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Abstract

Model predictive control (MPC) is a popular controller dgstechnique in the process industry.
Recently, MPC has been extended to a class of discrete exatatrss that can be described by a
model that is “linear” in the max-plus algebra. In this cotteoth the perturbations-free case and
for the case with noise and/or modeling errors in a boundesiamhastic setting have been con-
sidered. In each of these cases an optimization problenotmesgolved on-line at each event step
in order to determine the MPC input. This paper considerstaadeo reduce the computational
complexity of this optimization problem, based on varidpiéxpansion. In particular, it is shown
that the computational load is reduced if one decreasegtedf “randomness” in the system.

1 Introduction

Model predictive control (MPC) [5, 11] is a well-established technolfmgythe control of multivari-
able systems in the presence of input, output and state constraints. UMR@yuses (non)linear
discrete-time models. However, the attractive features mentioned abavélays to extend MPC to
discrete event systems (DES). The class of DES essentially consists ghatesystems that con-
tain a finite number of resources (such as machines, communications shanpeocessors) that are
shared by several users (such as product types, informationtpaokgobs) all of which contribute
to the achievement of some common goal (the assembly of products, the-end-t@nsmission of a
set of information packets, or a parallel computation) [1]. In this pap€efioaes on the class of DES
with synchronization but no concurrency. Such DES can be desdip@dmnodel that is “linear” in
the max-plus algebra [1, 3, 8], and therefore they are called max-pkesrl{MPL) DES.

In [4, 18] MPC has been extended to MPL DES, and a comparison was tmadker control
method for MPL DES [2, 10, 13]. For conventional linear systems noisledésturbances are usu-
ally modeled by including an extra term in the system equations (i.e., the noisesslered to be
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event systems by variability expansion,” by T.J.J. van den Boom,didétgott, and B. De Schuttekutomatica vol. 43,
no. 6, pp. 1058-1063, June 2007.



additive). However, in MPL DES the influence of noise and disturbaigasually not max-plus-

additive, but max-plus-multiplicative (cf. [1] or Section 6). As regards eliog errors, uncertainty
in the modeling or identification phase leads to errors in the (estimates of the)symtrices. Since
both noise/disturbances and modeling errors perturb the system by icitigduncertainty in the sys-
tem matrices, both features can be treated in one single framework, abeatyahown in [18, 19].

The characterization of the perturbation will then determine whether it ilescmodel mismatch
or disturbance. In [19] an MPC controller has been developed fornbertainty setting described
above and there it was also shown that under quite general conditioresthting MPC optimization

problem is a convex optimization problem. However, for many practical situsatiba computational
complexity will increase significantly as the prediction horizon and the systder increase.

In this paper, we will present a novel approach to the approximate cadrulaf stochastic inte-
grals, called variability expansion. Since variability expansion is an andlytiethod and does not
resort to simulation, it is, in principle, possible to compute higher moments ajipesihce character-
istics of stochastic systems. We combine this general method with max-plus systeisenables
us to solve the MPC optimization problem for MPL DES very efficiently. Thelteon variability
expansion in this paper are an extension of a conference paper @kwam example from queu-
ing theory has been studied. The present paper provides a thoralmticed analysis of variability
expansion and includes the proofs, which were lacking in [6].

The paper is organized as follows. In Section 2 we introduce max-plulsralged stochastic MPL
DES. In Section 3 we give a short overview of the MPC algorithm for MEELSDSection 4 introduces
the method of variability expansion and describes how the complexity of the dpR@ization prob-
lem for MPL DES can be reduced significantly by using this method. The iwalhemalysis of this
method is postponed to the Appendix of the paper. Section 5 gives a moilediatalysis of the
computational complexity of the developed algorithm. Finally, Section 6 givesrked example and
a comparison of computational performance for the new method and psewietlnods.

2 Stochastic max-plus-linear systems

In this paper we consider MPL DES that include stochastic uncertainta(se§l9]). Definee = —oo
andR, = RU{¢e}, and let the system matrices of such a system be givei(kyc RY*™, B(k) €
RP*™ C(k) € Ry™™; then the system is described by a state space model of the form

xi(k):max( max (Aj(Kk)+xj(k-1)), max (Bij(k)+uj(k))) i=1,...n (1)

j=1,..., j=1...,ny
yg(k):j:rrfaxn(cp;j(k)erj(k)) (=1,...,ny. (2)

The indexk in (1)—(2) is called the event counter. The stefie) typically contains the time instants at

which the internal events occur for thth time, the inputi(k) contains the time instants at which the
input events occur for thieth time, and the output(k) contains the time instants at which the output
events occur for thith time'.

