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Robustly stabilizing MPC for perturbed PWL systems

I. Necoara, B. De Schutter, T.J.J. van den Boom, J. Hellemdoor

Abstract— This paper deals with robustly stable model wherex,«w andw denote, respectively, the state, input and

predictive control (MPC) of the class of piecewise linear disturbance{P;};cz is a finite partition ofR™. The closure
systems. A piecewise linear feedback controller, that stabilizes cl(P;) is given bycl(P;) = {:1: - Eop > e»} Whena; = 0
the nominal system, is derived from linear matrix inequalities. —ZO VicT Zt PWL ! e i ! '
Further, an algorithm is designed for constructing a polyhedral ¢ = Y V ? €L, wegeta system.

robustly positively invariant set for the system. First, a min- .

max feedback MPC scheme with known mode, based on a w(k+1) = Ajx(k) + Biu(k) +w(k), if (k) € P (2)

dual-mode approach that stabilizes the system, is presented. |, . .
The second robustly stable MPC scheme is based on a semi- It is assumed that the disturbance belongs to a bounded

feedback controller, but this time the mode of the system is Polyhedronw € W and the control and state are required
unknown. to satisfy the constraints € U, andz € X.; X.,U. and
W are all polytopes, witl) € U., W and0 € int(X.).
) . INTRODUCTION Given two setsY,Z C R", the Minkowski sum ofY’

A. Overview andZ is defined asY @ Z = {y+z:y €Y,z € Z} and

In the area of hybrid systems, model predictive contrathe Pontryagin difference a8 6 Z =Y ¢ (—Z) = {y €
(MPC) has recently attracted much interest due to itR" : y ® Z C Y}. We denote withM/+ the orthogonal
ability to handle systems with hard input-state constgintcomplement of a matrix\/. We have thenM/” M+ = 0
Research has been focused on developing stabilizing MR®d [M M+] is nonsingular.
for hybrid systems and in particular for piecewise linear
(PWL) and piecewise affine (PWA) systems: [1]-[5]. Since [l. STABILIZING FEEDBACK CONTROLLER FOR THE
disturbances are always present, it is important that th€ MP NOMINAL PWL SYSTEM
controller is robust. To guarantee constraint fulfillmeot f | this section we design a local stabilizing feedback

every possible disturbance realization within a certain S€controller for the nominal PWL system. We discuss all the
the control action has to be chosen safe enough to coggjutions of the matrix inequalities that appear by aplyin
with the effect of the worst disturbance realization. B&EauU gifferent levels of conservatism with the S-procedure. The

of this rigorous min-max approach, the control scheme fQigminal system associated to (2) is defined as:
the class of perturbed PWA systems is computationally

demanding (as it is a dynamic programming problem [1] or x(k+1) = Ajx(k) + Bu(k), if z(k) € P; (3)
requires recasting the problem into a canonical form [6]). i

In this paper we consider the class of PWL system§OW We determine a PWL state feedback controiig) =
with additive disturbance. In Section Il we derive a locati%(k), if a(k) & P; such that the nominal system
controller for the nominal system in terms of linear matrix3) N closed-loop with this controller is stable. Such a
inequalities (LMI). In Section IIl we construct a COnvexcontrollerls derived from Lyapunov arguments. We search

robustly positively invariant set for the system. We praposfoTr a piecewise quadratic Lyapunov function [#](z) =
two MPC algorithms for stabilizing a perturbed PWL sys L3 if @ € Py, such that the following relations are
tem. Under the assumption that the mode is known, weAtisfied:

derive a stable min-max feedback MPC scheme based on{ zT(A; + B;F;)T Pj(A; + B;F;)x — 2" Pz < 0, @)

a dual-mode approach. The second MPC scheme assume
unknown mode, using a semi-feedback controller. From a
computational point of view, the second scheme is lesghere we have considerethatz € P; and(4;+ B;F))x €
demanding (quadratic programming) than the first scher’r’pj_ Since (4) has to be valid only far € P;, we can
(mixed-integer linear programming). use theS-procedure[8] in order to reduce conservatism.
B. Notations and definitions One method to relax the matrix inequalities (4) is:_ find
F,,P;,,U;;,V;, for (i,7) € Z, whereU,;, V; have all entries
non-negative that satisfy the following matrix inequali

T Pz > 0 for all x € P; and for all(i, j) € Z,

A PWA system with additive disturbance is defined as

z(k+1) = A;z(k)+Bju(k)+a; +w(k), if z(k) e P; (1
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The symbol * is used to induce a symmetric structure in aAn algorithm for finding a solution for (12)—(13) is given
LMI. We have the following solution for (5)—(6): in [7].

