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Abstract— Model predictive control (MPC) is a very popu- ELCP : extended linear complementarity problem
lar controller design method in the process industry. A key LP . linear programming
advantage of MPC is that it can accommodate constraints on MIQP : mixed integer quadratic programming

the inputs and outputs. Usually MPC uses linear or nonlinear

discrete-time models. In this paper and its companion paper MLD : mixed logical dynamical

(“Part . Discrete-Event Systems”) we give an overview of MMPS : max-min-pll_Jsjscaling
some results in connection with MPC approaches for some MPC : model predictive control
tractable classes of discrete-event systems and hybrid systems MPL : max-plus linear

In general the resulting optimization problems are nonlinear PWA : piecewise affine

and nonconvex. However, for some classes tractable solution
methods exist.

After having discussed MPC for max-plus-linear discrete-
event systems in the companion paper, we now discuss MPC for
some classes of hybrid systems, viz. mixed logical dynamical sys- I
tems, max-min-plus-scaling systems, and continuous piecewise-

affine systems. A. General hybrid systems

Hybrid systems arise throughout business and industry
in areas such as interactive distributed simulation, traffi
[. INTRODUCTION control, plant process control, aircraft, robotics, mactidr-
ing, and automotive applications. There are several plessib
definitions of hybrid systems. For some authors a hybrid
We assume that the reader either has read the introductigygtem is a coupling of a continuous-time or analog system
to model predictive control (MPC) given in the companionand a discrete-time or digital system (in practice often a
paper [26], or is familiar with the basics of MPC, i.e., acontinuous-time, analog plant and an asynchronous, tigita
model-based on-line control approach with the following incontroller). We shall use a somewhat different definition.
gredients: a prediction horizon, a receding horizon praced  For us, hybrid systems arise from the interaction between
and a regular update of the model and re-computation @pntinuous-variable systefand discrete-event systems. In
the optimal control input. More extensive information ONgeneral we could say that a hybrid system can be in one
MPC can be found in [1], [8], [16], [20], [32], [46] and of several modes of operation, whereby in eacbdethe
the references therein. behavior of the system can be described by a system of
Conventional MPC uses discrete-time models (i.e., modiifference or differential equations, and that the system
els consisting of a system of difference equations). In thewitches from one mode to another due to the occurrence of
companion paper [26] we have already discussed MPC fewvents (see Figure 1). The mode transitions may be caused
some tractable classes of discrete-event systems. Inghirp by an external control signal, by an internal control signal
we propose some extensions and adaptations of the MRIC the controller is already included in the system under
framework to classes of hybrid systems that ultimately Itesuconsideration), or by the dynamics of the system itself, i.e
in “tractable” control approaches. when a certain boundary in the state space is crossed. At
This paper is organized as follows. In Section I we? switching time instant there may be a reset of the state

present hybrid systems and some specific subclasses ('b?., a jump in the values of the state variables) and/or the
hybrid systems: piecewise affine systems, mixed logicdimension of the state may change. _ _
dynamical systems, and max-min-plus-scaling systems. An 1here are many modeling and analysis techniques for

MPC approach for these classes of hybrid systems is th@}Prid systems. Typical modeling techniques are predicate
presented in Sections Il and IV. calculus, real-time temporal logics, timed communicating

QP : quadratic programming
SQP : sequential quadratic programming

. HYBRID SYSTEMS

For easy reference \_Ne list the abbreviations used in this’1Continuous-variable systems are systems the behavior ohwdsin be
paper and the companion paper [26]: described by a system of difference or differential equetio



and boundedness of input, state, output or auxiliary vari-
ables. Each subclass has its own advantages over the others.
E.g., stability criteria were proposed for PWA systems [41]
analysis and control techniques for PWA systems in [11],
[29], [40], control and verification techniques for MLD
hybrid models [5]-[7] and for MMPS systems [21], [24],
[25], and conditions of existence and uniqueness of salutio
trajectories (well-posedness) for linear complementayts-

tems [38], [58]. So it really depends on the application whic

of these classes is best suited.

In the next subsections we will discuss some tractable
classes of hybrid systems, for which MPC control design
methods are available as we will see in Sections Ill and V.

