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Abstract—In this paper a new approach is proposed to design Another local approach is the so-called Path-Following Method
locally optimal robust output-feedback controllers. It is iterative by  [7], which is based on linearization. The idea is that under the
nature, a_nd_ starting from any initial fe_aS|bIe controller it pel_’forms assumption of small search steps the BMI problem can be ap-
local optimization over a suitably defined non-convex fundbn at . . .
each iteration. The approach features the properties of coputational ~ Proximated as an LMI problem by making use of the first-order
efficiency, guaranteed convergence to a local optimum, ancpalicability perturbation approximation [7]. In practise this approach can be
to a very wide range of problems. The paper also proposes a fas used for problems where the required closed-loop performance
procedure for initially feasible controller computation based on LMis. is not drastically better than the open-loop system performance

The design objectives considered aréH2, Hoo, and pole-placement t Ve th tuator/ | t bl I th
constraints. The procedure consists of two steps: first an djpnal robust 0 solve the actuatorisensor placement problem, as well as the

mixed Ha/Hoo/pole-placement state-feedback gain is designed, which controller topology design problem [7]. Yet another local approach
is consequently kept fixed at the second step during the desigof is the Rank-Minimization Method [8]. Although convergence is
the remaining controller matrices. The approach is demonstited on a  established for a suitably modified problem, there are no guarantees
model of one joint of a real-life space robotic manipulator. that the solution to this modified problem will be feasible for the
1. INTRODUCTION original BMI problem. TheXY'-Centering Algorithm, proposed in
It is well-known that the problem of output-feedback controller[lo] Is also an aIternaU_ve Ioc_:al approach, Whlc.h focusses on a sub-
_ . A class of BMI problems in which the non-convexity can be expressed
design in the presence of polytopic model uncertainty is not conveX ) . . ;
. I .10 the form X = Y™, and is thus applicable to a restricted class
and can be represented in terms of bilinear (or rather bi-affine . .
S o . f controller design problems. Finally, the Method of Centers (MC)
matrix inequalities (BMIs) [17]. These, however, are in general NP: . . o
. . - has guaranteed local convergence provided that a feasible initial
hard [15], which means that any algorithm which is guaranteed to_~ 2.~ " . .
' . .andmon is given [5]. It is, however, the computationally most
find the global optimum cannot be expected to have a polynomiad . o . )
time complexity. mvolvmg approach, and it is als_o known that it can experience
There exist different approaches to the solution of the BMPumerlcaI problems at later iterations [3].
problem, which can be classified into global [3], [5], [16], [18] Similarly to the MC, the approach in this paper performs local
and local [8], [9], [7], [6]. Most of the global algorithms to the optimization over a suitably defined non-convex function at each
BMI problem are variations of the Branch and Bound Algorithmiteration. It enjoys the property of guaranteed convergence to a local
[16], [3]. Although the major focus of all global search algorithms isoptimum, while at the same time it is computationally faster and
the computational complexity, none of them is polynomial-time du@umerically more reliable than the MC. In addition to that, a two-
to the NP-hardness of the problem. As a result, these approacltstsp procedure is proposed for the design of an initially feasible
can currently be applied only to problems of modest size with noontroller. At the first step an optimal robust mixeth/H ./pole-
more than just a few “complicating variables” [16]. Thus, the globaplacement state-feedback gaifi is designed. This gainF’ is
algorithms are at present not practical to output-feedback controlleonsequently kept fixed during the design of the remaining state-
design problems for polytopic systems, where even small problenspace matrices of the dynamic output-feedback controller. Although
can result in lots of such complicating variables (for instance, ithe first step is convex, the second one remains non-convex.
the case study presented in SectfdA there are 40 complicating However, by constraining a Lyapunov function for the closed-loop
variables). system to have a block-diagonal structure, this second step is easily
Most of the existing local approaches, on the other hand, ateansformed into an LMI optimization problem. Somewhat related is
computationally fast but, depending on the initial condition, may nathe work of [14], where the authors attack a specific BMI problem
converge to the global optimum. The simplest local approach mak®sth quadratic terms by constructing LMIs. This is achieved at the
use of the fact that by fixing some of the variables,the BMI  expense of some conservatism that results from an over-bounding
problem becomes convex in the remaining variallesand vice of the non-affine quadratic terms leading to the LMls.
versa, and iterates between them [9]. This is also the idea behin

the weII-knoan—K |terat|on.forp-synthegs. In Some Papers 3 ohafined and the problem is formulated. The proposed algorithm
[10] the search is performed in other more suitably defined sear¢ . C .
or locally optimal controller design is next presented in Sec.