Theorem 2.1:The matrix inequalities (5)—(6) have a so- Now we discuss a second relaxation. If we do not
lution iff the following matrix inequalities have a solutio apply the S-procedure condition: “e P;”, with the more
conservative onex' € R™”, then (4) becomes:

BT P; B; BT P;A; _[1 -F @
T
P > B Vil ®)  for al (i,j) € Z. There are two methods to linearize
whereU;;, V; have all entries non-negative(i, j) € Z. (16). One is basedl on the well-known linearizing change
Proof: It is easy to see that (5) can be written as of variableS; = P, Y; = F;S; (this type of linearization
T was used also in [2], [4]). Another linearization of (16) is
I x AT'P;A;— P+ ETUE; || 1 Proposition 2.3: The following LMIs in Y;, S;, G;
1 T
- ] ] , Gi+GT -8, «
We have { F; ] = { ];’ ] since { Z;L } is a basis AG 4 BY, S, >0 (17)
of ker( ];T ) (where kefA) denotes the kernel of the for all (7,5) € Z have a solution if and only iff; =
. i . . Y;G. ' P, =S ! are solutions of (16). o
matrix A). Therefore, the previous formula can be wrlttenT d L .
he proof is straightforward, using the Schur complement
as i . ;
7 1T 71t (see [7] for details). If we can find;, F;, using one of the
{ FT } Qi { FT } <0 (9) approaches proposed before (Theorem 2.1 or Propositions
¢ ! 2.2 or 2.3), then the feedback controllefk) = F;x(k) if
BI'P;B; BI'P;A; x(k) € P; asymptotically stabilizes the origin of (3).
whereQ@;;=|"" T g T .
Using now the Finsler's lemma [8], (9) is equivalent to !!l- CONVEX ROBUSTLY POSITIVELY INVARIANT SET
7 In the sequel we assume that we have determined a
Qij < 0ij { P ] [ -1 F; | (10) state feedback controller(k) = Fyz(k) if z(k) € P; that

stabilizes the nominal system (3) (cf. Section Il). We define
with o;; € R. Of course (10) has a solution if and only if Ap = A; + B;F;. Then the PWL system with additive
7 disturbance (2) becomes:

ij < = 11 .

Q<o [ Fr } [ ] (1) z(k+1) = Apx(k) + w(k), if z(k) € P;. (18)
has a solution, witly > 0 (Takeo > max; ;{0,0:;} forthe  \we define the following set:

implication “(10)=- (11)"; the other implication is obvious).

Now if we divide (11) bys > 0 and denote withP; — Xp =Uier{z € Pi 1w € X¢, Fiz € Uc}

L/oPi, Uij — 1/0Ui;, Vi — 1/0V; we obtain that (11) is  pefinition 3.1 ([10]): A set Q@ C Xy is a robustly

equivalent to (7). o . . .
_ . . ositively invariant(RPI) set for system (18) if for an
Now we discuss some possible relaxations for (5)—(62 c 0 %/73» with i(e % we haveyAFq; _£ w) c Q for y

Ths first rslaxz;ng.nl;s tlg rep(l)a(iﬁ (6) V\tmﬁ‘ = 0. lities (5 all w € W. The maximal (minimal) RPI set is defined as
roposition 2.2:For F; > 0, the matrix inequalities (5) the largest (smallest) with respect to inclusion, RPI set fo

are equivalent to (18) &
P, — EI'U;E; = 0 12 It can be easily seen that both the minimal and the
A; + B;F; S > (12) maximal RPI set associated to system (18) are in general
0< P < S]»_l, for all (i, §) € . (13) non-convex sets. For system (18) the evolution of the mode

i = i(k) depends on the stai€k). Nevertheless, for ease of
Proof: With the relaxatior?; > 0, (5) is equivalent with computation of a convex (polyhedral) RPI set for (18), we
T o1 T will disregard this relation mode-state and we will conside
(Ai+ BiFy)” S5 (Ai + BiFy) = Pit E; Ui E; <0, (14) thati(k) evolves independently af(k) (i.e.i(k+1) € T for
0<P; <S8, forall (i,5) € T. (15) all k > 0). This type of relaxation was used also in [2], [11]
in order to obtain a convex invariant set for deterministic
PWL systems. So, we replace the PWL system (18) with
the following time-varying system