Remark 1 Recurrence relations (1) and (2) can be written in a concise way usingphes-algebra
[1, 3, 8]. To see this, let ®y=max(x,y) and x®y=x+Yy for xy € R,. For matrices Ac R}*™

IMore specifically, for a manufacturing systextk) contains the time instants at which the processing units start working
for thekth time,u(k) the time instants at which tHeh batch of raw material is fed to the system, k) the time instants
at which thekth batch of finished product leaves the system.



and Be RI™!, their ®-product is defined by

m
[A®Bij = P AK®Bc = max (Ak+Bj).
el k=1,....m

In the same veinp-addition of matrices A& R}*™ and B R}*™ is defined by
[A®Blij = Aj®Bj; =maxBij,Aj).
With these definitions, the system equations (1) and (2) become

x(K) = AK) @ x(k— 1) @ B(K) ® u(K)
y(K) = C(K) @x(K) .

The system equations become thus linear in the max-plus algebra, aetbteehe system is called
a max-plus linear system.

The entries of system matricégk), B(k) andC(k) are uncertain due to modeling errors or dis-
turbances. Usually fast changes in the system matrices will be consiaererse and disturbances,
whereas slow changes or permanent errors are considered as misdeltch. In this paper both
features will be treated within one single framework.

The uncertainty caused by disturbances and errors in the estimationsi€ahyariables, can be
gathered in the uncertainty vecte(k). In this paper we assume that the uncertainty has stochastic
properties. Henceg(k) is a stochastic variable. We assume ti&) captures the complete event-
varying aspect of the system.

Now we will describe how the entries efk) enter the system. Le¥mpnsbe the set of max-plus-
nonnegative-scaling functions, i.e., functiohsf the form

f(2) = max (ki+Viizi+...+ Vi)

with variablez € R} and constants; j € R™ and i € R, whereR™ is the set of nonnegative real
numbers. If we want to stress thits a function ofz we will denote this byf € .#npnd2).

Note that the system matrices of an MPL model usually consist of sums or mationzaf
internal process times, transportation times, etc. (see, e.g., [1] or Sekti®Bmée the entries af(k)
directly correspond to the uncertainties in the duration times, and using thhdthe set’npnsis
closed under the operations max, and scalar multiplication by a nonnegative scalar [18], we know
that the entries of the uncertain system matrices belotgighs

Ak) € S (e(k), B(k) € St (e(k), C(k) € Smpns (e(K)) - 3)
System (1)—(2) with system matrices (3) will be called a stochastic MPL DB®eSesults for the
analysis of stochastic MPL DES can be found in [15, 16].
3 Modd predictive control for stochastic MPL systems

In [4, 18, 19] the MPC framework has been extended to MPL modelsLaH follows. Just as in
conventional MPC [5, 11] we define at each event s&tepcost criterion)(k) that reflects the output
and input cost functionsl§(k) andJi,(k)) in the event periogk, k+ N, — 1]

J(K) = Jout(K) +A Jin(K) (4)
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whereN, is the prediction horizor) is a weighting parameter, ahk.g.,

Np—1 ny

Jout(k) = E[ni(k+j )
t(K) ,;a.; [ni(k+J)]

No—1 ny
Jnk) = — k+ | 6
(k) J;)[;Ue( j) (6)

whereE [n; (k)] denotes the expected value of itie“tardiness’n;(k). This tardiness is given by

ni(k) = max(yi(k) —ri(k) , 0) , (7)

wherer (k) is the due date for output signglk). Note that this choice od,y(k) favors on-time
delivery and penalizes late delivery.
Define the vectors

u(k) r(k) y(k) e(k)
t(k) = : (k)= : ,¥(k) = : ,&(k)= : -
u(k+Np—1) r(k+Np—1) y(kK+Np—1) e(k+Np—1)

The aim is now to compute an optimal input sequeu@e, .. . ,u(k-+ N, — 1) that minimizes)(k)
subject to some linear constraints on the inputs and outputs (e.g., minimal and iiagimar output
rates, hard due dates) of the form [4]

Aconst( K)T(K) + Beonst(K) E [J(K)] < Ceonst(K) - 8)

where the matricesonstr and Beonstr and vectorceonstr model the constraints of the overall control
problem, have the appropriate dimensions and do not depengkon As theu(k)’s correspond to
consecutive event occurrence times, we have to add the condition

Auk+j)=u(k+j)—u(k+j—-1)>0  forj=0,...,Np—1. 9)

Furthermore, in order to reduce the number of decision variables andrilespgonding computational
complexity we introduce a control horizdd (< Np) and we impose the additional condition that the
input rate should be constant from event dtepN; — 1 on:

Au(k+ ) =Au(k+Ne—1)  for j=Ng,...,Np— 1. (10)

MPC uses a receding horizon principle. This means that after computatiba optimal control
sequence(k),...,u(k-+N;— 1), only the first control sample(k) will be implemented, subsequently
the horizon is shifted one event step, the state and/or model is updated withfoemation of the
measurements, and the optimization is restarted.