directions. Nevertheless, these type of algorithms, called coordina]i? For the purposes of its initialization, an approach to initially

descent methods in [9], Alternating SDP Method in [3], and the dUE*easible controller computation is proposed in Sec. IV, where a

|[t5e]ra[t:|3(])n[ig][9], are not guaranteed to converge to a local SOIUtIOrrrl1ultiobjective criterion is considered. A summary of the complete

algorithm is given in Sec. V. In Sec. VI the design approach is tested

*This work is sponsored by the Dutch Technology Foundatisiy) ©On @ model of one joint of a real-life space robotic manipulator.
under project number DEL.4506. Finally, Sec. VII concludes the paper.

dThe paper is organized as follows. In Sec. Il the notation is



II. PROBLEM FORMULATION then this paper addresses the following problem: given positive
scalarsaz andas, and a convex seb, defined as

AN
The symbole in LMIs will denote entries that follow from sym- D={z€C: Lp+Sym(zMp) <0}, 8)
metry. In addition to that the notatiofiym(A) = A+ A* will also  for some given real matricep = LE and Mp, find constant
be used. Boldface capital letters denote variable matrices appearimgtricesA., B., andF’, parametrizing the controller (4), that solve
in matrix inequalities, and boldface small letters — vector variableshe following constrained optimization problem
The convex hull of a set of matricés= {M, ..., My} is denoted

A. Notation

. . i + oo oo
asco{S}. Also used is the notatiofd, B) = trace(A” B). The set _ r2 oA Beyr 22 T XY
of eigenvalues of a matrix will be denoted as\(A). The symbol subject to: . N )
£ will denote “equal by definition”. The direct sum of matricds, H- objective: sup [1L2(Ter (0) = De)Rells <72, (g)
€

i=1,2,...,n will be denoted agP" , A; = A1 ®---® A, 2
blockdiag A1, ..., A,). Also, v; will denote thei-th element of the
vectorv. The projection onto the cone of symmetric positive-definite ~ Pole-placement: A(A5) € D, VA € A.

S ) i ) o
matrices is defined dsl]” = arg mins>o [[A—S|[r. Similarly, the  yhere the matricesls, Ra, Lo, and Re, are used to select
projection onto the cone of symmetric negative-definite matrices {§o gesired input-output channels that need to satisfy the required
defined aA|~ = argmins<o || A — S||». Some useful properties -qnstraint in 9).
of these projections can be found in [1]. Finaly® B denotes the  Ag discussed in the introduction, this problem is not convex and is
Kronecker product o and B. NP-hard. In the next section we will present a new algorithm which
can be used for finding a locally optimal solution to the problem
i ‘ . defined in (9). As most local approaches, this approach requires
Consider the following uncertain system an initially feasible solution from which the local optimization is
or = APy Bﬁﬁ + B2y initiated. For the purposes of |_ts |_n|t|aI|z§1t|_qn, acom_putatlonally fa_st
A A A approach based on LMIs for finding an initially feasible controller is
So: z = Crz+ D&+ Dou 1) ) .
A N A later on proposed in Sec. IV. A summary of the complete algorithm
Y Cyw+ Dyel + Dyuu is given in Sec. V.
wherez(t) € R™ is the system state;(¢t) € R™= is the controlled I1l. DESIGN VIA BMI OPTIMIZATION
output of the systemy(t) € R™ is the control action, ang(t) €
R? is the measured output argdt) € R"¢ is the disturbance to
the system, and where the symhbotepresents the-operator (i.e. BMIW® (z,y) £
the time-derivative operator) for continuous-time systems, and the N N2 N1 N (10)
’ (k) (k) (k) (k)
z-operator (i.e. the shift operator) for discrete-time systems. The Foo + ZFz‘O Ti+ ZFOj y; + ZZFU ZiY;,
uncertaintyA is then assumed to belong to a gktdefined as =1 i=1 i=1g=1

