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Abstract

In this paper we derive stabilization conditions for the class of PWA systems
using the linear matrix inequality (LMI) framework. We consider the clafss o
piecewise affine feedback controllers and the class of piecewiseajicallya-
punov functions that guarantee stability of the closed-loop system. Wertike
account the piecewise structure of the system and therefore the matjpalitees
that we solve are less conservative. We prove that the infinite-horizadratic
cost is bounded if certain LMIs are satisfied. Using the upper bounctanfimite-
horizon quadratic cost as a terminal cost and constructing also axctarveinal
set we show that the receding horizon control stabilizes the PWA systeen. W
derive also an algorithm for enlarging the terminal set based on a laadkwo-
cedure; therefore, the prediction horizon can be chosen shoneoyireg some
computations off-line.

1 Introduction

Hybrid systems model the interaction between continuoddagic components. Re-
cently, hybrid systems have attracted the interest of bedldl@mia and industry [5, 6,
10,12,27,28, 31], but general analysis and control desigtihoads for hybrid systems
are not yet available. For this reason, several authors $tadéed special subclasses
of hybrid systems for which analysis and control techniqaes currently being de-
veloped: discrete-event systems [7], piecewise affineegys{PWA) [2—-4, 14, 24, 27],
etc.

Model Predictive Control (MPC) is the most successful agrtechnology imple-
mented in industry due to its ability to handle complex systevith hard input-output
constraints. MPC is a control scheme in which the currenttilppcomputed by solv-
ing, at each sample step, a optimal control problem; theropétion yields an op-
timal input sequence and the current control action is amdgeoe the first input in
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this sequence. The theory of the MPC for linear systems i quature, but its ex-
tension to hybrid systems is still an active area of reseaR¥rently, research have
been focused on developing stabilizing controllers forrid/bystems and in particu-
lar for PWA systems. PWA models are very popular, since tlegyasent a power-
ful tool for approximating nonlinear systems with arbigraccuracy and since a rich
class of hybrid systems can be described by PWA systems. Baras are defined
by partitioning the state space of the system in a finite nurobgolytopes and as-
sociating to each polytope a different affine dynamic. Savexsults about stability
of PWA systems and MPC schemes for such systems can be fouhd literature,
see [2,4,14,17,18, 20, 22, 23, 27, 29] and the referencesitheln [22] are derived
piecewise linear (PWL) controllers and quadratic Lyapunowfions, based on LMIs
approach that guarantee stability of the closed-loop PVkesy. One of the first re-
sults in guaranteeing stability of MPC for PWA systems isagied in [4], where a
terminal equality constraint approach is presented. e bf constraint is very re-
strictive, therefore in order to guarantee feasibility loé bptimal problem we need a
long prediction horizon, that leads to an optimization peaf very demanding from
computational point of view. In [20] a terminal set and a ter@hcost approach is pre-
sented for guarantee stability of the MPC scheme for PWAesystin which the origin
lies in the interior of one of the polytopes. In [17] this apach is extended to PWA
systems, constructing a terminal set corresponding toifeewise linear (PWL) dy-
namics of the systems and the terminal cost is derived frdwingpsome linear matrix
inequalities (LMI) for the same PWL dynamics.

In this paper we continue in the same line of research. We@é&MIs condition
for stabilization of PWA systems using PWA feedback comdrsland also piecewise
guadratic Lyapunov functions. We take into account alscsthécture of our system,
introducing less conservatism in the LMIs. We also derivel& bbnditions that assure
the controller satisfies constraints on input and output.willeshow that the infinite-
horizon quadratic cost is bounded if certain LMIs are satisfiMoreover from these
LMIs we derive a feedback controller that guarantees asgtiegstability of the closed-
loop system with a convex region of attraction. In generialgbt is small, therefore we
show that applying the receding horizon controller we cao guarantee stability, and
we prove that this controller is better than the originabitesck controller, i.e. by this
method the region of attraction increases such that forfanithorizon we obtain the
maximal region of attraction. We derive a stable MPC scheritle avconvex terminal
set and the upper bound of the infinite-horizon quadratitisassed as a terminal cost.
If the terminal set is small, we need a long prediction harizbherefore we present an
algorithm for enlarging this set based backward procedurand then we show that a
certain inner polytope approximation of this set can be wdsa as a terminal set. By
enlarging the terminal set the prediction horizon can besehcshorter, therefore the
computational complexity decreases.

We use the following notations: a PWA system is defined as

z(k+1) = Az(k) + Biu(k) + a;, if z(k) € P; B
y(k) = Cix(k) + &,

where{P; };cz is a partition ofR™ into a number of polyhedral cells (s the number

of states). LefZ, C 7 be the set of indexes for the cells that contain origin inrthei
closure. Similarly, letZ; C 7 be the set of indexes that do not contain the origin in
their closure. Each polyhedral cellis given B = {x € R" : Eix > ey, Bz > es},

but we assume that the closuil¢P;) = {z € R" : Ex > e;} with e; = 0 fori € Iy.



SoE; = [E" EYT)T. We also introduce

/L; a; B _ x ~ - ~
Ai:|: 0 12 }, Bi:|: OL ]»T/: [ 1 :|7Ci:[ Ci ¢ ], Ei:[ E; —e; ]
with a; =0, ¢ =0fori € 1.

With the previous notations, the PWA system (1) can be write a piecewise
linear (PWL) system (see also [24] for continuous time case):

{x(k +1) = Aa(k) + Bu(k), if z(k) € P, -

where the closure dP; is given bycl(P;) = {x € R" : E;z7 > 0} for anyi € T.

2 Boundaries on the infinite-horizon quadratic cost us-
ing static feedback controllers

2.1 Lower bounds

In this section we consider a generalization of the stanlilaedr quadratic control for
the system (1). The problem is to bring the system to the iggiuin pointz(co) = 0
from an arbitrary initial state:(0) = =z, satisfying constraints on input and output,
limiting also the infinite-horizon quadratic cost:

o0

Joo(wo,u) = D2 (k)Qu (k) + u” (k) Ru(k) 3)
k=0

with @ = QT >0, R = RT > 0 andu = (u(0), u(1),...).
In this paper we consider the following type of constrdints

Ue ={u € R™ : Juj| < Ujmax, fOrj=1,...,n,} (4)

Xe={z e R": |y;] < Yjmax, fOrj=1,...,ny}. (5)

With % max, ¥5,max > 0, therefore the sefs., X are convex, compact and contain the
origin in the interior. We define now the problem that we wolikd to solve:

Definition 2.1 Problem P

Design a feedback controller = F(x) for system (1) that:

(i) limits the infinite-horizon quadratic cost in a positlyenvariant seté, i.e.
Vage &= a(k)e &, V>0

(if) makes the closed-loop asymptotically stable, wifbo) = 0

(iii) satisfies the constraints(k) € U,, y(k) € X., Yk > 0. &

@ 0 ] , then we have the following proposition:

We denote also withy) = { 0 o

IWe can consider more general constraints, for instanggnin < u; < Uj max, With uj min <
0, uj max > 0. Similar for output.