Note that — in contrast to the companion paper [26],
which dealt with discrete-event systems, and wheneas

fa(x(k), u(k))
g2(x(K), u(k))

y(k) = an(x(k), u(k))

Fig. 1.
each mode the behavior of the hybrid system is described bysterayof
difference (or differential) equations. The system goesnfrone mode to

Schematic representation of a hybrid system Wtmodes. In

an event step countdg, — in this paper the countek is
either a sample step counter (in case of systems with a
time-driven behavior) or an event counter (for event-drive

another due to the occurrence of an event (this is indicayetthd arrows).

systems). Furthermore, the inputs, outputs, and statesoére
necessarily time instants any longer as was the case in the

sequential processes, hybrid automata, timed automiaad ti companion paper [26].

Petri nets, and object-oriented modeling languages such gs pwa systems

Modelica, SHIFT or Chi. Current analysis techniques for _. i _ .
hybrid systems include formal verification, perturbatioala PieceWise Affin¢PWA) systems [56] are described by
X(k+ 1) =Ax(k) + Bu(k) + f for {X(k)} €Qi, (1)

ysis, and computer simulation. Furthermore, special mathe

matical analysis te(_:hniques have been developed for specifi y(k) =Cix(K) 4 Dju(K) + gi u(k)

subclasses of hybrid systems. We shall only discuss some of

these methods. For more information on the other method®" ' = 1,...,N where Q,,....Qy are convex polyhedra
the interested reader is referred to [3], [4], [39], [44]7]4 (|.e.,. given by a finite number of linear mequalmes) in
[57], [59] and the references cited therein. the input/state space. PWA systems have been studied by

An important trade-off in the context of modeling andS€veral authors (see [5], [6], [19], [40]-{43], [56] and the

analysis of hybrid systems is that of modeling power versy§ferences therein) as they form the “simplest” extension o
decision power: the more accurate the model is the ledgear systems that can still model nonlinear and nonsmooth

we can analytically say about its properties. Furthermor@rocesses with arbitrary accuracy and that are capable of
many analysis and control problems lead to computational}2ndling hybrid phenomena.

hard problems for even the most elementary hybrid systengample 2.1 As a very simple example of a PWA model

[9]. As tractable methods to analyze general hybrid systemg can consider an integrator with upper saturation:
are not available, several authors have focused on special

subclasses of hybrid dynamical systems for which analysis K1) — X(K)+u(k) if x(k)+u(k) <1 5
and/or control design techniques are currently being devel x(k+1) = 1 if x(k)-+u(k)>1 @
oped. Some examples of such subclasses are: y(K) = x(K) 3)

« mixed logical dynamical (MLD) systems [5], [6], '

« piecewise-affine (PWA) systems [56], If we rewrite the model (2)-(3) as in (1), then we have

« linear complementarity systems [38], [58], 5

. extended linear complementarity systems [37], Q1 = {(x(k),u(k)) € R*[x(K) +u(k) < 1}

« max-min-plus scaling (MMPS) systems [21], Q, = {(x(k),u(k)) € R?|x(k) +u(k) > 1}

. t?med automata [2], Al=1 A;=0, Bi=1 B,=0

o tlmed Petri nets F48], [53.]. ;=0 fp=1 C=Cy=1

In this paper we will consider PWA systems, MLD sys- 1=Dy=0, Gi=g2=0 0

tems, and MMPS systems. Note that some of these classes
(in particular MLD, PWA, (extended) linear complementarit C. MLD systems

and constrained MMPS systems) are equivalent [37], pgssihl, . L .
under mild additional assumptions related to weII-posedn:Jrh'S subsection is based on the seminal paper [6].



TABLE |
TRUTH TABLE.

X1 Xo | XpAXo XgVXo ~X1 X1= X Xie Xy XpXor X
T T T T F T T F
T F| F T F F F T
F T F T T T F T
F F| F F T T T F

1) Preliminaries: First, we will provide some tools to inequalities involving both continuous variables R" and
transform logical statements involving continuous vaeab logical variablesd € {0,1}".

into mixed-integer linear inequalities. Consider the statemedt®'[f (x) < 0], wheref : R" — R.
We consider logical statements that will be representeflssume thaix € 2, where 2" is a given bounded set, and

using the notationX;, such as, e.g.X;: “x < 0", or X2  define

“temperature is cold”. Thewx; is called a literal, and it has .

