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Mekelweg 2, 2628 CD Delft, The Netherlands
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Abstract— Model predictive control (MPC) is a very popu- horizon procedure, and a regular update of the model and
lar controller design method in the process industry. A key re-computation of the optimal control input.
advantage of MPC is that it can accommodate constraints on This paper is organized as follows. In Section Il we

the inputs and outputs. Usually MPC uses linear or nonlinear . . . . .
discrete-time models. In this paper we give an overview of give a brief overview of conventional MPC for discrete-

some results in connection with model predictive control (MPC) time systems. Next, we introduce discrete-event systems
approaches for some tractable classes of discrete-event syse and max-plus-linear discrete-event systems in Section |l
and hybrid systems. In general the resulting optimization Section IV then considers MPC for max-plus-linear discrete
problems are nonlinear and nonconvex. However, for some o\ aont systems. In Section V we present hybrid systems and

classes tractable solution methods exist. In particular, we discuss - - o . .
MPC for max-plus-linear systems, for mixed logical dynamical SOMe specific subclasses of hybrid systems: piecewise affine

systems, and for continuous piecewise-affine systems. systems, mixed logical dynamical systems, and max-min-
plus-scaling systems. An MPC approach for these classes

of hybrid systems is then presented in Sections VI and VII.

Model predictive control (MPC) was pioneered simultane- o easy reference we here already list the abbreviations
ously by Richaletet al. [65], and Cutler and Ramaker [25]. ;sed in this paper:

In the last decades MPC has shown to respond effectively to
control demands imposed by tighter product quality specifi-
cations, increasing productivity demands, new envirortalen
regulations, and fast changes in the market. As a result, MPC
is now widely accepted in the process industry. There are
several other reasons why MPC is probably the most applied
advanced control technique in this industry:

« MPC is a model-based controller design procedure that
can easily handle multi-input multi-output processes,
processes with large time-delays, nonminimum phase
processes, and unstable processes.

« It is an easy-to-tune method: in principle only three
parameters have to be tuned. [I. MODEL PREDICTIVE CONTROL

« MPC can handle constraints on the inputs and the

outputs of the process (due to, e.g., limited capacity af In this section we give a short and simplified introduction
P P \ » €9, 1IN Pacily f conventional model predictive control (MPC) for nonkme
buffer_s, actuator satl_Jratlon, outputquahty speuﬂa&ﬂo discrete-time systems. Since we will only consider the de-
Frac.l)e::eit;[)i/s:le(r;?:z Z\z)ar?/trgllljenrng the design and th?erministic, i.e., noiseless, case for discrete-eventtamtid
P ’ systems in this paper (cf. Remark 3.2), we will also omit the
« MPC can handle structural changes, such as sensor dr:

: . noise terms in this brief introduction to MPC for nonlinear
actuator failures, and changes in system parameters Qr

svstem structure. by adanting the model and by usin salstems. More extensive information on MPC can be found
ySte cture, by adapting the Y USING;& 191 110, [17], [22], [38], [53] and the references thare
moving horizon approach, in which the model and the

control strategy are regularly updated. A. Prediction model

Conventional MPC uses discrete-time models (i.e., models Consider a plant witm inputs and outputs that can be

consisting of a system of difference equations). In thig,yejeq by a nonlinear discrete-time state space desuripti
paper we propose some extensions and adaptations of {§}&n¢ following form:

MPC framework to classes of discrete-event systems and

hybrid systems that ultimately result in “tractable” cartr x(k+1) = f(x(k),u(k)) (1)
approaches. For each of these cases the proposed MPC ap- y(k) = h(x(k), u(K)) )
proach has the following ingredients (which are also presen

in conventional MPC): a prediction horizon, a recedingvhere f andh are smooth functions of andu.

I. INTRODUCTION

ELCP : extended linear complementarity problem
LP . linear programming

MIQP : mixed integer quadratic programming
MLD : mixed logical dynamical

MMPS : max-min-plus-scaling

MPC : model predictive control

MPL : max-plus linear

PWA : piecewise affine

QP : quadratic programming

SQP : sequential quadratic programming.
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past<«——> future

which is often taken to be linear:

eea o SStOINL Ac(K)i(k) + Bo(K)(K) < co(K) - ®)
. * Ppredicted outputs y The MPC problem at sample stkgonsists in minimizing
. * J(k) over all possible future input sequences subject to the

constraints. This is usually a nonconvex optimization prob
} ‘computed control inputs u lem. To reo!uce thg cpmplexity o_f the optimiz_ation problem a

I control horizonN; is introduced in MPC, which means that
— ‘

the input is taken to be constant beyond sample ktepl:

I I
KN k+Np u(k+j) =u(k+Ne—1) for j=Ne,....,Ny—1. (9
control horizon
— >

prediction horizon In addition to a decrease in the number of optimization

parameters and thus also the computational burden, a smalle
Fig. 1. Representation of the MPC control scheme. control horizonN, also gives a smoother control signal,
which is often desired in practical situations.

In MPC we consider the future evolution of the systenf>. Receding horizon approach
over a given prediction periodk + 1,k + Ny, which is MPC uses a receding horizon principle. At time skejhe
characterized by the prediction horizdl, and wherek is  future control sequencg(k),...,u(k+ Ny — 1) is determined
the current sample step (see Figure 1). For the system (I9uch that the cost criterion is minimized subject to the
(2) we can make an estimatgk™ j|k) of the output at constraints. At time stej the first element of the optimal
sample stefk+ j based on the statex(k) at stepk and the sequenceu(k)) is applied to the process. At the next time
future input sequenca(k),u(k+1),...,u(k+j—1). Using instant the horizon is shifted, the model is updated with new
successive substitution, we obtain an expression of the forinformation of the measurements, and a new optimization at

. . . time stepk+ 1 is performed.
9+ i1K) = F (x(K), u(k), u(k + 1), . u(k+ = 1)) (3) P P
) . D. The standard MPC problem
for j=1,...,Np. If we define the vectors .
So the MPC problem at sample stkdor the nonlinear

(k)= [u"(k) ... u"(k+Np—1)] (4) discrete-time system described by (1)-(2) is defined as
gk = [§7(k+ 1) .. §Tk+No]T . (5)  Tollows:
) ) o - Find the input sequencéu(k),...,u(k+ N, — 1)} that
we obtain the following prediction equation: minimizes the cost criteriod(k) subject to the evolution
§(k) = F (x(K), (k) . (6) equations (1)—(2) of the system, the nonlinear constraint
(7), and the control horizon constraint (9).
B. Cost criterion and constraints For linear discrete-time systems and with linear constraints

(8) only, the MPC problem boils down to a convex quadratic
programming problem, which can be solved very efficiently.
Furthermore, in this case the solution can be even computed

The cost criteriond used in MPC reflects the reference
tracking error {ou) and the control effort,):

J(K) = Jout(K) + AJin(K) off-line and reduces to the simple evaluation of an expyicit
= [I(k) —F(k)||é+)\ 16(K)|2 defined piecewise linear function [8].
= (y(k)—r”(k))TQ(y(k)—F(k))+)\GT(k)RG(k) Traditionally MPC uses linear discrete-time models for

the process to be controlled. In this paper we consider the
where A is a nonnegative integer, andk) contains the extension and adaptation of the MPC framework to discrete-
reference signal (defined similarly §¢k] (cf. (5))). andQ,  event systems and hybrid systems. In general, MPC for
R are positive definite matrices. discrete-event systems and hybrid systems results in hard
In practical situations, there will be constraints on theun  nonconvex nonlinear and often even nonsmooth optimization
and output signals (caused by limited capacity of buffersyroplems with integer and real-valued variables, but — as we
limited transportation rates, saturation, etc.). Thisitected ghall see — for some classes of discrete-event systems and
in the nonlinear constraint function hybrid systems tractable solution methods exist.

