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Abstract brid phenomena. PWA systems have been studied by
We give an overview of our recent results on model many authors (Bemporaet al, 200(; Bemporad and
predictive control (MPC) for a class of non-smooth hy- Morari, 1999; Chua and Deng, 1988; Chua and Ying,
brid systems subject to perturbations. More specif- 1983; Johansson, 2003; Kevenaar and Leenaerts, 1992;
ically, we consider continuous and non-continuous Leenaerts and van Bokhoven, 1998; Sontag, 1981, Ve-
piecewise-affine (PWA) systems. Most results on liov and Krastanov, 1986). In particular, Sontag has
MPC for PWA systems involve non-perturbed systems. considered PWA systems from a classical control per-
In this paper we consider perturbed PWA systems spective (Sontag, 1981). He has also studied spe-
with bounded disturbances, i.e., PWA systems whosecific properties like representation, realization, observ
system equations contain a disturbance term with aability, and decidability questions. Furthermore, re-
bounded support. We show that for both continuous cently, several authors (Bemporatl al, 200G; Be-
and non-continuous PWA systems an MPC approachmporadet al, 200(; Bemporad and Morari, 1999;
consisting of an off-line step and an (efficient) on-line Borrelli, 2003; Ferrari-Trecatet al, 2001; Kerrigan
step can be developed. and Mayne, 2002; Lazaet al, 2004; Mayne and
Rakovic, 2003; Rako et al, 2004; Rantzer and Jo-
hansson, 2000) have developed an MPC approach for

Ke_y worQs _ o PWA systems. Furthermore, we have recently devel-
PIECGWISG affine .systems, model predlctwe control, oped an MPC approach for continuous PWA systems
max-min-plus-scaling systems, hybrid systems. (De Schutter and van den Boom, 2004) using the equiv-

alence between continuous PWA systems and max-
min-plus-scaling (MMPS) systems, i.e., systems the
behavior of which can be described by the operations
maximization, minimization, addition and scalar multi-

sults ?:j r:or(;iel prt(.ed|ct|ve qontro[ (MPf?:) forPc\:/c\letmu— plication. This equivalence allows to compute the MPC
ous a on-continuous piecewise-affine ( ) sys- input via the on-line solution of several linear program-

tems._ MPC_(Mamejowskl, 2002) is a model-ba_lsed, ming problems.
receding-horizon control approach that uses on-line or )
off-line optimization to determine appropriate control ~Most results on MPC for PWA systems involve non-
inputs. Although MPC has its origins in the process Perturbed systems. We now consider perturbed PWA
industry and was developed for linear and non-linear SyStéms with bounded disturbances, i.e., PWA systems
continuous-variable systems, it has recently been ex-Whose system equations contain a disturbance term
tended to hybrid systems. with a bounded support. '!'hls dlsturbanpe term cou[d
PWA systems are a class of hybrid systems that arefepresent boun(_jed modellng_ errors, noise and/or dis-
characterized by an input/state space that is subgi-turbances. In this paper we give an overview of our re-
vided in several polyhedral regions, in each of which Sults on MPC for perturbed PWA systems (Necoetra
the behavior of the system is described by an affine &l 2004; Necoarat al, 200%; Necoarzet al, 200%).
state space model. PWA models are often used to de- First, we consider MPC for perturbed continuous
scribe the behavior of hybrid systems since they form PWA systems (or MMPS systems) with a PWA cost cri-
the “simplest” extension of linear systems that can terion. The proposed MPC method for this class of sys-
still model nonlinear and non-smooth processes with tems is based on minimizing the worst-case cost crite-
arbitrary accuracy and since they can deal with hy- rion,i.e., amin-max approach. We show that the result-

1 Introduction
In this paper we give an overview of our recent re-



ing MPC optimization problem can be computed effi- that the system is continuous PWA. For more infor-
ciently using a two-level optimization approach con- mation on PWA functions and PWA systems we re-
sisting of an off-line and an on-line step. In the off-line fer to (Bemporacet al,, 200(; Chua and Deng, 1988;
step we have to solve a multi-parametric linear pro- Chua and Ying, 1983; Johansson, 2003; Kevenaar and
gramming problem and to compute a canonical expres-Leenaerts, 1992; Leenaerts and van Bokhoven, 1998;
sion of the cost criterion. On-line, we have to solve a Sontag, 1981) and the references therein.
set of linear programming problems, for which efficient
optimization aIg_onthms exist. 2.2 Max-min-plus-scaling (MMPS) systems