a truth value of either “T” (true) or “F” (false). We use the M= )r(gg{xf(x), m=min F(x) - (13)

following notation for boolean connectivesi™ (and), “v"  Theoretically, an over-estimate (under-estimate)Mbf(m)

(on), “~" (not), “=" (implies), “«" (if and only if ), “xor" gy fices for our purpose. However, more realistic estimates

(exclusive or). These connectives are defined by means of tBF‘ovide computational benefits [60, p. 171]. Now it is easy
truth table given in Table |, and they satisfy several progsr ;4 verify that

(see, e.g., [18]), such as: . . .
[f(X) <OJA[0=1] is true if and only if

fx)—0<-1+m(1-9) (14)
[f(x) <O]v[6=1] is true if and only if

X1 = Xy is the same as~X; VX (4)
X1 = Xy is the same as~Xp = ~X; (5)
Xy & X is the same as(X1 = Xo)A(Xo = X1) . (6)

f(x) <Md (15)
One can associate with a liter®| a logical variableg < ~[f(x) < 0] is true if and only if
{0,1} that has a value of either 1 K, =T, or O if f(X) > o (16)

X; = F. A propositional logic problem, where a statement . ) ) ]
X must be proved to be true given a set of (compound’){heregtol is a smgll tolerance (typlcglly the machine preci-
statements involving literaléy, . . ., Xa, can thus be solved by sion), beyond Whlch the constraint is regarded as violated.
means of an integer linear program, by suitably translatingy (4) and (15), it also follows that

Fhe original _compognd statements into linear inqualities [f(x) <0 = [6=1] is true if and only if

mvolvmg logical vgrlables&,...@q. In fact, t.he following f(X) > e+ (m—€)3 (17)
propositions and linear constraints can easily be seen to be

equivalent [60, p. 176]; [f(x) <0l < [60=1] is true if and only if

XiAX» is equivalentto & — & —1 7) { :(X) f M(1-9) JNGL)

X1V Xo is equivalentto & +d >1 (8) . () > +(m—¢)d.

X is equivalent to & =0 ©) Emally, we report procedur.es to transform produ.cts of
. . logical variables, and of continuous and logical variables

X1 =X, s equivalentto & —0%<0 (10) " in terms of linear inequalities by introducing some auxjlia

X1 Xz isequivalentto 6 - =0 (11) variables [60, p. 178]. The product tedd, can be replaced

Xi1xorX, is equivalentto & +d =1 . (12) by an auxiliary logical variablés = & &. Then,[5 = 1] <

- - . . & =1 A[& = 1], and therefore
We can use this computational inference technique to model

logical parts of processes (on/off switches, discrete mech —01+03<0
nisms, combinational and sequential networks), and higuris 3= is equivalentto { -+ <0
knowledge about plant operation as integer linear inequali h+d—&B<1.

ties. In this way we can construct models of hybrid systems.
As we are interested in systems which contain bot
logic and continuous dynamics, we wish to establish
link between the two worlds. As will be shown next, we
end up with mixed-integer linear inequalities, i.e., linea [0=0=[y=0, [0=1=[y=fX)].

oreover, the termd f (x), wheref : R" — R andd € {0, 1},
gan be replaced by an auxiliary real variagle: 5f(x) that
satisfies



Therefore, by defining and m as in (13),y = df(x) is z(k) e R andd(k) € {0,1}" are auxiliary variables. Systems
equivalent to of the form (28)—(30) are calleMixed Logical Dynamical
(MLD) systems.

y<Mo (19) The MLD formalism allows specifying the evolution of
y>md (20)  the continuous variables (through linear dynamic equajion
y< f(x)—m(1-9) (21) the evolution of the discrete variables (through proposii

y> f(x)—M(1-3) . (22) logic statements and automata), and also the mutual inter-

action between the two. As explained above the key idea
2) MLD systems: The results of the previous sectionof the approach consists of embedding the logic part in the
will now be used now to express relations describing thetate equations by transforming boolean variables into 0-1
evolution of systems where physical laws, logic rules, anghtegers, and by expressing the relations as mixed-integer
operating constraints are interdependent. Before giving |@ear inequalities. MLD systems are therefore capable of
general definition, we first consider an example. modeling a broad class of systems, such as PWA systems,
linear hybrid systems, finite state machines, (bi)lineas-sy
tems with discrete inputs, etc. [6].