Ce(k,G(k),¥(k) <O, )

1For the sake of simplicity, we assume that all the componenthef t
state can be measured, or that the system is observable sui¢helcurrent
state can be reconstructed from the past output sequence.



no concurrency are calledax-plus-linear discrete-event sys-
MPC AND DISCRETE-EVENT SYSTEMS tems Typical examples are serial production lines, production
systems with a fixed routing schedule, and railway networks.

Ill. DISCRETEEVENT SYSTEMS B. Max-plus algebra and max-plus-linear discrete-event
systems

1) Max-plus algebra:The basic operations of the max-

Typical examples of discrete-event systems are flexiblgy,s aigebra are maximization and addition, which will be
manufacturing systems, telecommunication networks, P3fapresented bys and @ respectively:

allel processing systems, traffic control systems and {ogis

tic systems. The class of discrete-event systems esdgntial X@y=maxx,y) and X®y=X+y

consists of man-made systems that contain a finite humber def .

of resources (e.g., machines, communications channels, fgf %,y € RF = RU{—c}. Define £ = —co. The structure

processors) that are shared by several users (e.g., prod f’@’@) is called the max-plus algebra [S], [2‘_1]‘ Th?

types, information packets, or jobs) all of which contribt operationss and are cal_led thg maxjplus—algeb.r aic addi-

the achievement of some common goal (e.g., the assemblytlﬁn and max-plus-algebralc mult|pI|cat|9n respectiveiyce

products, the end-to-end transmission of a set of infonati Many properties and concepts from linear _algebra can be

packets, or a parallel computation) [5]. translated to the max-plus algebra by replacingy @ an(_JI
One of the most characteristic features of a discrete—eveﬁft by @ [5], [24]. The rules for the order of evaluation

system is that its dynamics amvent-drivenas opposed of the max-plus-algebraic operators are similar to those of

to time-driven: the behavior of a discrete-event system Igonvennona] aIgebrg. S@ has a higher priority tha@.
The matrix Em«n is the m x n max-plus-algebraic zero

governed by events rather than by ticks of a clock. An event trix: (£ T tor all i i, Th HixE. is th

corresponds to the start or the end of an activity. For qa ”X'I( mIX”)'tJ) =€ _((j)r i't b t'e'Em? rB(O”f'S ”e_nxr(lj

production system possible events are: the completion ax-plus-algebraic identity ma rix ”?” —ofdorall I and
n)ij = & for all i, j with i # j. The basic max-plus-algebraic

a part on a machine, a machine breakdown, or a buff i tended t tri followsAJB
becoming empty. Events occur at discrete time instant .E’nir,? I((ZJZSR%% ;Xein ed 10 mainces as Tolows~,E
[ &

Intervals between events are not necessarily identical th™¢

A. General discrete-event systems

can be deterministic or stochastic. (A@B)ij = &j @ bij = maxaj, bij)
There exist many different modeling and analysis frame- n

works for discrete-event systems such as Petri nets, finite (A®C)jj = @aik@@ck,- = mka)<(aik+ij)

state machines, queuing networks, automata, (extendse) st k=1

machines, semi-Markov processes, max-plus algebra, fornfgr all i, j. Note the analogy with the definitions of matrix
languages, temporal logic, perturbation analysis, p®ets sum and product in conventional linear algebra. The max-
gebra, and computer models (see [5], [18], [35], [46]-[48]plus-algebraic matrix power oA € R?*" is defined as
[62], [76] and the references therein). follows: A*® — E, andA® — Aw A T fork=1,2,...
Although in general discrete-event systems lead 10 a 2) Max-plus-linear discrete-event systenBiscrete-event
nonlinear description in conventional algebra, there texisgystems with only synchronization and no concurrency can

a subclass of discrete-event systems for which this modge modeled by a max-plus-algebraic model of the following
becomes “linear” when we formulate it in the max-plusggm [5] (see also Example 3.3):

algebra [5], [23], [24], which has maximization and additio

as its basic operations. Discrete-event systems in which X(k+1) =A@ x(k) @ Bau(k) (10)
only synchronizatiof and no concurrenéyor choice occur y(k) = C@x(k) (11)
can be modeled using the operations maximization (cor-. xn nxm Ixn )
responding to synchronization: a new operation starts ¥4th A€ Rg™, B Rg™ and C € R;™ wherem is the
soon as all preceding operations have been finished) affmper of inputs and the number of outputs.

addition (corresponding to durations: the finishing time of FOr @ manufacturing systeno(k) would typically repre-
an operation equals the starting time plus the durationjs ThS€Nt the time instants at which raw material is fed to the
leads to a description that is “linear” in the max-plus algeb system for thgk+ 1)th time, x(k) the time instants at which

Therefore, discrete-event systems with synchronization bth€ machines start processing tie batch of intermediate
products, and/(k) the time instants at which thieh batch
2Synchronization requires the availability of several teses at the same Of finished products leaves the system.
time (e.g., before we can assemble a product on a machine, thénmach Note the analogy of the description (10)—(11) with the

has to be idle and the various parts have to be available). state space model for conventional linear time-invariant

3Concurrency appears when at a certain time there is a choicegamod. . Thi | . h h
several resources (e.g., a job may be executed on one of taebmachines JISCréte-time systems. This analogy Is another reason why

that can handle that job and that are idle at that time). the symbolsp and ® are used to denoted max and



d=11 overflow will occur. A processing unit can only start working

P ta=1 7 on a new product if it has finished processing the previous
= product. Each processing unit starts working as soon as all
ts=0 .
ulk) — 12 ty=0 P; ——y(k) parts are available.
2=0 2 / Let u(k) be the time instant at which a batch of raw
=
P

material is fed to the system for thé&+ 1)th time, X (k)
the time instant at whiclP starts working for thekth time,
Fig. 2. A simple manufacturing system. andy(k) the time instant at which thkth finished product
leaves the system. Now considerk+ 1), the time instant
at which Py starts processing thé+ 1)st batch. As we have

Remark 3.1 Apart from the fact that in (10)—(11) the to wait for the (k+ 1)st batch of raw material to arrive at
components of the input, output and state vector are eveént (Which happens at time instantk) +t; = u(k) +2), and
times, an important difference between the descriptiopy{1 for the kth batch to be processed completelyRat(which
(11) for discrete-event systems and (1)—(2) for discriebet happens at time instant (k) +di = x1(k) +11), and since
systems is that the countkin (10)—(11) is an event counter We assume thal, starts processing a new batch as soon as
(and event occurrence instants are in general not equitlista the raw material is available and as the processing unit is
whereas in (1)-(2k is a sample counter that increases eaciflle again, we have

clock cycle. D xq(k+ 1) = max(xq (K) + 11, u(k) + 2)
A discrete-event system that can be modeled by (10)-— =11x1 (k) ®2u(k) .