Itis clear that if (5) has a solution, then there existg an0
such that(Ai + BiFZ-)TPj (4; + BiFi) - P+ E;TUijEi <
—G(Al—f—BzFl)T(Az—i-Ble) Then, we can taij_l = P]+
el > P; and thus we obtain (5)—(6). The other implication Tyt = Ap, Tk +wy, i(k+1) €T (19)
is obvious. Applying the well-known Schur complement to

(12) we obtain the equivalent formulation (14). ¢ Wwherei(-) is a switching signal irz".



Definition 3.2: A set(2 is an RPI set for system (19) if Theorem 3.4:If the free switching system:(k + 1) =
for anyz € Q we have thatdp, a2 +w € Q, for any possible Ap,x(k) with i € Z is asymptotically stable anglt, > 0
switchingi € Z and any admissible disturbaneec W. >  such thatO,, is bounded and) € int(Y,,), then O is
In the sequel we construct an RPI set for system (19). Winitely determined and therefore also a polyhedral set.

define the following set recursion: Proof: From asymptotic stability we have:
O =X, ={x:2v€ X, FxclU.}, Ap, ..Ap, v — 0,whent — oo, for all z € R"
Ol ={z € Xp, : Apz ®W CN;ezOl_|}  (20) O,, is bounded 0 € int(Y,)
for anyi € 7 andt = 1,2,... . ~ implies that there exists &* > ¢, such that for all
It is clear from (20) that0;,, C O}, and thereforeD; (i1, ...,i¢+41) € T X ... x I, Ap, ..Ap,, 2 € Yoo C
converges ta?? . We define: Yiy1, forall z € O. Since O C @0 we have :

AFil'-'Ath*Hx € Yy, foral x € Oy. Therefore,
according to the recursion (22, C Op+41. But Oy C
The properties of)., are given in the following theorem: O:-. In conclusion, we have)y. = Oy and O =
Theorem 3.3:() The maximal RPI set included in Oy~. Since Oy~ is described by a finite number of linear
Niez X, for the system (19) is theonvexset 0. inequalities,O is a polyhedral set. %
(ii) The setO, is an RPI set for the PWL system (18).
Proof: (i) It is easy to observe that since the s&td/,
andW are polytopes (described by a finite number of linear N the sequel we propose two robustly stabilizing MPC
inequalities), all the set®: are also polytopes and thusSchemes for PWL system (2). We consider two cases
convex. SoQ¢_ is also convex. Sinc€, is the intersection depending on whether the mode at each sample step is
of convex sets@., is convex. known or unknown. For each case we develop a robustly
For anyz € O, we havex € Oi,, foralli € T and Stable MPC scheme.
t > 0. According to (20),Ar,z & W C N;ezO7 for all

i €Z andt > 0. HenceAp,z & W C O for all i € Z. ) )
Therefore,0., is an RPI set for system (19). In this section we develop a stable MPC scheme for the

Due to the recursion (20).. is the maximal RPI set for PWL system (2), with known mode despite the presence
system (19) included im;cz X .. Indeed, e’ C Nicr X5 of disturbances, based on a feedback min-max approach
be an RPI set for the system ’(’19) anddet T. Then from Using a dual-mode MPC formulation. In order to determine
the definition of an RPI set for system (19), it follows tha@® Suitable control law, an optimal control problev(.)
Apz®W CT C Mier Xp, C mjelog for all i € 7. This with ho_nzonN is s_olved. Letw = (w(0), ..., w(N — 1)) be
implies thatz € O! for all i € Z. Therefore T C Oi for @ possible realization of the disturbance over the intebval