Hoo Objective:  sup || LT3 (0) Roo |2 < Yoo,
AcA

B. Problem Formulation

Define the followingN biaffine functions

where £ = (F{P)T, i =0,1,...,N1, j = 0,1,...,Na, k =
1,..., N are given symmetric matrices. In this paper we consider
the following BMI optimization problem

N P
A= {A‘ Cz ng Dzu € Msy"}’ (2)
Cy Dy Dy ¢ N
) ) ) minvy, overx e R"',y ¢ R"?, andy € R
where M., is a given convex polypope of system matrices (P) : BMZ—(k)(w’y) <0, k=1,2,...,N, (11)

A’L Bg,i Bu,i <C7 (B) + <d7 y> S -
A .
Msyn = €O Ceii Dagi Daui |5 i=12...No. () This problem is known to be NP-hard [15].
Cyi Dyei Dyusi It is a fact that for systems with polypotic uncertainty the output-
Interconnected to system (1) is the following full-order dynamideedback controller design problem can be written as BMis in the

output-feedback controller general form (11) [17]. . .
Let us, for now, consider the feasibility problem for a fixed
.. { ox® = Acz®+ Bey 4) Denote
u = Faf BMIWH (@, y) £ (c,z) + (d,y) — 7.
with 2 € R"™ its state. This yields the closed-loop system The feasibility problem is then defined as
o% = A5%+ BS ) Find xz € RV y € RY2
{ : — C3i+4DA¢ ®) FP) | such that@ ! BMI® (@,y) <0. 12
- Define the following cost function
where it is denoted” = [T, (z°)7], and g )
N+1 +
AR B F B§ 2 (k)
A A u 3 vy(z,y) = BMZIY (x,y) >0. (13)
[ gcl gcl } 2| B.C® A.+B.DF|B.D% |. (6) ! @
o | Hel ca DEF | D& r

From the definition of the projectiop]*, and from the properties
Denoting the transfer function from the disturbangeo the of the Frobenius norm we can write

controlled outputz, corresponding to the state-space model (5), as N+1 L2 N+l
. @y = > | [BMIP@y)] | 2> o (@,y).
T3 (0) £ Ca(olan — AQ) ™' By + Da, (7) k ; F ; !




It is therefore clear that

(FP) is feasible & 0 € minv,(x,y).
z,y

In this way we have rewritten the initial BMI problem into an

where it is denoted

equivalent optimization problem. The goal is now to search for &hen

local minimum ofv.,. However, the functiom., (x, y) is not convex.
Even worse, it may have multiple local minima. Now,(i*, y*)
is a local minimum forv, and is such that,(z*,y*) = 0, then
(z*,y") is also a feasible solution taF(P). However, if (x*, y™)
is such that (x

for a given~, and then apply the method of bisection ovetto

*,y™) > 0, then we cannot say anything about the
feasibility of (FP). The idea is then to start from a feasible solution +

No N1
FiOZFiO+ZFz‘jy]‘7 Fy, =F0j+ZFij$i~
j=1 i=1
(f ONG)(w +Az,y + Ay) = (foG)(w )
1
+2Z<[Gw 1o>A$,+QZ< F0J>ij
i=1

N1 N3

2y > ([G(z,y)]

i=1 j=1

T FiAziAy;) + O(||(Az, Ay)?|).

achieve a local minimum with a desired precision, at each iteratidh is thus clear thaff is differentiable and its partial derivatives are
searching for a feasible solution t&P). This is described in more given by the expressions (16) and (17). [ |

detail in Sec. V.

The partial derivatives of our original functian,(x, y) can then

Let us now concentrate on the problem of finding a local solutiobe directly derived using the result of Theorem 1:

to
minv (x,y). (14)
zy

The goal is to develop an approach that has a guaranteed conver-
gence to a local optimum of, (x, y). To this end, we first note that
the functionv, (x, y) is differentiable, and we derive an expression

for its gradient.
Theorem 1:Consider the function

(f o G)(z,y) &[G, y)] ||,

whereG : RN x RM2 — R%9 js defined as follows

N1 Na
FOO+Z Fiox; +Z Fo]y]JrZZFz]mlyj (15)

=1 j=1

G(z

The function(f o G)(x,y) is d|fferent|able, and

T
Vo) w ) & |G o | (G )
with
0 aE
j=1
0 N Al
@j(f oG)(z,y) =2 <[G($7y)} s Foj + ;mez> , (A7)

is its gradient.
Proof: Using the properties of the projectiénit we infer for
any matrices5 and AG, that