(11) will be called amax-plus-linear(MPL) time-invariant o ]

discrete-event system. In a similar way we find

Remark 3.2 For (linear) discrete-time systems the influencg2(k+1) = maxxz(k) +12, u(k) +0)

of noise is usually modeled by adding an extra noise term =120 x2(k) @ 0®u(k)

to the state and/or output equation. For MPL models thg,)(k+ 1) = max(xy(k+ 1)+ 1141, xo(k+ 1) + 12,

entries of the system matrices correspond to productioesim x3(K) +7)

or transportation times. So instead of modeling noise, (i.e.

the variation in the processing times), by adding an extra = max(xq (k) +11+11+1, u(k) + 11+1+2,

max-plus-algebraic term in (10) or (11), noise should nathe X2(K) +12+ 12 u(k) + 12+ 0, x3(k) + 7)
be modeled as an additive term to these system matrices. = max(x1(K) + 23, x2(K) + 24, x3(k) + 7, u(k) + 14)
However, this would not lead to a nice model structure. — 230 % (K) @ 240 %(K) & 7@ x3(K) & 140 u(K)

Therefore, and for the sake of simplicity, we will use the

MPL model (10)—(11) as an approximation of a discrete-  Y(K) =Xs(k) +7
event system with uncertainty and/or modeling errors when =7®x3(k),
we present the extension of the MPC framework to MPL

systems. This also motivates the use of a receding horiz&F " max-plus-algebraic matrix notation (with= —e).

strategy when we define MPC for MPL systems, since then 11 ¢ ¢ 2

we can regularly update our model of the system as new x(k+1)=| € 12 ¢ | @xKk) @ 0 | ®u(k)
measurements become available. Note, however, that the 23 24 7 14

approach given in Section IV below can also be extended yk=[¢e & 7]oxkK) . 0

to the case where noise is present (see [70], [71]). O

Example 3.3 Consider the production system of Fig. 2. This IV. MPC FORMPL DISCRETEEVENT SYSTEMS
manufacturing system consists of three processing umis: -

P, andP3, and works in batches (one batch for each finisheé' Prediction

product). Raw material is fed tB; and P, processed and Consider a discrete-event system modeled by a MPL
sent toP; where assembly takes place. The processing tim@odel of the form (10)-(11). We assume thék), the state

for P, P, andP; are respectivelyh =11,d» =12 andd; =7  at event stefx, can be measured or estimated using previous
time units. It takes$; = 2 time units for the raw material to get measurements. We can then use (10)—(11) to estimate the
from the input source t&%, andtz = 1 time unit for a finished evolution of the output of the system for the input sequence
product ofP; to get toPs. The other transportation times andu(K), . ..,u(k+Np — 1) (cf. (3)):

the set-up times are assumed to be negligible. At the input of ' -1 o

th_e system apd between the processing units there aresbuff%(Jr jk) = C®A>@J 2x(K) @ @C@A@H @Bou(k+i) ,

with a capacity that is large enough to ensure that no buffer '



or, in matrix notationy(k) = H @ G(k) ® g(k) (cf. (6)) with  where

I C®B £ .. £ A?s(k) = As(k) — As(k— 1) = s(k) — 2s(k— 1) +s(k—2) .
CoA®B CeoB e £
H= . . : , A straightforward translation of the conventional MPC
N1 N : input cost criterioru™ (k)G(k) (where we have takeR equal
| CoA*® @B C®A*" "@B ... C®B to the identity matrix) would lead to a minimization of the
C®oA input time instants. Since this could result in input buffer
Co A®2 overflows, a better objective is tmaximizethe input time
_ instants. For a manufacturing system, this would corredpon
(k) : @X(K). - e i
: to a scheme in which raw material is fed to the system as
C®A@Np late as possible. As a consequence, the internal buffelsleve

_ are kept as low as possible. This also leads to a notion of
whereu(k) andy(k) are defined by (4)—(5). Note the analogystanility if we let instability for the manufacturing syste

between these expressions and the corresponding expressigorrespond to internal buffer overflows. So for MPL systems
for conventional linear time-invariant discrete-time tgyss.  an appropriate cost criterion is

B. Cost criterion Jno= _U-T(k)a(k) )
Just as in conventional MPC we define a cost criterion of o . )
the form Note that this is exactly the opposite of the input effort
I(K) = Jour(K) + A Jn(K) cost criterion for conventional discrete-time systemsother

objective function that leads to a maximization of the input
For the tracking error or output cost criteridg,: and the time instants is
input cost criterionJ;, several criteria are possible in a No m
discrete-event systems context. Jns = — Zui(k +ji-1) .
A straightforward translation of the cost criterion used ’ =1is

in conventional MPC systems (witQ the identity matrix .
y (Wi y ) If we want to balance the input rates we could take

would yield
N . 5 . Np—1 |
Jout = (Y(k) —F(K))" ® (¥(k) —F(k)) Joa=Y Z|A2ui(ik+j| .

Np | ==

= 2P (ik+ilk) —rik+]) C. Constraints
j=1i=1 )

—2 max max (9i(k+j|k)—ri(k+j)) . (12) Just as in conventional MPC we can con_sider the Ii_near
=L Npi=1,... constraint (8). Furthermore, it is easy to verify that tygpic

This objective function does not force the difference betwe constraints for discrete-event systems such as minimum or
value in (12). Therefore, it is not very useful in practice. : ; ; ;
a;(k < Au(k < by(k forj=0,...,N.—1, (13
If the due dates for the finished products are known and 1( 4__]) A ( 4,_1) (k+ J_) J ¢ (13)
if we have to pay a penalty for every delay, a well-suite@2(K+1) S AY(K+j[K) <bp(k+]) forj=1,....,Np,  (14)

cost criterion is the tardiness: or maximum due dates for the output events:
Np |
Jouttard = Y Zlma><(9i(k+j|k)—ri(k+j),0) : y(k+jlk) <r(k+j) for j=1,...,Np, (15)
j=1i=

) _ . . can also be recast as a linear constraint of the form (8).
If we have perishable goods, then we could want to minimize gjnce for MPL systems the input and output sequences

the differences between the due dates and the actual oUtRdrespond to occurrence times of consecutive events, they
time instants. This leads to should be nondecreasing. Therefore, we should always add
Np | . . the conditionAu(k+ j) >0 for j =0,...,N,—1 to guarantee
Jouz =) _Zl|)7i(k+ jlk) = ri(k+ )| = [[§(k) = F(K)[|1 - that the input sequences are nondecreasing.
== A straightforward translation of the conventional control
If we want to balance the output rates, we could consider therizon constraint would imply that the input should stay

following cost criterion: constant from event stdp+ N; on, which is not very useful
No | for MPL systems since there the input sequences should
Jown — A20: (Kt ik normally be increasing. Therefore, we change this contitio
buta ;Zil i(K+j[K)| )
=ic as follows: the feeding rate should stay constant beyond



event stepk+ Ng, i.e., Au(k+ j) = Au(k+ N —1) for j = with the extra condition that at least one inequality should
Ne,...,Np—1, or hold with equality (i.e., at least one residue or slack \@da
should be equal to 0):

Au(k+j)=0 forj=Ng,...,Ng—1. (16)
(i) —gi(k)- [] Gi(k)—hij—Gj(k))=0. (22
This condition introduces regularity in the input sequeaice i€ 7
it prevents the buffer overflow problems that could ariserwheHence' (18) can be rewritten as a system of the form
all resources are fed to the system at the same time instant

as would be implied by the conventional control horizon Aeicp¥(K) + Beicpli(K) + Ceicp(k) > 0 (23)
constraint (9). |_| (AelcpY(k> + Belcpl](k) + Celcp(k))i =0
D. The MPL MPC problem d fori=1,...,IN; (24)
If we combine the material of previous subsections, wér — appropriately — defined ~matrices and  vectors
finally obtain the following problem: Acicp; Belcp, Celcp @and index  sets@. We can rewrite the
linear constraints (19)—(21) as
min Jout(K) + A Jin (K 17 . .
g Joull +A3n g an DetcaKF(K) + Eacg(K)I(K) + focpk) >0 (25)
subject to Gelcpli(K) +heicp=0 . (26)
(k) = H ® (k) @ g(K) (18) So the feasible set of the MPC problem (i.e., the set of
~ . feasible system trajectories) coincides with the set ofi-sol
Ac(k)u(l_()+8°(k) (k) < (?c(k) (19) tions of the system (23)-(26), which is a special case of
Au(k+j) =0 forj=0,....Np—1 (20)  an Extended Linear Complementarity Problem (ELCP) [28].
Au(k+j)=0 for j=Nc,...,No—1.  (21) In [28] we have also developed an algorithm to compute