The MPL-MPC problem for event stéqpcan be defined as:

m(ll(? Jout(K) +AJin(K) subject to (1), (2), (8), (9) and (10).

20ther choices fodoy(k) andJi, (k) are given in [4].
3For a manufacturing system the input (output) rate corresponds totthatravhich raw material/external resources
(finished products) are fed to (leave) the system.



In order to compute the optimal MPC input signal, we need the expected fahesignalsy; (K+ j)
andy;(k+ j). We will now consider the computation &[ni(k+ j)] andE[yi(k+ j)]. In [19] it is
shown that); (k+ j) andyi(k+ j) are max-plus-nonnegative-scaling functions of the varialflg =
[ —FT(k) xT(k—1) a"(k) ] .

The following proposition is proved in [19]:

Proposition 2 Consider a signal (k) that is a max-plus-nonnegative-scaling function ¢kwand
é(k):
v(k) = max (aj +Bij(k)+ijé(k)) , (11)
j=1,....,ny

whereaj € Re, B € (RT)™, y; € (R*)"™, and&(k) € R™ is a stochastic variable with probability
density function p. If we define the s@tgw(k)), j = 1,...,n, such that

VE&(k) € Dj(w(k)) : v(K) = aj+ B w(k) + y] &(k)
and UTV:1¢j (w(k)) = R", then the expected value gky is given by

Zf f(a,+B, (k)+Y]€) p(&) dé

1=lac o

where &= dé&; dé&,...d&,,. Furthermore, the function (k)] is convex in Wk) and a subgradient
ov(w(k)) of E[v(k)] is given by

[ZBE ee@ /p

Now consider the MPL-MPC problem for event step First note thati(k+ j) andyi(k+ j)
depend ore(k) and can both be written as a functie(g(k)) of the form (11), and that, because of
Proposition 2E[ni(k+ j)] andE[y(k+ j)] are convex irw(k). This means thal,(k) andJ(k) are
convex inu(k). Hence, it is easy to verify that the following lemma holds.

Lemma 3 If the linear constraints are monotonically nondecreasing as a functids@fl)| (in other
words, if[BcJij > Ofor all i, j), constraint (8) becomes convex(k).

So, if the linear constraints are monotonically nondecreasing, the MPL-ptBlem turns out to

be a convex problem in(K), and both a subgradient of the constraints and a subgradient of the cos
criterion can easily be derived using Proposition 2. Note that convex optiimizproblems can be
solved using reliable and efficient optimization algorithms, based on, e.g.iompaint methods

[14, 20].

4 Variability expansion

The algorithm described in the previous section has a complexity that is gréaghwith an increas-
ing number of stochastic variablegdue to the numerical integration that is required when computing
the expected values gf(k+ j) andy;(k+ j).

In this section we will approximate the expected value(@Kk)) using the method of variability
expansion. To this end, we assume that the entrieskpfafe independent and identically distributed

4.e., foré(k) € ®j/(w(k)) the maximum in (11) is reached for the indpx j'.
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(i.i.d) and we introduce an artificial parametér We replace with probability & 0 theith entry of
random vectoe(k) by its mean. The result is denoted &y(K). The parametef allows controlling
the level of randomness in the system, and let@rgp from 0 to 1 increases the level of stochasticity
in the system.

The main idea of variability expansion is the following. Considerdbiy(&y(k))] as a function
in 6, it can be developed into a Taylor seriesfrthat converges to the true function & for a
proof we refer to the Appendix. Note that orflyc [0, 1] has an interpretation in terms of our model.
In particular, if we denote the value df"/d6™ME[v(&y(k))] for 8 = 0 by d™/d6™ME [v(&(k))], then
E[v(& (K))], the “true” expected value of&(k)), is given by

M m
E[v(&(K)] = E[v(&(K)] = zor;@ﬂv(éom))] +Ru (k).

m=

where, forM < ng,
dM+1

Ru < sup

(M+1)! gcpoy aga = M)

andRy = 0 otherwise.
A closed-form expression for theth order derivatived™/d8™E [v(&y(k))] can be obtained as
follows. Setfor0< m<nzandi; <i>» < ... <im:

Visiz,...,im) = E[M&(K,i1,iz,....im))]

where[€g(K,i1,i2,...,im)]j €quals the mean value of thth element oy for j & {i1,i,...,im} and
[&(k)]; for j € {i1,i2,...,im}, and whereV(0) = v(&(k)). This means tha¥/ (iy,io,...,im) is the
estimation ofv in the case where only the elemef@)]; for j € {i1,i>,...,im} are stochastic, and
the element$&(k)]; for j & {i1,io,...,im} are fixed to their mean.