Jo(G+AG) =[G+ AGI |3 = |G + AG —
=min |G +AG - S| < |G +AG - [G] |7

= [GI* + AG|% = [GIF |} + 2([G]T, AG) + | AG| 3.
On the other hand,

G+ AG] %

fo(G+AG)=|[G+AGT|F = |G+ AG - [G+AG] ||%
= [[G]* +[G]” + AG - [G+ AG]"||%
> IGIT113 + 2([G1, AG) + 2([G]T, [G]7) + 2([G]T, =[G + AG] ™)

> [[G1H 17 +2([G]T, AG).
Thus we havef o (G+AG) = foG+2([G]T, AG)+O(| AG||%).
Now, let G(z, y) be defined as in (15), and define
AG( y) = G($+Aw,y+Ay) G(z,y)

N1 Na

= ZonACCz + ZFOJAyJ + ZZF”A:B Ay]7

=1 j=1

N+1

=2 Z
N1

-2 Z <[BMI (k) (g5 y)] JE) +ZFi<_f>a:i> (19)
=1

Note that these partial derivatives are continuous functions, so
thatv., € C*. Note also, that a lower bound on the cost function in
(11) can always be obtained by solving the so-called relaxed LMI
optimization problem [16]

av'y (a: Y)

No
+
<[B/vtz<’€> x y)] VB 4 ZF}}“)yj> (18)

ﬁvw(w y) _

VLB = I;l%l(c, ) + <d7 Y),

N
Fyy) + ZI: Fiy)m + Z FPy, + Z Z FPw;; <0, Vk.

i=1j=1

(20)

If this problem is not feasible, then the original BMI problem is
also not feasible.

Now that it was shown that the function, € C' and an
expression for its gradient has been derived, the cautious BFGS
guasi-Newton type of optimization algorithm, adopted from [11],
can be used for finding a local minimumof € C*. Assuming that
the level sef2 = {x,y : v, (x,y) < vy (x(?,y®))} is compact,
the convergence of this algorithm is established in [11] provided
that the following conditions hold: (ay-(xz,y) is continuously
differentiable onQ2 with gradient denoted ag(x, y), and (b) there
exists a constanL. > 0 such that the global Lipschitz condition
holds:

lg(e, ) — 9(&, B)|l> < LH[ - ] - { . ”L (@, y), (& 7) € Q.

Condition (a) was shown in Theorem 1. Condition (b) fol-
lows by observing that the projectidr]™ is Lipschitz, and since
BMI® (x,y) is smooth the functions in (18) and (19) satisfy a
local Lipschitz condition. The compactness of the@é¢hen implies
the global Lipschitz condition.

In the next section we focus on the problem of finding an initial
feasible solution to the BMI optimization problem.

IV. INITIAL CONTROLLER DESIGN

In this Section, a two-step procedure is presented for the design
of an initial feasible robust output-feedback controller. It consists
of two steps. In the first step a robust state-feedback gain matrix
F is designed such that the multiobjective criterion of the form (9)
is satisfied for the closed-loop system with state-feedback control
u = Fz. This problem is convex and is considered in Subsection
Sec. IV-A. In the second step the computed state-feedback gain



matrix F' is plugged into the original closed-loop system (5), andL such that for alk = 1,..., N the following LMIs hold
the multiobjective control problem, defined in (9), is solved in terms
of the remaining unknown controller matrice$. and B.. This PP:(—Q) & (Lp ® Q + Sym(Mp ® =;)) < 0,

problem is discussed in Sec. IV-B. . R L2
) _Ha (v2 —tracdR)) @ | Q
Before we present the solutions to these problem we summarize
the following standard results, adopted from [12], [4], [2]. _Sw:‘(zi) BE’I"RQ > 0, (continuous case)
Lemma 1:Let A be a real matrix. Ther\(A) € D, with D ® Q i BeiRs
defined in (8), if and only if there exists a matrR = PT > 0 e Q 0 > 0, (discrete case)
such thatLp @ P + Sym(Mp @ (PA)) < 0. o o I
Define —Sym(E;)  BeiRoo Ql'L”
Qe . I RL DT, ;LT | >0, (cont)
A . . Yool
L(CA W, P,y) = (v —tracgW)) @ | WV |, Moo Q@ =i BeiReo o
A) .PBAP © @ 0 TQiTL"O r | >0, (discr. case)
A pA _ | —Sym(PA . . I R Dz iL ) .
MCT(A ,B ,P) - ° T 5 (21) . . . oo’yofj >
P PAA PBA with 3; = A;Q+ By L, 2, =C.;Q+ D, ;L.
Mpr(A2,BAP)=| e y o4 0
I . . .
¢ * The state-feedback gain matriX is then given byF = LQ 1.
Lemma 2 H> norm): Assume that D4 = 0. Then