a compact parametric description of the solution set of an
This problem will be called the MPL MPC problem for eventEL CP. In order to determine the optimal MPC policy we
stepk. MPL MPC also uses a receding horizon principle. can use nonlinear optimization algorithms to determine for
. which values of the parameters the objective functiayver
E. Algorithms to solve the MPL MPC problem the solution set of the ELCP (23)—(26) reaches its global
1) Nonlinear optimization:In general the problem (17)— minimum. The algorithm of [28] to compute the solution
(21) is a nonlinear nonconvex optimization problem: alset of a general ELCP requires exponential execution times,
though the constraints (19)—(21) are convexuiandy; the ~Which that the ELCP approach is not feasibleNif is large.
constraint (18) is in general not convex. So we could use 3) Monotonically nondecreasing objective functioiow
standard multi-start nonlinear nonconvex local optinicrat consider therelaxed MPL MPC problem, which is also
methods to compute the optimal control policy. defined by (17)—(21) but with the =-sign in (18) replaced by
The feasibility of the MPC-MPL problem can be verified@ =-sign. Note that whereas in the original probleitk)”is
by solving the system of (in)equalities (18)—(21)f the the only independent variable, singé&k) can be eliminated
problem is found to be infeasible we can use the same tec#sing (18), the relaxed problem has batfk)"and y(k) as
niques as in conventional MPC and use constraint relaxatidddependent variables. It is easy to verify that the set of
[17]. feasible solutions of the relaxed problem coincides with th
2) The ELCP approachiNow we discuss an alternative set of solutions of th_e system of linear inequalities (23)_,
approach which is based on the Extended Linear Compl€); (26). So the feasible set of the relaxed MPC problem is
mentarity problem (ELCP) [28]. Consider tité row of (18) CONVex. Hence, the relaxed problem is much easier to solve

and define 7 = { j|hjj # €}. We have numerica!ly. - . -
A function F : y — F(y) is a monotonically nondecreasing

¥i (k) = max(hij; + Gj(k),gi (k) , function if y <y implies thatF(y) < F(y). Now we show
e that if the objective functiord and the linear constraints are

monotonically nondecreasing as a functionyofthis is the
case ford = Jouttards Jin2, Jinz, Or Jina, and, e.g.{B¢)ij >0
hij + Gj (K) for je _# for all i, j), then the optimal solution of the relaxed problem
gi (k) can be transformed into an optimal solution of the original
MPC problem. So in that case the optimal MPC policy can
4 . _ _ _ _ be computed very efficiently. If in addition the objective
In general this is a nonlinear system of equations but if thestraints

depend monotonically on the output, the feasibility problean be recast function is convex .(e.g,J = Jouttard OF Jinz), We finally get
as a linear programming problem (cf. Theorem 4.2). a convex optimization problem.

or, equivalently,

Yi(K)
Yi (k)

VoWV



TABLE |
THE CPUTIME NEEDED TO COMPUTE THE OPTIMAL INPUT SEQUENCE
ECTORS FOR THE EXAMPLE OFSECTION IV-F FORN; =4,5,6,7. FOR
N; = 7 WE HAVE NOT COMPUTED THEELCP SOLUTION SINCE IT
REQUIRES TOO MUCHCPUTIME.

Remark 4.1 Note thatJ,s is a linear function. So for

J =Jin s the problem even reduces to a linear programmin
(LP) problem, which can be solved very efficiently. It easy to
verify that for J = Jouttard the problem can also be reduced
to an LP problem by introducing some additional dummy

variables. O
CPU time
Theorem 4.2:Let the objective function) and mapping Gopt

§ — Bc(K)y be monotonically nondecreasing functions of Ne=4 Ne =5 Ne =6 Ne=7
§. Let (G*,*) be an optimal solution of the relaxed MPC Oeicp | 5525 106.3 | 287789 -
problem. If we defing/"= H ® (* © g(k) then (T*, ) is an Gnicon 0.870 1.056 1.319 1.470
optimal solution of the original MPC problem. Upenarty | 0.826 0.988 1.264 1.352

Proof: First we show thatd*, V) is a feasible solution Orelaxed | 0.431 0.500 0.562 0.634
of the original problem. Clearlyd*,§*) satisfies (18), (20) Gip 0.029 0.030 0.031 0.032

and (21). Sincg™> H @ i* @ g(k) = § and sincey™ Bc(K)¥
is monotonically nondecreasing, we have

Ac(K)T + Be(K)F < Ac(K)T* +Be(K)Y" < ce(K) - The corresponding output sequence is

So (0, §) also satisfies the constraint (19). Hen¢&;, i) {Yopt(K) }o_y = 33,45,56,67,79,91,103 115

is a feasible solution of the original problem. Since the S€lnd the corresponding value of the objective functiod is
of feasible solutions of the original problem is a subset_381

of the set of feasible solutions of the relaxed problem, we |, 'I:able | we have listed the CPU time needed to compute
have J(d.y) > J(0",y") for any feasible solution(d,9) of  yhe yarious input sequence vectardof Ne — 4,5.6,7 on a
the original problem. Hence)(0",¥) > J(d",§"). On the Pentium Il 300 MHz PC with the optimization routines called

0 ) < I(0.§) sinceyt < § : .
other hand, we havé(0",y*) < J(0",y") sincey’ <" and o0 \MATLAB and implemented in C (average values over
sinceJ is a monotonically nondecreasing functionyoS a 14 eyneriments). For the input sequence vectors that have

~y ~ﬁ _ ~y o~ . . . . ) ] ’ . ’ .
consequence, we hawU",y) = J(0",§), which implies to be determined using a nonlinear optimization algorithm

that (&, %) is an optimal solution of the original MPC selecting different (feasible) initial points always lsad the

problem. same numerical value of the final objective function (within

a certain tolerance). Therefore, we have only performed one

run with a random feasible initial point for each of these
Consider the production system of Example 3.3. Let uggses.

now compare the efficiency of the methods discussed in The CPU time for the ELCP algorithm of [28] increases

Section IV-E when solving one step of the MPC problenexponentially as the number of variables increases (see als

for the objective functionJ(k) = Jouttard(K) +Jinz(k) (SO Table 1). So in practice the ELCP approach cannot be used

A = 1) with the additional constraints  Au(k+ j) <12  for on-line computations if the control horizon or the numbe

for j=0,...,Nc—1. We takeNc =5 andN, = 8. Assume of inputs or outputs are large. In that case one of the other

that k =0, x(0) = [0 0 10]7, u(-1) =0, and k) = methods should be used instead. Looking at Table | we see

[40 45 55 66 75 85 90 140. that thei, solution — which is based on Theorem 4.2 and
The objective function] and the linear constraints arean LP approach — is clearly the most interesting. For more

monotonically nondecreasing as a function yfsé that results we refer the interested reader to [30].

we can apply Theorem 4.2. We have computed a solutig .