all i € 7. By iterating this procedure we g&tC O V¢ > 0 to NV — 1. Efficient control in the presence of disturbances
andi € 7. In conclusionT C O, i.e. O, is maximal. requires state feedback; so, the decision variable (for a
(i) It is clear that the set of trajectories of the pwLgiven initia! statea.;) in the optimal control problem is a
system (18) is a subset of the trajectories of the systefNtrol policy defined asr = (u(z), p1 (), - pv—1("))
(19). So, any RPI set of (19) is also an RPI set for (¥g). Whereu(z) € Uc and pi : Xe — U, b = 1,...N — 1
Because the set§! are described by a finite number of S @ State feedback control law. Lek: x, 7, w) denote the
linear inequalities, it is important to know whether the sef0!Ution to (2) at stef. The feedback min-max optimiza-

0., can befinitely determinegdi.e. whether there exists a 10N problem is defined as:

O, = Jim O; = Miz00;,  Ose =NiezOL.  (21)

IV. ROBUSTMPC WITH KNOWN MODE

A. Feedback min-max MPC scheme

finite ¢* such thatO;. = Oj., for all i € Z (therefore N-1

O = NierOL. is a polyhedral set). Using the recursion Vy(x) : min max lxg,ug) (23)
(20) and the commutativity property of intersection, we ToWeWE 0

have: Oy = NiezOy, Or = NiezO; forall t > 1 = xp =x(k;z,m,w) € Xe, VE=1,.., N -1

O¢11 € O, and thereforeQs, = N>00;. Now, O, can wp = (@ (ks 2, W) € Usy Yk = 0,0, N — 1

be written in terms of Pontryagin differences:

Yo =NiczXr, Oo = Yo; where I(z,u) is convex and such thaf(z,u) >
Vi=Yoo W, O1=nNiez{z € Op: Apw € Y} ald(z,0x)), if 2 € O andl(z,u) = 0, if z € O
Ye = Ngiyoirnyezx..xz(Yi-1 © Ap, . Ar,_ W), (22) with o a K—function [12]. The distance of a point
O = N(ar,.iezx..xz{® € Ory s Ap, . Ap, z € Y}, to-the closed, convex sé&b., is defined a_sd(z,Ooo) =
mingeco, ||z —x°|. In the sequel we considgiX || as the
Itis clear thatY;; C Y; (since0 € W). Therefore, the 4 _norm (| X||,, p > 1) for vectors and matrices.
limit of this sequenceY, = N;>Y; exists. We have the  For linear systems problem (23) can be solved using the

following stopping criterion for computing.: extreme disturbance realizations [12]. In our setting, @ue

oy =2(N;z,m,W) € Of, YW E W,



the nonlinearities of the system, this approach cannot kerminal constraintxfwk € O4. We use a variable horizon
applied directly. To overcome this problem, we propose tescheme as in [12]. The feedback min-max MPC controller
restrict the admissible control policiesto only those that is based on a dual-mode approach. For &ny 0, given
guarantee that, for every value of the disturbance, the motlee current statey,, the algorithm is formulated as follows:
i(k) is unique at each sample stépbut the state is not Feedback min-max MPC algorithm (1)
known (e.g. gear box with gear position being the mode): , if », ¢ O, NP; then takeuR®" (z},) = Fizy, Vi € T
: R ;
w(k; 2,7, W) € Pigry, YW € wN. (24) . otherW|§e, solve_(27) and_ set'™ (zy) tol the first
control in the optimal solution computede,

It can be easily observed that imposing (24) to the syste@here v (z) is the control input applied to the system

(2) the state set generated by the disturbance at each samgdeording to the receding horizon strategy.
stepk is a convexset: .
B. Stability

w(k; x, m, Wh=x(k; 2, m, 0+X (k; (0)...i(k—1),W") (25) We give first some definitions [13]: a S&l.; is robustly

where the first term expresses the nominal trajectory corr table iff for all ¢ > 0, there exists ay > 0 such that

sponding to (3) and the second term represents a con WO’TS“) < 7y implies d(x(k), Teet) < ¢ for all k > 0

uncertainty set associated with the state, which depena%d all afjr_nlss_lble d|sturl_3an(_:e sequences. ThéT;_getls
on the switching mode sequena) i(k—1) and robustly finite-time attractivavith domain of attractionX
on the seti*. Since W is a boundéd’ .pvolyhedron with iff for all zo € X there exist a finite-time\/ such that