Next, we consider general PWA systems. Here, We pefinition 2.2. An MMPS function f R" — RMis de-
also use an MPC scheme consisting of an off-line step fj,eq by the recursive grammar
and an on-line step. In the first step, we compute off-
line the set of states that can be steered to a certain con-
vex target set using a semi-feedback controller. This [ (X) =X | a | max(fi(x), i (x)) ©)
local controller can be computed using linear matrix min( f(x), fi (X)) } fie(x) + i (x) \Bfk(x) ,
inequalities (LMIs). The second step consists in solv-
ing on-line, at each sample step a mixed-integer linear it i € {1,....n}, a,B € R, and where §, f| : R" —
programming problem. This results in a min-max feed- gm " 5 agj]ain’ MMPS functions; the syr;"lbpbtands

back MPC scheme based on a dual-mode approach thaj, “or", and maxandmin are performed entrywise.
stabilizes the system.

This paper is organized as follows. In Section 2 we Systems described by a state space model of the form
present PWA and MMPS functions and systems, and

we establish the equivalence between continuous PWA x(K+ 1) = 3 (x(K), u(K)) ()
systems and MMPS systems. Next, we give a short K — o(x(k ’ K 5
introduction to MPC in Section 3. In Section 4 and y(k) =y (x(k),u(k)) , ©)

Section 5 we then discuss MPC for perturbed MMPS
systems and for perturbed PWA systems respectively. where.#,.#, are (vector-valued) MMPS functions,
are calledIMPS systems

2 Piecewise affine systems and max-min-plus-
scaling systems
In this section we present PWA and MMPS functions
and systems, and we discuss the link between continu-
ous PWA systems and MMPS systems. We also presen
canonical forms for MMPS functions.

2.3 Equivalence of continuous PWA and MMPS
systems

Theorem 2.3. If f is a continuous PWA function of the

form given in Definition 2.1, then there exist index sets

t|1,...,|g C{1,...,N} such that

_ i T )
2.1 Piecewise affine (PWA) systems = jﬂaxé?gi? (aXx+B) - (©)

Definition 2.1. (Chua and Deng, 1988)A scalar-
valued function f R" — R is said to be a PWA function  pyoof. See (Gorokhovik and Zorko, 1994; Ovchin-
if and only if the following conditions hold: nikov, 2002).

.....

1. The domain spadR" is divided into a finite num-
ber of polyhedral regions R, ..., Rin)-

2. For each ie {1,...,N}, f can be expressed as
f(x) = G;Ii—)XJr B(i) for any xe Ri) with ai) € R"

From the definition of MMPS functions it follows that
any MMPS function is also a continuous PWA func-
tion. Hence, continuous PWA systems and MMPS sys-
tems are equivalent, i.e., for a given continuous PWA
andp; € R. model there exists an MMPS model (and vice versa)
such that the input-output behavior of both models co-

If f is continuous on any boundary between two re- >“*
incides. So we have:

gions, then we say that f is a continuous PWA function.

A vector-valued function is continuous PWA if each of Proposition 2.4. Continuous PWA systems and MMPS
its components is continuous PWA. systems are equivalent.

A PWA systens a system of the form . ]
2.4 Canonical forms of MMPS functions

Each MMPS function can be rewritten in a max-min
X(k+1) = Px(x(k),u(k)) 1) or min-max canonical form as follows:

y(k) = Zy(x(k),u(k)) , @) Theorem 2.5. A scalar-valued MMPS function f can

be rewritten into the min-max canonical form
with &y, &y vector-valued PWA functions and where
u, y, andx represent the input, output and state of the f= min max (a} \x+Bi) )
i ' i=1,..K =10 () (0.1)
system respectively. [y, & are continuous, we say s K =1y



or into the max-min canonical form

f = max
i=1..Lj

8)

for some integers K, L,1)...,ng, my,...,m_, vectors
CI(LD, Yij)» and real numberﬁ(ivwé(i’j).

For vector-valued MMPS functions the above state-
ments hold componentwise.

Proof. See (De Schutter and van den Boom, 2004).

3 Model predictive control (MPC)

In this section we give a short introduction to the basic
ideas behind MPC. For more detailed information on
MPC we refer the interested reader to (Camacho and
Bordons, 1995; Clarket al,, 1987; Garaet al, 1989;
Maciejowski, 2002) and the references therein.

