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Robustly stabilizing MPC for perturbed PWL
systems: Extended Report

I. Necoara, B. De Schutter, T.J.J. van den Boom, J. Hellemdoor

Abstract— In this paper we derive two robustly stable model Since disturbances are always present, it is important that
predictive control (MPC) schemes for the class of piecewise the MPC controller be robust. In order to guarantee con-
linear (PWL) and hybrid systems. We assume that the plant gy aint fylfiliment for every possible disturbance rediiaa
model is subject to unknown but bounded disturbances and ithi tai t itis ol that th trol action has t
the states of the system can be measured or estimated. WIthin a certain set, 1t1s clear tha ; € control action as
We derive a piecewise feedback controller based on linear b€ chosen safe enough to cope with the effect of the worst
matrix inequalities (LMI) that stabilizes the nominal system. disturbance realization. This effect is typically evakdhby
Further we develop an algorithm for constructing a convex predicting the open-loop trajectory of the system driven by
robustly positively invariant (RPI) set for the system. Using such a worst-case disturbance. As investigated in [18], [25

this convex RPI set as a terminal set we propose first a min- _ . . . .
max feedback MPC scheme with known mode based on a dual- thiS inevitably leads to a conservative scheme, and thexefo

mode approach that stabilizes the system. The second robustly those authors suggest to use closed-loop predictions.
stable MPC scheme is based on a semi-feedback controller, but ~ Some of the contributions in the literature on optimal con-

this time the mode of the system is unknown. Extension of the tro| for perturbed hybrid systems include optimal contrbl o
results from this paper to hybrid systems is also discussed. continuous piecewise affine (PWA) systems with bounded
disturbances [7], [13], [23]. In [7] the stability arld gain
analysis for the class of PWA systems is discussed. In [13]
A. Overview robust control for the class afontinuousPWA systems is
. . considered in the min-max framework, the optimal problem

In recent years, the study of hybrid systems has recelv%%ing solved using dynamic programming. In [23] a min-

a growing attention in control theory. Model predictivemax MPC scheme for the same class of systems is em-

C°.”."°' (MPC) is apP“ed to hybrid systems due to _'tsployed and the optimal problem is recast as a set of linear
ability to handle hard input, state, and/or output constsai rogramming (LP) problems using the equivalent max-min

MPC s a contro_l scheme in which the C“”ef?t Input | ?nonical representation of a continuous PWA system.
computed by solving, at each sample step, a optimal contro In this paper we consider the class of PWL systems

problem; the optimization of the performance function ove ith additive disturbance. In Section Il we derive a local
the prediction period yields an optimal input sequence ar]E,gontroller for the nominal system based on linear matrix
the current control action is chosen to be the first input iﬂﬁequality (LMI) framework. We give a complete discus-
this sequence according to the receding horizon principleS

. . ion for the solution of the LMls. Different levels of
The theory of the MPC for linear systems and in parg,nservatism from applying the S-procedure are discussed.

ticular for linear systems with disturbances is quite matur;, saction 11l we construct a convex robustly positively

(see [1], [15], [16], [25] and the references therein), bufy ariant set for the system. Conditions when this set is a
its extension to hybrid systems is still an active area olytope are also derived. We propose two MPC algorithms
research. Recently, research has been focused on develRp-gapilizing a perturbed PWL system. In first algorithm

N9 .stab|I|2|ng .MPC.sch'emes for hybrid systems and' "Nve assume the mode to be known. Under this assumption
particular for piecewise linear (PWL) and piecewise affinge gerive a stable min-max feedback MPC scheme based on
(PWA) systems [2], [13], [17], [21]-{23]. PWL systems are, ;3. mode approach. The notion that feedback is present
defined by partitioning the state space of the system ing e receding-horizon implementation of the scheme leads

f'n('jt,?f numbI(_ar of pglytopgs and associating to each polytoRg jmnrove the performance and also the feasibility difficul
a difrerent linear dynamic. ties that arise with open loop min-max MPC techniques.
_ , _ This MPC scheme is based on solving at each step a
This report is an extended version of the paper “Robustipil&ang ixed-i li . bl MILP). Th
MPC for perturbed PWL Systems” by |. Necoara, B. De SchuttdrJTvan mixed-integer linear programming problem ( ). e
den Boom, and J. HellendoorRroceedings of the 44th IEEE Conference sSecond MPC scheme assumes unknown mode. We use
on Decision and Control, and the European Control Confeee2005 the so-calledclosed-loop paradign{24] by Considering
(CDC-ECC'05) Seville, Spain, pp. 3759-3764, Dec. 2005. i-feedback trol which bi | | trol
I. Necoara, B. De Schutter, T.J.J. van den Boom, J. Hellemdoor® Sem_" eedback control whic i Com Ines a local contro
are with Delft Center for Systems and Control, Delftlaw with an open-loop correction in order to guarantee
University of Technology, Mekelweg 2, 2628 CD Delft, The the jnput-state constraints. This scheme therefore resesun
Netherlands, phone: +31-15-278.71.71, fax:+31-15-H.8% d f freed hich i inciol ilabl
{i . necoar a, b. deschutter,t.j.j.vandenboom some degrees of freedom which in principle are available

j - hell endoorn}@icsc. tudel ft.nl within a general min-max formulation. On the other hand,

I. INTRODUCTION



it allows to well balance increased computational burden Il. DERIVATION OF THE NOMINAL CONTROLLER
and reduction of conservativeness. This scheme consists i
solving at each sample a quadratic optimization problem.
From computational point of view, the second scheme is Ieélé
demanding (quadratic programming) that the first scheme
(mixed-integer linear programming). Finally, in Sectioh V
we discuss the possible extensions of these two MP®e want to design a stabilizing PWL state feedback con-
schemes to PWA and hybrid systems. troller

r\Ne consider the nominal system associated to the per-
rbed PWL system (2):

Tyl = A;xp + Bug, if x,, € P; (3)

Up = Fiajk, if T €P; (4)

B. Definitions ) ) ) )
SO as to provide a satisfactory, or even optimal in some

We use the following notations: a PWA system withsense (e.g. LQH,,), control performance to system (3). For

additive disturbance is defined as instance, we want to bound the infinite-horizon quadratic
cost;
2(k+1) = A;x(k)+Bu(k)+a; +w(k), if (k) e P; (1 >
k=0

x,u andw denote, respectively, the state, input and distur-
bance;{P;}icz is a finite partition ofR™ into a number with Q = QT > 0, R = RT > 0 andu = (ug,u1,...)
of polyhedral cells# is the number of states). The C|OSUI’eusing a piecewise quadratic Lyapunov function

cl(P;) is given bycl(P;) = {z : E;x > ¢;}. Whena; =0,

e; =0,V i€ I, we get a piecewise linear (PWL) system: V(z)=a2"Pa, if z € P;. (6)

2k +1) = Agz(k) + Biu(k) +w(k), if (k) € P; (2) Using an approach as in [15] we impose the constraint:

Viz — V() < —l(xg,ur), VE>0 7
It is assumed that the disturbance belongs to a bounded (i41) (@) < ~H@e, i) @

polyhedronw € W, and that the control and state arewherel(z,u) = 27 Qx+u” Ru. Relation (7) can be written
required to satisfy the constraints € U, andx € X;
where X.,U. and W are all polytopes, withh € U., W
and0 € int(XC). l‘g(Al + BiFi)TPj(Ai + BiFi)xk — Jigpﬂl‘k
In the sequel we will use also the following definitions: < -2} Qxy, — xf FT RExy,, Yy, € P (8)
given two setsy, Z C R”, the Minkowski sum ofY” and
Z is defined a&y @ Z = {y + 2 : y € Y,z € Z} and the Moreover. we can require that givern> 0
Pontryagin difference a8 © Z = {y e R" : y ® Z C Y'}.
Let M+ denote the orthogonal complement of a matrix
M (M* exists only if M has linear d_epende_nt rows). Wepgecause we need (8)=(9) to be valid only forc P;, we
have thend/ ™ M+ =0 and[M M+] is nonsingular. We ¢4 useS-procedure[4] in order to reduce conservatism
use also the following lemma: when we solve (8). We can relax the matrix inequalities
Lemma 1.1:(Finsler's lemmg4]) Let Q be a symmetric (8)—(9) to: findP;, F;, Uij, Vi i,j € Z, such thal;;, V; has
matrix and a matrix}/ of appropriate dimension. The g|| entries non-negative that satisfies the following rxatri

2T Pz > exTz, only forz e P;. 9)

following two relation are equivalent: inequalities:
(i) M+TQM+ <0
(i) Q < sMMT, for someo € R. o' (A; + B F;)" Pj(A; + BiF;)x — 2" Pix
The objective of this paper is to design a state feedback < —2"Qu — 2" FF RFx — o" E] Ujj Eqx,
u, = p(zy), via predictive control, which steers the state of 2T Pz > 2TEI'V,Eix, Yo e R", Vi, jeT.

system (2) as close as possible to the origin while satigfyin
the state and input constraints for all admissible distufh conclusion, we obtain the following matrix inequalities
bances. Clearly, the presence of an additive disturbanbt i, Fi, Ui;, Vi (with all entries ofU;;, V; non-negative):
acting on the system (2) means that it is not possible to
guarantee asymptotic stability (i.8my_ ..z = 0), but (Ai+BiF,)'P;(Ai+ BiFy) ~Pi+ Q+ F RF,
rather we try to steer the initial staig to a neighborhood +E/U;E;<0,Vi,jel (10)
of the origin O. P> EZ-TViEu Viel. (11)

We assume for simplicity of the presentation that from a
certain mode € 7 all the transitions to any other mode are In the sequel the symbol * is used to induce a symmetric
possible (the case when only some transitions are possitsiucture in an LMI. The following proposition give a
from a certain mode can be implemented straightforwardlygolution to (10)—(11):



Theorem 2.1:The matrix inequalities (10)—(11) have aProof: Note that (10) is equivalent with
solution if and only if the following matrix inequalities ha (Ai+BiFi)TSj_1(Ai + B,F))—P,+Q+FT RF,

a solution
BTP B ORI BTP A + El'Uy;E; <0, Vi, jel (18)
i b +0R— . i A + 1 } 1 .
«  ATP,A,— P, +ETU,Ei+0Q— F'F,| 0 O<P<57, Vjel (19)
P, > ETV,E; (12) In this way we take into account also the case= Pj‘l.

Indeed, it is clear that if (10) has a solution then theretsexis
whereU;;, V; have all entries non-negative afids a scalar ane > 0 such that

such that? > 0 . T T
. . A, + B F;)” P;(A; + B;F;) — B, F! RF;
Proof: It is easy to see that (10) can be written as (Ai + ) B (Ai + ) HRFER

T
[Fl} {B;TP]»B#RT Bi P;A; - MFZ}<O Then, we can také“j‘l = Pj+e¢l > P; and thus we obtain
I ¥ AT PA P QB Uy Ei| 1 (18)=(19). The other implication is obvious.
N T Now, using the Schur complement (see [4]), the matrix
We have the relatior{ *i } - { B } since[ By ] inequalities (18)—(19) are equivalent with (16)—(17). ¢
F; I 1 We give here an algorithm for finding a feasible solution

is a basis oker( ) (whereker(A) denotes the kernel Of matrix inequalities (16)-(17), using an approach as

FT

. i . in [10]. We want to solve the feasibility problem: find
\(/)Jrii?een matrix A). Therefore, the previous formula can be{Pz‘7Si,F1',}ieI that satisfy the following matrix inequalities
7 L1 7 1T LMI(SZ,P“FZ) <0 (20)
T Qij T <0 (13) 1 .
F; F; 0< P <87, forallieZ, (21)
BTP.B, + R BTP. A, where LM I(S;, P;, F;) < 0 are LMIs as in (16). It is clear
whereQ;; = | ' "7 AT P A — P.Z+ ij.TZU”E. n Qil that0 < P; < S; ' is equivalent with0 < S; < P! or
g~ ]t ? 7 17— . .
Using now the Finsler's lemma we obtain that (13) is‘max(P5) < 1 (Amax denotes the maximum eigenvalue).
equivalent with We take0 < 6 < 1. The algorithm consist in three steps.
Step 1
N | -1 _ . Solve LMI(S;, P;, F;) < 0, for all ¢ € Z. Therefore
Qij < 0ij { FF ] [ -1 B ] (14) we have availablg P2, S?, F?}icz. If PP < (S9)~1 then

. o . we stop, because we found a solution. Otherwise, choose
with ¢;; € R. Of course (14) has a solution if and only if B9 > Amax(P°S?)

Step 2

Qij <o { ;IT } [ -1 F] (15) For all k > 0. Fix P}. Solve the following LMIs:
. . | (Tak ‘ Lt LMI(S;,PF.F;) <0
with ¢ > 0 has a solution (Taker > max; ;{0,0;;} for ' &/ ks —1 .
the implication “(14)= (15)". The other implication is 0<8 <pi(P), foralli €T,
obvious). Now if we divide (15) witlr > 0 and denote with \We obtain {Sf“}iez and we definea* = (1 —
P, — 1/oP;, U;j — 1/oU;;, V; — 1/oV; andf — 1/o G)AmaX(Sf+1Pik)+Hﬁf.
we obtain (12). % Step 3

The matrix inequalities (12) are not LMIs due to the term Fix Sf“. Solve the following LMls:
T 1. ;
F; }_7,. Thgrefore we h_ave to use standard algorithms for LMI(S*, P, F}) < 0
solving bilinear matrix inequalities (BMI) such as the path ¢ b et Ty .
following algorithm [8]. 0< P <ai(si™)  , forallieZ,
_Now we djscgss some possible relaxgtions for (10)—(11ye obtain{Pf“,Ff“}iGI and we deﬁnegfﬂ —(1-
First relaxation is to replace the constraint (11) with> 0. ) Amax (PFHLSEFLY 4 Gk,
In this case we can apply the Schur complement to (10). : ¥ '

Properties of the algorithm:
Theorem 2.2:With the relaxationP; > 0 the matrix

1) If Step 1 is feasible then Step 2 and 3 are feasible for

inequalities (10) have a solution if and only if the followin all k> 0.
matrix inequalities have a solution 2) If there existst such thaiv* < 1in Step 2 org* < 1
P—Q-ETUE; « N in S]:[ep 3f0r alllz'_e Z, then we stop the algorithm.
A, + B;F, S; 0 >0 (16) We oli[ll a 5(]: utlor}c. .
F, 0 R-! 3) 0< B <af < gy forall i € Z. Therefore there

exists 87 = limy_,. BF for all i € Z. If g7 < 1 for

-1 .o
0<P<5,Vijel. @ all i € Z, then the algorithm gives us a solution.



