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Stable Receding Horizon Control for Max-Plus-Linear Systems

|. Necoara, B. De Schutter, T.J.J. van den Boom and J. Heltendo

Abstract— We develop a stabilizing receding horizon control

(RHC) scheme for the class of discrete-event systems called

max-pus-linear (MPL) systems. MPL systems can be described
by models that are “linear” in the max-plus algebra, which has
maximization and addition as basic operations. In this paper
we extend the concept of positively invariant set from classical
system theory to discrete-event MPL systems. We define stabil-
ity for the class of MPL systems in the sense of Lyapunov. For
a particular convex piecewise affine cost function and linear
input-state constraints the RHC optimization problem can be
recast as a linear program. Using a dual-mode approach we
are able to prove exponential stability of the RHC scheme. We
derive also a constrained time-optimal controller by solving a
sequence of parametric linear programs.

I. INTRODUCTION

A. Max-Plus Algebra

Define € ;== — and R; := RU {¢}. The max-plus-
algebraic (MPA) addition ¢) and multiplication &) are
defined as [4]x@y:=maxx,y}, x®y:=x+y, for x,y €
R. For matricesA, B € RT™" andC € RY*P one can extend
the definition as follows{A® B)jj := Ajj ® Bjj, (A®C)jj :=

n
@Aik ®Cj, Vi, j. The matrix € denotes the MPA zero
lr<ﬁz;trix of appropriate dimensior&j =g, Vi, jandE,is
then x n MPA identity matrix:(En); :=0, Vi and(En)ij :=¢,
YV i,j with i # j. For any matrixA € RP*", let A=
ARAR®---®A (i.e. thekth MPA power ofA) and defineA*,
whenever it exists, bpA* .= En@AGBmEBA@k@m Given a

In the last decades Receding Horizon Control (RHC) ovectorx € R} we denote with/|x||¢ := max{x;---x,}. For a
Model Predictive Control (MPC) [1], [2] has gained widepositive integen, we denote witm:={1,2,---,n}. A matrix
acceptance in the process industry. An important advantafes RY*™ is row-finite if for any row i € n, maxemlij > &;
of RHC is that the use of a finite horizon allows the inclusioreolumn-finiteis similarly defined.
of constraints on the inputs and states. Recently, the RHCWe denote wittk&'y := min{x,y} andx®'y:=x+y (the
approach was extended to a class of discrete-event systepperations and®’ differ only in that(—) ® (+) 1= —co,
(DES) called max-plus-linear (MPL) systems [3]. MPL syswhile (—o) &’ (40) := 400). The matrix multiplication and
tems are linear in the max-plus algebra [4] and they usualgddition for (&',®’) are defined similarly as fof®,®). It
arise in the context of manufacturing systems, telecommw@an be shown that for any matricésB and any vectors,y

nication networks, railway networks, parallel computirig. e

Several authors have already developed methods to compute
optimal controllers for MPL systems [3], [5]—-[8]. The main
advantage of the RHC scheme presented in this paper is thatx <y = Aox < A®yandAx' x<AR'y.

of appropriate dimensions ové&; we have [10]:

A2 (Box) > (A®'B)@X, (A @' A)ox>x, (1a)

(1b)

it allows to include linear constraints on inputs and states _ _ .
and the RHC controller guarantees a priori stability of the Lemma 1.1: [4] (i) The inequality A@ x < b has the

closed-loop system.

largest solution given byop:= (—AT) ®'b= —(AT @ (b))

We start the paper with an introduction of the mair(Py the largest solution we mean that for allsatisfying
concepts from max-plus algebra. We introduce stability iM®X < b we havex < Xopy).
the sense of Lyapunov for the class of MPL systems, using (i) The equationx=A®@Xx@b has a solutiorx=A"®b.
similar concepts as in [9]. In Section Il we take into accountf Aij <0 for alli, j, then the solution is unique.
constraints on input and states. We define the concept of
positively invariant (P1) set for the class of MPL systemsB. Max-Plus-Linear Systems

We prove that, under some mild COHditiOl’lS, the PI set is DES with 0n|y Synchronization and no concurrency can

a polyhedron. For a particular convex piecewise affine cople modeled by an MPA model of the following form [4]:
function, we prove that the MPL-RHC optimization problem

can be recast as a linear program (LP). Using a dual-mode Xsys(K) = Asys® Xsys(K — 1) @ Bsys® Usys(K),
approach [1] we prove that the RHC controller stabilizes Yeys(K) = Coys® Xsys(K)

in the sense of Lyapunov the MPL system. In Section Il

we derive a time-optimal controller using parametric lineawhere xsys(k) € RY represents the statesys(k) € RY is the
programming. We conclude with an example. input, ysys(k) € RP is the output and wheré\gys € RY*",
Bsys € RI*M, Cgys € RE*" are the system matricksSince
the states and the inputs represent times, typical contdrai