In example 1, presented in the subsequent section, we will work with arTssties of degree 4
and we need the derivativel8'/d0™E [v(&(k))] for m= 1,2,3,4. They are given by

SHEMEW)] = 5 Vi) -V(0)

d? o 7"@*1 ne . . .
geEM@M) =25 5 (Vizi2) +V(0) = V(iz) ~V(i2))

d3 ns—2 ng—1 Na

GgeEMEK)] = 6 (V(issiz,is) + V(i) +V(iz) +V is)

i1=1io=I1—1lig=I+1

~V(in,2) ~V(i1,ia) =V (iz,i5) =V (0))
d4 ne=3 ng—2 ng—1 N

TGiEM&)] =24 7 S (V(il,iz,is,i4)+V(i1,iz)+V(i1,i3)+V(i1,i4)
i1=Llix=I1+1liz=lIx+1lig=Iz+1

+V(iz,i3) +V(i2,ia) +V(i3,ia) +V(0) =V (i1,ip,iz) —V(i1,i2,ia)
~V(iz,is, i) =V (iz,is, i) =V (i1) =V (i2) ~ V(is) = V(i) ).
There is the following simple building rule for the derivatives: The factoramf of the summation

is ml when themth order derivative is evaluated. The outer summation ranges over albfgsom-
binations of markingn out of ng random variables. The inner sum ranges over all possible ordered
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combinations of letting then marked variables be either stochastic or not. The sign of an element in
the inner sum is given by-1 to the power of the number of deterministic substitutions amongthe
marked variables.

In example 1, to be presented in Section 6 below, we approxilBate(k))] by a fourth-order
Taylor expansion by ignoring the error teiRg:

2 3
EV(EK)] ~ W(E(K) + SEMEK)] + 5 e EMEK)] + ¢ o
4
b EV(E(K)].

E[v(&(k))]

The above expression contains redundant terms and a simplified veasidire ®btained as follows.

Form < ng, set
nNg—mng—m+-1 N

V(m) = il; izz.zﬁi”im:mz,ﬁlv(il’iz"”’im)’

The termV (m) yields the total effect of making out of ng variables stochastic. For timéh derivative
we mark in totah variables out of whichn are stochastic. Hence, there are

Nge—M
n—m
possibilities of reaching abg — m deterministic substitutions provided that thenestochastic ones,

and, in accordance with our building rule for higher-order derivatiwee arrive at the following result,
which will be proved in the Appendix.

Lemma4 Provided thaté(k) has a bounded support, the nth order derivative d¥/(Ep(k))] with
respect taf is for any6 € R given by

ek =y (") camivo)
den o l; n—I ’
for n < ns, and zero otherwise.
By Lemma 4 E[v(&(k))] is infinitely many times differentiable with respectfio Moreover, the
derivatives vanish for sufficiently high order, which implies tEdt/(&p (k))] as a function ob can be

represented oR by its Taylor series developed @t= 0. This train of thoughts leads to the following
approximation forE [v(&(k))].

n—I

d ([ ne—l o
B I= <n—< n—| >(_1) I>\/(I)"~_Rl\/l+1-

E[v(&k)] = S S <”é_' >(—1)”—'V(|)+RM+1

Note that




L _G']r=0 [1=1 [1=2 [1=3 [I=4]
M=0| 1 0 0 0 0
M=1| 1-ns 1 0 0 0
M=2 | (1-ns)(2—ng)/2 (2—ng) 1 0 0
M=3 | (1-ng)(2—ng)(3—ng)/6 (2—ng)(3—ng) /2 (3—ng) 1 0
M=4 | (1-ns)(2—ns)(3—ng)(4—na&)/24 | (2—ns)(3—n&)(4—ns)/6 | (3—ng)(4—ns)/2 | (4—ng) | 1

Table 1: Coefficientx;l'\’I of the Taylor series foM,| =0, ..., 4.

see, for example, [9], p. 57 formula (18). Let

M 1 Mo
G = (M—I)' J:l_l (J_né)7

+1

where we setM = 1 for| = M. In Table 1 the coefficients” are computed foM =0,...,4.
We summarize our analysis in the following theorem.