x(k+1) = {08X(k)+u(k) Xk} =0 o3 Remark 2.3 It is assumed that for atk(k) with x,(k) €
—0.8x(k) +u(k) if x(k) <0 {0,1}™, all u(k) with uy (k) € {0,1}™, all (k) € R"r, and all

where x(k) € [~10,10], and u(k) € [-1,1]. The condition (k) € {0,1}" satisfying (30) it holds that(k+ 1) andy(l:)
x(k) > 0 can be associated with a binary variabig) such determined from (28)—(29) are such thgtk+1) € {0,1}™

Example 2.2 Consider the following PWA system:

that andyp(k) € {0,1}". This is without loss of generality, as we
[5(k) =1 < [x(K) > 0] . can take binary components of states and outputs (if any) to
be auxiliary variables as well (see the proof of Proposition
By using the transformation (18), this equation can be of [5]). O

expressed by the inequalities
D. MMPS systems

—md(k) < x(k) —m In [25] a class of discrete-event systems and hybrid
- M+¢g)d<—x—¢, systems has been introduced that can be modeled using the
operations maximization, minimization, addition and acal
multiplication. Expressions that are built using theserape
tions are calledMax-Min-Plus-ScalingMMPS) expressions.
X(k+1) = 1.65(k)x(k) — 0.8x(k) +u(k) . Definition 2.4: An MMPS expressionf of the variables

By defining a new variable(k) — 5(k)x(K), which, by (1) v ¥ IS defined by the grammér

whereM = —m= 10, ande is a small positive scalar. Then
(23) can be rewritten as

(22), can be expressed as fi=x|almax(fy, fi)|min(fy, fi)|fc+ fi|B f« (31)
z(k) < Ma(k) (24) with i€ {1,2,...,n}, a, B € R, and wherefy, f| are again
z(k) > mo(Kk) (25) MMPS expressions.
2(K) < x(K) —m(1— &(k)) (26) An example of an MMPS expression is, e.0x; 3 8xo+9+

max(min(3xy, —9%z2), —X2 — 3x3).

z(k) = x(k) =M(1-6(k)) , (27) Consider now systems that can be described by
the evolution of system (23) is given by the linear state tgda X(K+ 1) = 2 (x(K), u(k),d(K)) (32)
equation X ’
y(k) = .#y(x(K), u(k),d(k)), (33)
x(k+ 1) = 1.6z(k) — 0.8x(k) + u(k) ) .
. . . where .#, .#, are MMPS expressions in terms of the
subject to the linear constraints (24)-(27). O components oik(k), u(k) and the auxiliary variables(k),

The example above can be generalized by describing systeYHI%'Ch are all real-valued. Such systems will be called MMPS
through the following linear relations: systems. If in addition, we have a condition of the form

X(k+1) = Ax(k) +Byu(K) + B3 (K) + Baz(k) (28) Ae(x(K), u(k),d(K)) < (k) ,
y(k) = Cx(k) + D1u(k) + D23 (k) + Daz(k) ~ (29)  with .# an MMPS expression, we speak abounstrained
E1x(K) + Eau(k) + E38(K) + Eaz(k) < gs, (30) MMPS systems. A typical example of an (unconstrained)

) MMPS is a traffic-signal controlled intersection [21].
where x(k) = [x[ (k) xb( K)]T with (k) € R™ and xy(k) €

{0,1}"™ (y(k) andu(k) have a similar structure), and where 2The symbol| stands for “or”, and the definition is recursive.

4



Example 2.5 It is easy to verify that if we recast the PWA auxiliary variables and some additional algebraic MMPS
model (2)—(3) of Example 2.1 into an MMPS model weconstraints between the states, the inputs and the awxiliar
obtain variables were required to transform the PWA model into an

x(k+ 1) = min(x(k) + u(k), 1) MMPS model
y(K) = x(K) . m [ll. MPC FORMLD SYSTEMS’