Ueicp Obtained using the ELCP method and the ELCP algod-g' Extensions and related research

rithm of [28], a solutionujicon Using nonlinear constrained ~ The approach presented above can also be extended to the

optimization, a solutionugenary Using linearly constrained case where modeling errors and disturbances are presént [70

optimization with a penalty function for the nonlinear con{71]. Tuning rules and properties such as stability, timing
straints, a solutiorugiaxeq for the relaxed MPC problem, iSSUes, etc. have been discussed in [69]. The method derived

and an LP solutioryy (cf. Remark 4.1). For the nonlinear above can also be used for MPC for discrete-event systems
constrained optimization we have used a sequential quedra@ith hard and soft synchronization constraints [33] such as
programming algorithm, and for the linear optimization dailway networks (where some connections may be broken
variant of the simplex algorithm. All these methods result j — but at a cost — if delays become too large), or logistic

the same optimal input sequence: systems.
Above we have presented an MPC framework for MPL

{uopt}Z:O: 12 24,35,46,58,70,82, 94. discrete-event systems. Several other authors have wlread

F. Example



developed methods to compute optimal control sequences _
for MPL discrete-event systems [5], [12], [51], [54]-[56]. Xkt 1) = fa(x(k), u(l)) fa(x(k),u(k))
Compared to these methods one of the main advantages of yk) = 91(x(k), u(k)) = 2(x(k), u(k))
the MPL MPC approach is that it allows to include general

linear inequality constraints on the inputs and outputshef t /)
system such as (19), or even simple constraints of the form

(13) or (14). x(k+1) = f3(x(k), u x(k+1) = f4(x(k),u(k))
y(k) = g3(x(k), u(k)) y(K) = ga(x(k), u(k
MPC AND HYBRID SYSTEMS /:/
V. HYBRID SYSTEMS ..
. x(k+1) = fn(x(K),u(k

A. General hybrid systems
o eSS | | () = anx(k). k)
Hybrid systems arise throughout business and industry

in areas such as interactive distributed simulation, traffi
Fig. 3. Schematic representation of a hybrid system Wtimodes. In

control, plant Process control, aircraft and robot des y ’ each mode the behavior of the hybrid system is described byterayof

path planning. There are several possible definitions ofilyb gifference (or differential) equations. The system goesnfrone mode to
systems. For some authors a hybrid system is a coupling @fother due to the occurrence of an event (this is indicayetthd arrows).

a continuous-time or analog system and a discrete-time or
digital system (in practice often a continuous-time, agalo
plant and an asynchronous, digital controller). We shadl ugdecision power: the more accurate the model is the less
a somewhat different definition. we can analytically say about its properties. Furthermore,
For us, hybrid systems arise from the interaction betweghany analysis and control problems lead to computationally
continuous-variable systefand discrete-event systems. Inhard problems for even the most elementary hybrid systems
general we could say that a hybrid system can be in od&l]. As tractable methods to analyze general hybrid system
of several modes of operation, whereby in eachdethe are not available, several authors have focused on special
behavior of the system can be described by a system stibclasses of hybrid dynamical systems for which analysis
difference or differential equations, and that the systerand/or control design techniques are currently being devel
switches from one mode to another due to the occurrence @ped. Some examples of such subclasses are:

events (see Figure 3). The mode transitions may be caused mixed logical dynamical (MLD) systems [6], [7],

by an external control signal, by an internal control signal , piecewise-affine (PWA) systems [67],

(if the controller is already included in the system under , |inear complementarity systems [44], [72],

consideration), or by the dynamics of the system itself, i.e , extended linear complementarity systems [43],

when a certain boundary in the state space is crossed. At, max-min-plus scaling (MMPS) systems [26],

a switching time instant there may be a reset of the state, timed automata [2],

(i.e., a jump in the values of the state variables) and/or the , timed Petri nets [58], [63].

dimension of the state may change. . . In this paper we will consider PWA systems, MLD systems,
There are many modeling and analysis techniques for

hybrid systems. Typical modeling techniques are predica end MMPS systems. Note that some of these classes (in

. - . .~ “particular MLD, PWA, (extended) linear complementarity
calculus, real-time temporal logics, timed communicatin ; . .
: : . . ‘and constrained MMPS systems) are equivalent [43], pgssibl
sequential processes, hybrid automata, timed automiatag ti . . .
! : . ! under mild additional assumptions related to well-posedne
Petri nets, and object-oriented modeling languages such

as Modelica, SHIFT or Chi. Current analysis techniqueand boundedness of input, state, output or auxiliary veegab

for hybrid systems include formal verification, perturba_Eac:h subclass has its own advantages over the others. E.g.,

tion analysis, and computer simulation. Furthermore, ispec stability criteria were proposed for PWA systems [49], con-

mathematical analysis techniques have been developed EOI and verification techniques for MLD hybrid models [6],

specific subclasses of hybrid systems. We shall only discu9.’ [9] and f_or MMPS syst(_ams [26], [29], [3.1]’ anq con-
: . itions of existence and uniqueness of solution trajeegori
some of these methods. For more information on the other

methods the interested reader is referred to [3], [4], [45 well-posedness) for linear complementarity systems, [44]

[57], [68], [73] and the references cited therein. An impott 72]. So it really depends on the application, which of these

. . ) . classes is best suited.
trade-off in this context is that of modeling power versus . I
In the next sections we will discuss some tractable classes

SContinuous variable systems are systems that can be desdnjbed of hyb”f’ systems, for_ WhiCh_ MPC FontrOI design methods
difference or differential equation. are available as we will see in Sections VI and VII.




Note that in the next sectiorls is again a sample step X must be proved to be true given a set of (compound)
counter and not on event step counkeas in Sections Il statements involving literal%, ..., X,, can thus be solved by
and IV, which dealt with discrete-event systems. means of an integer linear program, by suitably translating

the original compound statements into linear inequalities
B. F_)WA systems. _ involving logical variablesd,, ..., d,. In fact, the following
PieceWise AffinPWA) systems [67] are described by  propositions and linear constraints can easily be seen to be

x(k+ 1) = Ax(K) + Biu(K) + fi x(K) equivalent [74, p. 176]:
y(k)=Cix(k) + Du(k) +gi " [u(iy| €A &7) S
! : X1 AXo is equivalentto o =% =1 (32)
for i =1,...,N where Q;,...,Qy are convex polyhedra Xq V Xo is equivalentto & +& > 1 (33)
(i.e., given by a finite number of linear inequalities) in the X is equivalent to &, = 0 (34)
input/state space. PWA systems have been studied by several 1 ) q ) n
authors (see [6], [21], [49], [50], [67] and the references X1 = X2 is equivalentto & —-% <0 (35)
therein) as they form the “simplest” extension of linear-sys X1 & X isequivalentto 6 —3 =0 (36)
tems thE}t can still model nonlinear and nonsmooth processes  x;xorx, is equivalentto & +& =1 . (37)
with arbitrary accuracy and are capable of handling hybrid
phenomena. We can use this computational inference technique to model

logical parts of processes (on/off switches, discrete mech
nisms, combinational and sequential networks), and heuris
tics knowledge about plant operation as integer linear in-

Example 5.1 As a very simple example of a PWA model
we can consider an integrator with upper saturation:

il x(K)+u(k) if x(k)+u(k) <1 equalities. In this way we can construct models of hybrid
X =
k+1)=14 if x()+uk)>1. (28) Systems. _ _ ,
As we are interested in systems which contain both
y(k) = x(k) logic and continuous dynamics, we wish to establish a
If we rewrite (28) as in (27) then we have link between the two worlds. As will be shown next, we

end up with mixed-integer linear inequalities, i.e., linea

Q1 = {(x(K),u(k)) € R?|x(k) +u(k) < 1} inequalities involving both continuous variables R and
Q, = {(x(k),u(k)) € R2 ’ x(K) +u(k) > 1} logical variablesd € {0,1}"s.
Ar=1 A;=0, By=1 B;=0 Consider the statement®'[f(x) < 0], wheref : R"— R.
f=0, fo,=1, C=Co=1 Qg;#;ne thak € 27, where 2 is a given bounded set, and
D1=D2=0, g1=02=0. O
C. MLD systems® M :Q?le(x), m= )gn}r) f(x) . (38)

1) Preliminaries: First, we will provide some tools to Theoretically, an over-estimate (under-estimate)Mf(m)

transform logical statements involving continuous vaBab g iices for our purpose. However, more realistic estimates

into mixed-integer linear inequalities. provide computational benefits [74, p. 171]. Now it is easy
We will use capital letter¥; to represent statements, e.g. 4, verify that

“x < 0” or “temperature is hot”;X; is commonly referred

to as a literal, and has a truth value of either “T" (true) [f(x) <OJA[d=1] is true if and only if

or “F” (false). We use the following notation for boolean f(X)—8<-1+m(1—3) (39)
connectives: A” (and), “v” (or), “~" (not), “=" (implies), -

“<" (if and only if ), “xor” (exclusive or). These connectives [f()<0]v[6=1] is true if and only if

are defined by means of the truth table given in Table II, and f(x) <MJ (40)
they satisfy several properties (see, e.g., [20]), such as: ~[f(x) < 0] is true if and only if
X1 = Xo is the same as~X; V X, (29) f(X) > &0l , (41)
X1 =Xy is the same as~X, = ~X; (30)

where &g is a small tolerance (typically the machine preci-
X1 & Xo is the same as(Xy = Xo) A (X2 =X1). (31) sion), beyond which the constraint is regarded as violated.