MPC is a model-based control approach that allows
constraints on the inputs and outputs. In MPC at each
sample step the optimal control inputs that minimize
a given objective function over a given prediction hori-

Consider matrices and vectoBs= R™", ce R", q e
R™ U € R™S, and let® C RS be the set in which
the parameter variabl@ of the MPLP lives. We as-
sume tha® is a polyhedral set, i.e., it can be written as
O = {6 ¢ R%|W6 < w} for some matrixV and vector
w. Now the MPLP is defined as

max ¢’ x

subject toSx< q+U 6,
XxeRN

9)

wherex is the optimization variable of the MPLP, and
6 the parameter variable of the MPLP. For simplicity,
we will assume in this paper that for afiyc © (where
©is a bounded polyhedron), the MPLP problem (9) has
a finite optimal solution.

LetV*(68) denote the maximum value of the objective
function in the MPLP problem (9), anxi(0) the op-
timizer related tov*(6) for any 8 € ©. Note that in
generalx*(0) is set-valued. The following proposition
characterizes the solution of an MPLP:

Proposition 4.1. With the above notations, the func-

zon are computed, and applied using a receding horizontion V* : ® — R is a concave MMPS function, i.e.,

approach.

More specifically, in MPC we compute at each sam-
ple stepk an optimal control input that minimizes a
cost criterion over the periofk,k+ N, — 1] whereN,
is the prediction horizon. The cost criteridiik) =
Jout(K) + AJin(K) used in MPC reflects the reference
tracking error Jou) and the control effortX,), whereA
is a nonnegative weight parameter. We usually also in-
clude (linear) constraints on the inputs, states and out-
put that should be satisfied over the prediction period.

If we have a prediction model for the system (e.g.,
a model of the form (1)—(2) or (4)-(5), and if we as-
sume that at sample stdpthe current state can be

measured, estimated or predicted using previous mea-

surements, we can make an estimgie+ j|k) of the
output of the model at sample stkg- j based on the
statex(k) and the future inputs(k+i),i=0,...,j—1.
After computation of the optimal control sequence
u(k),u(k+1),...,u(k+ Ny — 1), only the first control
sampleu(k) will be implemented, subsequently the
horizon is shifted one sample; next, the model and the
state are updated using new information from the mea-
surements, and a new MPC optimization is performed
for sample stefx+ 1. This is the receding horizon ap-
proach used in MPC.

4 MPC for perturbed MMPS systems and contin-
uous PWA systems
In this section we discuss MPC for perturbed MMPS
systems, or equivalently for continuous PWA systems.
This section is based on (Necoatzal., 2004; Necoara
et al, 200%).

4.1 Multi-parametric linear programming
A multi-parametric linear programming problem
(MPLP) is defined as follows (Borrelét al., 2003).

an MMPS function that can be written asw@in-plus-
scaling expression (so nmax is required). Further-
more, there exists an MMPS functiori X© — R" such
that X*(8) € x*(0) for all 6 € ©.

Proof. See (Necoarat al.,, 2004).

The reader is referred to (Borreéi al, 2003) for an
algorithm for computing the solution of an MPLP.

4.2 The worst-case MPC problem for perturbed
continuous PWA or MMPS systems

Now we extend thedeterministiccontinuous PWA
model (1)—(2), or equivalently the MMPS model (4)—
(5) to take also the uncertainty into account. Recall that
the MPC method is based on a prediction model of the
system and that this prediction model is used to deter-
mine the optimal control inputs for the system. There-
fore, we must also take into account the uncertainty
when we implement MPC. If we ignore the disturbance
in the plant, this can lead to errors in the system equa-
tions and even an unstable closed-loop behavior.

As in conventional linear systems, we model the dis-
turbances by including an additive term in the system
equations for continuous PWA systems. Hence, we
consider theperturbed continuous PWiodel:

x(k+1) = Px(x(k),u(k),

e(k)) (10)

11)

where &y and &y are continuous vector-valued PWA
functions, and the uncertainty caused by disturbances
in the estimation of the real system is gathered in the
uncertainty vectoe(k). We assume that this uncer-
tainty is included in a bounded polyhedral get {e c
R%|Se< q}.