)
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for MPL systems are (see [8] for more details):

uSys(k+ 1) - uSys( k) Z 07
HsysXsys(K) + GsysUsys(K) < hsys(K)
Let A* be the largest MPA eigenvalue 8fys (see [4] for

an appropriate definition). We consider a reference sign
that the output should track of the form:

rsys(K) = Ysyst +kp. 4)

Since through the terfsys® Usys it is only possible to create
delays in the starting times of activities, we should choo
the growth rate of the due dates such that is larger th
the growth rate of the system, i.@.> A*. If A* > ¢ (in
practical applications we even haxé > 0) then there exists
an MPA invertible matrixP € RZ*" such that the matrix
A=P* ' 9 Ays® P satisfiesA; < A*, for all i, ] € n [11]
(P@f1 denotes the MPA inverse &). We make the following
change of coordinates(k) = pot ®Xsys(k). We denote with
B = P" ' ®Bgys C = Coys®P and y(k) = yeys(K), G(K)
Usys(K). In the new coordinates the system (2) becomes:

X(K) = A@ X(k— 1) ®B® U(K), y(k) = Co X(K)

We now consider thenormalized system: x(k) = x(k) —
pk, u(k) = u(k) — pk, y(k) = y(k) — pk, A=A—p (i.e. by
subtracting in the conventional algebra all entriesxaf,y
and of A by pk and p, respectively) and =B, C=C. The
normalized system can be written as:

x(k) = Aex(k— 1) ® B u(k)
y(k) =C@x(k).

®3)

(5a)
(5b)

Throughout the pape} - |- denotes theo-norm (|X||e :

MaXen [Xi).
C. Lyapunov stability for MPL systems

In this section we adopt the formulation developed in [9]
Eﬁ the study of stability of MPL systems. Ldi, denote the
metric onR" induced bye-norm. Given a set’ C R" then
Ow (X0, &) = Minke s ||Xo — X||» denotes the distance from a
pointxg to the set. An r-neighborhoodof a set? is defined
as the set/ (0,r) = {x: 0 < dw(x,0) < r}, wherer > 0.

Sg‘iven an MPL system (2) in closed-loop with a feedback
Aﬁw 1 (x), we study the stability properties of the closed-loop
system:

x(K) = Ao x(k— 1) @ B® p(x(k—1)) (8)

The set¢ is called positive invariantfor the system (8) if
for all xe & it follows that A@ X®B® U(x) € 0.

Definition 1.2: A closed invariant set’ is calledstable
in the sense of Lyapunofor the system (8) if for any
6 > 0, there exists & > 0 such that for allx(0) satisfying
0 (X(0),0) < & we haveds.(x(k),0) < 6, for all k > 0.
If, furthermore, dw(x(k),0) — 0 as k — o, then & is
asymptotically stabléor (8). In the case whedw (x(k), &) <
cy %dw (x(0), ©) for somec,a >0 and 0< y < 1, then the
set & is exponentially stable &

The following theorem gives sufficient conditions for
exponential stability.

Theorem 1.3: [9] The closed invariant sef is exponen-
tially stable, if in a sufficient small neighborhood (&, r)
of the set?& there exists a functional with the following
properties:

We assume that in the new coordinates, the constraint (3)(1) 1ds(X, &) <V(X) < cod(x, €), for all x e A7(O,r)

becomes:
u(k+1) —u(k) > —p, Hx(k) +Gu(k) <h. (6)

The following assumption will be used throughout the pape

AssumptionA: We consider thap > A* > 0, the system
is controllable and observaBlandH > 0 in (6).

The conditions from AssumptioA are quite weak and
are usually met in applications. Note thatcan be chosen
arbitrarily close toA*. From AssumptionA it follows that
Ajj < 0, for alli,j € n. In the new coordinates the output
should be regulated to the desired target= ysyst.