. . : . . By (2 40), it also foll h
One can associate with a liter| a logical variabled € y (29) and (40), it also follows that

{0,1}, which has a value of either 1 K, =T, or O if [f(X) <0]=[6=1] is true if and only if
Xi = F. A propositional logic problem, where a statement F(x) > £+ (M—¢)3 (42)

®This section is based on [7]. [f(X)<0]< [6=1] is true if and only if



TABLE I
TRUTH TABLE.

Xl X2 Xj_ N X2 X1 \Y X2 NX1 Xl = X2 X1 = X2 X1 xor Xz

T T T T F T T F

T F F T F F F T

F T F T T F F T

F F F F T F T T
f(x) <M(1-9) (43) whereM = —m= 10, ande is a small positive scalar. Then
f(x) > e+ (m—¢)o. (48) can be rewritten as

Finally, we report procedures to transform products of X(k+1) = 1.65(K)x(k) — 0.8x(k) +u(k) .

logical variables, and of continuous and logical variaplessy gefining a new variable(k) = &(k)x(k) which, by (44)—
in terms of linear inequalities, which however require thq47)' can be expressed as

introduction of auxiliary variables [74, p. 178]. The pratu

term 8,5, can be replaced by an auxiliary logical variable z(k) <MJ3(k) (49)
0 =0&. Then,[d3=1] < [61 = 1 A[d = 1], and therefore Z(k) > md(K) (50)
5+ 8<0 z(k) < x(k) —m(1—o(k)) (51)
»=050, isequivalentto { -G+ <0 z(k) = x(k) =M(1-6(Kk)) , (52)
h+dH—-0u<1. the evolution of system (48) is ruled by the linear equation
Moreover, the ternd f (x), wheref : R"— R andé € {0, 1}, X(k+1) = 1.62(k) — 0.8x(k) + u(k)

can be replaced by an auxiliary real variagle: 5f(x) that

satisfies|d = 0] = [y=0], [0 = 1] = [y = f(x)]. Therefore,

by definingM andm as in (38),y = 6f(x) is equivalent to This example can be generalized by describing systems
through the following linear relations:

subject to the linear constraints (49)—(52). O

:: i rMn(;5 Eig x(k+1) = Ax(k) + B1u(k) + B3 (k) + Bzz(k) (53)
y ; f(x) —m(1-9) (46) y(k) = Cx(k) + Dyu(k) + D28(k) + D3z(k) ~ (54)
y>f(x)~M(1-3) . 47) Exx(k) + Eau(k) +Esd (k) + Eaz(k) < gs, (55)

_ ~ wherex(k) =[x (k) x{ (k)]T with x(k) € R™ and xp(k) €
2) MLD systems: The results of the previous section (g 11" (y(k) andu(k) have a similar structure), and where
will now be used now to express relations describing thgk) ¢ R andd(k) € {0,1}"™ are auxiliary variables. Systems

evolution of systems where physical laws, logic rules, angf the form (53)—(55) are calleMixed Logical Dynamical
operating constraints are interdependent. Before giving ®1LD) systems.

general definition, we first consider an example. The MLD formalism allows specifying the evolution of
Example 5.2 Consider the following PWA system: continuous variables through linear dynamic equations, of
' ' discrete variables through propositional logic statememid

0.8x(k) + u(k) if x(k) >0 automata, and the mutual interaction between the two. As
x(k+1) = 08x(K)+u(k) if x(K) <0 (48)  explained above the key idea of the approach consists of em-
' bedding the logic part in the state equations by transfogmin
where x(k) € [-10,10), and u(k) € [-1,1]. The condition boolean variables into 0-1 integers, and by expressing the
x(k) > 0 can be associated with a binary variabig) such relations as mixed-integer linear inequalities. MLD sysse
that are therefore capable of modeling a broad class of systems,
o such as PWA systems, linear hybrid systems, finite state
[0(k) = 1] & [x(k) = O] - machines, (bi)linear systems with discrete inputs, ett. [7

By using the transformation (43), this equation can b@&emark 5.3 It is assumed that for alk(k) with xo(k) €

expressed by the inequalities {0,1}™, all u(k) with up(K) € {0,1}™, all (k) € R"r, and all
d(k) € {0,1}" satisfying (55) it holds that(k+ 1) andy(k)
_ < _ )
M3 (k) < x(k) —m determined from (53)—(54) are such thatk+ 1) € {0,1}™
~(M+e)0< —x—¢, andyy(k) € {0,1}'. This is without loss of generality, as we



can take binary components of states and outputs (if any) to  for anyx € R;) with a) € R" and ;) € R.
be auxiliary variables as well (see proof of [6, Prop. 1J). 3) f is continuous on any boundary between two regions.

D. MMPS systems A continuous PWA system is a system of the form

In [31] a class of discrete-event systems and hybrid x(K) = Zy(x(k— 1),u(K)) (60)
systems has been introduced that can be modeled using the ’
operations maximization, minimization, addition and acal y(k) = Zy(x(k),u(k)) . (61)
multiplication. Expressions that are built using theserape
tions are calledMax-Min-Plus-ScalingMMPS) expressions.
Definition 5.4: An MMPS expressionf of the variables
X1, ..., % is defined by the grammar

where ¢ and &, are vector-valued continuous PWA func-
tions. Note that the main difference with the PWA systems
introduced in Section V-B is that now we require the PWA
functions to be continuous on the boundary between the
f 1= x|a|max fy, fi)|min(fy, f|)|fk + |8 fk (56) regions that make up the partition of the domain.

Theorem 5.6[@0], [60]): If f is a continuous PWA func-
tion of the form (59), then there exist index séis...,l, C
{1,...,N} such that

with i € {1,2,...,n}, a, B € R, and wherefy, f| are again
MMPS expressions.
An MMPS example of an expression is, e.g« 3 8xo+ 9+

max(min(3x1,—9x2),—x2—3x3). f = max min (a(-li-)x'i'ﬁ(i)) )
j iclj

Consider now systems that can be described by j=1..¢
From the definition of MMPS functions it follows that (see
X(k+1) = tx(x(K), u(k), d (k) (57)  also [40], [60]):
(k) = #y(x(k), u(k),d(k)), (58) Lemma 5.7:Any MMPS function is also a continuous
where ., .#, are MMPS expressions in terms of thePWA function. ,
components ok(k), u(k) and the auxiliary variables(k), From Theorem 5.6 and Lemma 5.7 it follows that con-

which are all real-valued. Such systems will be called MMp&nuous PWA systems and (unconstrained) MMPS systems
systems. If in addition, we have a condition of the form  aré equivalent, i.e., for a given continuous PWA model there
exists an MMPS model (and vice versa) such that the input-

AMc(x(K),u(k),d(k)) < c(k) , output behavior of both models coincides.

with .. an MMPS expression, we speak aboohstrained ~ Corollary 5.8: Continuous PWA models and (uncon-
MMPS systems. A typical example of an (unconstrainedjtrained) MMPS models are equivalent. _
MMPS is a traffic-signal controlled intersection [26]. Note that this is an extension of the results of [43], which

| . it that if h prove an equivalence between (not necessarily continuous)
Example 5.5 It is easy to verify that if we recast the PWA PWA models and MMPS models, but there some extra

model (28) of Example 5.1 into an MMPS model we obtair, ijiary variables and some additional algebraic MMPS

x(k+1) = min(x(k) 4 u(k), 1) constraints between the states, the inputs and the ayxiliar
K) = x(k g variables were required to transform the PWA model into an
y(k) =x(k) -
MMPS model.