Theorem 5 Leté&(k) has bounded support. For M N, the Taylor polynomial for Ev(&(k))] of degree
M is given by

M
E[v(&(k))] = ;QM V(1) +Rwu(k),

|=
with Ry (k) = 0for M > fis.

By Theorem 5 it holds that

M

E[v(&K))] ~ |Z>C'M V(). (12)

The subgradientl;E [v(&(k))] can be computed using the same weighted summation. For example,
the approximate subgradient figk < ns becomes:

h
DaE [V(§(K))] ~ Z>C'M OaV(l).
|=

The values oV andgV can be computed using Proposition 2. Because of the dramatic reduction
in number of stochastic variables, these values are computed much faster fia estimation of
v(&(k)) andgE [v(&(k))].

Note that because of the approximations, full convexity might be lost. Hemvéthe approxi-
mations are close to the original functions, we still have a smooth optimizatiofepmob

5 Computational complexity

Consider equation (11) wherg is the number of max-terms, amd is the number of stochastic
variables. If we use variability expansion, we usually have a reducetdbeuof stochastic variables,
denoted byn, with n, < ns. Let us assume tha k) is uniformly distributed (see the examples in
Section 6). In the whole procedure, the computation of the setsj = 1,...,ny, is the most time-
demanding step. Or to be more precise, we have to compute the vertiggsabftopes inR™. Every

5For other piecewise affine distributions we can make a similar analysis [fb®Jmore general distributions it may be
much harder.



polytope is described by + n, — 1 inequality constraints. If we denotger(¢, n) as the complexity
to compute all the vertices of a polytope definechbygequality constraints in afidimensional space,
then the complexity of computing the verticesppolytopes irR™ is Gsets~ Nv Guert(Nr, 20 +ny— 1),
where%ert(¢,n) is given in [12] as follows:

aem=( ")+ (")

where| ] denotes the greatest integer function arifl ) denotes the binomial coefficient. In the case

of variability expansion of orddvl we solve rr:: problems of complexity, er(m, 2m+n, — 1)

form=1,...,M and so the total complexity becomes

Grot ~ z < >n\,<€ (m,2m+n, —1).
The dominant factor is fom= M and so the overall complexity will be
n~
ot ~ < |\/T ) N Gvert(M,2M +ny, — 1).

For cost criterion (5), the due date errptk+ j) will only depend on the elements efhiat correspond

to e(k+1), | < j because of causality. This means that the complexity mainly depends on the com-
plexity of computingni(k+Np), i =1,...,ny. The number of max-terms for computingk+ Ny) is

Ny = Ny + Np Ny, and usuallyns = Npne, and so the complexity to compulgyt is in the order of

%ot ~ < ) nynx + nprnu)

><{< 2M+n+Nyny—1— | MA2 | >+ < 2M+n+Npny—1— | M2 | >}

M-+ny+Npny—1 M-+ny+Npny—1

We see that the complexity will grow rapidly with increasifg The optimal choice foM will
depend on a trade-off between accuracy (lalgand computation speed (sm#l). Note that the
complexity for the original problem is easily recovered by substitutioMef ns = Npne (i.e. no
reduction).

6 Examples

Example 1: A production system

Consider the production system in Figure 1. This system consists of twoimeady andM, and
operates in batches. The raw material is fed to madiine/here preprocessing is done. Afterwards

dl(k) dz ( k)

U(k) tl(k) - M tZ(k) - My t3(k) Vy(k)
Xl(k) Xz(k)

Figure 1: A production system.




the intermediate product is fed to machikie and finally leaves the system. We assume that each
machine starts working as soon as possible on each batch, i.e., as soenras thaterial or the
required intermediate product is available, and as soon as the machine i®idlin¢ previous batch

of products has been processed and has left the machine).

noiselevel=0.3
0.3

0.2

AOWWNFO

<<

5 10 15 20 25 30 35 40
k —

Figure 2: The due date errgfk)—r (k) for MPC with anMth order approximatiorivl € {0,1,2,3,4}
and a noise leval = 0.3.

Defineu(k) as the time instant at which the system is fed forktietime, y(k) as the time instant
at which thekth product leaves the system(k) as the time instant at which machinstarts for the
kth time, tj(k) as the transportation time on lirjkfor the kth batch and; (k) as the processing time
on machina for thekth batch. The system equations are given by

X1(K) = max(xy(k—1) +di(k—1),u(k) +ti(k)),

Xo(K) = max(x¢(K) +di(K) +ta(K),x2(k—1) 4 d2(k—1)),

= max(xl(k— 1) + dl(k— 1) + dl(k) —i—tz(k), U(k) + dl(k) +t1(k) +t2<k),
Xz(k—l) —i—dz(k—l)),

y(K) = Xa(K)+da(k) +t3(k).