Using the equivalence between continuous PWA and 4.3 An algorithm for the worst-case MPC problem

MMPS systems, the perturbed continuous PWA model for perturbed MMPS systems
(10)—(11) can be also written as a perturbed MMPS For a givenu(k), x(k) we define thenner worst-case
system: MMPS-MPC problem as follows:
X(k+1) = . (x(k),u(k),e(k)) (12) {E;";); J(&(k), d(k), x(k)). (21)
y(k) = y(x(K), u(k), e(k)), (13)
We denote
where. 7y, .#y are vector-valued MMPS functions.
We assume that at each stepf MPC, the state(k) is & (((k), x(k)) = arg maxJ(&(k), d(k),x(K), (22)
available (can be measured or estimated) and we gather &kjeé
the uncertainty over the intervéit,k + Np 1} in the JH(@(K), x(K)) = J(E (Gi(K),x(K)), G(K),x(K).  (23)

vectore(k) = [e' (K),...,e" (k+Np—1)]T € &, where

&, according to our assumption, is a bounded poly-
hedral set. Then it is easy to see that the prediction
y(k+ j|k) of the future output for the system (12)—(13) Proposition 4.2. For a given (k) and xk),
can be written in MMPS form, fof = 1,...,Np. & (((k),x(k)) given by (22) can be computed us-
Letr denote the reference signal, and define ing a sequence of linear programming (LP) problems.

Now we have:

Proof. This proof can also be found in (Necoagh
(k) = [uT(®) ... uT(k+Ny—1)]", (14)  al.,, 2004) but we include it for the sake of complete-

- AT T ness. B
§o =13 (k+1fk) ... §° (k+ Np‘k)] (15) Let the bounded polyhedral s&€tin which &(K) lives be
F(k)=[rT(k+1) ... r"(k+ Np)] : (16) given by& = {&(k) | (k) < §}. Now we determine for

any fixed[d" (k) x" (k)] the optimalke™(di(k), x(k)), us-
ing themax-min canonical forr(il9) of J(-), by solving

Just as in (De Schutter and van den Boom, 2004) We o following optimization problem:

consider the following output and input cost functions:

N o N max max mm(oz(I ]>x(k)+ (24)
Jout1(K) = [|J(K) = F(K)[[1, Jina(K)= [[G(K)[[1, (17) &K) j=1..1ies; " U B
Jouteo(K) = [[F(K) — F(K)[leos  Jinea(K) = [| (K)o - (18) I3<Ti,,->ﬁ(k) Vi &K) + 3 j)

Note that these cost functions are also MMPS functions
since[x| = max(x, —x) for x € R. Hence, after comput-  This problem is equivalent to
ing they(k) using successive substitution (note that this
yields an MMPS function), we can compulé) as a

function ofx(k), G(k) and€(k). It is easy to verify that Jmf"‘_.)_ﬂ rg%x@s?(a(l_’”x(k)—k (25)
with a combination of the output and input cost func- ~ ~ s

tions of (17)—(18) this also yields an MMPS function. Bl 0(K) + ¥ ) &(k) + & )

Hence, we can writd(k) in max-min canonical form: subject toSe( k) <§g .

J(8(K), T(K), x(K)) = rqaxl m'“(a(T.J X(K)+ (19) Now for eachj =1,...,] we have to solve
i=1..,

T VIR . s =T AT =~ T x N
B,y k) + i jy &) + i ) )- rg(%xpglsrj](a(i,j)x(k)Jr (i.1)0(K) + i &(K) + i j))
subject to S&(k) < §, (26)

Note that if the reference signaldepends ork then
i j)» O, D will depend also ork.

Just as in (De Schutter and van den Boom, 2004) we Which is equivalent to the following LP problem:
consider only linear constraints on the input, i.e., con-

straints of the fornP(k)di(k) + g(k) < 0. _max t(j(k) (27)
The worst-case MMPS-MPC problemt stepk can &)t (k)
now be defined as subject to
O tjy (0) < @ jyx(K) + B jy 8(k)+
min max J(&(k), G(k), x 20 ~ e
(k) &k)eé (&), 6k, x(k)) (20) )7(Tiyj)e(k)+6(iyj) foreachi € §

subject toP(k)G(k) +q(k) <O . SE(k)<q .