Proposition 2.2 If there exists symmetric matricé®;, U;;, V;}i jer, suchthall;;, V;
has all elements non-negative and that verify the folloviits:

R+ BI'P;B; BI'P; A,

3 o BRA s Ps ETTE,
ATP,B,  ATP,A, - P,+0Q-ETT,E, | =% D> EViE (©

for anyi,j € I, then any trajectory(u,«) of the system (1) withi(cc) = 0 and
x(0) = zy € P, verifies

Joo (w0, U)> sup{Zg P, To: (Pi,U,j, V;) issolution of(6)} 7
Moreover any trajectoryu, =) of the system (1) with(oo) = 0 andz(0) = zg € Py,

satisfying the constraints (4), (5) on the input and outparifies also the lower bound
(7) but this time subject to the following LMIs: for afyj € 7

T
— — E

R+ BIP,B; BIP,A; o g Cu o

i~ Pi+Q - y Gy ij

E, 0 e,
L — 0 F, e >0
5. R. TH. y Gy |2
A P;B; A PjA 0 E 0 0 E 0
®)

Proof: We define the following piecewise quadratic function

T
x(k)

[ (
V(k’): ! T
1 1

with P; € R+l P, e R**" andP; > EI'V,E; foralli € T,, P, > EI'V,E;
forall i € 7, (i.e. itis not necessary;, P; > 0 on the entire state space, but rather
onP;). With these conditions we have tiiatk) > 0 for anyx (k) # 0.

We introduce the notations:

IZZ' 8 [ o (k) ] ifi ey [z(k)TPa(k) ifi € Zo
T
l‘(k)l ifi €7y l L ]MGL

1

) +ul (k)Ru(k) = 27 (k)Qz (k) + u” (k) Ru(k)
V (k) = 2T (k)P(k)z(k) with P(k) = P; if 2(k) € P;.

If we assume that at sample step- 0, the stater(k) € P; andx(k +1) = Az (k) +
Bju(k) + a; € P; then imposing

V(k) — V(k+1) < I(x(k), u(k)) whenz(k) € P; 9)

and applying the S-procedure [15, 25] fatk) € cl(P;) = {E;Z > 0} and using Fact
1 (see Appendix), we get

V(k)—V(k+1) <l(z(k),u(k)) —z(k)T EI'U,; E;z(k) (10)

foranyz(k) € R" ™ u(k) € R™.
From the last relation we obtain for ang(k) € R"*! (k) € R™« that



# (k) Pix(k) — (Aiz(k) + Biu(k))" P;(Aiz(k) + Biu(k)) < 27 (k)Qz(k) +
u? (k)Ru(k) — z(k)T ET'U,; E;2(k). This relation leads us to LMI (6).

For the second part, we observe that writing (9) foe= 0, 1, 2..., with z(c0) = 0
and thusV/ (co) = 0 and adding these relations yields:

(V(0)—V(1)+(V(Q)=V(2) +... <1(x(0),u(0)) + I(x(1),u(1)) + ... which
leads us to (7).

Let us now also take into account the constraints. The caimt& on the input
(4) can be written asE,, e,][u” 1]7 > 0 and the constraints on the output (5) as
[E, e,][zT 1]T > 0. Then by applying the S-procedure and Fact 1[fof, 27, 1]7 €
R« +7+1 we have to replace the LMIs (6) with the LMIs (8). Then anyew&ry(z, u)
of system (1) with:(c0) = 0 andx(0) = z¢ € P;,, satisfying the constraints (4), (5)
verifies also the lower bound (7) but this time subject to theva LMIs (8). &

Remark 2.3 Upper and lower bounds for the infinite-horizon quadratistagere de-
rived for continuous time PWA systems in [24].

We can define a s€ = {(i, j) : (k) € P;, «(k + 1) € P;} that represents alll
possible transitions from one region to another and theesticti, j; € Q only. The
set() can be determined via reachability analysis (see [2]). &

2.2 Upper bounds for the infinite-horizon cost

In order to obtain an upper bound fd, (x¢) we should take a particular control law.
Our first impulse would be to take the ordinary linear quédrantrol:

F; = —(R+ BI'P;B;)"'B;P;A; = [F; fi] (11)

with f; = 0 wheni € Z,. But, in general, the PWA control law

u(kj) _ Z?Z(k) + f“ if 7 € A
FZIE(]C)7 if i € I

cannot guarantee stability of system (2). If the closeglsgstem
T(k+1) = (A + BiFy)z(k), z(k) € P; (12)

is asymptotically stable then we can choose this contrailerder to obtain an upper
bound for the infinite-horizon cost (we can check stability kMI feasibility as we
will see in the sequel). Indeed, similar to Proposition 2&imtroduce the piecewise
guadratic function:

TPz, if i € Zy
Viz) =4 5 T o
x' Pix 4+ 2p; x + pi;, ifi €Iy

We want to findP; € R*T1xn+1 ¢ [ with

Pz—|:0 0:|,|fZEZO,Pl—|:plT pii:|,|f2611

such thatz(co) = 0, P, > EI'V;E; for all i € Z (V; has all elements non-negative
which implies thatP; > 0 only on a set that contairig;) and

V(k+1) = V(k) < —l(z(k), F(k)z(k)) foranyk (13)



If z(k) € P; andz(k + 1) = (A; + B, F;)z(k) € P; then (13) becomes
i‘T(k) (Al + BiFi)TPj (Al + BZFl)i‘(kJ) — .fT(kJ)Plji(k)
< 2T (k)Qz(k) — ¥ (k)Fl RF,z (k) for z(k) € P; (14)
Because we need (14) to be valid only fore P;, we can uses-proceduren or-
der to reduce conservatism when we solve (14). Usiacgt 1 (see Appendix), one
method found in the literature (see [24]) is to relax the iRatrequality (14) to: find
P;,Ui;, 1,5 € Z, such thatU;; has all entries non-negative that satisfies the following
matrix inequalities
fT(Ai + B,‘Fi)TPj (AL + BLFZ)E‘ - fTPii‘ < —i‘TQi‘—
—#'F'RF;z — 3" E]'U;;E;7, foranyz € R™*! (15)
This gives rise to the following LMIs i, U;;, V; (all entries ofU;;, V; non-negative):
P, > El'V,E;, foralli € T. (16)
Proposition 2.4 If zy € P;, then
Joo(w0) < inf{z{ P,y %o : (P;, Uiz, Vi) is solution of(16)} (17)
Proof: From (13) we have
(VD) =V(0)+(V(2) =V (1)) + ... € =U(z(0), F(0)z(0)) ~ L(z(1), F(1)F(1)) — ...

and because(oco) = 0thenV (co) = 0, which implies-V (0) < —J (o). Therefore
(17) holds. &

If the linear quadratic controller (11) is not stabilizingr {(12), i.e. the LMIs (16)
do not have a solution, or does not satisfy the constraintamt/output, we look for
another controller. In the sequel we derive this contrdatet solves probler.