v vertices, letZY denote the set of indexek such that 57(]?) < Teer for a.II k 2 M. The SetTer 1S rob'ust.ly
wt = (w(0),, ..., w(N —1)") takes values only on the finite-time stablewith the domain of attractionX iff it

vertices of V. Then,LY is a finite set with the cardinality s rob_ustly stable_ and robustly finite-time  attractive with
Vi = V. Further, Ieiuq‘i _ (ug, N aufv_ﬁ denote a control domain of attrac_t|onX. We define alsaXy = {z € R™ :
sequence associated with théh disturbance realization® (26) has a solu.tlon for} Lo .

and lets{ = s(Fr ', ') be the soluton of 2) with G ot 18 WEERERT DRI et op-
the additional constraint (24). Using (24), the optimiaati '

problem (23) becomes a finite-dimensional optimizatiorﬁgglszizfg)nM‘g?e%sgS]g ;Z (ngmggl)evgttgpl\iv: hla’\'/'é’xN g (1,)are
. y N [N

problem Proof: At stepk = 0, with the initial statezy = = € P;,,
. =, let (ugfo, - UN_4|o) be the optimal solution corresponding
Vn(z): mn e Uz, uy,) (26) o the(-th disturbance realization, satisfying the constraints
v k=0 (24), therefore producing the “certain” switching sequeenc
constraint (24)z§ = =, Ve LY 10,91, .., in—1. Let xélo’ -~-7$§v71\o be the corresponding
vt €Xe, k=1,.,N—1, Vel state trajectories. From the causality constraints we :have
wl € Usy k=0, ,N—1,VleLN ugls = ugis = ug for any €y # £ € £} Now the inputuj
b N is applied and the disturbance takes a certain valye=
ry € O, Yl € L p; 0
o o ol g g e N ZEE%V frew € W, wherewyg Is a vertex ofW andp, are
T =Ty = Uy = Uy, VE b2 € Ly appropriate convex scalar weights. Therefare= A;,x +
The last constraint is the well-knowrausality constraint Bio“é Two = Drecy Hex] With of = Az‘o$+Bz‘ou§+wéa
[12]. The optimization problem to be solved at steps: ~ i-€. z1 lies in the convex hulto{z! : £ € £)}}. Define the
N following control sequence
: 0 4 * *
Vy-ik(@e) :min max, > g ) @D (> wewifor o D peui_yo)  (28)
R J=0 ey ! teLy
constraint (24) zy,;, = xx, Ve LY+ With this control sequence the state predictions at step
xf;ﬂ‘k €Xe, j=1,..,.N—k—1, Ve LNk k =1 evolve in the coénvex hull of ]t\belpredictions at step
W Us, j=0,..N—k—1, YVl e LNk k.: 0: Tiyjpn € CO{fC1+j|O7 NS »Cvi }.’, Wher8$1+j‘1
ktjlk v with 5 = 1,..., N — 1 is the state prediction at stép= 1,

4 N—k
Tk © (900[, Ve L, for an arbitrary disturbance sequence. Similarly the input
2

iﬂf;lﬂ»‘k =Tk =>uil+j|k = uiij‘k,whfz eLh-* predictions evolves in the convex hull of the predictions
made at timek = 0 (according to (28)). Moreover, the

wherex; ;. is the prediction of the state at step-j given  gyitching sequence is certain, ...,in_, (we used that

by the model (2), corresponding to theth disturbance X,U,0O. are convex). Then, the probleMy_;(z;) is
realization(w(0), ..., w(N —k—1)¢) and applying the input tgasible and has an optimum. By induction, we can prove
sequencery,,., .., uly_y ;.- The constraint (24) is imposed a4 subsequent optimization problefs;_(z;) are
only to the statessj, ;, with j = 1,..,N —k —1 and feasible. Furthermora; (zy_,) is feasible. So, there exists
not to .. The only constraint on the stai€, , is the an optimal input such thaty € Ox. %



Theorem 4.2:The feedback min-max MPC law?H(.)
given by thealgorithm (I) makesO., robustly finite-time
stable for the system (2) in closed-loop witfi' () with
a region of attractionX .