We propose now a second relaxation. If we do not apply Proof: We prove the sufficiency first. From (25) using
the S-procedure for (8)—(9), i.e. we replace the conditioBchur complement arguments, we observe first ¢hais a
“x € P;“, with x € R™, then (8) becomes: nonsingular matrix becaus®; + G > S; and also

for all i,j € 7 and P, > 0. When we do not take the Therefore, we get the following relation;

piecewise linear structure of the lsystem into acpount, thep Gi+GT -8, <aT 5;1 G..

we can see such a system as a linear system with polytopic

uncertainty. There are two well-known linearization methNow using Schur complement formula in (25), we get:
ods in the literature for (22): one uses the linearizing gean T T a1

of variables by introducingS; = P, ', F; = Y;S; (see [4], 0<Gi+Gi =8~ (AGi+ BiYy) 55 (%)

[15], [17], [21]) and the second one B, = S; ', F; = <G S7'Gi — (AGi + BiYy) TS (+)
nG (see (6] [22). | | = GT(S7! = (A + BYiGT)87(+)
Proposition 2.3:If the following LMIs in G,Y;, S; GzT(Si_l A+ BMG;l)TSj_l(*))Gi
i:&cfgﬂ% ; : : Taking F; = Y;-G;l,]_% =S;', and using the fact that;
0v2G Oj I o« | 0 (23) isinvertible, we obtain from the last relation th(nT LMIs (24)
RY?y; 0 0 I (A; + B;F;)" P;j(A; + B,F;) — P, < 0, for anyi,j € T.

. . _ We can prove that the converse is also true by tal§ne-
V.-l p = 1 f
for all 4, j € 7 have a solution thed; = Y;G™, P, = S; Pfl,Gi P,fl g:I with g; > 0 a positive scalar and

are SOI?_“O”S of (22). . h h | Y; = F;G;. Using again Schur complement arguments and
Proo.. Bl (?3) usmg.t e Schur comp ement, we Obfaking g; small enough, we can prove that if the LMIs (24)
serve first thatG is a nonsingular matrix because

have a solution, then with the above notatiofis,G;, Y; is

G+GT> 8, also a solution of (25) (see also [6]). &
Now let us assume that we have foull F;, i € 7
and also with one of the methods proposed before. In that case the
nominal system (3) in closed-loop with the controller=
0< 8= (S-S (Si—G)>0 Fz if = € P; is asymptotically stable, haviny (z) as a

Lyapunov function (due to (7)). For any initial statg €

therefore we get the following relation: P,, applying the input sequence, — F(k)zyx — F,ay, if

G+GT -8, <GTs 'a xy, € P; we have thal/ (z,) = 0. Then, summing up the
N ' relation (7)) fromk = 0,...,00, we obtain the following
and bound on the infinite-horizon quadratic cost:
0<G+GT =8 — (AiG+ BiY)TS; ' (+) - GTQG Joo (0, F()x) < 2 Pio.
~ Y RY, <GTS;'G — (4G + Bz*Yi)TS;I(*) The control lawu,, = Fx;, if z;, € P; does not depend
- GTQG - Y RY; on the initial state and is regarded as fixed a-priori and

= GT(S7! — (A + BY:G TS (+) referred to as the nominal feedback.

—-Q - G—TYZ,TRYL.G—l)G I1l. CONVEX ROBUSTLY POSITIVELY INVARIANT SET

. 1 1 . In the sequel we assume that we have determined a
Taking F; = Y;G™, I = S;~ we obtain from the last gate feedback controller(k) = Fyz(k) if z(k) € P; that
relation the _matnx |nequaI|t_|es (22_)_' stabilizes the nominal system (3) as we discussed in Section

If we are interested only in stability and we do not applyj; \ve denote WithA, = A; + B,F, for all i € Z. Then

the S-procedure we must solve the following LMIs: the PWL system with additive disturbance (2) becomes:
(A; + B;F;)"Pj(A; + B;F;) — P, <0 (24) z(k+1) = Ap,x(k) + w(k), if z(k) € P;. (26)

for all i,j € 7. We define the following set:
Proposition 2.4: The following LMIs in G;,Y;, S;

G1+G?*SZ‘ *

Xrp = UieI{ZC ePi:xe X, Fix € UC}

AG +BY, S |~ 0 (25) Definition 3.1 ([3], [14]): (i) Given a perturbed system
e z(k+1) = f(z(k),w(k)), with w(k) € W. The setQ is
for all 4,5 € Z have a solution if and only ifF; = arobustly positively invarian{RPI) set for this system if
Y;G; 1, P, = S;! are solutions of (24). f(z,w) € Qforanyz c Q andw € W.



(i) A set Q C Xr is an RPI set for system (26) if for inequalities. Therefore, alDi are convex sets for afle 7
anyz € QNP; with i € Z, we haveAr,z+w € Q for all  andt > 0. SinceO is the intersection of convex set8,
w € W. The maximal (minimal) RPI set for system (26) isis also convex.
defined as the largest (smallest, non-empty) with respect toFor anyx € O,, we havex € O§+1 for all i € 7 and
inclusion, RPI set for (26). &t > 0. According to (28) we havelp,x & W C ﬁjezO{

It can be easily seen that both the minimal and théor all i € 7 andt > 0. HenceAp,z & W C O, for all
maximal RPI set associated to system (26) is in generak Z. ThereforeO,, is an RPI set for system (27).
not a convex set (it is a union of polyhedral sets [11]). Our It is well-known [3], [14] that the maximal RPI set for a
aim is to compute a polyhedral RPI set, since we want teystem is the set of all initial states i<z X, for which
obtain only linear constraints for the MPC schemes that wihe evolution of the system remain in<z X r,. Due to the
propose in the sequel. For system (26) the evolution of thecursion (28) it is clear tha?, is the maximal RPI set for
modei = i(k) depends on the staigk). Nevertheless, for system (27) included im;cz X .. Indeed, lefl’ C N;cz XF,
ease of computation of a convex (polyhedral) RPI set fdse an RPI set for the system (27) and lete T. Then
(26), this relation mode-state will be disregarded and wiom the definition of an RPI set for the system (27) (see
will consider thati(k) evolves independently of(k) (i.e. Definition 3.1) we havedp,z @ W C T C Njer Xp, =

any modei(k) € Z can be active at any sample step NiezOp for all i € Z. This implies thatz € O} for all
i € T (according to the recursion (28)). TherefoieC O}

Tit1 = Ap Te + W, (27) for all i € Z. By iterating this procedure we obtain that
i(k+1)eZ T C O forall t >0 andi € Z. In conclusionT C O,

N I , . N . i.e. O is maximal.
where .Z() s a sywtchmg S'gnal mZ ' Npte t.hat this (i) First we have thatO,, C N;ezXp, C Xp. If © €
relaxation is considered only in this section, in the nex S .

) : NP; thenAp.xdW C O for all j € Z. In particular
section where we present the MPC scheme we consi r;o _'i we havednz & W C O. . Therefore.O.. is
again the standard PWL system (2). This type of relaxatioaﬁ’n ‘ép_l ;et for the sFis:iem (263 Fg:'. a general ’RIST set the
was used also in [5], [17] in the context of MPC for  Setior he sy : 9

L reasoning is similar. &
deterministic systems.