We denote withf; = [F’,- fi] with f; = 0 for i € Z and the piecewise quadratic
function: V (k) = 2T (k)P(k)z(k) with P(k) = P, if =(k) € P;. We want to find
Fi,Pi € Rn+1xn+1’ 1 € Z,with

_NiO.. .4_Pipi T3
P’”_{ 0 O}JMEZO’PZ_[I%T piiylfzezl
such that:
1. z2(c0) =0

2. V(E+1)—-V(k) < =l(z(k),F(k)z(k)), k>0
3. the resulting input-output sequence should satisfyrthatioutput constraints.

We do not require?; > 0 on the entire space but rathBr > 0 onP;, which using S-
procedure can be expressedras> E!'V; E;, whereV; has all elements non-negative.
Condition 2 is implied by the existence of a solutibp P; of the matrix inequalities

T (A; + BiF)"Pj(A; + BiF))z — 3" Pz + 27 Qr + 2" FFRF,z2 < 0, Vo € P,
(18)



and applying S-procedure we obtain the following matrixgualities:

(A; + B;F;))" Pj(A; + B;F;)~Pi+Q + F'RF; + EI'U;;E; <0, Vi,j € T, (19)
P, > EI'V,E;, foralli e T (20)
where we requird/;;, V; have all entries non-negative. In the sequel the symbol *

is used to induce a symmetric structure in an LMI. The follogvproposition give a
solution to (19)-(20):

Proposition 2.5 The matrix inequalitie§19)«20) have a solution if and only if the
following matrix inequalities have a solution

BIP;Bi+0R—1 BT PjA +F, B
P; > E]'V,E; (21)

whereU;;, V; have all entries non-negative add> 0.
Proof: It is easy to see thg9) can be written as

F; 1'[BTP,B; + R BT P;A; NE 12
Now M+ denotes the orthogonal complement\éf(M+ exists only ifM has linear
dependent rows). We have thef M+ = 0 and M+ M+T > 0. In our case we have

1 T
the relation{ ;i } = { 1? } . Therefore, the previous formula can be written

1 1T
—I —I
BEEIE
BI'P;B;, + R BI'P;A; B
lemma (see Appendix) we obtain tl2R) is equivalent with

whereQ);; = } . Using now the Finsler's

Qij < 0;j |: ;é :| [ -1 F; ] (23)

with o;; € R. Of coursg(23) has a solution if and only if

Qij<0'|:;£~:| [—I F; ] (24)

with o > 0 has a solution (Take > max; ;{0, o;;} for the implication (23)=- (24)".
The other implication is obvious). Now if we divi(#) with o > 0 and denote with
P, —1/oP;,U;; — 1/0U;j, V; — 1/0V; andf — 1/0 we obtain(21). O

The matrix inequalities (21) are not LMIs due to the teRA F;. Therefore we
have to use standard algorithms for solving bilinear matrequalities (BMI). The
algorithms for solving BMIs cover both local and global apgiches. Local approaches
are less computationally intensive , and they consist ircbézg a feasible solution: if
it exists then we have solved the problem, otherwise oneatdal whether there is a



feasible solution or not. Global algorithms are able to firgbktion if the problem is
feasible. The branch-and-bound algorithm of Tuan [30] camded to solve globally
our problem, although in this case the computational timedseasing in comparison
with local approach.

Now we discuss some possible relaxations for (19)—(20)st Felaxation is to
replace (20) withP; > 0. In this case we can apply the Schur complement to (19).
Note that (19) is equivalent with

(Ai+BiF;)"'S;(A; + BiF;)—Pi+Q+F/' RF; + E U;;E; <0, Vi,j € T (25)
0<P <S8 ' VjeT (26)

In this way we take into account also the ca§e= Pj‘l. We give now a sketch of the
proof: it is clear that if (19) has a solution then there exeste > 0 such that(4; +
Then, we can také‘j*1 = P; + eI and thus we obtain (25)—(26). The other implication
is obvious.

Now, using the Schur complement, (25)—(26) is equivalett wi

R—Q—E;TU”EZ * *

F, 0 R!
0< P <8t (28)

In Appendix (Fact 5) we give an algorithm for finding a soluatir (27)-(28) based
on an idea from [13].
We defineX, = U,cz,P; and we consider an inner approximation with an ellipsoid
of this set:
E(H)={reR":2THx <1} C X,.

The computation of a maximal volume ellipsoid included incdyppope can be done
using convex optimization (see [33]).

Proposition 2.6 (i) If the following LMIs inP; = PT > 0,5, = ST > 0, F;,U;; =

Uff with all entries ofU;; non-negative

Pi_Q_EiTUijEi * *
A; + B;F; Sj 0 >0 (29)
F; 0 R!

and the following bilinear matrix inequalities (BMIs)
Si P, + P;S; <21 (30)

have a solution?;, S;, F;, Us;, i,j € Z then they are also solution ¢27)28).

(ii) The following se€(p) = {z € R" : 2T Pz < p, j € Ty}, p > 0is a positive
invariant set for the closed-loop system, convex, comgactaining the origin in the
interior if the following LMIs are satisfied:

TH — P; 0
<
0 —T17+p <0 (31)

with T > 0 andj € Z,.



(iii) If we require the inputu(k + ) to satisfy (4) for alll > 0, oncex(k) € E(p)
then an additional LMI must be satisfied:

[ A—ETW,E; F

% P, } > 0 With Ajj < ) ax/p (32)

J
where the matrice8/; have all entries non-negative for ang Z.

(iv) If we require the outpus(k+1+-1) to satisfy (5) for all > 0, oncex(k) € £(p)
then the following additional LMIs must be satisfied:

I — EI'W,E; C;(A; + BiF;
T EIWE GOS0t < s (39

where the matrice$l’; have all entries non-negative for amye Z,. Takingy = 1 /p
all formulas (29)-(33) are LMIs except (30).