To obtain the solution of (24) we solve (27) In order to obtain the solution of (28), we solve (30),

for each j = 1,...,l, with the optimal solution obtaining the optimal solutior[tg‘j)(x(k)) ﬂzij)(x(k))]T

[t; ((K), x(k)) ~?T)(~(k) x(k)]" and then we select o, eachj = 1,....I, and then we select the opti-
as€*(l(k),x(k)), the opt|mal solu'uore( ) (@(k), x(k)) mal U*(x(k)) as the optimal solution;) (x(k)) for

for which mines, (@l (k) + BL (k) + V) which maxer, (uf ;x(k) + v 0, (x(K) + & j) is
&;)((k),x(k)) + & ) is the largest. the smallest.

Remark 4.3 We defineU = {0(K) | P(k)G(k) 4 q(k) < Based on the above results we now present an algo-
0} and we assumé to be bounded. This assumption rithm to solve the worst-case MMPS-MPC problem:

is not restrictive, because in practice the inpik) will Algorithm 1

always be bounded. Furthermore, the feasible set of
the statesX is assumed to be also a bounded polyhe-
dron. This implies that for anji’ (k) x" (k)] € U x X

(a bounded polyhedron), the MPLP (21) has a finite op-

Step 1: Solve off-line the inner worst-case MMPS-
MPC problem (21) via the MPLP approach. According
to Proposition 4.4*(x,u) is an MMPS function. Also
compute the min-max canonical form of this function

timal solution. off-line.
Furthermore, from Proposition 4.1 it follows that (see Step 2: Computeon-line (at each stef) the solution
also (Necoarat al, 2004)) of the outer worst-case MMPS-MPC problem (28) ac-

. ) . cording to Proposition 4.5.
Proposition 4.4. With the notations (22)—(23), *J. ] )
U x X — R is an MMPS function and* : U x X — RS The solution of the MPLP of Step 1 can be obtained

is a PWA function. with different algorithms such as the geometric algo-
_ rithm of (Borrelli et al,, 2003), or the dual-based vertex
The outer worst-case MMPS-MPC problem is now  enumeration approach of (Diehl anddBjberg, 2004),

defined as which was proposed in the context of robust MPC.
Note that whem in not a constant reference signal the
minJ* (Ci(k), x(k)) (28) functionJ*(x, u) will depend also om(k+1),...,r(k+
Gi(k) Np) at sample stefs, so in that case we will have to
subject toP(k)l(k) +q(k) <O . includer”as an additional argument &in Step 1 when

we compute the min-max canonical form.

Proposition 4.5. Given Xk), the outer worst-case
MMPS-MPC problem can be solved using a sequence
of LP problems.

Corollary 4.6. Using Algorithm 1, the worst-case

MMPS-MPC problem can be solved using a sequence

of LP problems. Moreover the associated controller is

Proof. This proof can also be found in (Necoagh a PWA function of the statdk) (and off (k) if the ref-

al., 2004) but we include it for the sake of complete- erence signal is not constant).

ness.

From Proposition 4.4 we know thaf* : U x

X — R is an MMPS function.  Therefore, it 5 MPC for perturbed PWA systems

can be written in the following min-max canonical Now we derive an MPC approach for general per-

form J*(G(k),x(k)) = mmJ _p fmaxe, (“(Ti j)x(k) + turbed — thu_s not ngcessarily co.ntinuous_ — PWA sys-

’ tems. The aim of this approach is to design a robustly

stable MPC controller. This will be done using a two-

step approach. In the first step we design a piecewise

linear feedback controller, that stabilizes the nominal

mil(n min YIQQX(H( ) (k)+V(Ti,j)G(k)+f(i,j)) (29)  system. Next, we construct a polyhedral robustly posi-
009 j=1...11<T; tively invariant set for the system, and we design MPC

subject toP(k)(k) +q(k) < 0. schemes that steer the perturbed system to the invari-

ant set, resulting in an overall stabilizing MPC scheme.

This section is based on (Necoatsal., 2005).

vgj)a(k) +¢&i,j))- Then, the outer worst-case MMPS-
MPC problem (28) can be written as

For eachj =1,.. ., we must thus solve the following
linear programming problem:
5.1 Notations and definitions

min ;) (30) We use the following notations: a PWA system with
a(k).tj) ) additive disturbance is defined as
subject to
tg) = K X(K) + v ) AK) + &G j) x(k+1) = Ax(K) + Bju(k) +a +w(k), if x(k) € 2,
for eachi € T (31)

. where w denotes disturbance and? }ic.» is a fi-
P(k)d(k) +a(k) <0 . nite partition of R". The closure ¢l%)) is given by



cl(#) = {x|Ex>eq}. Whena =0, g =0 for all
i € .7, we get a piecewise linear (PWL) system:

X(k+1) = Aix(k) +Biu(k) +w(k), if x(k) € &, (32)

Proof. See (Necoarat al, 2005%).