E. Equivalence between continuous PWA systems and A. The MLD-MPC problem

MMPS systems An important control problem for MLD systems is to
In [37] it has been shown that PWA systems, MLDstabilize the system to an equilibrium state or to track a
systems and constrained MMPS systems are equivalent undesired reference trajectory. In general finding a contrd |
mild additional assumptions related to well-posedness aitdat attains these objectives for an MLD system is not an
boundedness of input, state, output or auxiliary variablegasy task, as in general MLD systems are neither Ifhear
Now we consider another equivalence betweentinuous nor even smooth. MPC provides a successful tool to perform
PWA systems anduficonstrainel MMPS systems in more these task, as will be shown next. For the sake of brevity we
detail as it will be the basis for the MPC approach derivewill concentrate on the stabilization to an equilibriumtsta
in Section IV below. Consider the MLD system (28)—(30) and an equilibrium
A function f : R" — R is said to be acontinuousPWA  state/input/output triple(Xeq, Ueq, Yeq), and let (deq,zeq) be
function if and only if the following conditions hold [19]:  the corresponding pair of auxiliary variables. b&k 4 j|k)
1) The domain spac&" is divided into a finite number denote the estimate of the statat sample stef+ j based

of polyhedral region®y), ..., Ry on the information available at sample stepin a similar
2) For eachi € {1,...,N}, f can be expressed as way we also defing(k+ j k), (k+ j|k), andZ[k+ j|k). Now
T we consider the MLD-MPC problem at sample stepiith

f(x) = a;)x+ By (34)  objective function

for any x € Rj) with a(;) € R" and B € R. Np
3) f is continuous on any boundary between two regions.J(k) = > [I%(k+ jlk) — Xeqll&, + u(k+ j — 1) — Ueq||3,+
A continuous PWA system is a system of the form =1
~ . . 2 5 i o 2
X(k+ 1) — gzx(x(k)’u(k)) (35) ||Y(k+”k) qu||Qy‘|;||5(k+J 1|k) 58Q||Q5+
y(K) = Zy(x(k).u(k)) . (36) 20T =1k = Zedlla,

where 2, and 2, are vector-valued continuous PWA func-whereQu, Qx are positive definite matrices, a@, Q5. Q.
tions. Note that the main difference with the PWA systemare nonnegative definite matrices. Furthermore, in adudtto
introduced in Section 1I-B is that now we require the PwaAthe MLD system equations we have the end-point condition
functions to be continuous on the boundary between the .
regions that make up the partition of the domain. R(k+Nolk) = Xeq

Theorem 2.6[84], [51]): If f is a continuous PWA func- and possibly also a control horizon constraiaf the form
tion of the form (34), then there exist index séfs...,l, C

{1,...,N} such that u(k+j) =u(k+Nc—1) for j=Nc,...,No—1.
f= j[ﬂlaxirigi_n (afyx+Bg) - Now we have:
From the definition of MMPS functions it follows that (see Theorem 3.1[6]): Consider an MLD system (28)~(30)
also [34], [51]): and an equilibrium state/input/output tripleeq, Ueg, Yeq), and
Lemma 2.7:Any MMPS function is also a continuous '€t (%eq Zeq) be the corresponding pair of auxiliary variables.
PWA function. Assume that the initial stat&(0) is such that a feasible

From Theorem 2.6 and Lemma 2.7 it follows that conSolution of the MLD-MPC problem exists for sample step 0.
tinuous PWA systems and (unconstrained) MMPS systenld1® input signal resulting from applying the optimal MLD-
are equivalent, i.e., for a given continuous PWA model thefPC input signal in a receding horizon approach stabilizes
exists an MMPS model (and vice versa) such that the input—3AI hi tion is based on [6]

. . . SO [his section Is based on .
output behavior of bo_th models coincides. “Due to the integer constraindsc {0, 1}, the linear inequality (30) results

Corollary 2.8: Continuous PWA models and (Uncon-in a nonlinear relation betweed andx, u, and betweerz andx, u.

strained) MMPS models are equivalent. SWhile in other contexts introducing a control horizon coaistr amounts

Note that this is an extension of the results of [37] whiche hugely down-sizing the optimization problem at the pri¢eaaeduced
’ rformance, for MLD systems the computational gain is onlyigiasince

prove an equivalence between (not necessarily continumf;,sle)the (auxiliary) variable®(k+ ¢|k) and Ak + (k) for £ =Ne,...,Np—1
PWA models and MMPS models, but there some extr@main in the optimization.