Proof: (i) We have 4 possibilities:, j € Z1; i,j € Zo;i € Zp,j € I1;1 € 11,5 €
7y For brevity we discuss here only the first case (the othexelvases can be proved
similarly, see also Appendix). The BMIs (30) imply that

0<S; <P lifandonly ifo < P, < S

(see also [26]). Applying the Schur complement to (29) andguthe last inequality
we get:

0 <P —Q— E]UyE; — (A; + BiF,)" S; ' () — F]' RF;
S Pz - Q - E;TU”El - (Az + BiFZ')TPj(*) — FiTRFi

i.e. formula (19) is valid with the requiremebi; has all entries non-negative.
(i) It is well-known [32] that inclusion of ellipsoids

{z: 2T Pjx < p} CE(H) C X

can be expressed as an LMI (31). Then(k) € E(p) N P;,, for somei, € 7, then
TT(]{J)PZOQL‘(]C) <p anda:(k: + 1) = (ALO + BZ‘OFL‘O)Z‘(]C).
Therefore, for any € Z, according to (i) we have:

a"(k + 1) Pya(k + 1) =a"(k)(A;, + Bi, Fi,) "P(Ai, + B, Fiy )x(k) <a™ (k) Pya(k) < p

according to condition 2. By induction we can see that(i) € £(p) thenx(k + 1) €
E(p) forall I > 0. &(p) is convex and compact because it is the intersection of
ellipsoids (the ellipsoids are convex and compact setsuzes; > 0) and it contains
the origin in the interior because each ellipsoid contains origin: P, > 0.

(iii) The constraint on the input (4) is equivalent witfj (k) < u? We have

" j,max"
E(p) C{x: 2T P < p}andifz(k) € E(p) NP; then

9 ~ 2 ~ 2 ~ 2 ad ~—1/2 2
(k) < a; Fix(k))s < ax (Fyx): < a Fir)i < F;P. ;
k) s max (FiakR)js max ( ,:C)J_xTHéil( )i < Vp(Eb 7)1

o<
= p(EiPTED) i3 = p(FiPTVET ) << phyy < uf

J,max

onp;.

2We observe thaE(p) is in particular an invariant set for the free switching systwith the modes
i € Zp.



Taking W; with all entries non-negative, and applying the S-proceduhe last in-
equality translates in:

A—FP'FF — EI'W,E; >0

andA;; < U which is the LMI (32) if we denote with= %.
(iv) The LMI (33) is derived in the same way. &

Remark 2.7 We have considered an ellipsoid approximatéf ) of X,. If X, is

a polytope (or we can have a inner polytope approximatiodgf given by {z :
cl'z <1, 1 = 1,...,s}, we can replace LMIs (31) with the following inequalities:
c;pr]flcl < 1foralll = 1,...,s. Using the Schur complement the last inequality
can be recast as an LMI iR; and1/p, which fits to our settings from Proposition 2.6.
We used here the fact that an ellipsdid : 27 Pz < p} is contained in a half space
{z:cTz <1}ifand onlyifc”pP~lc < 1. O

Remark 2.8 In Proposition 2.6 we can search By, F;, for which the volume of (p)
is maximal, by considering the minimization of the convestdanction:

min — >, 7 logdet(P;). There is a method to transform the matrix inequality
(28) into LMIs using the fact tha§ + S—! > 21 for any.S > 0. Then we can replace
(28) with the more conservative LM®P; + 5; < 21. &

We propose now a second relaxation. If we do not apply theo8euaiure for (18),
i.e. we replace the conditiof € P;“, with x € R™, then (18) becomes:

(A; + B;F;))" Pj(A; + B;F;) — P+ Q+ F'RF; <0 (34)

foralli,j € 7o and P; > 0. The matrix inequalities (34) were solved in [16] making
a so-called linearizing change of variables by introducisig= P~!, F; = Y;S. This
type of linearization for (34) is also used in [17], where a&dizing receding horizon
control for PWL systems is developed. If we use this lineaidrawe have to impose
a certain structure on matricé}. In order to avoid this conservatism, we propose here
another linearization of (34), namely;, = Si_l,Fi = Y;G~!. Using this change of
variables we see that the determination of the control laesdwt depend explicitly
on the Lyapunov matriceB;. The extra degree of freedom introduced by the maitix
which is not considered symmetric, is incorporated in thetrd variable, removing
the special structure a?; to G. A similar linearizing method was used in [9] in the
context of stabilizing linear parameter varying (LPV) &ysst.

Proposition 2.9 (i) If the following LMIs inG, Y;, S;

G+GT—-S;, x % =«
le Oj 7 o« |0 (35)
R'/?Y; 0 0 I

for all 4, j € 7 have a solution thef; = V;G~!, P; = S;l are solutions of (18).

(i) The following se€(p) = {x € R™: xTﬁjx <p, j €Iv}, p> 0is apositive
invariant set for the closed-loop system, convex and compantaining the origin in
the interior if the following LMIs are satisfied:.

THilfgj 0

>
0 —T+1/p =0 (36)
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with 7 > 0 andj € Z.
(iii) If we require the inputu(k + ) to satisfy (4) for alll > 0, oncez(k) € £(p)
then an additional LMI must be satisfied:

e

. GrGT s, } > 0with Aj; < ul . /p (37)

for anyi € Z.
(iv) If we require the outpug(k-+1+1) to satisfy (5) for all > 0, oncex(k) € £(p)
then the following additional LMI must be satisfied:

I' Ci(A;G+ B;Y;)
|: * G + GT _ Sz :| > 0 with F]J — y] max/p (38)

for anyi € Z,. Takingy = 1/p all previous formulas become LMls.
Proof: (i) We have to discuss also separate 4 cases, but &wityrwe give the proof
only for first case (see Appendix for more details).
From (35) using the Schur complement, we observe firstGhat a nonsingular
matrix because
G+GT >,

and also
0<Si= (S-S S, —G)>0

therefore we get the following relation:
G+Gr -5, <a's;'a
and
0<G+G" =5 — (AG+ B;Y;)"S; ' (x) - GTQG — Y;" RY;
< GTS7'G — (4G + B;Y;)"S; ' (x) — GTQG - Y, RY;
=G (5 = (Ai+BY,GT)'S () —Q -G Y RY,G™)G
TakingF; = V;G™ ', P, = Si‘1 we obtain from the last relation (18):
(A; + BiF;))T Pj(A; + B;F;) — Pi + Q + F'RF; <0, foranyi,j € Z
(i) The LMIs (36) express the fact that
{z: xTS';lx <p}CEH)C Xp

with S ! 15 (see [32]) and the rest of the proof is similar to the proofifréropo-
sition 2 6 (ii).
(iii) The constraint on the input (4) is equivalent w'm@(k )< u We have