Since Ajj <0 for all i,j e n, A" = En@AGB---@A‘“n*l
(see [4]). Note that for any finite vectarthere exists a state
equilibriumx (i.e.x=A®x®B®u), given byx=A"®@B&u.
Note thatx is unique (according to Lemma 1.1 (ii)) and
finite (due to controllability assumption). We associateyto
the largest equilibrium pair (xe, Ug) satisfyingC ® xe < yi.
From the previous discussion and taking into account th
the system is observable it follows thet, ue) is unique,
finite and given by (see also [8]):

U= (—(CROA @B)T @'y, Xe =A"@BRUs  (7)
2See [4] for appropriate definitions for observability andhizollability.
3By the largest we mean that any other feasible equilibrium pail)

satisfiesx < Xe,U < Ug.

(i) V(x(k+1)) —V(x(k)) < —c3dw(x(k), &) for x(0) €
A (0,r), for all k> 0 provided thai(k) € .4 (&,r), where
C1,C2 andcz are positive constants and@%g < 1. &

r Il. STABILIZING RHC: CONSTRAINED CASE

The main advantage of RHC is that it can accommodate
constraints on states and inputs. In this section we derive a
stabilizing RHC scheme for MPL systems (5a)-(5b) where
we consider constraints of the type (6), using a dual-mode
approach as in [1].

A. Maximal invariant set0

We consider the normalized MPL system (5a)—(5b) to-
gether with the constraints (6). We may assume that the
equilibrium pair (xe,Ue) defined in (7) satisfies the con-
straints (6) (otherwise(Xe,Ue) is determined as the opti-
mal solution of the following linear programming problem:
max, 5 Ui, S.tx=A"@Bou,C®x <y, Hx+Gu < h).
at We consider the following closed-loop system:

x(K) = A@x(k— 1) & B® Ue. 9)

In [8] it is proved thatd’ = {x¢} is asymptotically stable for
the closed-loop system (9). We define the state constrdint se
associated to the closed-loop system (9)

Op={x€R" :HXx+GuUe < h} (10)



We define recursively for ak > 1 the sets Proof: SinceA;; <0, Vi, j it follows that for allx € R":
'}Ck n .
O ={Xx€ Op: ASXDBRUs € Oi1) (11) A®" @ x — € ask — o. Moreover, for anyb € R" we have:

- baAcba - oA " gb=A @b, for all k> 0. Since
It is trivial to see thatdk C Ok-1 C -+ C 01 C Oo.  x,=A*®@B® U is finite, there exists* > max{n,to} such

Therefore, the limit ofdy exists and we have that A% @ a < ¥e, for all k> t*. We show that: = G- 1.
O = m Oy = lim O (12) Sinceﬁt*ﬂ C ﬁt_*, tq complete_ th_e proof we now show that
>0 k—oo the other inclusion is also valid, i.&;+ C ﬁml.t .
> - e
By induction we can prove that € ¢, for all k> 0 and {_frtlxe O € O C {XERM:x< a}t.*il'lhen,A " ®xX<
thereforexe € 0w i.€. O is NON-empty. AT T Rasx It f0”0WSt*Erhlat HA® oxeA” @B®
Lemma 2.1:1f Assumption A is satisfied thend is @ U@ ---&B®U) = HAY " QXGA " @B®U) = Hxe <
polyhedral set having the form h— G, i.e.X € Op41. ]
N It is often the case that the séf can be written agy =
Okc={xeR": Hix < hy} (13) {xeRD:x <& fori=1,---,n}, wherea? is either a finite

with the matrixHy > 0. number or+c (when there are no restrictions ar). Then,
Proof: For k= 0 the statement is obvious (see As-We can prove that all the setg can be written in a similar
sumptionA). Let us assume thaf_; = {x€ R": H,_jx< form Ok ={xe Rz :x < 3, fori=1,.--,nj, whergaf is
he_1}, with He_1 > 0 and we prove that, has a similar €ither a finite number o#-co (i.e. everydi is described by
form. SinceA®X®B® Ue is a “max” expression of the at mostninequalities). We prove this by induction. Hoe=0
form [max; {ai; +X;,c }]i for somea;j € R, and a constant this statement is true. Let us assume thiat= {xeRz:x <
vector ¢, it is straightforward to show that the inequalitya}(a fori=1,---,n} and we prove thati,; has a similar
H1(A®x® B®Ue) < he_; can be rewritten in the form form. We denote withe = [af ---af|". From the recursive
Hix < hy, with He > 0. Then,H, = [H] ; H/]T > 0 and relation (11) we have:
b= g1 i N . B 1= {xeRl:x<a Aox<a}=
From the previous lemma it is clear that the &&tis convex N K ™ K N kil
(it is a countable intersection of polyhedral sets). Wewderi  1X€Rg:x<aix< (-A)@a’} ={xeRg:x<a™}
now conditions v_\/herﬁ’oo is a .polyhedron. whereak+! = min{ak, (—AT) ' ak}. We conclude that, is
Theorem 2.2:(i) If there exists &" such thatt- = 011 described by at most inequalities and in facti, = {x
then 0w = G- (i.e. O is finitely determinedand it is a R0:yx< g™} wherea” is either inR or equal to+ for any