In matrix notation we obtain (1)-(2) where the system matrize® andC are given by
A(K) = di(k—1) € 7

di(k—1) +di(K) +ta(k) da(k—1)

t1(k)
B(k) = [ dl(k)+t11(k)+t2(k) } L oCl=[¢& da(k) +ta(k) .
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noiselevel=3.5
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Figure 3: The due date errg(k) —r (k) for MPC with anMth order approximatiorM € {0,1,2, 3,4}
and a noise leval = 3.5.

Let us now solve the stochastic MPC problem for this perturbed MPL systessume that two of

the transportation times are constatiatk) = 0, t3(k) = 0, and that transportation tinigk) and the
production timesl; (k) andd;(k) are corrupted by noise:

d(k) = 5+a02e(k),
d(k) = 1+a05e(k),
tb(k) = 1+a0.6es(K),

wherea is a nonnegative constant aetk) = | er(k) ex(k) es(k) ]T is a random signal with
probability density function

1/8 if max(lg])<1

_ i=1,2.3
p(e) = 0 if max(|e])>1
i=1,2.3

)

(13)

Assume that the initial state is equal#@®) = [0 6|7, the due date signal is given Iogk) = 4+6-k
and the cost criterion (4) is optimized fdk, = 3, Nc = 2 andA = 0.1. With the choice of the cost
criterion (5)-(6), we can rewrite the stochastic MPC problem into a coapérization problem. For
the computation of the cost criterion we usehath order Taylor approximation withl =0,1,2,3,4.
Next we apply MPC for theMth order approximation foM = 0,1,2,3,4. The optimal input
sequence is computed fke= 1,...,40, and for eaclk, the first elementi(k) of the sequence(K) is
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applied to the perturbed system (due to the receding horizon strategyeMdéem two experiments
with different noise levelsr = 0.3 anda = 3.5. In the experiments, the true system is simulated for
a random sequenak), k =1,...,40, satisfying the probability density function (13). The due date
errory(k)—r(k) for MPC is given in Figure 2 for a noise level= 0.3, and in Figure 3 for a noise
level a = 3.5. The Oth order approximation is in fact equal to the case where no disitgbs taken

into account. We see that ftt = 0 the scheme leads to a frequent violation of the due dates (i.e. the
difference signal(k) — r(k) is frequently positive). We see that for increasing approximation order
M the due date error decreases &@id — r(k) is below zero most of the time (which means that our
product is delivered in time). Furthermore, the approximation seems to reafig increasingu.

M=0|M=1M=2|M=3 | M=4
CPU time 1 16.5 470 | 3810 | 34900

Table 2: (Scaled) CPU times for different levels in approximation

In Table 2 the (scaled) CPU times are given for the computation of the dtegiam and its sub-
gradient forM € {0,1,2,3,4}. From Table 2 we see that computation time grows dramatically with
increasingM. Depending on the application and the available computation interval, we oasethe
level of approximation. In general, the above trade-off will give us & possible approximation of
the optimal solution, given the constraints in computation time. For this sylgtea? orM = 3 is
probably sufficient for practical use.

Example 2: A batch process

d7(K)

M7 |«
ch(K) da (k)

(K | My | M 0 d(K)
Ms - Mg y(k)

uz(K) - My " My
d2(k) ‘d4(k)

Mg |~

dg(k)

Figure 4: A batch process.

Figure 4 gives the schematic configuration of a batch process [17]. sykiem consists of six
machinedVl; to Mg operating in batches and two machirdds and Mg working continuously. Two
substances are fed into machirdds and M, where they are heated. In the stirred tank readttys
andMy the substances are mixed with a solvent and a reaction takes place. Uh#aes into tank
Ms. Then the solvent is separated from the product and stored into theNardesdMg. The product
is finalized in machiné/g.