Definition 3.2: A set(2 is an RPI set for system (27) if Remark 3.4 A larger RPI set for system (26) is the set
for anyz € Q we have thatd p,z+w € Q, for any possible U;cz(O% NP;), but it is not convex (it is a union of convex
switchingi € Z and any admissible disturbaneec W. <  sets). However since the additional uncertainty is inhiren
In the sequel we construct the maximal RPI set for systeintroduced in the extended dynamics (27) with respect to
(27). Let X, denote the set of states that satisfy the statg26), this set is not the maximal RPI set for (26). <

nput constraints: Because the set®! are described by a finite number

Xp={zeR":z € X, Fx € U.}. ThenﬂXFi CXp. of linear inequalities, it is important to know whether
icT the setO,, can befinitely determinedi.e. whether there
We define the following set recursion: exists a finitet* such thatO;. = 0., for all i € T
; (therefore O, = N;ezO;. is a polyhedral set). In the
OQ =Xr, 4 sequel we give necessary conditions for finite determinatio
Ot ={z e Xp, : Ap,z ®@W CNjezO]_} (28)  Using the recursion (28) and the commutativity property of

for anyi € 7 andt = 1,2 intersection, we have:

The setO! represents the set of initial state$0), for Op = NiezOl, Or = NierOl forallt > 1 =
which u_nder the cI_os_ed-Ioop dynamics (27) the _state-input Oui1 C Oy, and thereforeDo = NyoOs.
constraints are satisfied up to sample steggssuming that _ _ -
initially i(0) = . It is clear from the definition (28) that Now, O, can be written in terms of Pontryagin differences:

Oi., C O}, and therefor®; converges ta@)’ . We define: Yo = Mier Xp., Op = Yo:

O(L)O = flim O; = ﬂt>0(’),’;, Yi=Y6 VV, = ﬂiez{l‘ S OO : AFT-T € Yl};
t— 00 =
O = ﬂiezoéc. (29) Y = Ny ie)ezx..xz(Ye-1 © AR, .“AF"t,fl W), (30)

Theorem 3.3:()) The maximal RPI set included in Ot = N(ir,.ierx..xz{® € Ot AR, - A,z € Vi)

N;ez X, for the system (27) is theonvexset O. It is clear thatY;; C Y; (becausd) € W). Therefore, the
(i) Any RPI set for the system (27) is also an RPI setimit of this sequenceY, = N;>(Y; exists. We have the

for the PWL system (26). In particula®., is an RPI set following proposition:

for the PWL system (26). Theorem 3.5:If the system (26) is asymptotically stable
Proof: (i) It is easy to observe that since the s&td/, and if there exists an index > 0 such thatO,, is bounded

and W are polytopes (described by linear inequalities)and 0 € int(Y,,), then O is finitely determined and

all the setsO; are described by a finite number of lineartherefore also a polyhedral set.



Proof: Since (26) is asymptotically stable, then for anyhe setQ = {z : H; _« < h}, andh should be chosen

(i1,..,0t) € T x ... x T we have appropriately, i.ec? < 0.
While the test for invariance from Proposition 3.7 can be
Ap, - Ap, © — 0,whent — oo, for all z € R” applied also for PWA systems (i.e. when notaglare zero),
Oy, bounded the computation ofD,, cannot be done straightforwardly
0 €int(Yy) for PWA systems. In the case when we have also affine
dynamics, we can comput®,, associated to the PWL

implies that there exists a* > ¢, such that for all

(i i Vet 7 dynamics only, using the above set recursions. &
U1y tpxy1) €L X oo X LL

IV. FEEDBACK MIN-MAX MPC SCHEME

Ap, o Ap,. @ € Yoo CYiry, forallz € Oy In the sequel we develop a stable MPC scheme for the

Tpx 41

Since Oy C Oy, we have : system (2) with additive disturpapc_e, based on feedback
min-max approach. For deterministic systems, almost all
Ap, "'Aanx € Yoy, forallz € O MPC schemes contain two ingredients: a terminal set and

a terminal cost (see also [19] for a survey). If the system is
uncertain, the stability and also the feasibility may be.los
In order to achieve robustness, the controller must stabili
the system for all possible realizations of the disturbance
along the prediction horizon. Different robust MPC scheme
have been proposed for linear systems: some of them are
Remark 3.6 The conditions from Proposition 3.5 arebased on a nominal prediction (see [20]), other are based
similar with those corresponding to linear case (see [14]pn the worst case disturbance as in feedback min-max MPC
Also, according to Section Il the matrice4r, will be formulation (see [12], [25]). In this paper we use a dual-
asymptotically stable. The algorithm for computitg,, mode MPC formulation. We assume that we have computed
stops once the following condition is met: there exists af stabilizing controller for the nominal system= F;x if
indext* such thatO;« = Oy 1. & x € P;, according to Section Il and also we have available

. . . . . a polyhedral RPI sef.;, obtained using the techniques
If t* is large the algorithm might require too many itera-yarived in Section Il

tions. We propose an alternative check whether or not &, orqer to determine a suitable control law, an optimal
given polyhedral set IS an RPI set for the system (26}5nr01 problem Vy(.) with horizon N is solved. The
Let @ = {z € R" : hjw <1, j = 1,...K} C Xr  gandard feedback min-max MPC is defined as follows [12],
be a polytope that contains the origin in the interior. The’f25] Sletw = (w(0), ..., w(N —1)) be a possible realization
according to Definition 3.14) is an RP!I set for the System ot the disturbance over the intervalto N — 1. Efficient

(26) if for all = € QN 7P; and for alli € 7 we have conug) in the presence of the disturbance requires state

Ap,z @ W C Q. This condition can be translated in termstaq4pack [18]; therefore, the decision variable (for a give
of computing some linear programming (LP) problems; i, statez) in the optimal control problem is a control
We denote withh; (W) = max,ew h]Tw (this is an LP policy defined as:

problem, because we assumed tHatis a polyhedral set)

Therefore, according to the recursion (3@« C Oy« 4.
But Op11 C O+. In conclusion we have the equality
Oy = Op 1 and Oy, = Oy-. Since Oy is described by
a finite number of linear inequalities)., is a polyhedral
set.

forall j =1,.,K. Foralli e Zandj = 1,...,K we T = (w(0), p1()s s kv—1(")),
consider the following LP problem: wherew(0) € U, and yu, : Xe — Ue, k = 1,..,N — 1
Ulj — max hJTAF,iarJrhj(W) -1 is a statg feedback conFroI law. Letk;x, 7, w) d_enote
z the solution to (2) at timek. The feedback min-max
hre <1, k=1,.,K (31) optimization problem is defined as:
Eix>0 N-1
) ) ) min max l(xg, ug) (32)
From the above discussion we have the following: T wewwy —

Proposition 3.7:1f for all + € Z andj = 1,..., K the
. o : e = z(k; X, Vk=1,..,N—1
optimal values satisfyy! < 0, thenQ is an RPI set for o = w(ksz,m, W) €
system (26). up = pg(z(k; 2z, m,w)) € U, VE=10,..,N —1
Proof: For a fixedi, the conditions? < 0 for all j = ey = 2(N;2,m,W) € Teer, YW e W,
L,.., K expresses the fact thatpz © W C Q for any wherel(z, u) is defined as follows:
x € QNP;. Thereforef) is a RPI set for the system (26). _
(o,u) = { |Qall + | Rull, i = & Tuer
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Remark 3.8 If after a certain number of iterations,.,
the algorithm does not stop, then we have available the set
O = {x: Hy v < hy, }. Then, a starting point with the matrice) > 0, R > 0 and wherg|z|| represents a

in searching for a sef in Proposition 3.7 can be to take PWA norm (for instance 1-norm ex-norm). The constraint



rn € Tyt is the stability condition and is necessary in ordeu = {u!,...,u"~}, we want to find the solution of the

to guarantee stability as we will see in the sequel. following finite-dimensional optimization problem:

For linear systems problem (32) can be solved efficiently No1
[12], [25], using the extreme disturbance realizations. In V() = min max 1(z, ul) (37)
our settings, due to the nonlinearities of the system, this UN LeLy 1+ —0

approach cannot be applied directly. To overcome this prob- constraint (34)zf = z, V¢ € £V

lem, we propose to restrict the admissible control policies ’ 70 ’ YN

7 to only those that guarantee that, for every value of the oy € Xy k=1..,N -1 V&L,

disturbance, the mode of the systeéfh) is unique at each u, €Ue, k=0,..,N—1,VleL)
sample stepk: 24 € Ther, VL € LY

6o b 6o b N

w(k;z,m, W) € Pigry, Yw e WH. (34) ry = x> o =, Vb € L

Therefore, we restrict the system to the admissible contr

policies only that guarantee the mode of the system © for th ¢ is ind q £ th | and
“certain” at sample step:, but the state is not known. stepk for the stater; Is independent of the control an

This extra constraint (34), which expresses the fact thg{'sturba}nce sequence tak'en'to reach that state. The ¢gusali
i(k) is independent of the disturbance realization is not togo_r:_?rami_cgn kt)_e posekc)il n Iltnezr terrlnsésete 1[;2] [25]).
restrictive since a cautious action may avoid uncertainty i iOp |fm|zdal13|0r:( probiem fo be solved a sblps..

the mode (at least in the case where the disturbances ard?0bust feedback min-max optimization problem:

Ihe last constraint is the well-knowrausality constraint
5] and expresses the fact that the control law at sample

not too large and the control inputs are not constrained too Ni—1
much). It can be easily observed that imposing (34) to the Vn, (zx) = min max {ETRT . (38)
system (2) the state set generated by the disturbance at each TRLELLT =0
sample stegk is a convexset: constraint (34) xﬁ‘k = Ty, Ve € LNk
a(k;z,m, W) = z(k; 2, 7,0) xi-ﬁ-jlk € Xe, j=1 o Ne =1, VEE LY
+ X (k;i(0), ....i(k — 1), W*)  (35) gk € Uer = 0,000 Nie = 1, VL€ LY

, . , ; Teet, V0 € LY* Ni € {1, , Nimax
where first term expresses the nominal trajectory corre- | “Nelk € Toet, VEE L, N € {1+, Nonax}

) ¢ 0 ¢ e Ng
sponding to the system (3) and the second term represents xlirjlk - xkij\k:ukljtﬂk = “kij\kvwl»@ L™
a convex uncertainty set associated with the state, whi

depends on the switching mode seque(€s, ..., i(k — 1) by the model (2), corresponding to theth disturbance

and on the setV/*. o : ;
) i . . . realization (w(0), ...,w(N; — 1)) and applying the input
In this new settings, i.e. with the extra constraints (34)39‘1“3”094@1«~-~v“§vk_1\k- The constraint (34) is imposed
where x is a given state, the optimization problem (32)

%erexiﬂ‘k, is the prediction of the state at step-j given

only to the state&aiﬂ‘k with j =1,..., Ny — 1 and not to

becomes :
’ : . .
TN ke The only constraint on the staté\,k‘k is the terminal
N1 constralnt:xf\,k_| p € Tet-
Vy(z) = min max 1, up) (36) The feedback min-max MPC controller is based on a
T owewnN — ’ dual-mode approach. For ay> 0, given the current state
constraint (34) ro = x xkAltgsri?rI]%?rllthm is formulated as follows:

ox € X, k=1,.,N—1
Up = uk(xk) elU,, k=0,..,.N—-1
zy € Toer, YW e WV,

o if T € Toet NP; thenuRH(xk) =Fux,, Viel

« otherwise, solve (38) and set®"(z;) to the first
control in the optimal solution computedilk,

In this form, the optimization problem (36) has infinitewhere R (z) is the control input applied to the system
dimension, but in the sequel we will show that (36) camccording to the receding horizon strategy.

be reduced to a finite-dimensional optimization problem. -

Using the constraint (34) and the fact thtis a bounded A- Stability

polyhedron withv vertices, letC!Y denote the set of indexes  We give first some definitions taken from [12]: a §&t;

¢ such thatw’ = (w(0), ...,w(N — 1)%) takes values only is robustly stabléf and only if (iff) for all ¢ > 0, there exists
on the vertices ofV. It is clear thatCY is a finite set with a~ > 0 such thatd(zg, Tyet) < v impliesd(z(k), Tuet) < €
the cardinalityVy = v". Further, letu® = (uf,...,u%_,) for all ¥ > 0 and all admissible disturbance sequences.
denote a control sequence associated with #tik dis- The setT,; is robustly finite-time attractivevith domain
turbance realizatiow’ and letz{ = z(k;zo,u’,w’) be of attractionX iff for all zo € X there exist a finite-time
the solution of the PWL model (2) with the additional M such thatz(k) € Ty for all & > M. The setTy.
constraint (34). Therefore, given the current statelet is robustly finite-time stablevith the domain of attraction



X iff it is robustly stable and robustly finite-time attractiv stable for the system (2) in closed-loop witfi! (z) with

with domain of attractionX. We define also the set: a region of attractionX .
. ) ) Proof: From previous theorem it follows that the state
Xn = {z € R" : for which (37) has solutioh reachesl..; in finite number of steps. Insid&..; we apply

the controllerF;z if x € P;, which keeps the state in this
I(,.) is a convex function, we can prove that: setT,., because it is a RPI set, regardless the values of the

Theorem 4.1:If the optimization problemVy, (o) is disturbance fromiV’. %
feasible (hence has an optimum), then all subsequent d3- Computational complexity
timization problemsVy, (x,) are feasible. Moreover, there  The mixed logical dynamical framework (MLD) repre-

BecauseX, U, Ty, and W are all polyhedral sets and

exists finite K such thatr i € Tyet. _ sents one of the main tools for computing optimal control
~ Proof: DenoteNg = N. At step k = 0, with the for PWA systems [2]. From a computational point of view,
initial state 9 = = € P, let (ugfy,...ux_,,) be the optimization problem (37) can be recast as a mixed-

the optimal solution corresponding to tiieh disturbance integer linear programming problem (MILP), using standard
realization, satisfying the constraints (34), therefore-p “tricks” [12]. An alternative formulation of (37) is :

ducing the “certain“ switching sequencag, iy, ..., in_1. N—1

¢ ¢ i i i
Let zgg, -, 2y_1)o D€ the corresponding state trajectories. i {y, . E : (z8,ul) <, Ve e LN, ueCx)}
From the causality constraints we have(s = ug¢ = uj S

for any ¢, # ¢» € L. Now, according to the receding where in C(z) we gathered all the constraints from op-
horizon principle the input is applied and the disturbance timization problem (37), and are all described by linear
takes a certain valueo = 3°, .~ pewg € W, wherewg i inequalities. Therefore, we have obtained a feedback min-
a vertex ofl¥ and, are appropriate convex scalar weightsmax MPC scheme that is based on solving at each sample
Therefore, step an MILP. The result is not surprising, since in [23]
the min-max MPC scheme is also computed by solving a
sequence of linear programming problems (that can be seen
as a MILP). With this approach the number of decision vari-
with 2! = Ay 2+ B, uf+wf, i.e.z1 lies in the convex hull: ables and cons_traints grows exponentia!ly_with the length o
co{z!{ : ¢ € £N}. Now, the following prediction horizon the control horizonV. Therefore, the optimization problem