- = j mazx*
E(p) C{x: 2T P < p}andifz(k) € E(p) NP; then
u?(k) < max (Yq;Gflx(k))? < jnax (Y,-Gilz)?

z(k)eE(p) Tp,z<p
< max (YNGa) < V(NG 181213 = p(viGT1S,GTTYT)
T 7’5:
< pA]J S U‘j max*

Therefore (37) holds. We used hdte= S; *.
(iv) This proof is similar with (c). &
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Now we assume that the LMIs from Proposition 2.2 are feasiie that we have
available P;, i € 7 and also applying one of the approaches proposed before we
obtainedF;, P;, i € Z. In this case we have the following two consequences:

Corollary 2.10 The origin of system (1) is globally asymptotically stabitthe PWA
feedback controllet(k) = Fyz(k) + f;, (k) € P; and the infinite-horizon quadratic
cost is bounded by:

sup 1_75157;05:0 < Joo () < inf :fOTR;a_:o (39)

foranyzy € P;,.

We define; = % and replace then in Proposition 2.6 and Proposition 2.9. PR¢A
feedback controllet(k) = F;z(k), z(k) € P; makes the origin locally asymptotically
stable, the input and output satisfying the constraints(@)with a region of attraction

E=Uer,({z : 2T Pz < 1/4}N'Py)

i.e. the feedback controller(k) = F;z(k),z(k) € P; solves locally the problenP{,
and moreover

Joo(w0) <1/

foranyzxg € £.
Proof: From the construction aP; we know that:(co) = 0. Actually we have that
the function
V(z) = 2" Pz, x € P

is a piecewise quadratic Lyapunov function for the closmaplsystem:
w(k+1) = Age(k) + BiF; fillz(B)T 17 + @, 2(k) € P;

Contrary to the continuous time case the Lyapunov functimm loe discontinuous
across cell boundaries for discrete case.

For the second part we know th&t1/) is an invariant set, but a larger invariant
setis&, that is a union of convex sets. From LMIs (37)-(32) the auler satisfies the
input constraints. The output constraints are satisfied wueMIs (38)-(33). Asymp-
totic stability is proved using the same Lyapunov functibnthis way we can solve
problemP locally. &

3 Model predictive control law

3.1 MPC using an ellipsoidal terminal set

In the previous section we have found a PWA feedback coetrallz) = Fz that
solves problenP with a positive invariant sef = £(p). In general this set is small

in comparison with€,,,... defined as the largest domain of attraction achievable by a
control law solving problen®. In this section we show the benefits of MPC applied to
solve problenP.

If at sample timek we want to minimize the infinite-horizon quadratic cost (11)
this is very difficult because our system is nonlinear, aratefore we will have an
infinite dimensional optimization problem. Therefore w@lgm quasi-infinitemethod
(see [16, 19]) to cope with this drawback. We consider a ptidi horizon N, we
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assume that at sample tinkethe stater(k) is available (i.e. can be measured or esti-
mated) and we split the infinite-horizon cost into two parts:

k+N—1 o0
Joo(@(k),u)= Y @ (k)Qx(j) + v ())Ru(j)+ Y 2" (/)Qz(j) + u” (j)Ru(j)
i=k j=k+N

= In((k) + Joo(z(k + N)).

From Section 2 we have availablg, K;, P;, i € Z and moreover we have obtained
an upper and lower bound fot, (z(k + N)):

inf  #(k+ N)'Pyz(k+ N)>J(z(k+ N))> sup Z(k + N)' P, 2(k + N)
Pi,Ki,Uij PUss

foranyz(k + N) € P;,.

The quasi-infinite method replaces the second infinite teith ks upper bound
[19]. Then at each sample stépve have to solve the following optimization problem
which will be calledQI (V):

k+N-1
J* (k) = min > 2" ()Qx () + u (j)Ru(j) + Z(k + N)"P(k + N)Z(k + N)
- &

subject to
U = (u(k),...,u(k + N —1) € UN)
equation(1)
(y(k+1),...,y(k+ N)) e X¥
hard constraintz(k + N) € E(p).

whereP(k+ N) = P; if x(k+ N) € P;.

In the above formulation we can detect the standiagdedientsfor a stable MPC
scheme: a terminal cost and constraint set (see [21]). Aouprto the authors of
[21], ideally, the terminal cost should be the infinite-fzon value cost (in this way is
constructed a stable MPC for linear systems), but due todhénearity of the system,
this cannot be computed explicitly (as in linear case),dftee we replace it with its
upper bound that we have derived in Section 2. MPC schemeg ti® upper bound
of the infinite-horizon cost as a terminal cost has been eyeplalso in [16,19] in the
context of MPC for LPV systems with polytopic uncertainty.

We apply a receding horizon principle, therefore after Weesthe optimization
problem at stege with optimal solutionu; we apply only the first sample(k) =
uz(0) = FREN(z(k)) and at next step + 1 we update the state and repeat the whole
procedure.

In order to prove that receding horizon controller solvesbpemP, we introduce
first some definitions.

Definition 3.1 Let F(N, zo) be the set of all feasible inputs correspondingdd V')
and lete®*H(N) be the set of initial states, such thatF (N, z,) is non-empty.

Definition 3.2 Consider the closed loop system given by receding horizotraio

srn ok +1) = Agz(k) + BiFRN (2(k)) + g,
y(k) = Ciz(k) + &, if z(k) € P;

13



Proposition 3.3 We assume that we obtainétl P;, £(p) applying one of the methods
from Section 2. Then we have:
(i) ERE(N) is a positive invariant set foE® and

E(p) CEM(N), YN >0 (40)

(i) the quasi-infinite progran®I (IV) asymptotically stabilizes the system (2) with
u(k) = u;(0) = FREN(z(k)). Therefore this quasi-infinite receding horizon control
solves problen.

(iiiy EMY(N) c ERT(N 4+ 1) and

My — 0o ERE(N) = UX_, ERE(N) = Epax, Where&,,, denotes the largest do-
main of attraction achievable by a control law solving prefiP. Moreover, if there
exists anV* such that
thenEpax = ERH(N).

Proof: (i) Letzg € ERH(N) N P;, then the optimization proble@l (N) has an
optimal solution

up = (u(0)*,...,u(N —1)*) € UN, (y(1)*,...,y(N)*) € XN

At the next step we have

(u(1)*, ..., u(N —1)*, Fjz(N)*) € F(N, Ajzo+ B FRN (20) + @) if (N)* €
E(p) N'P; with j € T, because according to LMIs (37)-(38) or (32)-(3F)z(N)* €
Ucandy(N +1) = C(A +BF) (N)* € Xe.