E. Equivalence between continuous PWA systems and
MMPS systems VI. MPC FORMLD sYSTEMS

In [43] it has be.en shown that PWA systems, MLDA  The MLD MPC problem
systems and constrained MMPS systems are equivalent under
mild additional assumptions related to well-posedness andAn important control problem for MLD systems is to
boundedness of input, state, output or auxiliary variablestabilize the system to an equilibrium state or to track a
Now we consider another equivalence betweentinuous desired reference trajectory. In general finding a conas |
PWA systems anduficonstraineli MMPS systems in more that attains these objectives for an MLD system is not an

detail as it will be the basis for the MPC approach derive§asy task, as in general MLD systems are neither thear
in Section VII below. nor even smooth. MPC provides a successful tool to perform

A function f : R" — R is said to be acontinuousPWA these task, as will be shown next. For the sake of brevity we
function if and only if the following conditions hold [21]: ~ Will concentrate on the stabilization to an equilibriumteta
1) The domain spac&" is divided into a finite number ~ Consider the MLD system (53)—(55) and an equilibrium

of polyhedral region®Ry). .., Ryy)- state/input/output tripl€Xeq, Ueq, Yeq), and let(deq, Zeq) be the
2) For eachi € {1,...,N}, f can be expressed as corresponding pair of auxiliary variables. Now we consider
f(x) = a(Ti)X+ B (59) 8This section is based on [7].

9Due to the integer constraindse {0, 1}, the linear inequality (55) results
"The symbol| stands for OR and the definition is recursive. in a nonlinear relation betweeh andx, u, and betweernz andx, u.



the MLD MPC problem with objective function for appropriately defined matriceS;, S, S5, Fi, Fo, Fs.
Note thatV (k) contains both real-valued and integer-valued
components. As the objective function is quadratic, the
equivalent problem is an MIQP problem.

Np
IK) = [I%(k+ jlk) —Xeqll&, + [Ju(k+ j — 1) — Ueql|3,+

=1

. : 2 2 . 2 MIQP problems are classified as NP-hard [39], [66], which

I9Ck+ 11k) = Veallg, + ll0(k+J = 1K) = dells + loosely speaking — means that, in the worst case, the

2(k+ j — 1K) — zeq|3, solution time grows exponentially with the problem size.
Several algorithmic approach have been applied succissful
0 medium and large-size application problems [37], the

r major ones being cutting plane methods, decomposition
methods, logic-based methods, and branch-and-bound meth-

R(K+ Nolk) = Xeq ods. In [7] the authors use a branch-and-bound method as

several authors seems to agree on the fact that branch-and-

in addition to the MLD system equations, and possibly alsbound methods are the most successful for mixed integer
a control horizon constraittt of the form (9). Now we have programming problems [36].

Theorem 6.1[{]): Consider an MLD system (53)—(55) As described by [7], [36], the branch-and-bound algo-
and an equilibrium state/input/output trigleeg, Ueq, Yeq), and  rithm for MIQP consists of solving and generating new
let (8eq, Zeq) be the corresponding pair of auxiliary variablesquadratic programming (QP) problems in accordance with
Assume that the initial stat&(0) is such that a feasible a tree search, where the nodes of the tree correspond to
solution of the MLD MPC problem exists for sample step O0QP subproblems. The QP subproblems involve real-valued
The input signal resulting from applying the optimal MLD variables only, and are thus efficiently solvable using a
MPC input signal in a receding horizon approach stabilizesmodified simplex method or an interior point method [59],

whereQy, Qx are positive definite matrices, ag), Qs, Q.
are nonnegative definite matrices. Furthermore, we have t
end-point condition

the MLD system in the sense that [61], [75].
. i For a worked example of the MLD MPC approach we
lim x(k) = Xeq. ~lim [[y(k) —Yeqllq, =0, refer the interested reader to [7].
lim u(k) = Ueq,  lim [6(k) — deqllq, = 0. VII. MPC FOR CONTINUOUSPWA AND MMPS SYSTEMS
lim [|2(k) — Zeqllg, = O - In the previous section we have already discussed how
koo the MPC problem for MLD systems (and thus also PWA
B. Algorithms systems) can be recast as an MIQP problem. In this section

we will define the MMPS MPC problem and show that for
F( nconstrained) MMPS systems, and thus alsaémtinuous
WA systems, the MPC problem can be transformed into
solvmg a sequence of real (so not integer!) LP problems. The
approach we propose is based on canonical forms for MMPS
R(k+ j|k) :ij(k)+ functions, which are introduced below, and is similar to the
-1 cutting-plane algorithm for convex optimization problems

ZOAH(Blu(kﬂ)+825(k+i)+83z(k+i) . A. Canonical forms of MMPS functions

=
Theorem 7.1:Any MMPS function f : R" — R can be

Foryi(k+ j|k) we have a similar expression. If we defiék)  rewritten in the min-max canonical form
andZ(k) in a similar way asu(k) (cf. (4)), and if we define

Let us now show that the MLD MPC problem can be
recast as a mixed integer quadratic programming (MIQ
problem. For the MLD case using successive substitution for
(53) results in the following prediction equation for thatst

. . T 5T 7T f:i m|n Jimax ( (-Ii—7j)X+B(i,j)) (64)
V(k) = [aT(k) §7(k) 87(k) Z'(K)]" | .
or in the max-min canonical form
we obtain the following equivalent formulation for the MLD

_ i T -
MPC problem: f= i:"f’?_‘?’(Lj:T'fm(V(i,j)XJr i.j)) (65)
min VT (K SV (K) +2(S + xT (k)S)V (k) (62) for some integersK, L, ng,.. nK, my,...,m., vectors
Vi) 3 ag j), Yij)» and real numbers;; ;). -
subject toFV (k) < Fo+ Fsx(K) (63) Proof: We will only sketch the proof of the theorem

(see [34] for the full proof). Moreover, we only consider the

10while in other contexts introducing a control horizon coastramounts  min-max canonical form since the proof for the max-min
to hugely down-sizing the optimization problem at the pri¢eadeduced ~gnonical form is similar.
performance, for MLD systems the computational gain is onlyiglasince . . . . .
all the (auxiliary) variables5(k+ ¢|k) andZlk-+ k) for £ = Ne,...,Np— 1 It is easy to verify that iffy and f; are affine functions, then

remain in the optimization. the functions that results from applying the basic constmsc



of an MMPS function (max, miny-, and scaling — cf. (56)) In this section we consider the following output and input
are in min-max canonical forth. cost functions (see also Section IV-B):

Now we can use a recursive argument that consists e o _ s

in showing that if we apply the basic constructors of ‘]c’”trl(k)_||¥(k)_[(k)”1’ J'“’l(k)_”lf(k)”l’ (66)
an MMPS function to two (or more) MMPS func-  Joute(K) = [[¥(K) = F(K)[leo, Jineo(K) = [[U(K)[[w . ~ (67)
tions in min-max canonical form, then the result cargince we havex| = max(x, —x) for all x € R, it is easy to
again be transformed into min-max canonical form. CoNgerity that these cost functions are also MMPS functions.
sider two MMPS functionsf and g in min-max canon- Just as in conventional MPC and MPL MPC we can

i 12. & _ oo _
'C",’II D mln(max(fl,fgl),max(fg, fa)) ) and 9 = gefine (non)linear constraints (7) or (8), and a controlzani
min(max(g1,92),max(gs,g4)). Using the following proper-  consiraint (9) or (16). This then results in the MMPS MPC
ties (witha,B,y,d € R): problem.