x1 = Ay + Bijug + wo = g pet,
Lelly

N; = N — 1 and the control sequence defined as: (37) is computational!y intensive for larg’. But this is
a drawback also for linear systems, as the authors of [12]
> ety Y Ui g (39) remark.
teLy ™! teLy ™t V. ROBUSTMPC WITH UNKNOWN MODE
is feasible and the state predictions at skep- 1 evolve A. Robust MPC using quadratic optimization problems
in convex hull of the predictions at stép= 0: z1, ;1 € The maximal RPI set)., included in X, associated

co{ay, 0. £ € L'}, wherez, j with j =1,...N~1 {5 system (26) is (in general) not a convex set. Given any
is the state prediction at stefp = 1, applying the input jnjtial statez, € O.., we are sure that applying the nominal
sequence (39) and an arbitrary disturbance sequence. Moggntroller the trajectory of the system (26) remains in this
over, the switching sequence is certaif;....in—1 (We get, as close as possible to the origin. The maximal RPI set
used here that all sefs, U, Ty are convex). In conclusion O.., for which the nominal controllen = F;z is feasible,

the problemVy, (z1) is feasible and has an optimum. Byis in general small. Now we derive a robustly stable MPC
induction, we can prove that all subsequent optimizatiogcheme that uses prediction control trajectories whichado n

problemsVy, (zx) are feasible. correspond to fixed state feedback control laws. Therefore,

Moreover, sincely. is bounded, there exists @ > 0 e enlarge the set of initial states that can be steered to a
such thatl|z[| > for all 2 € X, \ Tiet. Then target set, close to the origin. We introduce a new control
variablec;, such that the new input applied to the system is

VN (@rg1) = Vg (2) < =l < —p .

) up = Fyxp, + Ck, if T, € P;. (40)
if 21 & Tiet. Now, assume that fok — oo, zr & Tiet. .
Then,0 < V, (z1) < Vi, (20)—kp — —oo ask — oo, i.e. Let N be the co_ntrol horizon, thed, ..., cx+ n—1 represent
we get a contradiction. Therefore, the stateentersTi.; degrees of design freedom angl, y,; = 0, Vj = 0. In
in finite time and then it remains there for all subsequerfis case the PWL system (26) becomes
steps. ¢ Tht1 = Ap,xr + Bick + wi, if 2, € P;. (42)

Using Theorem 4.1, we can establish the following st
bility result:

Theorem 4.2:The feedback min-max MPC law?H(.) )
given by theAlgorithm 1 makesT,.; robustly finite-time 2p+1 = Az + Dwy, if 2z, € P; (42)

aTEmponing a reasoning similar to [16], the dynamics of (41)
can be described by the autonomous PWL system



where z € R Nm 5 — { z } =1, eyl So, the sequence{Jy(k)}r>o is non-increasing and
I bounded below by). Therefore, it converges tdyy <
D — [ 1 } A = { A, [ B 0 .. 0 ] ] M = oo. Summing the relation (44) fromd to co we obtain:
0 0 M 0 < > usollcill? < J4(0) — J§F < oco. In conclusion, the
0 I 0 .0 series) -, llci|l is convergent. We conclude thaf —
00 1 0 , c1(751v) ={z:[E; 0]z >0}. 0 as k — oc. Thereforelimy o d(wk,@oo) = 0, because
(‘) 0 0 0 O is the maximal set of states for which the controller
Clearly the stability properties of the matricds depend “ = Fix it z € P; is feasible. ¢
only on the matricesAy,. We denote B. Robust MPC using a single QP problem
Xi_ ={z=[T 1T .2 € XeNP;, Fyz + ¢ € Ug} In thlis sectilpn we qlevlelop ar(; new MP_C ;ch_eme, SLtJ)(IZh that
' we solve on-line a single quadratic optimization problem.
—{z:[I 0)z€X.NP,[F I 0z€U.). Off-line step geq P P

Remark 5.1 If there exists an RPI s&D for system (26), In this step, we computeff-line the set of initial states
then there must exist at least one RPI &gtC UieIXg‘z and input correction sequences that steer these states to th
for system (42). Indeed, from the definition of the systeniRPI setO,, (defined in (29)) inV steps, using the controller
(42), it is clear thatD, = {z = [2T 0]7 : x € O} is an (40), whereN is the prediction horizon. This set is obtained

RPI set for this system. &  recursively as follows:

So, if the maximal RPI sef,, for (26) exists, then there ~ Xj = OL,, Vi€ T, (45)
exists also a maximal RPI s&. . for the augmented 2| [Apx+ BicaW ;
system (42) and the projection 6f . into the state space X,iﬂ = cl: ¢ € njez X

R™ (denoted withOq .,) contains O.,. Therefore, the ¢l zeX., Fa+cel,

benefits of using free control moves are clear now. ThE: 0
robust MPC algorithm is defined as follows:
Algorithm (II)
1) Off-line step

,...,N—1andi € Z. Note that a similar recursion was
proposed also in [5] in the context of gain scheduling for
nonlinear systems. The dimension of the s&fsincreases
ask increases. Clearly’i, C R"™™". We denote withX}

» computeF; according to Section Il the projection ofY;: into the state spac®”. In conclusion
« compute the maximal RPI s€l.,. for (42) the set of initial states that can be steeredtg in IV steps,
2) On-line step: each stefp givenxzy, solve using the semi-feedback controller (40) is:
JX/'(k) = m}n foa Stz= [l‘g fT}T € Ooo,z (43) Xy = UieI(X]iV n PZ)
Implement the controller, = Fizy, + cx. BecauseX.,U. and W are polytopes and initially¥§ =

The maximal RPI set for (42) included iz X} , isin ~ Os With O, a polytope, we obtain th&'y's are polytopic
general a union of polyhedral setS;. . = U?_, 07, where ~Sets as well. As a consequendg, is a polytope, for any
Oi are polytopes. Therefore, at step 2 of Algorithm (1) we? € Z- Therefore, Xy is a union of polytopes.
have to solve; quadratic programming (QP) problems, and Proposition 5.3:The setUiez (X N F;) is an RPI set
then to choosef for which f7 f is the smallest one. The for the augmented system (42).

. _ [T £TT , i p.
distance of a point to the closed, convex s@ is defined ~ Froof: Letzo = [1g fo]" € Uiez(Xy N Pi). There
asd(z,0) = mingeco ||z — z°||. We considet| X || as the exists aniy € Z such thatry € X . From the definition of

norm 2 (|X||2) for vectors and matrices. X}, applying the feedback input(k) = F;,zo + ¢y to the
Theorem 5.2:Given zp € O the receding horizon system (41), according to the set recursion (45), we obtain
implementation of the Algorithm (1) asymptotically steer that there exists a modg € 7 such thatz; € Xj_,.