In conclusionz; = A;zg + BiFRN(20) + a; € ERF(N), therefore (applying
induction) we can prove tha&t® (V) is a positive invariant set foERH.

Moreover, for anyzy, € £(p) there exists a feasible input sequence @(N),
namely(F(0)zo, ..., F(N—1)z(N—1)), whereF () € {F;, i € I} = x¢ € ERE(N),
so that€(p) C ER(N), V N > 0.

(ii) At sample stefk: = 0 the optimization probler®I (V) has an optimal solution

up = (w(0), ..., u(N = 1)* € UY), (y(1)*,....y(N)*) € X7, 2(N)* € £(p").
Then at stez = 1 we have a feasible solution:

Uy = (u(1)*, . u(N — 1), Fjz(N)* if 2(N)* € £(p*) NP;)

Indeed by applying; we haveF;z(N)* € U, x(N + 1) = (A; + B;Fj)z(N)* €
E(p) therefore(y(2)*, ..., y(N)*, C;(A; + B; Fj)x(N)*)] € XN.

Moreover,
J*(1) I (ur) = J*(0)=U(2(0)*, u(0)*) —z(N)*" Pax(N)* +1(z(N)*, Fz(N)*)+
2(N)T(A; + BiF)"Pi(A; + B E)x(N)* < J*(0) = 1(z(0)*, u(0)*)

where we used in the last inequality the formula (19). Tlozeef

JH(1) = J*(0) < =1(x(0)",u(0)") < —[2(0)*[I3
By induction we can prove that:

T (k+1) — J*(k) < (k)"
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i.e. the optimal quasi-infinite cost*(k) is a Lyapunov function for the closed-loop
system, and due to the previous inequality we have asymgtatbility. Therefore, in
this way we can solve the probléhwith the feedback controller(k) = FREN(x(k))
and the positive invariant sé* (V) .

(iii) Let xo € ERH(N) then there existéu(0), ..., u(N —1)) € F(N, zo), therefore
(u(0),...,u(N — 1), F(N)z*(N) € F(N + 1,z0)), so thatzy € EF(N + 1) i.e.

ERM(N) C ERH(N 4-1)

As N — oo the problemQI (V) becomes an infinite-horizon model predictive control
problem implying thatim y oo EF(N) = Epax.
Moreover, from the equality

SRH(N*) — SRH(N* + 1)

it follows that there does not exist a staig ¢ ERY(IV*) such that with a feasible input
u the stater; € ERH(N*). Therefore€,,., = ERH(N). O

Remark 3.4

e Point (i) is essential in order to ensure that it is worth aeplg the auxiliary
controller F with the receding horizon controllgfRH:V,

e Point (iii) shows that at the cost of an increasing of the cotagional effort as-
sociated with the optimization proble@l (), the domain of attraction can be
enlarged toward the maximum achievable one. Therefois a tuning parame-
ter that realizes a trade-off between complexity/perfaroea

e When N = 1 we have to solve at each stépa convex optimization problem.
If N > 1, QI(N) is a nonlinear optimization problem: the objective fuontis
convex subject to linear and convex inequality constraintsnonlinear equality
constraints.

3.2 Enlargement of the ellipsoidal terminal set

We have derived a stable MPC scheme that solved proBleBtability is guaranteed
by using a terminal set and a terminal cost. We derived a piseequadratic terminal
cost together with a convex terminal set . The optimizatioobfem that we have
to solve on-line at each sample steps nonlinear, non-convex, the computational
time increasing with the prediction horizaw. If the terminal set is small, then we
need a long prediction horizon in order to have feasibildy®1(N). Therefore, the
optimization problem will be computationally intensive.l#&ger terminal set i€ =
Uiez, ({z : 2T P,z < p} NP;), but this is not a convex set (it is a union of convex
sets). In the sequel we develop a method to enlarge the tefeghbased obackward
procedurethat can be doneff-line, and thus we can efficiently implement on-line the
stable MPC scheme derived before using a shorter predistidmon. We consider the
PWL dynamics of the system:

{m(k +1) = Aga(k) + Byu(k), if z(k) € P; 1)

where{P; }.cz is a partition ofR™ into a number of polyhedral cells, with the closure
of P; given bycl(P;) = {z € R" : E;zT > 0}. Moreover we assume the constraints
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(4)-(5) on input and output. Similar with Proposition 2.9 derive an initial terminal
region and cost based on LMIs.
Step 1 Solve the following convex optimization problem:

in — log det .S;
Juin, =D logdet 5;
1€T

subject to
G+GT—-S, * % =«

Ql/QG 0 I; = >0 (42)
R'2Y; 0 0 I4
A Y; I' Ci(AiG+ B)Y;)
> >
‘ G+GT—&]O’LK G+ar-s, |20 49
with Ajj < o T < U3 may @nd define
Fii=Y,G P,=S" & ={reR":2"P 2 <1,ieT}.
According to Proposition 2.9 for any € &, the controlleru = F; 1z satisfies the

constraints on input and output and maintains the trajgabthe closed-loop system
inside&; but converging asymptotically to origin.

Step 2 Using the previous terminal s€f,., = {z € R™ : xTPi7preV;z: <1,1i¢€
T}, we construct a new larger terminal $gt,, based on a controlldF; ..., that steers
the system frong,,e, but not within&,,., to the last terminal sef,c..

min — 1 ;
Juin, Z og det S;
ieT

subject to

G+GT -5, *
A;,G+ B;Y; P!

} >0, 8 2 7P jreys Ti 2 1 (44)
J,prev

1,prev’
and LMIs (43) for anyi, j € 7.

Proof: We denote witlP; o = S;l, F; new = Y;G~1. The second LMl in (44)
is equivalent with:

Eprcv - gncw = {«E eR™: l'TPi’ncw.’K < 1, 1€ I}
The first LMI in (44) after applying the Schur complement, eegses the fact that:
Pi,new = 5;1 Z (Az + BiFi,new)Pj,prev(*)T

i.e. if 2o € (Enew NPi) — Eprev @and applying the feedback controlles = F; newzo
thenzy = (A; + BiFjnew)%o € Eprev- The LMIs (43) guarantee that the controller
u = F} newe satisfies the input and output constraints. Step 2 is artiiterarocedure,
i.e. we repeat it as long as we want, let us gaymes (e.g. we stop when there is no
more increase in the volume of the $gt., ).