Proof: See [7].

The optimization problem (27) can be recast as a mixed-

integer linear programming problem when thenorm is

Algorithm (Il)
1) Off-line step: computeF; and the maximal RPI set
O, for (31)
2) On-line step: each step given z; solve

T (k) = m];n frfystz=[2F f117 € O, (32)

Implement the controllet, = F;xyp + ck.

either|| - ||1 or || - ||so- .
I-lhor -1 The maximal RPI set for (31) included iz X , is in

general a union of polyhedral se8,, . = u;;log, where
017 are polytopes. Therefore, at step 2 of Algorithm (I1) we
have to solve; quadratic programming (QP) problems, and
then to choosg for which f7 f is the smallest one.

V. ROBUSTMPC WITH UNKNOWN MODE
A. Robust MPC using quadratic optimization problems

The maximal RPI set)., included in X for (18) is
(in general) not a convex set. The maximal RPI &k, Theorem 5.2:Given zp € O .4, the receding horizon

for which the nominal controllen = Fiz is feasible, is implementation of the Algorithm (II) asymptotically steer
in general small. Now we derive a robustly stable MP(the trajectory of (30) ta)

scheme that uses prediction control trajectories whichalo n Proof: If 20 € © then (32) has a solution at
correspond to fixed state feedback control laws. Thereforg, _ 0, fr _0 [T ;o*%“”]T Moreover. there exists an
we enlarge the set of initial states that can be steered to, a 0 NS '

| h W d € 7 such thatxo € P,,O N O, ... Let us denote with
target set, close to the origin. We introduce a new contrg feas (T T 0]7. Applying the feedback input

variablec;, such that the new input applied to the system i

(29)

uo = F,,xzo9 + ¢} to the system (30), and keeping in
mind that O, is an RPI set for (31), then we obtain
[T fleasT|T € O, .. Therefore,fie2s is feasible at = 1.

By induction, we can prove that given(k), for all £ >

1 the optimization problem (32) has an optimal solution
fi =", .. ¢ih y_1]" and at sample step+1 we have a
feasible solutionf°% = T, In conclusion

(33)

uy = Fyxy + e, If 2, € P;.

Let NV be the control horizon, thety, ..., ¢k ny—1 represent
degrees of design freedom ang y4; = 0, Vj > 0. In
this case the PWL system (18) becomes

[”k:ﬂ pltzszlO}
* o %12
Employing a reasoning similar to [14], the dynamics of (30) Ik +1) = Ty (k) < —llei[”

can be described by the autonomous PWL system Hence, the sequenc@jy (k)}r>o IS non-increasing and
bounded below by. Therefore, it converges tdy® < oo.

Tpy1 = Ap,xp + Bicy +wy, if 2, € P, (30)

Znt1 = Aizg + Dwy, 1f 2 € Py (31) " Summing (33) fromD to oo we obtain:0 < 3", [lc > <
J%(0)—Jg < oo. So, the seriey”, -, ||c;| is convergent.
n+Nm _ — [T T T N N k>0 11"k
where = € % T } F=leanal™s we conciude that; — 0 as k — oo. Therefore,
1 Ap, [Bi 0 .. 0] limy oo d(2, Os) = 0, because?,, is the maximal set
0 Ai = 0 M + M = 4t states for which the controllen — Fiz if x € P; is
0 I 0 0 feasible. o
00 I o O 4B = (z: [E: 0]z >0} B. Robust MPC using a single QP problem
6 0 0 0 In this section we develop a new MPC scheme, such that

we solve on-line a single quadratic optimization problem.
Off-line step
In this step we computeff-line the set of initial states
and input correction sequences that steer these states to th
RPI setO, (cf. (21)) in N steps, using the controller (29).
This set is obtained recursively as follows:

Clearly the stability properties of the matricgs depend
only on the matricesAy,. We denote

Xé,z:{z:[foT]T:xeXcmP%Fix“v‘ckEUC}
={z:[I 0ze X.NP;,[F; I 0]z€ U}

Remark 5.1 If there exists an RPI s&? for (18), then there

must exist at least one RPI sé&t, C U;ez X}, for (31). =04, Vi€, (34)
Indeed, from definition (31), it is clear tha&®, = {z = z| [Apz+ BicoW j
[zT 0]T : € O} is an RPI set for this system. O Xi=<|c é } € MNjez X