the trajectory of (41) td)... Moreover, let us denote wittf{** = [¢f...cf_, 0]T.
Proof: If 2o € Os .o, then (43) has a solution &t = Thenz = [zf fi**"]" € (A% N F;). In conclusion
0, f& = [e37...cil ]T. Moreover, there exists aip € Z 21 € Uiez(Xy N F;). L
such thatzg € P;, N Oxe..o. Let us denote withffes = By |_nduct|on we can prove; ¢ Uiez (X} N P;) for all
[¢iT...cxT | 0]7. Applying the feedback inputy = F;,zo+ K =01.e.the setU;cz (X3 NF;) is an RPI set for the PWL
¢; to the system (41), and keeping in mind tiat, . is  System (42). L %
an RPI set for (42), then we obtajn? f=T)T € O .. It is clear thatU,cz (X% N P;) C O, .. Moreover, the
Therefore, ffe is feasible atc = 1. ’ evolution of (41) under the input sequence (40), with the
By induction, we can prove that giver(k), for all k >  initial statex is given by:
1*the clp;timizeitiipon pr:(F)bIem (43) has an optimal solution Tha1 = Apy, Ay, To (46)
fi= ek ,...,_ckH\f,_l] angat saTmpIe st;»lr)+1we hav_ea el
feasible solutionf;%} = [c;;---Ciin_10]" . In conclusion + ZAFi(k+1)mAFi(j)(Bi(j—l)cjfl"f'wjfl)
TR (k+1) = Ty (k) < =leg]|*. (44) i=1



whereAr,, ., = I andi(0), ...,i(k) is any feasible switch-
ing sequence corresponding to state sequegce., xy.
On-line step
Assumez(k) € P;. At this stage, we computen-line

at each step, the following QP problem:
Ja(k) = mfin fffost 2F MY exy  (47)

Then, according to the receding horizon strategy,
applied to the system at stépis given by:u, = Fyxy +

c;. Oncez, € O, the MPC law is given by the local
controlleru; = F;xy, which has the property that it keeps

the state inside this RPI set for any disturbancélin

We assume that the matricels,, are asymptotically sta-

dynamics of the system (that are defined around the origin)
and is constructing according to Section Ill. Therefore, fo
the PWA system (1) we have available a local controller
uw = Fx if x € P;, with i € Z, and a corresponding
terminal setO., = N;e7, 0%, . Both, the controller and the
terminal set are defined around the origin, where the PWL
dynamics of (1) can be active.

the input The feedback min-max MPC scheme presented in Section

IV can then be easily implemented for PWA system (1).

| Using the equivalence of a PWA systems with a MLD

systems, the optimization problem (38) still remains a
MILP. The stability results derived in Theorem 4.2 are still
valid.

ble for alli € Z. In this case, we have the following stability Remark 6.1 An interesting case is wheF, contains only

result for the MPC scheme presented in this section.

Theorem 5.4:Provided that the initial state; € Xx
then the feedback MPC law;, = Fiz; + ¢} drives the
statex; asymptotically to the RPI s&D ..

one elementZ, = {1}, i.e. the origin is contained in
the interior of P; (we have only one PWL dynamic that
contains the origin and the rest of dynamics are PWA). As
it is done in the linear case, we can construct a stabilizing

Proof: Using similar arguments as in Theorem 5.2 W&ontroller for the PWL dynamic and a robustly positively

conclude that

¢, — 0 as k — oo. (48)

Let us now prove thatl(zy, O) — 0 ask — oco. Given
xo € Xy there exists ang € O such thatd(zg, Ox) =
lzo — z§|| (since O is a closed, convex set). Now =
AF, 40 + Bio)cg + wo. Let us definex{ = AR, 26 +
wg. From the definition ofO it is clear thatz$ € O.
Therefore, we obtain:

(21, Oco)<lz1 — 25| < Ao, || lzo — 26l + [ Bioycoll
By induction, using (46), we can prove that

d(xr+1,O0c0) < ||Trt1 — 2041 |l

< A7 o -1 A7) | w0 — 25l (49)
k+1

+ Z ||AF7:(1C+1) ||"'HAF1‘(_7’) H ||Bi(j*1)c;71”’
j=1

for any feasible sequence of switch&§), ...,i(k), where
z7, = AF,,,Thtwi € Ox. SinceAr, are asymptotically
stable for anyi € 7, there exists a constafit< § < 1 and
L > 0 such that

[AF, o |-l AR, || < L§k—d.
Using now (50) and (48) in (49), we obtain
d(z1, Os) — 0 as k — oco. o
VI

(50)

EXTENSION TOPWA AND HYBRID SYSTEMS

invariant set. Then, we can formulate the feedback min-max
MPC scheme (38) with &xed prediction horizonV, since
in that case the control sequence defined as:

*{ *4 0
E Hety gy --e E MZUN71|07F137N|0
tech =1t tech—1

(51)

is feasible for the next step (and it keeps the nékt
modes fixed). The same stability properties are valid in this
particular case. &

The second MPC scheme derived in Section V is more
difficult to be implemented to other classes of hybrid
systems, due to the special construction of theXgetin the
off-line step. It is easy to derive a local controllers= F;x
if x € P;, for all i € 7 that stabilizes the PWA system
(1), using similar arguments as in Section Il. Of course, if
we are able to construct an RPI g8t, for all dynamics
of the PWA system (not only for the PWL dynamics),
then the stable MPC scheme presented in Section V can
be implemented also for PWA systems (1). One way for
constructing a RPI set for PWA system (1) corresponding
to all dynamics of the systems is to use the Proposition 3.7.
The stability result derived in Theorem 5.4 is valid also for
this type of systems.

From [9], we know that the class of PWA systems is
equivalent with some other important classes of hybrid
systems like MLD systems, extended linear complemen-

Let us now discuss the possible extensions of the previoﬂ%ry systems, max-min-plus-scaling systems. Therefbee, t

results to PWA and hybrid systems. We consider the PWA

table MPC schemes derived in Section IV and V can be

system (1), such that the origin is an equilibrium point.appliecj also to these classes of hybrid systems.

Therefore, the system (1) is described by PWL dynamics
around the origina; = 0 for all ¢ € Z,. In this case we

can derive a local controller corresponding to the PWL dy-
namics of the system according to Section Il. The robustly We consider the following example taken from [2], but
positively invariant setD., corresponds also to the PWL this time with an additive term to take also into account the

VII. | LLUSTRATIVE EXAMPLE
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Fig. 1. The outer polyhedron represents the maximal RP(%5et for
the system while the inner polytope represefits, .

disturbance:

cosa(k) —sina(k)

+ { (1) }u(k) +w(k),
[ Rt Ot 20
a(k) —{ —m/3 if [1 0Jz(k) <0

with the following constraints:
X={2cR?: |z)c <10}, U={ueR: |ul <1}
We assume that the disturbance set is given by:
W ={we€R?: w; =wy, || <0.1}.

We get the following PWL feedback controllex
F;z, i =1,2 , according to Section II:

Fy =[-0.692 —0.4], F, =[0.866 —0.5].

We see that the matrice$y, are strictly stable. Therefore,
we can apply Theorem 3.5, the RPI €8t, being deter-
mined after 2 iterations (i.e¢* = 2):

[ —0.866 —0.5 1.25
0.866 0.5 1.25
0.866  —0.5 1
, | —086 05 1
Occ= 2R 1 1490 —0.866 |* =] 1.3906
~0.499  0.866 1.3906
0.500  0.866 1.1125
| —0.500 —0.866 | | 11125 |

which is a polytope that contains the origin in the interior

(see also VII).

Applying the robust feedback min-max MPC scheme

proposed in Section IV, with initial state, = [3 2.1],
Q = I, R = 1, together with infinite norm| - ||, initial

11

prediction horizonN = 3 and the terminal set bein@..,

we get the straight line in Figure VII. We also apply the
MPC scheme proposed in Section V for the initial state
xo = [1.5 2.1] with the same prediction horizaN = 3. In

the first plot we represented the trajectories of the system
in closed-loop with the feedback min-max MPC scheme
(straight line) and with the MPC scheme from Section V
(dotted line). The inner polytope represents the(dgt and

the outer polygon is the maximal RPI set associated to the
PWL system. We remark that once the trajectory entegs

it remains there in both schemes. In the second plot we have
represented the optimal inputs given by our robust MPC
schemes (straight line for the MPC scheme from Section IV
and dotted line for the MPC scheme presented in Section
V). Note that the constraints on input are satisfied. In order
to compute the RPI set,, we used theSet invariance
toolboxfrom [11]. For solving the LMIs we used the Matlab
LMI toolbox.