the MLD system in the sense that IV. MPC FOR CONTINUOUSPWA AND MMPS SYSTEMS

lim X(K) = Xeq, lim [|y(K) — Yegllq, =0, In the previous section we have already discussed how
k—eo ko the MPC problem for MLD systems (and thus also PWA
lim u(k) = Ueq, lim [[6(k) — deqllq, =0, systems) can be recast as an MIQP problem. In this section

lim ||z(k) — Zegllo, = O . we will define the MMPS-MPC problem and show that for

k—o (unconstrained) MMPS systems, and thus alsaotinuous

B. Algorithms for the MLD-MPC optimization problem PWA systems, the MPC problem can be transformed into
Let us now show that the MLD-MPC problem can besolving a sequence of real (so not integer!) linear program-

recast as a mixed integer quadratic programming (MIQPYINg (LP) problems. The approach we propose is based on

problem. For the MLD case using successive substitution fé@nonical forms for MMPS functions, which are introduced

(28) results in the following prediction equation for thatst  Pelow, and it is similar to the cutting-plane algorithm for

~ ] . convex optimization problems.
R(k+ jlk) = Alx(k)+ . :
i A. Canonical forms of MMPS functions

-1
Z)AJ*I(Blu(k‘H)+Bz5(k+i)+332(k+i) : Theorem 4.1:Any MMPS function f : R” — R can be
i= rewritten in the min-max canonical form

For y(k+ j|k) we have a similar expression. Now we define

f= min max (a} . x+Bii) (39)
k) = [UT(K) ... uT(k+Np—1)]" =LK j=Lony D7D
¥(k) = [yT(k+ 1K) ... yT(k+ Np|k) ]T , or in the max-min canonical form
and in similar way alsa(k) and Z(k). If we define f= [Mmax o inm(V(Ti,j)X‘F i) (40)
. ) ) 3 - L j=1,...,
V (k) = [UT(k) yT(k) 5T(k) ZT(k)] ) for some integersK, L, ni,...,nk, my,...,m, vectors
we obtain the following equivalent formulation for the MLD- 9i.j), ¥i,j), and real numberg; ), & j).
MPC problem: Proof: We will only sketch the proof of the theorem
T ~ . - (see [28] for the full proof). Moreover, we only consider the
\[P(Lr)‘v (KSV (k) +2(S +x (K)S)V (K) (37) " min-max canonical form since the proof for the max-min

. ~ canonical form is similar.
subject toFyV (k) < R+ Fex(k) (38) It is easy to verify that iff and f; are affine functions, then
for appropriately defined matriceS;, S, Ss, Fi, F, Fs.  the functions that result from applying the basic constrsct
Note thatV (k) contains both real-valued and integer-valueaf an MMPS function (max, miny, and scaling — cf. (31))
components. As the objective function is quadratic, thare in min-max canonical forfn
problem (37)—(38) is an MIQP problem. Now we use a recursive argument that consists in showing

MIQP problems are classified as NP-hard [33], [55], whichhat if we apply the basic constructors of an MMPS function
— loosely speaking — means that, in the worst case, thte two (or more) MMPS functions in min-max canonical
solution time grows exponentially with the problem sizeform, then the result can again be transformed into min-max
Several algorithmic approach have been applied succssfutanonical form. Consider two MMPS functiorfsand g in
to medium and large-size application problems [31], thenin-max canonical forfi f = min(max(fy, f,), max(fs, f4))
four major ones being cutting plane methods, decompositiand g = min(max(g1,d2), maxgs,ds)). Using the following
methods, logic-based methods, and branch-and-bound mepheperties (witha,8,y,d € R):
ods. In [6] the authors use a branch-and-bound method as, minimization is distributive w.r.t. maximization, i.e.,
several authors seems to agree on the fact that branch-and- min (a,maxB,y)) = max(min(a, B),min(a,y)). So
bound methods are the most successful for mixed integer
programming problems [30]. min (maxa, B), max(y,5)) =

As described by [6], [30], the branch-and-bound algo- max(min(a, y),min(a, 8),min(B,y),min(B,d)) ;
rithm for MIQP consists of solving and generating new S ]
quadratic programming (QP) problems in accordance with ® the max operation is distributive w.r.t. min. Hence,
a tree search, where the nodes of the tree correspond to
QP subproblems. The QP subproblems involve real-valued
variables only, and are thus efficiently solvable using a éwe allow “void” min or max statements of the form nf& or max(s),
modified simplex method or an interior point method [50]which by definition are equal te for any expressiors. Alternatively, we

max(min(a, B),min(y,d))

[52], [61] can write mir{s,s) or maxs,s).