polyhedral set). i=1---,n
(i) The set?., is themaximalpositively invariant set for  Note that the results obtained in this section concerning
(9) contained indp. the maximal positively invariant sef., for the MPL system

Proof: (i) Let us assume that there exists"asuch that (g are similar to the one obtained in [12] for the linear case
Oy = Op41. It is obvious thatdis o C Oi+11. Moreover,

for any X € Gi-.1 it follows that A x®B®Ue € G- = B. Stable constrained RHC

Oy 41, 1.€.X € O+ 2. In conclusion,O+ 1 C O+, and thus In this section it is assumed that the maximal positively

Ovy2 = Opy1 = O Iterating this procedure and using (12)invariant setd., = {x € R": Hox < hs,} is available , where

we conclude that, = C;-. Hs > 0. We give now a lemma that will be used in the sequel:
(ii) Let T C 0p = {x: Hox < ho} be a positive invariant set  Lemma 2.4:(i) Let X = {x € R": Px< g}, whereP > 0.

for (9) and letx e T. Then from the definition of a positively Then,

invariant set we havélo(A®x® B® Ue) < hg. This implies o (X0, X¢) = minmax{||xo — ||, O}

thatx € @1 (according to the recursion (11)). TherefofeC XXy

0. By iterating this procedure we obtain thatC &y for (i) In particular if X;(a) := {x€ R":x< a} then

all k> 0. In conclusion, for any positive invariant sétit

follows thatT C &, and thusd., is maximal. [ ] d (X0, X (a)) = max{||xo — arlls,0}

From Theorem 2.2 we have obtained thatif is finitely Pr_oof: (i) 1t is straightforward to see that the state-
determined ther?., is a polyhedron of the forn@., = {x& ment is true whenxg € X;. Therefore, we consider the

R": Heox<hs}, whereH,, > 0. Now, we give sufficient con- case Whe% ¢ X, 1.8. O (X0, X5) > 0. W? prove this case
ditions under which the seft., is finitely determined. Note by contradiction. Let* € X; be the optimal solution, i.e.

that the recursive relation (11) can be written equivajeal 0 < d=(X0.X) = [[Xo —X'|l.. We define the set/’ C n as
follows: if i € . then ||xo — X" || = X' — (X0)i > 0 and for

Ok={x€e Ox_1: H(Ag’k ®x@9A®‘k_l QBRQUD - D any j €n\ .7 1 [[xo —X*||e > (X0) —Xj; otherwise, if suchs
does not exists, then defing = 0.
BRUe) +Gue <h}. (14 ’
DUe) +Cle<h}.  (14) Assume that# # 0. Then, we defineeas as: (Xreasi =
Theorem 2.3:Suppose that there exists a positive integefxg)i, if i € # and (Xeasi = X, if i ¢ #. SinceP >0
to anda e R" such thatdy, C {xe R":x<a}. Then,0w is  and Xeas < X*,Xeas # X* it follows that Xjeas € Xs. More-
finitely determined (i.e3t* such thatd., = ;). over, 0< (X0, Xf) = [|X0—X*||ee = Ma@%en{X" — (X0)i, (Xo)i —



X'} < |Xeas— Xollo = MaXg » {X — (X0)i, (X0)i — %,0} < Fact 2 It is well-known (see [13], [14]) that the optimal
maXen{X' — (Xo0)i, (X0)i —X'} = [0 —X*||» i.€. @ contradic- RHC solution of (15) is a piecewise affine function of the
tion. Therefore,.” = 0 and then||xp — X" || = ||X0 — X*||&- current statex(k—1): u*(k+ jlk—1) = u(x(k—1)), for all