Therefore we have available a sequence of controllets F; jx, if x € (& —
E-1)NP;, i €T, l€{l,---, L} where by definitiorf, is the empty set.
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Remark 3.5 The steps 1 and 2 can be seen as an off-line multi-paramétiwérsion
of the MPC using multi-parametric quadratic programmireg(also [11]).

In order to reduce the conservatism in Step 1 we can solveptimiaation prob-
lem subject to LMI+BMI from Proposition 2.6 (therefore Stepvill be a non-convex
optimization problem). Similarly, we can proceed in Step@&nely we can solve the
optimization problem :

min Z log det P;
€z

F;,P;,U;j ;
subject to .
AR S R )
U,; having all entries non-negative and
P, < 1P prev, 0 <13 <11 (46)

and LMIs (43) for anyi,j € Z. But in this case the objective function is concave,
subject to convex constraints (therefore again we have @aowex optimization prob-
lem).

Step 3At this stage we want to find a piecewise quadratic terminat £gx) =
2T Pz if x € P; such that stability is guaranteed when we apply the MPC sehem
QI (V) with the terminal se€;. The sequencéP,;};c7 is determined solving the
following LMls:

(Ai + BiF; )" Pj(Ai + BiF;;) — Pi+ Q4+ F\RF;, + E]U; ;E; <0,  (47)

foranyi,j € Z,1 € {1,---, L} (see the proof for (ii) of Proposition 3.3 where the
conditionJ*(k + 1) — J*(k) < —I(x(k), u(k)) is implied by the LMIs (47)).

Corollary 3.6 (i) The controller
u=F;x, if z € (51 — 81_1) NP;

solves problenk associated to PWL system (41).
(ii) &, is a positive invariant set for the closed-loop system
z(k+1) = (A; + B F;)x(k), if x(k) € (& — &-1) NP; (48)
y(k) = Ciz(k),

(iii) Using &, as a terminal set and the terminal caB{z) = 7 Pz if z € P;,
with P; given by (47), Proposition 3.3 still holds.

Proof: It is obvious that this controller stabilizes the P\8§stem (41), because for
anyzo € &y, in at mostL stepsz(L) € & and then according to Corollary 2.16(L)
will converge asymptotically towards zero. Moreover thigtroller fulfills the input
and output constraints.

For the last part, we observe thatify € & C & then applying this feedback
controller we have A; + B, F; )xo € -1 C &L, thereforesy, is a positive invariant
set for the closed-loop system, and the relation (47) guaeastability for the MPC
scheme)l (V). &

Remark 3.7 It is well-known the following fact:
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Lemma 3.8 [4] Let £ = U;cz,&; be a union of polyhedral sets, such tian&; = ©
(empty set) for any # j € Z,, then the conditiorr € £ can be expressed as mixed-
integer linear inequalities.

In Section 3.2 we have presented an algorithm to constribé @noughconvex
terminal set. For this type of terminal sets the optimal probQI (V) is hon-convex
(exceptN = 1), therefore difficult to solve on-line. If we construct a yloédral
terminal set, the optimal problem becomes a mixed-integadrptic programming
(also very demanding computationally), but using branetHaound methods is more
tractable that the non-convex problem.

From Section 3.2 we obtained a convex terminal&etAccording to Lemma 3.8
we can use also polyhedral or union of polyhedral setsz, £ (i) with £(i) = {z €
R™: H;x < h;} C P; as a positive invariant terminal set. One way of obtaininchsu
a union of polyhedral sets is:

{z: xTPiyL_la: <1INP; CE@G) C{x: xTP@Lx <1}NnP;

and then useJ;c7,£(¢) as a terminal set, and as terminal cé%tr) = xTPi7Lx if
x € P;, whereP; 1, are given by the LMIs (47). Finding such a i) is an LMI
problem. Proposition 3.3 still holds, but this time the oml problem is a mixed-
integer quadratic programming.

Another way to construct a terminal convex set is presemtdfl,il7]. Moreover,
in [8] sufficient conditions are given for this set to be a pope. &

Example 1: We consider the PWL system (41) with system matrices given by:

A _| 035 —o06062] , 0.35  0.6062
17106062 035 2T 06062 035 |

Bi=B=| ] ] o <5 loal 5.l <1,
El=[10], E2=[-10, Q=1, R=0.1.

taken from [1].
For this system the LMIs from Step 1 has a solution for a comRon

P“:P?vlzplz{ 0 1.967

Fiq=[—0.4646 —0.1423], Fb, = [0.4646 — 0.1423).

1.3593 0 ]

Iterating Step 2 fol, = 3 we obtain the following terminal set (positive invariant)se

0.0441 0

— 2..,..T
E={zeR :z [ 0 0.0627}IS1}
and applying then Step 3 we obtain the following quadratimieal cost:

67534 0
Pla) ==z [ 0 9.2863]33'

If we apply the MPC schem@®I (V) for the terminal ellipsoidal set given b, we

need at leasV = 4 in order to have feasibility of the optimization problem &y x €
[—5 5] x[—5 5]. Therefore we have to solve on-line a non-convex optimizgproblem
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Figure 1: Enlargement of ellipsoidal terminal set and tlagetitory corresponding to
MPC scheme QI(1).

(computationally very demanding), but using the termireland cost given by this
algorithm for N = 1 the optimization problem is feasible for amyc [—5 5] x [—5 5].
Therefore, at each step we have to solve a convex optimizé&tibich actually is a
optimization problem with quadratic objective functiorbfact to linear and quadratic
constraints), see also Figure 1.

4 Appendix

Fact 1
Let @ be a(n + 1) x (n 4+ 1) symmetric matrix. Ther) > 0 if and only if

T
[T] Q[a{]zo, foranyz € R™.

Fact 2 (Finsler's lemmaLet @ be a symmetric matrix and a matt of appropri-
ate dimension. The following two relation are equivalent:

() BrTQB+ <0

(i) Q@ < o BT B, for somes € R.

Fact 3 (Proof Proposition 2.6) The first casgj € Z; was already proved. For
each of the three remaining cases we will give the correspgnidMis and BMIs.
Afterward, we apply the same steps as in the proof for thedase.

Recall that we have defined:

P, 0] .. Popi | ..
Pi:[o O],n‘zeIo;Pi:{ 7 ;i},lfzell.

We also define:

S’i,ﬁiifieIO;Si:[ T :|,Fl=[Fle]lf7,611



Case 214, j € Zy. Then (8)—(9) become:

Fi-Q-ElUE * + .
Ai+~BiFi Sj 0 207 Sz i+ i§21~
F; 0 R!
Case 3i € 7y, j € Z;. We define:
A1) = [ Ai +OBiFZ' ! } JF, = [F,0]if i € To,
then (8) becomes:
Pi - Q_ - E’ZTU;]E'Z * *
A;(1) S; 0 > 0.
E; 0 R!