1 . 7 . .. . N .

= ked | f the MLD-MPC h For the sake of simplicity we only consider two min-termsfirand g,
or a worked example of the - approach We&,ch of which consists of the maximum of two affine functionsweheer,

refer the interested reader to [6]. the proof also holds if more terms are considered.



min(max(a,y),max(a,6),max([3,y),max([3,6)) ; C. Algorithms for the MMPS-MPC optimization problem

« min(a,B)+min(y,5)=min(a +y,a + 5,8 +y,B +d) 1) Nonlinear or EI__CP optimiz_ation:ln_ general the
MMPS-MPC optimization problem is a nonlinear, nonconvex
maxa; B)+maxy,d)=maxa+y,a+0,p+y,f+9) optimization problem. Some of the methods discussed in
max(a,f) = —min(—a,—f); Section V of the companion paper [26] can also be used
« if p € R is nonnegative, then to solve the MMPS-MPC optimization problem: we can
_ use multi-start nonlinear optimization based on sequkntia
pmaxa;B) = maxpa,pp) guadratic programming (SQP) [10], [52], or we can use

pmin(a,B) =min(pa,pp) ; a method based on the extended linear complementarity
it can be shown that méx,g), min(f,g), f +gandpf can problem (ELCP) [23]. However, both methods have their
again be written in min-max canonical form. m disadvantages.
If we use the SQP approach, then we usually have to
B. The MMPS-MPC problem consider a large number of initial starting points and penfo

We can use the deterministic model (32)—(33) either agveral optimization runs to obtain (a good approximatiyn o
a model of an MMPS system, as the equivalent model of &€ global minimum. In addition, the objective functionath
continuous PWA system, or as an approximation of a generappear in the MMPS-MPC optimization problem are non-
smooth nonlinear system. Note that we do not include modedlifferentiable and PWA (if we use the cost criteria given in
ing errors or uncertainty in the model. However, since MP€41)—(42)), which makes the SQP algorithm less suitable for
uses a receding finite horizon approach, we can regulafgem.
update the model and the state estimate as new informationThe main disadvantage of the ELCP approach is that the
and measurements become available. execution time of this algorithm increases exponentially a

We can make an estimatgk™- j|k) of the output of the the size of the problem increases. This implies that this
system (32)—(33) at sample stép+ j based on the state approach is not feasible N or the number of inputs and
x(k) and the future input sequenc€k),...,u(k+ j—1). outputs of the system are large.

Using successive substitution, we obtain an expression ofAn alternative option consists in transforming the MMPS

the following form: system into an MLD system since (constrained) MMPS
R ) ) systems are equivalent to MLD systems [37]. The main dif-
Y(k+ jIk) = F(x(K),u(k), ..., u(k+j—1)) ference between MLD-MPC and MMPS-MPC is that MLD-
for j =1,...,Np. Clearly,y(k+ j|k) is an MMPS function of MPC requires the solution ghixed integer-reabptimization

x(K),u(K), ..., u(k+ j — 1) pro.blgms'. In general, these are also computationally hard
In this section we consider the following output and inpuPPtimization problems.
cost functions (see also Section IV-B of [26]): Now we ywll present another .me.thc_>d to solve thg MMPS-
MPC optimization problem that is similar to the cuttingpa
Jout1(K) = [§(K) = F(K)[|1, Jina(k)=|0(K)|lz, (41) method used in convex optimization [12].
Jouteo (K) = [[§(K) = F(K)[[oo, Fnoo(K) = [[G(K)[|oo .  (42) g) An LF_’—based algorithmWe assume that the cost pri-
teria given in (41)—(42) are us&dRecall that these objective
Since we havex| = max(x, —x) for all xR, it is easy to functions (and any linear combination of them) are MMPS
verify that these cost functions are also MMPS functions. functions. The same holds for the estimate of future output
Just as in conventional MPC and in MPC for max<jk). So if we substitutey(k) in the expression fod(k),
plus-linear discrete-event systems (cf. [26]), we can eefinye finally obtain an MMPS function ofi(k) as objective
(non)linear constraints function. From Theorem 4.1 it follows that this objective
function can be written in min-max canonical form as follows