(i) If xo ¢ X(a) and x < a, the following inequality je{0,---,N—1}, whereu(-) is a piecewise affine function.
is valid: maxen{(Xo)i — %} > maXen{(X0)i — o }. We con- Fact 3 Given a polytope?? C A (Cw,r)N{X:X>B®Ue}
clude that migey,q)MaXen{(X0)i — X%} > MaXen{(X0)i — then, exists &> 0 such that|FX+ g[le < €t (X, Ox), VX €
ai}. From (i) it follows thatd. (X0, Xs(a)) > maXen{(Xo)i — & for any matrix F and vectorg. (Indeed, the functions
ai} = ||Xo — alls (according to the first part of this lemma). X — |[FX+ g||e and X — dw(X, J») are continuous on
But de (X0, X (00)) < ||X0 — O|& Sincea € X;(a). It follows the compact set”. Moreover, d»(X, ) > 0 for all x €
that dw (X0, X (a)) = ||X0 — O |- B 2. Then, the functionx — EFZ‘:g”"; is continuous on
For initial conditionsx(0),u(0) and a future input sequencethe compact set?. From the Weierstrass theorem, this
0= (u(1)---u(N)), the following cost function is introduced: function is bounded. Therefore, there exists & 0 such

that LF 2‘*9”) <cforall xe 2.)
),0) = Z}d ) +BlIU(]) — Uel|w, Usmg Fact 2 and Fact 3 we conclude thiat (k+ j|k —
1) — Ueflew < Cjdw(X(k—1), Ox) for all X(k—1) € A (O,T),

where B > 0 and N is the prediction horizon. Usually, it wherecj > 0.
is the case thale, = {X: X < a»}. Then, from Lemma  From Fact 1 and Fact 3 we have
2.4 we have thad(x(0),d) = 3 iomax{||x(j) —8llo, 0} + g (x(ket jlk—1), 6) = min A7 @ x(k— 1)@
Bllu(j) — Uellw. In the context of manufacturing systems the XE€ 0w
first term expresses the tardiness with resped.towhile A@j ®B®u*(k|k— 1)@ @BU (K+ j|k—1) — X <
the second term penalizes the delay with respeck.to i

Since we want to feed raw material as late as possible, wgnin AT axk—-1)eA” @Bau(Kk—-1) & @
impose the constraint(k) > ue for all k> 1. For simplicity, i1 )
we assume thaB® Ue is a finite vector. We have thatk) > B®U (k+jlk—1)—A" " @X&A” @BR UG &
B®uUe for all k> 1. In conclusion,fw N{X:X>B®Ue}, B®Ug|lco < Uoo(X(K—1),00) B CjUoo(X(k— 1), O0) B+
which is bounded, is in fact an invariant set for (9). leencld (X(K—1), Ou) < &iO(X(K— 1), Ow),¥j €{0,---,N—1}

x(k—1) andu(k— 1), the RHC optimization problem at stage

k—1 is defined as follows: where ¢j > 0. In conclusion, there exists @ > 1 such
) that J*(x(k — 1)) < codw(X(k—1),0,) for all x(k—1) €
J(x(k=1)) = fgjg;gJ(X(k* 1),G(k)) (13 #(Ou,r). Itis obvious thatl* (x(k— 1)) > de(X(K— 1), Ouo)
) i for all x(k—1) € N(Cw,r). [ |
U(k+jlk=1) —u(k+j—-1k-1)> —p We define the feasible set:
u(k+jlk—1) > ue RHC _ ; ;
s.td Hx(kjK— 1)+ Gu(k jk—1) < hvj € {0, N—1} XN~ ={xeRy:(15)is feasible fox(k—1) = x}
S Ukt N—1fk—1) > —p Theorem 2.6:1f x(0) € XF™C then all subsequent stages of

the optimization problem (15) will be feasible. Moreovéret
X(k+N-1lk—=1) € O bounded set., N {x: x> B®uUe} is exponentially stable for

where x(k + j|lk— 1) is the system state d&+ j as pre- the system (5a)—(5b) in closed-loop with the RHC controller
dicted atk— 1, based on (5a)-(5bk(k — 1|k — 1) = x(k—  uR"C(k) = u*(klk—1).
1),u(k—1k—1) = u(k—1) and the future input sequence Proof: The proof is done by induction. If (15) has an
{(K) := (u(klk—=1)---u(k+N —1]k—1)). By including extra optimal solution at steg—1:G* (k) = (u*(k|lk—1)---u"(k+
variables and using Lemma 2.4, the entire optimizatiohN —1]k—1)), then at stefk a feasible solution iSkeas=
problem can be written as a linear program. We apply the*(K+ 1jk —1)---u*(k+N — 1]k — 1) Ue) since 0w is a
optimal controller in a receding horizon fashion: at evenpositively invariant setx(k+N —1|k—1) € 0., and thenue
k we applyuRHC(K) := u*(k|lk— 1) to the system (5a)—(5b), keeps the state iff.,. Using the receding horizon principle
whereu™ (k) is the optimal solution of (15). Recall that the setthe state ak becomesx(k) = A@ x(k— 1) & B @ uRHC(k) =
OwN{Xx:x>B®Ue} is bounded. We can derive the following X(k|k—1).
lemma: Sincex(k+N—1k—1) € O.,we have