Next, we discuss some relaxations for (36)—(37).
The first relaxation is to replace (37) wigh> 0. In this
case we can apply the Schur complement to (36) (see
also (Necoarat al, 200%)), and then we obtain that

It is assumed that the disturbance belongs to afor R > 0, the matrix inequalities (36) are equivalent to

bounded polyhedrow € W, and that the control and
state are required to satisfy the constraintsU. and
X € X¢; Xe,Uc andW are all polytopes, with @& U, W
and O< int(Xc).

Given two setsy,Z C R", the Minkowski sum ofY
andZis defined a¥ ®Z={y+z|yeY,ze Z}.

5.2 Stabilizing feedback controller for the nominal
PWL system
First we design a local stabilizing feedback controller
for the nominal PWL system associated with the per-
turbed PWL system (32), viz.

X(k+1) = Aix(k) + Bju(k), if x(k) € Z (33)

Now we determine a PWL state feedback controller
u(k) = Fix(k), if x(k) € & such that the nominal sys-
tem (33) in closed-loop with this controller is stable.
We search for a piecewise quadratic Lyapunov function
(Mignoneet al, 2000; Rantzer and Johansson, 2000)
V(x) = x"Px, if x € &, such that

x' (A +BiF) P/ (A +BiF)x—x Rx<0
X'Px>0
forallx e &7 and for all(i, j) € & x &
that satisfyx € & and(A + BiF)x € &7;.

(34)
(35)

Since (34)—(35) has to be valid only fare &, we
can use the S-procedure (Bogtal,, 1994), which re-
sults in: FindR, R, U;ij,V; for all (i, j) € .# x .7, where
Uij,Vi have all entries non-negative that satisfy the fol-
lowing matrix inequalities:

(Ai+BiF)TP(A +BiR)" —R+E'UjE <0 (36)
R > Ef VE; (37)

We have the following solution for (36)—(37) where the
symbol * is used to induce symmetry:

Theorem 5.1. Equations(36)-(37) have a solution if
and only if the following matrix inequalities have a so-
lution

Bl P;Bi Bl P/A | —F
« ATPA—PR +ETUjj E < |« F'F (38)
R > E'VE (39)

where U;,V; have all entries non-negative for dll, j).

[H—EiTUijEi * (40)

A +BiF S}>O
0<P <St forall(i,j)e 7 x.7. (41)

Now we discuss a second relaxation. If we do not ap-
ply the S-procedure for (34)—(35), i.e., we replace the
condition “x € & with the condition x € R", then
(34)—(35) becomes

(A +BiR)'P(A+BR)-R<0,R>0 (42

for all (i,j) € .4 x .#. We can linearize (42) using
the well-known linearizing change of variablg =
Pfl,Yi =FKS (this type of linearization was used also
in (Mignone et al, 2000; Lazaret al, 2004; Lazar
et al, 2004)). This then results in a linear matrix in-
equality (LMI) (see also (Necoart al., 200®)). If we
can solve this LMI and obtaiR, F, then the piecewise
feedback controllen(k) = Fx(k) if x(k) € &% asymp-
totically stabilizes the origin of system (33).

5.3 Convex robustly positively invariant sets

Now assume that we have determined a state feedback
controlleru(k) = Fx(k) if x(k) € & that stabilizes the
nominal system (33). If we defirg= = A + BjF;, then
the closed-loop perturbed PWL system becomes:

X(k+1) = A x(K) +w(k), if x(k) € 2. (43)

We defineXg = Uic s {X € & |x € X¢, Fix € Uc}.

Definition 5.2. (Kolmanovsky and Gilbert, 1998)A
setQ C Xg is arobustly positively invarian{RPI) set

for system (43) if for any x QN & with i € .#, we
have Ax+w e Q for all w € W. The maximal RPI
set for system (43) is defined as the largest RPI set for
(43).