G(K),§(K)) <
Colk, (k). ¥(k)) <0, (43) (where — for the sake of simplicity of notation — we drop
or the indexk):
Ac(K)Ti(K) +Be(K)F(K) < ce(K) (44) 3= min max (ag;d+B)
and a control horizon constraint for appropriately defined integefs ny, ..., n;, vectorsay ,

U(k+j) = u(k+Ne—1) for j =Ng,....Ny—1, 45 and integers; j). Note that in general the expression ob-
(k1) (kN —2) : ¢ P (45) tained by straightforwardly applying the manipulations of

or the proof of Theorem 4.1 will contain a large number of
AZU(kJF J) =0 for J = NCa--wNp*]n (46) 8The result below also holds for any other cost criterion tlsatn
) ) MMPS function ofy(k) and u(k). So it follows from Theorem 2.6 that
This then results in the MMPS-MPC problem. any continuous PWA norm function can also be used.



affine termsa( G+ B,j)- However, many of these terms This LP problem can be solved efficiently using (variants of)

are redundaf and can thus be removed. This reduces th#1e simplex method or an interior-point algorithm (see,,e.g
number of affine terms. Also note that the (computationall{p0], [61]).

intensive) transformation into canonical form only has tdf0 obtain the solution of (48)—(49), we solve (50) (52) for
be performed once — provided that we explicitly considef=1,...,£and afterward we select the SOWUO?@) for which

all terms that depend ok as additional variables when max (or(IJ i "+ Byi.j)) is the smallest. This results in an

performing the transformation, — and that it can be donglgaﬁthm to solve the MMPS-MPC problem that is more

off-line. efficient than the SQP or the ELCP approach.

E?ﬁmdfr:vat'zc selO\tAi/n:;sz stlimrl]lar o the Cu;t'zng'ﬂaﬂi ali- For a worked example of the MMPS-MPC approach we
90 or convex op ation (see, e.g., [12]). Hende, refer the interested reader to [27].

requires constraints that are linear (or convex)uinNotte
that the control horizon constraints (45) or (46) satisfig th
condition. However, even if the original MPC constraint)43
is linear inu(k) andy(k), then in general this constraint is
not linear any more after substitutiony(k). Therefore, from A similar approach as the one derived in Section V-C of the
now on we assume that there are only lifa@onstraints on companion paper [26], where we showed that for monoton-
the inputulk): ically nondecreasing objective functions and constrainés
N MPC optimization problem can be recast as convex or linear

Pi+q>0 . (47) optimization problem, can also be applied to MPC for first-
In practice, constraints of the form (47) occur if we have t&rder hybrid systems with saturation [21], [22] (an example
guarantee that the control signalk] or the control signal of these systems is a traffic-signal controlled intersegtio
rate Ai(K) stay within certain bounds. Note that in gendpal 1€ perturbed MMPS-MPC case is considered in [49].
andq may depend om(k) andk, but for the sake of simplicity ~ Note that MPC is related to optimal control. In this context,
of notation we do not explicitly indicate this dependence ifPPtimal control of a classes of manufacturing systems is
this paper. considered in [17]. Other methods for optimal control of

To obtain the optimal MMPS-MPC input signal at :~:amp|e|”'yb“d systems are presented in [13]-{15], [35], [36], [45]

stepk, we have to solve an optimization problem of thel54]-
following form:

V. RELATED WORK IN CONNECTION WITHMPC FOR
HYBRID SYSTEMS

VI. CONCLUSIONS
min_min max (a(Tij)G+B(i i)

0 i=1,...0j=1,..,m " ' In this paper and its companion paper [26] we have
subject toPli+q >0 , presented an overview of some results in connection with
) MPC for some tractable classes of discrete-event systems
or, equivalently, and hybrid systems: max-plus-linear discrete-event syste
min min max (a (Ti,j)UJrﬂ(i,j)) (48) mixed logical dynamical_syste_ms, m_ax—min-plus-scaling—sy
i=L..0 G j=1..m tems, and continuous piecewise-affine systems.
subject toP(+q>0 . (49) Extension of the MPC approach to other tractable classes
of discrete-event systems and hybrid systems, improving
Now leti € {1,...,¢} and consider the computational complexity, and searching for good and

ol efficient approximations and solution methods are among the
mln max (a ;) 0+ B X o
j=1,... ( 0.0+ Biii) major current research topics in this field.
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