¢ r € X, Fijxa+ce U

So, if the maximal RPI sef.. for (18) exists, then there
exists also a maximal RPI s&., . for the augmented k£ =0,...,N — 1 and: € Z. Note that a similar recursion
system (31) and the projection 6%, . into the state space was proposed also in [11] in the context of gain scheduling
R™ (denoted withO .2) contains O.,. Therefore, the for nonlinear systems. Clearlyi, € R"*™V. We denote
benefits of using free control moves are clear now. Theith X the projection ofX} into the state spacB™. In
robust MPC algorithm is defined as follows: conclusion the set of initial states that can be steered to



O~ in N steps, using the semi-feedback controller (29)

ist Xy = Uiez(X% N P;). BecauseX.,U. and W are
polytopes and initiallyxi = O, with O’ a polytope,
we obtain thatYy’s are polytopic sets. HenceYy is a
polytope for anyi € Z. So, X is a union of polytopes.

Proposition 5.3: The setU;cz (X% N 151-) is an RPI set
for the augmented system (31).

Proof: See [7]. &

Clearly, Uiz (X% N P;) C O... The evolution of (30)
under the input sequence (29), with the initial stageis:

AF, - AF (35)

‘rkJrl L((J)

k+1

+ Z Ar, ity

whereAF,i(Hl) = I andi(0), ..., i(k) is any feasible switch-
ing sequence corresponding to state sequefpce., zy.
On-line step
Assumez(k) € P;. At this stage, we solven-line, at
each stepk, the following QP problem:

Ty (k) = min frf st [2f A7 e xy

Fisy (Big-1)¢j1+wj1)

(36)

Then, according to the receding horizon strategy, the mput

applied to the system at stépis given by:u, = Fyxy +
c;. Oncex, € O, the MPC law is given by the local

controlleru;, = F;x;,, which has the property that it keeps [3]

the state inside this RPI set for any disturbancélin
Theorem 5.4:If the free switching system:(k + 1) =

Ap,x(k) with ¢ € 7 is asymptotically stable and the initial

statexy € Xy then the feedback MPC law, = Fixy +c;,
drives the state:;, asymptotically to the RPI se&D,
Proof: Similarly as in Theorem 5.2 we conclude that

¢, — 0 as k — oo. (37)

Let us now prove thatl(zy, Ox) — 0 ask — oo. Given
xg € Xy there exists an§ € O such thatd(zg, Ox) =
lzo — z§|| (since O is a closed, convex set). Now =
AFL(O)xO +B,;(O)CE +wyp. Let us definet§ = AFi(o)l'S"_wO-
From the definition ofO it is clear thatz§ € O, and
(1, O0c0) < 21 — 2 || < | AR, | [lzo — 2]+ [ Bioy 5
By induction, using (35), we can prove that

d($k+17000) < ||$k?+1 - $Z+1H < ||AFi(Ic)"‘AFi(O) (38)
k+1

(:CO - xO ” + Z HAF(k+1) (j)Bi(jfl)c;—l‘L

for any feasible sequence of switch#$), ..., i(k), where
3, = Ap,, 7 + wp € Os. Since the free switching
systemz(k + 1) = Ap,z(k) with i € Z is asymptotically
stable, then for ali € R™ we have||Ag,,,...Ar, 2| — 0
for j finite andk — oo. Using this and (37) in (38), we
obtaind(zy, Ox) — 0 as k — oo. &

For a worked example of the two MPC schemes proposeth]
in this paper and an extension to PWA systems the reader

is referred to [7].

VI. CONCLUSIONS

In this paper we have designed two stable MPC algo-
rithms for perturbed PWL systems. First, a robustly stable
feedback min-max MPC scheme is introduced, that uses
the fact that the mode of the system is certain at each step.
We incorporate feedback in the control, in order to increase
the domain of the feasible control sequences. The second
stable MPC scheme is based on unknown mode, using a
semi-feedback controller. For this scheme we have to solve
on-line quadratic optimization problems.
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