We assume that each machine starts working as soon as possible. Weudédires the time
instant at which the subsysteavh, i = 1,2, is fed for thekth time,y(k) is the time instant at which the
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kth product leaves the system(k) is the time instant at which machinetarts for thekth time, and

di (k) is the processing time on machintor thekth batch.
The system equations are given in matrix notation by (1)-(2) with system mstric

di(k—1) £ £ £

€ da(k—1) £ €

AK) — di(k—1)+ds (k) £ dz(k—1) £
(k)= € da(k—1)+da(k) € dg(k—1)

du(k—1)+di(K)+da(K)  ca(k—1)+ (k) +da(k) da(k—1)+da(k
di(k—1)+di(k)+d3(k) da(k—1)+da(k)+da(k) dg(k—1)+d3(k) da(k—1)+da(k)

£ &

& &

d5(|(—1)+d7 €

d3(k)+ds(k—1)+d7 £

max(dz(K)+ds(k—1)+d7,ds(k) +ds(k—1)+dg) £
max(cl(k) +de(k—1) -, da(K) - do(k—1) +g) d(k—1)

0 £
£ 0
dy (K) £
B(k) = ls da(K) )
dy (k) +da(K) d2(K)+da(k)

d1(K)+ds(k)+ds(k)  dz(k)+da(k)+ds(k)

C(k) = [ di(k—1)+dy(k)+d3(k)+dg(k) da(k—1)+d(k)+da(k)+dg(k) d3(k—1)+ds(k)+ds(K)

da(k—1)+da(K)+ds(k) max(ds(k)+ds(k—1)+d7+dg(K),da(k)+ds(k—1)+dg+dg(k) dg(k—1)+dg(k) ].
Let us now solve the stochastic MPC problem for this perturbed MPL syséassume that two of
the production times are constauti(k) = dg(k) = 2, and that the production timel(k), ..., ds(k)
are corrupted by noise:

di(k)=do+aie(k), i=1...,6

Whered]_,o = d270 =1, dgyo = d4,0 =3, d570 =4, dG,O =3, ap =0p = 0.2, a3z =04 = 0.1, g = 0.3,
ag=0.1ande(k) = [ ex(k) ... es(k) ]T is a random signal with probability density function

1/64 if max (|jaf) <1,
p(e) — ) |:17...,6
0 if _nlax6(|a|)>1.
i

=4,...,

(14)

Assume that the due date signal is givenrfly) = 6+ 10- k and the cost criterion (4) is optimized
for Ny = 3, Nc = 2 andA = 0.001. With the choice of the cost criterion (5)-(6), we can rewrite the
stochastic MPC problem into a convex optimization problem. For the computatioa cdsh criterion
we use a Taylor approximation with = 0,1, 2.

We apply MPC for theMith order approximation foM = 0,1,2. The simulation with the MPC
controller is done fok = 1,...,40. The due date errgfk)—r (k) for MPC is given in Figure 5. The
Oth order approximation is in fact equal to the case where no disturbataieisinto account.

We see that foM = 0 (no disturbance is taken into account) afid= 1 the scheme leads to a
frequent violation of the due dates (i.e. the difference sig@ial-r (k) is frequently positive). We see
that forM = 2 the due date error is small enough for a proper functioning of the ggoce

7 Discussion
We have discussed complexity reduction in MPC for max-plus linear discvetet systems with

stochastic uncertainties. From the MPC framework, a convex optimizatidgonaesults if the con-
straints are a nondecreasing function of the output. With an increasingemwidtochastic variables,
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Figure 5: The due date errgfk)—r (k) for MPC on a batch process with 8th order approximation,
M e {0,1,2}.

the computational complexity of the optimization problem increases dramaticaltp tluenumerical
integrations required to evaluate the objective function. To tackle this ipemfacomplexity, we use
the method of variability expansion. The key idea of this method is to introduegaareterd that
controls the level of stochasticity in the system. In this paper we have dexyicit expressions for
the coefficients in the expansion (and we have provided the proofs ératlacking in [6]). Based on

a Taylor expansion in the paramet&rgood approximations for the expectations of the cost criterion
and the constraints can be computed, which leads to a significant reduidii@computational com-
plexity of our approach. We have analyzed the computational complexityeadvbrall algorithm,
and illustrated the theory with two worked examples. From the examples it beadea that if we

do not take the stochastic perturbation into account (the case that troxiapgtion order isvM = 0),

the due-date error will often be positive, which means for a productistesythat the products are
finished too late. Even for smalll the due-date error is reduced dramatically, and the system can
deliver products in time.
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Appendix

A1l. Variability expansion (for more details see [7])