« minimization is distributive w.r.t. maximization, i.e. . o
min(a,max(B,y)) _ max(min(a,B),min(a,y)). So C. Algorithms for the MMPS MPC optimization problem
1) Nonlinear or ELCP optimization:In general the

min(max(a,B),maxy,d)) = MMPS MPC optimization problem is a nonlinear, nonconvex
max(min(a, y),min(a, &), min(B,y), min(B,3)) . optimization problem. Some of the methods discussed in
S _ Section IV-E can also be used to solve the MMPS MPC
» the max operation is distributive w.r.t. min. Hence,  gptimization problem: we can use multi-start nonlineai-opt
. . _ mization based on sequential quadratic programming (SQP),
max_(mm(or,B),mln(y,(S)) N or we can use a method based on the extended linear
min(maxa, y),maxa, 8),max(8,y),max8,5)) . complementarity problem (ELCP). However, both methods
. . - have their disadvantages.
+ min(a, B) +min(y,0) =min(a +y,a+06,B+y,p +9) If we use the SQP approach, then we usually have to
maxa, B)+maxy,d)=maxa+y,a+0,8+Y,B+8)  consider a large number of initial starting points and prenfo

maxa, B) = —min(—a,—B) several optimization runs to obtain (a good approximation
« if p€R is positive, thenpmax(a,3) = maxpa,pB) of) the global minimum. In addition, the objective functson
and pmin(a, 3) = min(pa,pfB); that appear in the MMPS MPC optimization problem are
it can be shown that mé&x,g), min(f,g), f +gandBf can nondifferentiable and PWA (if we use the cost criteria given
again be written in min-max canonical form. m in (66)—(67)), which makes the SQP algorithm less suitable
for them.
B. The MMPS MPC problem The main disadvantage of the ELCP approach is that the

We can use the deterministic model (57)—(58) either a@xecution time of this algorithm increases exponentially a
a model of an MMPS system, as the equivalent model of he size of the problem increases. This implies that this
continuous PWA system, or as an approximation of a gener@pproach is not feasible Xc or the number of inputs and
smooth nonlinear system. Note that we do not include modedutputs of the system are large.
ing errors or uncertainty in the model. However, since MPC An alternative option consists in transforming the MMPS
uses a receding finite horizon approach, we can regularystem into an MLD system since (constrained) MMPS
update the model and the state estimate as new informatigystems are equivalent to MLD systems [43]. The main
and measurements become available. difference between MLD MPC and MMPS MPC is that MLD

We can make an estimatgk™ j|k) of the output of the MPC requires the solution @hixed integer-reabptimization
system (57)—-(58) at sample stépt j based on the state problems. In general, these are also computationally hard
x(k) and the future input sequena€k),...,u(k+ j—1). optimization problems.

Using successive substitution, we obtain an expression of Now we will present another method to solve the MMPS

the following form: MPC optimization problem that is similar to the cuttingpta
. _ _ method used in convex optimization.
Y(k+ jlk) = Fj(x(k),u(k),...,u(k+j—1)) 2) An LP-based algorithmWe assume that the cost crite-

ria given in (66)—(67) are usét Recall that these objective
functions (and any linear combination of them) are MMPS
functions. The same holds for the estimate of future output
1we allow “void” min or max statements of the form ngg& or max(s), y<k)', So if we ,SUbsutUtey(k) in th_e expression fo,ﬂ(k_)’
which by definition are equal te for any expressiors. Alternatively, we ~ We finally obtain an MMPS function ofi(k) as objective
can write mir{s,s) or maxs,s).
12For the sake of simplicity we only consider two min-termsfimndg, 13The result below also holds for any other cost criterion tisatn

each of which consists of the maximum of two affine functionsweler, MMPS function ofy{k) and u(k). So it follows from Theorem 5.6 that
the proof also holds if more terms are considered. any continuous PWA norm function can also be used.

for j=1,...,N,. Clearly,ylk+ j|k) is an MMPS function of
X(K),u(k),...,u(k+ j—1).



function. From Theorem 7.1 it follows that this objective
function can be written in min-max canonical form as follows
(where — for the sake of simplicity of notation — we droplt is easy to verify that this problem is equivalent to the

subject toPi+qg>0 .

the indexk): following LP problem:
— mi T G4 B
I min, ;e (@) 0+ Bip) mint (71)
for appropriately defined integefs ny,...,n,, vectorsay subject to t > af j0+B;j forj=1,....n  (72)
and integers; j). Note that in general the expression ob- Pl+q>0 (73)

tained by straightforwardly applying the manipulationgtod

proof of Th?or?m 7.1 will contain a large number of affinerhis LP problem can be solved efficiently using (variants of)
argumentsa; i+ f3;; j). However, many of these terms arethe simplex method or an interior-point algorithm (see,,e.g
redundant’, and can thus be removed. This reduces the nunis9], [75]).
ber of affine arguments. Also note that the transformatitm in To obtain the solution of (69)—(70), we solve (71)—(73) for
canonical form only has to be performed once — provided=1,...,¢ and afterward we select the solutio‘(ﬁftTorwhich
that we explicitly consider all arguments that depenk@s 5% (af @'+ B 1) is the smalledf. This results in an

e : : ; et NG Ha) TR :
additional variables when performing the transformatien, i=1...n

and that it can be done off-line. aIg_b_rithm to solve the MMPS MPC problem that is more
The derivation below is similar to the cutting-plane al-€fficient than the SQP or the ELCP approach.

gorithm for convex optimization (see, e.g., [13]). Hende, i FOr & worked example of the MMPS MPC approach we

requires constraints that are linear (or convex)uinNote Tefer the interested reader to [32].

that the control horizon constraints (9) or (16) satisfysthi

condition. However, even if the original MPC constraint (7) VIII. RELATED WORK IN CONNECTION WITHMPC FOR

is linear inu(k) andy(k), then in general this constraint is HYBRID SYSTEMS

not linear any more after substitution k). Therefore, from

now on we assume that there are only lifé@onstraints on

the inputu(k):

A similar approach as the one derived in Section IV can
also be applied to MPC for first-order hybrid systems with
saturation [26], [27] (an example of these systems is adraffi
(68)  signal controlled intersection).

In practice, constraints of the form (68) occur if we have to Note that MPC is related to optimal control. In this context,

guarantee that the control signalk] or the control signal ©OPtimal control of a classes of manufacturing systems is

rate Ati(k) stay within certain bounds. Note that in gendpal Considered in [19]. Other methods for optimal control of

andg may depend on(k) andk, but for the sake of simplicity NYbrid systems are presented [14]-{16], [41], [42], [SBH]L

of notation we do not explicitly indicate this dependence.
To obtain the optimal MMPS MPC input signal at sample

Pi+q>0 .

IX. CONCLUSIONS

stepk, we have to solve an optimization problem of the

following form:
; . T .
I, 2 0 T Pl
subject toP{+q > 0.

or equivalently

. . T ~
i=n1],|..r.],zmﬁmj=n1],§.),(ni(a(i~j)u+B<i’j)) (69)
subject toPi+q>0 . (70)

Now leti € {1,...,¢} and consider

. T ~
mdnj=r‘:rl]7?'§ni(a<i7j>u+ Bii.ji))

14E g., since they appear twice, or since there are other amsnie
the max (min) expression that are always larger (smaller) thangtven
argument.

15The optimization algorithm used below, which is based on thitirg
plane algorithm for convex optimization, can also deal witmex con-
straints. So we can also allow convex constraints insteg@&)t

In this paper we have presented an overview of some
results in connection with MPC for some tractable classes
of discrete-event systems and hybrid systems. Compugdtion
complexity and the search for good and efficient approxi-
mations and solution methods are among the major current
research topics in this field.
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