VIII. CONCLUSIONS

In this paper we have derived two stable MPC algorithms
for the class of perturbed PWL systems with additive
disturbance. We have derived LMIs conditions in order to
find a PWL controller which stabilizes the nominal systems.
We have taken into account the piecewise linear structure
of the system, conservativeness being reduced using the
S-procedure. We have computeccanvexRPI set for the
perturbed PWL system. We have derived conditions when
this set is finitely determined and therefore is a polytope.
Further we have proposed first a stable robust feedback
min-max MPC scheme that uses the fact that the mode
of the system is certain at each stép We incorporate
feedback in the control sequence, in order to increase the
domain of the feasible control sequences. Our MPC scheme
is based on solving at each step a MILP problem, but
the computational complexity decreases at each step. The
second stable MPC scheme is based on unknown mode,
using a semi-feedback controller. For this scheme we have
to solve on-line only a quadratic optimization problem.
Therefore, this scheme is less demanding than the min-
max MPC scheme. Extensions of these results to PWA and
hybrid systems are also possible.

Acknowledgments

Research supported by the STW projects “Model predictive control
for hybrid systems” (DMR.5675), anMulti-agent control of
large-scale hybrid systems” (DWV.6188), by the European 6th
Framework Network of Excellence “HYbrid CONtrol: Taming
Heterogeneity and Complexity of Networked Embedded Sys-
tems (HYCON)” (contract number FP6-IST-511368), and by the
European IST project “Modelling, Simulation and Control of
Nonsmooth Dynamical Systems (SICONOS)” (IST-2001-37172).

REFERENCES

[1] A. Bemporad, F. Borrelli, and M. Morari. Min-max control of
constrained uncertain discrete-time linear systHfEE Transactions
on Automatic Contrql48(9):1600-1606, September 2003.

[2] A. Bemporad and M. Morari. Control of systems integratiogit,
dynamics, and constraintdutomatica 35(3):407—427, March 1999.



(3]
(4]

(5]

(6]

(7]

[8

(9]

(20]

(11]

(12]

[13]

[14]

(18]

-3 I I I I I I I I I ]
-15 -1 -0.5 0 0.5 1 1.5 2 25 3 3.5
X
1
0.5 T T T T T T T
of o oo AT
5 ///
-0.5F /@ .
-1 &L | | | | | |
0 1 2 3 lé(l 5 6 7 8

Fig. 2. Top: the trajectory of the system under the robust MBatrol. Bottom: the optimal input given by the MPC.

F. Blanchini. Set invariance in controAutomatica 35:1747-1767,
1999.

S. Boyd, L.E. Ghaoui, E. Feron, and V. Balakrishnan. ainMatrix
Inequalities in System and Control Theo8IAM, Studies in Applied [17]
Mathematics, Philadelphjal994.

L. Chisci, P. Falugi, and G. Zappa. Gain-scheduling MPEC o
nonlinear systemsint. J. Robust and Nonlinear Control3:295—

308, March—April 2003. [18]
J. Daafouz and J. Bernussou. Parameter dependent Lyapuno
functions for discrete time systems with time varying pararoetri [19]
uncertainties.Systems and Control Letter43:355-359, 2001.

G. Ferrari-Trecate, F.A. Cuzzola, D. Mignone, and M. M&ior
Analysis and control with performance of piecewise affine laylorid
systems. InProceedings of the 2001 American Control Conference
Arlington, Nevada, June 2001.

A. Hassibi, J. How, and S. Boyd. A pathfollowing method &miving
BMI problems in control.in Proc. of American Control Conference
pages 1385-1389, 1999.

W.P.M.H. Heemels, B. De Schutter, and A. Bemporad. Eqeives

of hybrid dynamical models. Automatica 37(7):1085-1091, July [22]
2001.

T. lwasaki and R.E. Skelton. The X-Y centering algamittior the

dual LMI problem: a new approach to fixed order control design.
Int. J. Contro| 62(6):1257—1272, 1995. [2
E.C. Kerrigan. Robust constraint satisfaction: Invariant sets and
predictive control PhD Thesis, University of Cambridge, UK, 2000.
E.C. Kerrigan and J.M. Maciejowski. Feedback min-max Mg

a single linear program: Robust stability and the expliciti8on. Int.

J. Robust Nonlinear ContrpD0:1-18, 2003.

E.C. Kerrigan and D.Q. Mayne. Optimal control of consteal,
piecewise affine systems with bounded disturbance®raceedings
of the 2002 IEEE Conference on Decision and Conttals Vegas,
Nevada, December 2002.

I. Kolmanovsky and E.G. Gilbert. Theory and computatiémlistur-
bance invariance sets for discrete-time linear systévtathematical
Problems in Engineering: Theory, Methods and Applicati@gh817—
367, 1998.

M.V. Kothare, V. Balakrishnan, and M. Morari. Robustnstrained
model predictive control using linear matrix inequalitidsitomatica
32:1361-1379, 1996.

[16]

[20]

[21]

[24]

[25]

12

B. Kouvaritakis, J.A. Rossiter, and J. Schuurmans. [ffic ro-
bust predictive control.IEEE Transactions on Automatic Contyol
45(8):1545-1549, August 2000.

M. Lazar, W.P.M.H. Heemels, S. Weiland, and A. Bemporath- S
bilization conditions for model predictive control of cor@hed
PWA systems. InProc. Conf. on Decision and ContioBahamas,
December 2004.

J.H. Lee and Z. Yu. Worst-case formulations of MPC forteyss
with bounded parameteré&utomatica 33(5):763-781, 1997.

D.Q. Mayne, J.B. Rawlings, C.V. Rao, and P.O.M. Scoka@on-
strained model predictive control: Stability and optimaligutomat-
ica, 36:789-814, 2000.

H. Michalska and D.Q. Mayne. Robust receding horizomtom
of constrained nonlinear systemkEEE Transactions on Automatic
Control, 38(11):1623-1633, November 1993.

D. Mignone, G. Ferrari-Trecate, and M. Morari. Staliland stabi-
lization of piecewise affine and hybrid systems: An LMI apmfoan
Proc. of Conf. on Decision and Contr@ydney, Australia, December
2000.

I. Necoara, B. De Schutter, W.P.M.H. Heemels, S. Weil&nd_azar,
and T.J.J. van den Boom. Control of PWA systems using a stable
receding horizon method. IRroc. of 16th IFAC World Congress
Prague, Czech Republic, July 2005. Paper 2794 / Tu-E21-TO/2

] |. Necoara, B. De Schutter, T.J.J. van den Boom, and Jehtidorn.

Model predictive control for perturbed continuous piecsvaffine
systems with bounded disturbances. Proc. of Conf. on Decision
and Contro] Paradise Island, Bahamas, December 2004.

J.A. Rossiter, B. Kouvaritakis, and M.J. Rice. A numalig
robust state-space approach to stable predictive contrategies.
Automatica 34(1):65-73, 1998.

P.O.M. Scokaert and D.Q. Mayne. Min-max feedback MPC for
constrained linear systenEEE Transactions on Automatic Contyol
43(8):1136-1142, August 1998.