It can be easily seen that the maximal RPI set as-
sociated with system (43) is in general a non-convex
set. For system (43) the evolution of the modei(k)
depends on the staték). Nevertheless, for ease of
computation of a convex (polyhedral) RPI set for (43),
we will disregard this relation mode-state and we will
consider thaf(k) evolves independently of(k) (i.e.,
i(k+1) € .# for all k > 0). This type of relaxation
was also used also in (Chiset al, 2003; Lazaret
al., 2004) in order to obtain a convex invariant set for



deterministic PWL systems. So, we replace the PWL In order to determine a suitable control law, an opti-
system (43) with the following time-varying system mal control problem¥y(.) with horizonN is solved.
Letw = (w(0),...,w(N —1)) be a possible realization

of the disturbance over the interval ONo- 1. Efficient
control in the presence of disturbances requires state
feedback; so, the decision variable (for a given initial
statex) in the optimal control problem is a control pol-
icy defined as

Xici 1 = AR o X+ W, withi(k+1) e .7 (44)

wherei(-) is a switching signal in/~.

Definition 5.3. A setQ is an RPI set for (44) if for any
x € Q we have A x+w e Q for any possible switching

i € # and any admissible disturbanceawV. =

(U(x), 1 (), - (46)

SHN-1()
Now we construct an RPI set for (44). We define the

following set recursion: whereu(x) € Uc andpy : Xc = U, k=1,... . N—1is

a state feedback control law. Letk;x, 7T,w) denote
the solution to (32) at stek. The feedback min-max

Ob = X = {X|x € X, Fix € Ug}, optimization problenis defined as

= {XE Xg |AGXBW C Nje s O]}

(45)

. ) A (X) : min max Z (X, Uk) (47)
for anyl € andt =1,2,.... Itis clear from (45) T wewN
thato},, C 4}, and therefor@’t converges tal,. We subject to

define: 0}, = limy_. 0} =
We have

Uk = ik (X(k;x, mw)) € Ug
XN = X(N; X, TT,W) € O
vke {1,...,N—1} andvw e WN |

Theorem 5.4. (i) The maximal RPI set included in
Nic.s Xr, for the system (44) is theonvexset ..
(i) The setd. is an RPI set for the PWL system (43).

Proof. See (Necoarat al., 2005). _
where I(x,u) is convex and such that(x,u) >

Because the sets, are described by a finite number
of linear inequalities, it is important to know whether
U can befinitely determinedi.e. , whether there ex-
ists a finitet* such thato}, = 6., foralli € .#. In
(Necoareet al,, 2005) we some give necessary condi-
tions for finite determination. Note that finite determi-
nation implies that., = Nic » ﬁt‘* is a polyhedral set.

a(d(X,0x)) if X¢ O andl(x,u) =0 if x € O with
o aK—function (Scokaert and Mayne, 1998). The dis-
tance of a poink to the closed, convex sét, is defined
asd(X, Ux) = Minc g, || X—X°||. In the sequel we con-
sider|X|| as thep-norm (| X||p, p > 1) for vectors and
matrices.

For linear systems problem (47) can be solved using

In the sequel we propose a robustly stabilizing MPC the approaches proposed in (Bempogddal, 2003;
scheme for the PWL system (32). We consider the caseDiehl and Bprnberg, 2004; Pluymerst al, 2004;
where the mode at each sample step is known (i.e., canviufioz de la Paet al, 2004; Scokaert and Mayne,
be determined or measured independently of the uncer-1998; Kerrigan and Maciejowski, 2004). In our set-
tainty about the state, e.g., the mode is only determinedting, due to the nonlinearities of the system, these ap-
by the unperturbed part of the state; an example couldproaches cannot be applied directly. To overcome this
be a gear box in a car where the gear position deter-problem, we propose to restrict the admissible control
mines the mode). policies 17 to only those that guarantee that, for every

value of the disturbance, the mode of the systgis

5.4 Robust MPC with known mode: Feedback unique at each sample stkp

min-max MPC scheme

In this section we develop a stable MPC scheme for
the PWL system (32), with known mode despite the
presence of disturbances, based on a feedback min-max
approach. For deterministic systems, almost all MPC Therefore, we restrict the system to the admissible con-
schemes contain two ingredients: a terminal set and atrol policies only that guarantee the mode of the system
terminal cost (see (Mayret al., 2000) for a survey). If  is “certain” at sample stel but the state is not known
the system is uncertain, the stability and also the fea- (recall that this could, e.g., hold when the mode is only
sibility may be lost. In order to achieve robustness, determined by the unperturbed part of the state; an ex-
the controller must stabilize the system for all possi- ample could be a gear box in a car where the gear po-
ble realizations of the disturbance along the prediction sition determines the mode). It can be easily observed
horizon. In this section we use a dual-mode MPC for- that imposing (48) to the system (32) the state set gen-
mulation. erated by the disturbance at each samplelstepcon-

x(k;x, mw) € gi(k)» vw e WN, (48)



vexset:

x(k; x, T,WX) = x(k;x, 1, 0)
+X(Kk;i(0),...,i(k—1),W)

