.

8However, constraints of the fora(k) < xupp(K) or y(k) < yupp(k) for upper bound signalg,pp andyypp lead to con-
straints that are not convex i{Kj. Hence, if such constraints are present, the new optimization appré&gtion 5.2
cannot be applied.



y(k) —r(k) —Au(k) —Au(k+1), y(k+1) —r(k+1)+Au(k) — Au(k+1),
y(kK+1) —r(k+1) —Au(k) + Au(k+1),
y(k+1) —r(k+1) —Au(k) —Au(k+1)) .

By using successive substitution and by applying the pt@segiven in Section 3 of the main papgtk) and
y(k+ 1) can be expressed as functions of the current stite 1) and the future inputa(k) andu(k+ 1):

x(k—1) +u(k), 1)

min(x(k) +u(k+1), 1)

= min(min(x(k— 1) + u(k), 1) + u(k+1), 1)

= min(min(x(k— 1) + u(k) + u(k+ 1), 1+ u(k+ 1)), 1)
=min(x(k—1) +u(k) + u(k+1), u(k+1)+1,1) .

y(K) = x(K) = min(
y(k+1) =x(k+1) =

/\/\

X

Hence,

J(k) = max(min(x(k—1) +u(k), 1) —r (k) + Au(k) — Au(k+ 1),

r
min(x(k— 1) +u(k), 1) —r(k) — Au(k) + Au(k+ 1),
min(x(k—l)+u(k),1)—r(k)—)\ (K) — Au(k+1),
min(x(k— 1) + u(k) + u(k+1), u(k+ 1)+ 1,1) —r(k+ 1)+ Au(k) — Au(k+ 1),
min(x(k—l)+u(k)+u(k+1 uk+1)+1,1) —r(k+1) — Au(k) + Au(k+ 1),
min(x(k— 1) + u(k) + u(k+1), u(k+ 1)+ 1, 1) —r(k+1) — Au(k) — Au(k+ 1))

= max(min(x(k— 1) + u(k) — r(k) + Au(k) — Au(k+ 1),

1—r(k)+Au(k) )\uk+1))

min(x(k— 1) +u(k) —r(k) — Au(k) + Au(k+1),
1—-r(k)—Au(k) +)\uk+1))

min(x(k— 1) +u(k) —r(k) — Au(k) — Au(k+1),
1-r(K)— Au(k) — Au(k+1)),

min(x(k— 1) + (k) + u(k-+ 1) — 1 (k+1) + Au(k) — Au(k+1),
ukk+1)+1—r(k+1)+Au(k) —Au(k+1),
1—r(k+1)+Au(k) — Au(k+1)),

min(x(k— 1) + u(k) + u(k+ 1) —r(k+1) — Au(k) + Au(k+ 1),
U(k+1)+1—r(k+1)— Au(k) +Au(k+ 1),
1-r(k+1) = Au(k)+Au(k+1)),

min(x(k— 1) + u(k) + u(k+1) —r(k+1) — Au(k) — Au(k+ 1),
uk+1)+1—-r(k+1)—Au(k) —Au(k+1),
1—r(k+1)— Au(k) — Au(k+1)))

= max(min(x(k—1) + (A + L)u(k) — Au(k+1) —r(k),

Au(K) — Au(k+1) —r (k) +1),

min(x(k— 1) + (=A + )u(k) + Au(k+ 1) — r(K),
— AU(K) + Au(k+1) —r (k) +1),

min(x(k— 1) + (—A + 1)u(k) — Au(k+ 1) —r(k),
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—Au(k) —Au(k+1) —r(k)+1),
min(x(k—1) + (A + Du(k) + (=A + 1)u(k+ 1) —r(k+1),
Au(k)+ (=A +Du(k+1) —r(k+1)+1,
Au(k) —Au(k+1) —r(k+1)+1),
min(x(k—1) 4+ (—A + Hu(k) + (A + 1)u(k+1) —r(k+ 1),
—Au(k)+ (A +Du(k+1) —r(k+1)+1,
—Au(k) +Au(k+1) —r(k+1)+1),
min(x(k— 1) + (—A + 1)u(k) + (A + u(k+1) —r(k+1),
—Au(k) + (=A +Du(k+1) —r(k+1)+1,
—Au(k) —Au(k+1) —r(k+1)+1)) . (A.12)
Note that this is an MMPS expression in max-min canonicahfaxrhich can be written compactly as (29).
Recall that we have considered the computation of the claxgul MPC input signal over a simulation
period[1,15] with A = 0.1, x(0) = 1, u(0) = —0.1, and for the reference signal
{r(k}2,=1,1,0705,-045 -0.9, —12 —1.5 —1.4, —2.4,
—25,-26,-2.6,-2.75 -2.75 .

This results in the following closed-loop MPC input sequenc

{Umpe(K)}£2, = 0,0, —0.3, 0.2, —0.5, —0.75, —0.45, —0.25, 0.05, —0.25,
—0.55, —0.35, —0.05,—0.15,0 .

In Figure A.1 we have plotted the closed-loop MPC input signahe output signay, the reference signal
and the difference signgl—r.