supaca T3 (0)lI3 < v if there exist matricesP = P7 g Step 2: Robust Multiobjective Output-Feedback Design

andW = W7 such that for allA € A

A A A In what follows we assume that the optimal state-feedback gain
[’(CCA“W’PW) @MCT(ACA“BCA“P) >0, (ant' case), F has already been computed at Step 1. In contrast to Step 1,
L(Ca, W, P,~) & Mpr(Ac, Ba, P) > 0, (discr. case) the problem defined in Step 2 of the algorithm at the beginning

Lemma 3 Hoo NOrM): supaca 757 (0)|1% < 7 if there exists  of Sec. 1V is certainly non-convex in the variabld®, W, A.,
a matrix P = P such that for allA € A and B, since application of Lemmas 2 and 3 to the closed-loop
system in (6) leads to non-linear matrix inequalities due to the fact

po | Mcr(AG.BL,P) [ C4, Dj I >0, (cont. case), that the variablesA. and B. appear in the closed-loop system
. 71 matricesA% and B (for which reason the last two are typed in
T . . .
Mpr(A5,B5,P) [0, C4, D4 ] >0, (discr. case) boldface). _H_owever, by introducing some conservansm.by means
. ~I of constraining the Lyapunov matril? to have block-diagonal
structure

A. Step 1: Robust Multiobjective State-Feedback Design P=XaY, (23)

The state-feedback case the for system (1) is equivalent to taking
CyA = I, DyAg = Onxng, DyAu = Onxm, SO thaty = z. the nonlinear matrix inequalities in question can be written as
Furthermore, we consider the constant state-feedback controlleéls. However, it can easily be seen that a necessary condition
u = Fz, which results in the closed-loop transfer function for the existence of a structured Lyapunov matrix of the form

(23) for A% defined in (6) is that the matrid® is stable for
TA(0) £ (C2 + DAF) (oI, — (A2 + BAF)) ' BA + DA, (22) all A € A. Luckily, this restriction can be removed by introducing
¢ ¢ = a change of basis of the state vector of the closed-loop system to

= [27, 27 — (%)T]T. For the resulting closed-loop system the

The following Thgorem can be u§ed for robusF mumoplecwestructured Lyapunov matri does not impose the restriction for
state-feedback design for discrete-time and continuous-time Sysct'ability of A, This is summarized in the following result

tems. The proof is based on [13], [12] and follows after rewriting o
Lemmas 2 and 3 for the closed-loop system (22) as LMIs in Theorem 3 (Robust Multiobjective Output-Feedback Control):

Q = P, with subsequent change of variables. Consider the closed-loop system (5), with transfer funciig(c)

Theorem 2 (Robust Multiobjective State-Feedback Control): Seflneq in (7), formed by |nterconnect|_ng th_e plant (1) with the
: A ynamic output-feedback controller (4), in which the state-feedback
Consider the system (1), and assume (h?t: I, Dye = Onxcngs

. L ain matrix F' is given. Then given matriceds, Rz, Lo, and
D3, = Onxm. Consider the controller = Fz resulting in the g g g »o

closed-loop transfer functioril’y (o), defined in (22). Given Roc of appropriate dimensions, the conditions

matricesLz, R2, Lo, and R, the conditions A A )
zug ||L2(Tcl (U) - Dcl)R2H2 < Y2,
€

su LTCAU—DZAR2<7 ] A 2

sop 2(~£( ) ;) 2llz <7 SUp LT (0) Roc 3 < e, (24)
SR (oo et () Foc oo < 7oc MAS) €D, VA € A

MA® 4+ BSF) e D, VA € A.