Case4ic1y,j € Iy. We define:
Ai(2) = [A; a)]+ BilF; fi),

then (8) becomes:

P,— Q- EI'U,E;, =« *
Ai(2) S; 0 >0
F; 0 R!

Fact 4 (Proof Proposition 2.9)
We have considered the general PW quadratic Lyapunov fumcti

T

lx P 0 [w]ifielo
1 0 01
V(z) =

TP x]ifieh

1 1

But from LMls (35) S[l = P;, therefore to ge15i, 1 € Iy we should declare

S o] .
Sv|:0 1:|,ZEIO

and thenP, = S, Vi € .

Due to degree of freedom introduced@ywhen we have a PWA system we should
proceed as follows: take

with ; = 0if ¢ € I, therefore
F=YG" giglieh, F=YG" 0, i€l
In this case the feedback controller has the general form:

w=Y,G e+ 357", xeP;, icel, u=Y,G 'z, xeP;, icly
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We have to discuss the other three cases as we diddh2.
Fact 5 (Algorithm for computingd < P < S~!) We want to solve the feasibility
problem: find{ P;, S;, F; };cz that satisfy the following matrix inequalities

0< P <S8! forallicZ, (50)
where LMI(S;, P;, F;) < 0 are LMIs as in (27). Itis clear that < P, < S;!
is equivalent with) < S; < Pi_1 O Amax(PS) < 1 (Amax denotes the maximum
eigenvalue). We take < 6 < 1. The algorithm consist in three steps (see also [13]).
Step 1
SolveLMI(S;, P;, F;) < 0, foralli € Z. Therefore we have availabfé?, S?, F?}.cz.
If P2 < (S2)~! then we stop, because we found a solution. Otherwise, choose
610 > Amax(ROS?)
Step 2
For allk > 0. Fix PF. Solve the following LMIs:
LMI(S;,PF,F;) <0 (51)
0<S; <BFPH™!, foralli e, (52)
We obtain{ ¥}, and we definer’ = (1 — ) \ax (SET1PF) + 055,
Step 3
Fix S¥*1. Solve the following LMIs:
LMI(SF™ P F) <0 (53)
0< P <af(Skh=1 forallicZ, (54)

We obtain{ P¥*1, FF 11, 7 and we defingd? ™ = (1 — ) \pax (PFT1SFFY) 4 00k
Properties of the algorithm:

1. If Step 1 is feasible then Step 2 and 3 are feasible far allo.

2. If there existsk such thain® < 1in Step 2 or3¥ < 1 in Step 3 for alli € Z,
then we stop the algorithm. We found a solution.

3. 0 < B! < ok < gl foralli € Z. Therefore there existg” = limy,_., 3 for
alli e Z. If f < 1foralli e Z, then the algorithm gives us a solution.

4.1 Example 2

We give now an example where the approach from Propositibd@:s not give a solu-
tion, while applying the Proposition 2.6 we obtain a solatior the matrix inequalities
that we have to solve.

x(k+1) =

vV IV IV IV
o o o o
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where the matrices of the system are given by

A — |05 061 A, — | 092 0.644
=109 1345 |7 727 | 0.758 —0.71 |’

A3 = Ay, Ay = Ay, B;=[1 0] forallic {1,2,3,4}.

The partitioning is given by:

E = { 7} 11],E2:[ 11 1:|,E3:—E1, E,=—Fs.
The tuning parameter@ and R are given by:Q = 1074, R = 10~3. We consider
the following constraintsfz1| < 5, |z2| <5, |u] < 2.

For this example applying the LMIs from Proposition 2.9 wendt get a feasible
solution (using the Matlab LMI toolbox). We obtain conclkesiresults only if we are
looking for a piecewise quadratic Lyapunov function andydhlwe apply the relax-
ations (S-procedure) from Proposition 2.6. We obtain asasiliée solution (applying
the algorithm that we have proposed in Fact 5) the piecewisal controllers, = F;x
if z € P;, with

F, =[-0.7162 —0.9662], F; = [0.7657 — 0.4762], F3 = Fy, Fy = F>,
and the piecewise quadratic Lyapunov functi®fr) = xT Pz if = € P; with

P - [ 0.1589 0.1235 } Py = [ 0.0834 —0.0207

0.1235 0.1408 —0.0207  0.0815 } Py =P, Py=P,

g _ [ 195829 —17.1677 g - 12.1854  2.9662
P7l —17.1677 0 221358 |72 T | 2.9662  12.9486

:|7S32517S42527

where the matrice&;; obtained by applying the relaxations from Proposition 2el a
given by:

[, — | 00046 00265 ] [ 0.0040 0.0301
=1 0.0265 0.0122 |’ 27~ | 0.0301 0.0065 |’
U,y — | 00001 0.0010 ] [ 0.0001 0.0022
2271 0.0010 0.0158 |72 7 | 0.0022 0.0154 |-

Using Remark 3.5 for Step 2 we obtain that the terminal&et= {z € R? :
TP, px <1, i=1,2}is given by:

0.1405 0.1125 0.0687  —0.0292
P = { ]aPQ,L { }

0.1125 0.1228 —0.0292  0.0689
The terminal cost is obtained from StepB(x) = 27 P, ;x if x € P;:

4.8284 1.5050 4.4540 0.4351
Prp="Pss= { 1.5050 0.8351 ] Pop=Far= { 0.4351 1.2127 } '

Applying the MPC for this terminal set and cost we obtain ttagectory from Figure

2.
For solving the LMIs we used the Matlab LMI toolbox.
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Figure 2: The ellipsoidal terminal set and the trajectonyesponding to MPC scheme
QI(1).

5 Conclusions and Future Research

In this paper we have derived stabilization conditions lier ¢lass of PWA systems us-
ing the LMI framework. We consider the class of piecewisaaffeedback controllers
that guarantee stability of the closed-loop system. Thesé&allers are derived from
imposing that certain piecewise quadratic functions to y&plnov functions for the
closed-loop system. Using LMIs arguments we have provetdtiigainfinite-horizon
guadratic cost is bounded if certain LMIs are satisfied. gshe upper bound of the
infinite-horizon quadratic cost as a terminal cost and ecanshg also a convex ter-
minal set, we show that the quasi-infinite receding horizomtiol| stabilizes the PWA
system. For future research we want to investigate staloiliPWA with disturbances
using a similar approach. Due to disturbance we do not hameecgence to 0 but
rather to a neighborhood of 0.
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