Remark A.2 Note that the constraint (28) leads to

y(k) = min(x(k— 1) +-u(k), 1) >r(k)
y(k+1) = min(x(k— 1) + u(k) + u(k+1), u(k+1)+1,1) >r(k+1)

or equivalently

X(k—1)+u(k) > r(k) (A.12)
1>r(k) (A.13)
X(k—=1)+u(k)+u(k+1) >r(k+1) (A.14)
uk+1)+1>r(k+1) (A.15)
1>r(k+1) . (A.16)
We have solved the MPC optimization problems using 4 diffeaepproaches:
1. the new LP based approach of Section 5:2
In this case we have to solve the four LPs that correspondlios{ibject t8
—0.3<u(k)—uk—1)<0.3 (A.17)
—0.3<u(k+1)—u(k) <0.3 (A.18)

9See (26), (27), and (A.12), (A.14)—(A.15).
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Figure A.1: The closed-loop MPC output sigiyathe reference signal the difference signat—r
the input signal,, and the regioilR;) in which the system is at sample stefor Example 6.2.

u(k)+u(k—1)<0 (A.19)
u(k+1)+uk) <0 (A.20)
x(k—1) +u(k) > r(k) (A.21)
X(k—1)+u(k) +u(k+1) >r(k+1) (A.22)
uk+1)+1>r(k+1) ; (A.23)

2. anonlinear nonconvex SQP approach
Here we have to solve
u(@mégﬂ) max(y(k) —r(k),y(k+1) —r(k+1)) + A (Ju(k)| + Ju(k+ 1))
subject to
y(k) = min(x(k— 1) + u(k), 1)
y(k+ 1) = min(x(k— 1) 4+ u(k) +

y(K) > r(Kk)
y(k+1) > r(k+1)
and (A.17)—(A.20);

u(k+1),u(k+1)+1,1)
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3. the mixed integer linear programming approach of [4]:
This results iR®

min t1(K) + Ata(K) + Ata(K)
u(k),u(k+1),8(k), 01,
21 (k+1),22(K),z2(k+1),t1 (K) t2 (k) t3(K)

subject to
ta(k) = x(k) —r(K)
t1(k) > x(k+1) —r(k+1)
ta(k) > u(k)
t2(K) > —u(k)
ta(k) > u(k+1)
ta(k) > —u(k+1)

x
=
|

(k) = x(k—1)8(K) +22(K) — 5(K) +1
x(k+1) =z1(k+1) +z(k+1) — d(k+1)+
— (My+My+1+¢)d(k) < x(k— 1)+u(k) 1< (My+My+1)(1-6(k))
—Myd (k) < z(k) < Myd(k)
u(k) —My(1— 3(K)) < 22(K) < (k) +Mu(L— 5(K))
£—(My+My+1+€)0(k+1) <x(k)+u(k+1)—1
< (Mx+My+1)(1-93(k+1))
—Mxd(k+1) <z1(k+1) < MS(k+1)
X(K) —My(1—90(k+1)) < zz(k+ 1) < x(K) + Myx(1— 8(k+ 1))
—Mud(k+1) < z2(k+1) < Myd(k+1)
u(k+1) —My(1-9(k+1)) < z2(k+1) <u(k+1) +My(1—d(k+1))
x(K) > r(K)
X(k+1) >r(k+1)
o(k),0(k+1) € {0,1}
and (A.17)—(A.20),
with € a small positive number, and witl, an upper bound fox(k)| for all k, andM,, an upper bound
for [u(k)| for all k;

4. the ELCP approach (cf. [12])
Here we have the following optimization problem:

mvinmax(y(k, V) —r(K),y(k+1,v) —r(k+1)) + A (Ju(k, v)| + Ju(k+ 1,v)|)

wherev contains the parameters of the parameterized solutiorf #e¢ &LCP given below as it can be
computed with the ELCP algorithm of [A1] andk, v), y(k+1,v), u(k,v), u(k+ 1,v) respectively the
y(k), y(k+ 1), u(k), u(k+ 1) that correspond to the parameter veatoThe ELCP is given by

x(k—1) +u(k) —y(k) > 0

105ee [4] for the way to transform a PWA model into an MLD model. The pigsz linear objective functiod(k) =
max(y(k) — r(k),y(k+1) —r(k+1)) + A (Ju(k)| + |u(k+ 1)|) has been transformed into a linear objective function by
introducing 3 extra variable (k) = max(y(k) — r(k),y(k) — r(k+ 1)), ta(k) = |u(k)| = max(u(k), —u(k)), andts(k) =
lu(k+1)| = max(u(k+ 1),—u(k+1)); the six other extra variable(k), 5(k+ 1), z1(k), z2(k+ 1), z2(k), z2(k+ 1))
originate from the transformation from PWA into MLD equations.
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1-y(k) =0

(x(k—1)+u(k) —y(K) - (1—y(k)) =0

x(k—1)+u(k) +u(k+1)—y(k+1) >0

uk+1)+1-ykk+1)>0

1-y(k+1)>0

(x(k—1) +u(k) +u(k+1) —y(k+1)) - (u(k+1) +1—y(k+1))-
(1-y(k+1)) =0

y(k) > (k)

y(k+1) >r(k+1)

and (A.17)—(A.20).
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