hold if there exist matrice = W%, X = X7,y = Y7,
hold if there exist matrice) = Q7, W = W7, R = R”, and Z and G such that the following system of LMIs has a feasible



solution for alli = 1,..., N step 3. F /L =% < ToL|yFL| OR k > kpas THEN

PP:(—P) @ (Lp @ P + Sym(Mp ® M;)) < 0, StoP ((x*,y",vy ) |S THE BEST FEASIBLE SOLU
. W LoCus TION WITH THE DESIRED TOLERANCH ELSE SET k «+—
Ho: (VVQ*trach))@ . P } k -+ 1 AND GO TO STEP 1.
—Sym(M;) Nz’IRQ ] >0, (cont. case) Note, t_hatWLB at each iteration. represents an in_feasi_ble value
. ° for v, while vy 5 represents a feasible one. At each iteration of the
® P M, NRp . algorithm the distance between these two bounds is reduced in two.
° P 0 > 0, (discr. case)
| e o I . VI. CASE STUDY
—Sym(M;) N;Ro cl LY ) ) ] o
P& . I RI DL, ,LT | >0, (cont. case) The example considered consists of a linear model of one joint
. o Yool of a real-life space robot manipulator (SRM) system. A continuous
Hoo! P M; N;Rs 0 L
~T T state-space model of the system is given by
« P 0 ct LT .
. o I R?.l, DZ; iLZo > 0, (discr. case) 0 1 0 0 0
. . . Voof oo 0 0 N2CIm 0 . Nfiin Y
where the matricedd ;, N;, R, and P are defined as 0 Oﬁ . . 15 9@
0 -7 T NZ2I,,  Tson  Tson T NTm,
X (A; + B,.F) ~[1 o 1 o0
;= ; Yy = z,
M, [ Y (Ai + BuiF) — Z — G(Cyi + DyuiF) 0 N 00
—X By F 7 wherez = [Q, 2, ¢, ¢]” is the state, and = i. (A) is the input. The
Z +GDyu i =Y By i F (25)  system parameters are given in Table I. The damping coeffidient
N, — X Be,i P= X and the spring constamrtare considered uncertain.
‘ YBei —GDyes |’ Y |’
Ceayi = [ Cii+ DouiF, —D.yiF ] [ Parameter: [ Sym. | Value: ]
. i N -260.
Furtherm_ore, the unknowln matrice$. and 115’c of the controller %?2{2?:;@; oAl axXis a va?gae
(4) are given byA. =Y " Z andB. =Y "G. effective joint input torque Tj“ff variable
Proof: For the sake of brevity, only an outline of the proof [ motor torque constant K 0.6
is given. Let thedZ, B5, C4, and D5, denote the closed-loop | _the damping coefficient B 10.36, 0.44]
. . . . deformation torque of the gearbox Tgy. s variable
system matrices obtained after performing the change of basis of thefreriia of the nput axis T 0.0011
state vectolt = [z, z” —(z%)"]". Then application of Lemmas 2  [“ineriia of the output system Toon | 400
and 3 to tgis transforAmed closed-loop system reAsuItsAin the bilinea Jrf]g‘t;’:";%'ﬁe?]ft‘he output axis € z::::g::
_ _ . — — le
termstlAcl,_azdPBcl from the matrlceg\/lCT(Acl, BC{’ P) anq spring constant c [1.17 x 10°, 1.43 x 10°]
Mpr(Ag, Ba, P), defined in (21). Clearly, witlP defined as in
(23) we can write TABLE |
Pias _ X(AA +B$F) PARAMETERS IN THE MODEL OFSRM.
7| Y(A* + BSF) - YB.(Cy + D5, F) - Y A
A
v A YIBX[?KJI; VEBAF } , The objective is to find a controller that achieves for all possible
XE:' eyut T u values of the uncertain parameters a disturbance rejection of at least
PB4 = [ A 3 A } 1:100 for constant disturbances on the shaft angular position of the
Y By — Y BeDy motor (such as, e.g., load), and a bandwidth of at least 1 [rad/sec].
Making the one-to-one change of variablesY A. Y B. | = This can be achieved by selecting the following performance
[ Z G ]resultsinPA.; = M;, andPB.,; = N;, with the weighting function (see the upper curve on Fig. 1 (bottom))
matricesM; and N, defined as in (25), being linear in the new 1
variables. [ Wy (s) = s+001°
V. SUMMARY OF THE APPROACH and then requiring thatiW,(s)S(s)||l < 1, for all A € A, where