We show thatE [v(&p(k))] is infinitely often differentiable with respect 8, and more particular
for 6 € [0,1], which is the interval of interest for us due to the interpretatiorf afs the level of
randomness. Note tha{k) can be written ad (Xy,...,X,,) for some measurable mappirfgand
i.i.d. random noise variables. Let u denote the distribution ok anda its finite expected value,
l.e.,, E[X] = [gxu(dx) =a, for 1 <i < ns. We formalize variability expansion as follows. Choose
| € {0,1}", let X; have distributioru (the “true” distribution) ifl; = 1 and letX; = a (with probability
one) ifl; = 0. This is easily achieved be replacing thogen f for whichl; =1 bya. The thus
modified mappingf is denoted byf;. Next, let the elements dfbe independently distributed with
P(ly =1) =1— 6 andP(l; = 0) = 8, whereP(-) denotes probability. Furthermore, ¥t 8) have
distribution u with probability 8 and let it be deterministic and equaldavith probability 1— 6. It
then holds that

EN(@Eo(K)] = E[f(Xa(6),... Xn(8)] = §  E[fi(Xe,....%)] (1 0)21h ghe 2511
le{0,1}"e

Note that the sum on the right-hand side of the above equation is finite and ymteechange the
order of higher-order differentiation and summation. Since the distribufidrisoa polynomial in6
of orderng, it is infinitely differentiable and its derivatives of ordes+ 1 and higher vanish.

A2. Proof of Lemma4 (for more details see [7])

Let ug = U+ (1— 6)d,, whered, denotes the Dirac measuredrfwhich carries only mass on point
a). With this notation,

E[v(€(K)] = E[f(Xu(6),. .., %n(8))] = /R F(X0, - Xne) Hg*(dX0) -+~ Hg® (A ),
where
(X, %) = E[V(8a(K)) [ [0 (K)]j = Xj, 1 < ] < ng].
Provided that the elements eh(k) have bounded support it follows from our basic model that

f(x1,...,%) IS bounded as a function ixy,...,X,. Interchanging integration and differentiation
is thus justified and we obtain

TLEL0(0), X)) = [0, X) o) o)

Note thatug(dx) = Ou(dx) + (1— 8)da(dx), which implies@ue(dx) = p(dx) — da(dx). After some
computation one arrives at

dn Na Na
A= He(dxa), ..., Ug(dX) =N Ho) " (dx ) — , (1)
JgrHo(dx).. .. Ho(dx,) .e}n@;n)< (ko) (e dx))
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where the following definitions are in force. The s€{(ng; n) is given by

Na
ZLngn) = <1e{0,-11}"% > lk=nand ” k=1
k=1 JIng

|k7éo

Forl € Z(m;n), the vectorl ~ is generated out df by changing the sign of the highest non-zero
element; more formally, let* be the highest position of a non-zero elemernit . (m; n), that is,
Iy = 0 for allk > k* andl- € {—1,+1}, and set

1" =(l1,...,Im)” = (1, . he—1, — ey Ity -y Im) -
Finally, we have set
ny = o, pg'=p anduf Y =d.
With (15), we obtain
dn
den

E[f(X1(6),. .., %(8))]

S [t ([ o) 0 — [ o) 00).

Ie,% N&;N) k=1 k=1

In order to interpret the integral expression on the right-hand side aftbvee equation as an expected
value with respect to appropriate random variables, we introduge(6) such thatXi(r)(8) has
distributionpg(r) for r € {0,1,—1}. This yields

dn

denE[f(Xl(e)? s 7Xné(9))]

—n Y <E K (x{'ﬂ(e),...,x,ﬁ;“é’(e))}—E{f (x{'“(e),...,x,ﬂ'"'é)(e))D.

le.Z(n&;n)

The key observation it that only those eIemeNifJé)(e) with I; = 0 (resp. Xi('ii)(e) with I = 0)

actually do depend off. Moreover, ash tends to zero, thosﬁi(")(e) (resp. Xi('ii)(e)) with [j =0
converge weakly t@, whereas all other noise variables remain unaffected. Hence, the limie of th
higher order derivatives d&[f (X1(0),...,%Xn(60))] asO tends to 0 exists and is given by

im %E[f(xw), o Xee(0))]

= n! (E [f (Ly=1X+Lyeq0.-13 8-+ Lipy=1Xns + Ly eqo, -1 a)}
le’ né;n)

—E [f (1|;:1X1+1I1’e{0,—1} &l Xt Loy a)D ’

for ns > nand zero otherwise; wherg £ 1 if expressiom holds and zero otherwise.
Forn = 1, the setZ(ng; n) contains vectors with all elements equal to zero except for one entry.
Hence, the first order derivative 8t= 0 can be written as follows

im %E[uxl(e),...,xné(e))]
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Na
= Z (E [f(1|:1X1+1|¢1a,...,1|:néXné+l|¢néa)} —E|[f(a,...
=1

which in the notation of the paper reads

im SSEIT(0(0), .. X (6))] = > (VI -V(0).

Following this train of thought for higher-order derivatives provesbea 4.
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