(49)

where the first term expresses the nominal trajectory

As regards the stability of this algorithm we have the
following result:

Theorem 5.5. The feedback min-max MPC laW'(.)
given by Algorithm | makes&., robustly finite-time sta-
ble for the systen(B2)in closed-loop with B”(x) with
a region of attractionXy.

corresponding to the system (33) and the second termproof. See (Necoarat al., 2005).
represents a convex uncertainty set associated with the o
state, which depends on the switching mode sequence NOte the optimization problem (50) can be recast as

i(0),...,i(k—1) and on the setvk.

Using the constraint (48) and the fact that is a
bounded polyhedron withvertices, letZN denote the
set of indexed such that’ = (w(0)", ..., w(N — 1))
takes values only on the verticesW. It is clear that
ZN is afinite set with the cardinalityy = V. Further,
letu’ = (uf, ..., uf,_,) denote a control sequence asso-
ciated with the/th disturbance realizatiow’ and let
%t = X(K; %o, u’,w’) be the solution of the PWL model
(32) with the additional constraint (48). Therefore,
given the current state, the MPC optimization to be
solved at sample stdpbecomes

N—k-1

k(%) : min max Z} (X, e Ut i)
U ek pa Xl/<+1\k’ k+jk

(50)
subject to
Ve ZNK
Xerjk €% =1, ,N—k—1, vl e Lk
U jk €Ue, ] =0,...,N—k—1, vl e g\ ¥

Xk € O, VL € LN K

constraint (48) Xﬁ\k = Xk,

b h N—k
Xerilk = Xcrilk = YUk jik = U jio Vi e 47

Wherexﬁﬂ.Ik is the prediction of the state at stkg- |
given by the model (32), corresponding to ttk dis-
turbance realizatiofw(0)’, ..., w(N —k—1)!) and ap-
plying the input sequencaﬁ‘k,...,uf\lfl‘k. The con-
straint (48) is imposed only to the statx{gr”k with
j=1,...,N—k—1and not to<,{l|k. The only constraint
on the state(f\”k is the terminal constrainb{f\”k € Uc.

a mixed-integer linear programming (MILP) problem
when thep-norm used is eithelf- ||1 Or || - || -

6 Discussion

In this paper we have given an overview of our re-
cent results in connection with MPC for PWA systems.
More specifically, we have presented an MPC method
for MMPS (or equivalently for continuous PWA) sys-
tems, and an MPC method for (general) PWA systems.
We have considered the disturbances as an extra addi-
tive term on the system equations. For each class the
proposed approach consists of an on-line step and an
off-line step.

For the MMPS and continuous PWA systems we can
compute the optimal MPC input using a two-level op-
timization approach. In first step we have to solve off-
line an MP-LP or to compute the vertices of some poly-
hedral cones and then to write the min-max expression
of the worst-case performance criterion. On-line we
solve only a sequence of LP problems.

For the general PWA systems the proposed approach
was also a two-step approach. First we have use LMIs
to find a PWL controller that stabilizes the nominal sys-
tem. Next, we compute aonvexrobustly positively
invariant set for the perturbed PWL system and we
steer the system towards this set. To this aim we have
proposed a robustly stable feedback min-max MPC
scheme that uses the fact that the mode of the system
is certain at each step. This MPC scheme is based on
solving at each step an MILP problem.

Topics for future research include: a thorough as-
sessment and comparison of the proposed methods in-
cluding their computational complexity, extension to
stochastic disturbances, further improvement of the ef-

We use a variable horizon scheme as in (Scokaert andficiency of the proposed approaches.

Mayne, 1998).

The feedback min-max MPC controller is based on a
dual-mode approach. For aky= 0, given the current
statexy, the algorithm is formulated as follows where
uRH(x) denotes the control input applied to the system
according to the receding horizon strategy.

Feedback min-max MPC algorithm (Algorithm 1)

Off-line step Computed

On-line step:For eactk:

Step 1if xx € 0N & then takauRM (x¢) = Fix,, Vi€
S

Step 2 otherwise, solve (50) and saft"(x) to the first
control in the optimal solution computedﬁlk.
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