We next summarize the proposed approach to robust dynam?c(s) is the transfer function from the disturbanddo the angular
output-feedback controller design velocity y» = Nf. In other words, the design specifications would

Algorithm 1 (Robust Output-Feedback Controller Design): ?e at(_:h'e\fd W'tt: adg_l\{[enbcont;oltléft(;) i th(i C:?Sded'l(;()p tralr_msfer
Use the result in Theorem 3 to find an initially feasible unction from the disturbance to the controlled outputs lies

IR .
controller, represented by the variabléso,y,,v0) related to beIItOV\I'qWPI d E)S) |ntth§hmag{1k:tutdtﬁlplot. blem is of ther | le:
the corresponding BMI problem (11). Se{tr*,y*,y%) _ should be noted here that this problem is of a rather large scale:

(€0, Yo, 0). Solve the relaxed LMI problem (20) to obtafrfﬁ%. _the BM_I_optlmlzatlon _proble_m (11) consists of 4 blllnt_aar matrix
. g . inequalities, each of dimensiar2 x 12, and each a function of 95
Select the desired precision (relative tolerance)LTand the

maximum number of iterations allowde, ... Setk — 0. variables (40 for the controller parameters, and 55 for the closed-

%) (B loop Lyapunov matrix). Also note, that the number of complicating
Step 1. RKE v = W AND SOLVE THE PROBLEM variables, defined in [16] asin{dim(z), dim(y)}, in this example
(xk,y,) = argminv,, (x,y) STARTING WITH INI-  equals 40. This makes it clear that the problem is far beyond the
TIAL CONDITION (x*,y™). capabilities of the global approaches to solving the underlying BMI
Step 2. F vy, (zk,y,) = 0 THEN SET (x*,y*,yg“g) = problem, which can at present deal with no more than just a few

(zk, Yy, vk) ELSE sgwg“,; = V. complicating variables.



Upper and lower bounds at each iteration.
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Fig. 1. Left: Upper and lower bounds enduring the BMI optimization.
Right: Sensitivity function of the closed-loop system fbe mominal values
of the parameters and the inverse of the weighting functign

First, using the result in Theorem 3 an initial controller was foundy

achieving an upper bound ofw in:it = 1.0866, which was sub-

sequently used to initialize the newly proposed BMI optimization [5]

(see Algorithm 1). The tolerance ofoL = 10~ was selected, and
yg’; = 0 since we know thaty > 0 for the problem at hand. The
new algorithm converged in 10 iterations 4., new = 0.6356.

The computation took about 100 minutes on a PC with Intel(R)[7]

Pentium IV CPU 1500 MHz and 1 Gb RAM.

Next, four other algorithms were tested on this example with the8]
same initial controller, the same tolerance and the same stopping
conditions. These algorithms were Rank Minimization Approachig]
(RMA) [8], the Method of Centers (MC) [5], the Path-Following
Method (PATH) [7], and the Alternating coordinate method (DK)[

together with the inverse of the selected performance weighting
function W, (s). It can be seen from the figure that the sensitivity
function remains belowV, ' (s), implying that the desired robust
performance has been achieved.

VII. CONCLUSIONS

In this paper a new approach to the design of locally optimal
robust dynamic output-feedback controllers for systems with struc-
tured uncertainties was presented. The uncertainty is allowed to
have a very general structure and is only assumed to be such
that the state-space matrices of the system belong to a certain
convex set. The approach is based on BMI optimization that is
guaranteed to converge to a locally optimal solution provided that an
initially feasible controller is given. This algorithm enjoys the useful
properties of computational efficiency and guaranteed convergence
to a local optimum. An algorithm for fast computation of an initially
feasible controller is also provided and is based on a two-step
procedure, where at each step an LMI optimization problem is
solved — one to find the optimal state-feedback gain and one to find
the remaining state-space matrices of the output-feedback controller.
The design objectives considered &te, H~,, and pole-placement
in LMI regions. The approach was tested on a model of one joint
of a real-life space robotic manipulator, for which a rob@st,
controller was designed.

VIll. REFERENCES

G. Calafiore and B. Polyak. Stochastic algorithms for exact and approximate fea-
sibility of robust LMIs. IEEE Transactions on Automatic Contrel6(11):1755—
1759, 2001.

M. Chilali, P. Gahinet, and P. Apkarian. Robust pole placement in LMioreg
IEEE Trans. on Automatic Contro#i4(12):2257-2269, 1999.

M. Fukuda and M. Kojima. Branch-and-cut algorithms for the bilinear matrix
inequality eigenvalue problemComputational Optimization and Applicatians
19:79-105, 2001.

J.C. Geromel and M.C. Oliveira. H2 and Ho robust filtering for convex
bounded uncertain system&EE Transactions on Automatic Contydi6(1):100—
107, 2001.

K.-C. Goh, M.G. Safonov, and G.P. Papavassilopoulos. A globamagation
approach for the BMI problem. IiProceedings of the 33rd Conference on
Decision and Contrglpages 2009-2014, Lake Buena Vista, FL, 1994.

K. Grigoradis and R. Skelton. Low-order control design for LMI problemisigis
alternating projection method#wutomatica 32(8):1117-1125, 1996.

A. Hassibi, J. How, and S. Boyd. A path-following method for sofyiBMI
problems in control. IrProceedings of the American Control Conferengages
1385-1389, San Diego, CA, 1999.

S. Ibaraki and M. Tomizuka. Rank minimization approach for solving BMI prob-
lems with random search. IRroceedings of the American Control Conference
pages 1870-1875, Arlington, VA, 2001.

T. lwasaki. The dual iteration for fixed order controlEEE Transations on
Automatic Contral 44(4):783-788, 1999.

10] T. lwasaki and R.E. Skelton. The XY-centering algorithm for the dual LMI
problem: A new approach to fixed order control desigmiernational Journal of

(1

(2]
(3]

6]

[9]. From among these four approaches only two were able to
improve the initial controller, namely the MC which achieved®ll
Yoo,mc = 0.8114 in about 610 minutes. It was unable to improve
the the performance further due to numerical problems. Simild#2]
problems were also reported in [3]. The DK iteration method
terminated in about 20 minutes witho, px = 0.8296. The PFM  [13]
converged to an infeasible solution due to the fact that the initial
condition is not “close enough” to the optimal one, so that the firgt4
order approximation that is made at each iteration is not accurate.
Finally, the RMA method was also unable to find a feasible solutiorhs]
For the newly proposed method, the upper and the lower bounds
on ~ at each iteration are plotted in Fig. 1 (top). Note that at eacHG]
iteration the upper bound represents a feasible valug fand the
lower bound - an infeasible one. Also plotted on the same figure are
the values achieved by the DK iteration and the MC methods. with”
the optimal controller obtained with the newly proposed approacius]
the closed-loop sensitivity function is depicted in Fig. 1 (bottom),

1 J.G. VanAntwerp and R.D. Braatz.

Control, 62(6):1257-1272, 1995.

D.H. Li and M. Fukushima. On the convergence of the BFGS method for
nonconvex unconstrained optimization problei@AM Journal on Optimizatign
11(4):1054-1064, 2001.

M.C. Oliveira, J.C. Geromel, and J. Bernussou. An LMI optimizatiorraapgh to
multiobjective controller design for discrete-time systemsPtoc. of the IEEE
Conference on Decision and Contrplages 3611-3616, Phoenix, Arizona, 1999.
C. Scherer, P. Gahinet, and M. Ghilali. Multiobjective output-feedbackrabn
via LMI optimization. IEEE Transactions on Automatic Contrel2(7):896-911,
1997.

T. Shimomura and T. Fujii. Multiobjective control design via susbes over-
bounding of quadratic terms. Proc. of the 39th CDCpages 2763-2768, Sydney,
Australia, 2000.

O. Toker and HOzbay. On the NP-hardness of solving bilinear matrix inequalities
and simultaneous stabilization with static output feedbackrbteedings of the
American Control Conferenggages 2525-2526, Seattle, WA, 1995.

H.D. Tuan and P. Apkarian. Low nonconvexity-rank bilinear matrix ineitjaal
Algorithms and applications in robust controller and structure desige&E
Transations on Automatic Contro#5(11):2111-2117, 2000.

A tutorial on linear and bilinear matrix
inequalities.Journal of Process Contrpll0:363-385, 2000.

Y. Yamada and S. Hara. Global optimization for the,, control with constant
diagonal scalinglEEE Transactions on Automatic Contrdi3(2):191-203, 1998.