Lemma 2.5:There existr > 0 andc; > 1 such that for all T (x(K)) — I (x(K — 1)) <I(X(K), Ureag) — J* (X(K— 1)) <
X € N (Ow,r) we have

—Oo(X(k—1), O)

Oeo (X, o) < J*(X) < €200 (X, o) . . . .
Proof: Let us taker > 0. The following facts are easy Therefore, {J*(x(k)) }io IS a non-increasing sequence and
from Lemma 2.5 we have

to prove.
Fact I For any finite vectorsq,u,y,v and matricesA, B O (X(K—1),0x) < J*(X(k— 1)) < Co0w(X(k— 1), Ox)

satisfying Assumption 1 we have: Using Theorem 1.3 and(k) > B®ue for all k > 1, we

[A@XEBRU—ARQYDBRV|eo < [IX—Y||eo D [JU— V|0 conclude that the compact sét, N {x: x> B® U} is



exponentially stable for the system (5a) in closed-loofhwitproblem: givenxpey := Xnew(0), find
the RHC controller provided by (15). [ ]

0 _
Assuming x(k) € 0., we switch then to the feasible N"(new) _‘max(NM(l%“wu N) N _
controllerue for all the subsequent motion and we need finite S.t. Xnew(]) = Anew® Xnew( j — 1) ® Bnew® U(j)
number of steps to attaie. Indeedx(k+ j) = A*’ @x(k) @ HnewXnew(]) + Gnewt(j) < hnew, Vj €N
(EBilzlA@'_I ®B®Ue) € O for any j > 1. SinceA®’ — € Xnew(N) < Qnew
. ol . : ~
;:ef(;‘:rﬁt;er:mm @x(k) — € while the second is equal to makingu(1),--- ,u(N) as big as possible. We denote wXk

the set of initial states such that aftdrsteps the trajectory

Interpretation of Lyapunov stabilityln the context of o pajowa applying the largest controller:

discrete-event systems, the Lyapunov stability of the cehp B
set 0N {X:x>B®Ue} implies boundedness of the buffer XN = {Xnew: Xnew(N) < Qnew} (19)

levels. N . .
We give first a lemma that will be useful in the sequel:

Lemma 3.1: [15] SupposeZ = {(x,u) : HXx+ Gu < h},
with H > 0. LetX be defined aX = {x € R": Jus.t.(x,u) €

Given a maximum horizon lengtmax We now consider Z}. Then,X = {x: Hx < h}, whereH > 0.
the problem of ensuring that the completion times afler ~ We determine the expression &f, using dynamic pro-
events, whereN € {1,2,--- ,Nmax} are less than or equal gramming. We initialize withg = {Xnew: Xnew < Onew}. The
to a specified target timer (x(N) < a with the initial setX; is defined as follows:
conditionsx(0) and u(0)), using the largest controller that ) ~
satisfies tht(e )state—in(p&t constraints (6). Note that such %1 = {Xnew: 3 US.t. Anew® Xnew® Brew® U € Xo,
problem, but without considering input and state constsain Hnew(Anew ® Xnew® Bnewg@ U) + Gnewtd < hnew}
was considered also in [4] in terms of lattice theory. = {Xpew: J US.L. H1Xnew-+ G1U < hi}

We define an equivalent system for (5a)— (5b) such that we L= = - - )
do not need to impose the constrairtk+ 1) — u(k) > —p, for some matricesl;, G andhy, with Hy > 0. Using Lemma

this constraint being satisfied automatically. We intrcnjucf/il we concludex; : f{X”eF’]V; lHlx"e"VS h}, u":;h Hle 0.
a new state vectommew(k) — [XT(K) T (K|T with the oreover, we search for the largest controlledn order to

find a Pareto optimall we use the following criterion:

IIl. TIME-OPTIMAL CONTROL

dynamics:
m — — —
A B— maxy U S.t.HiXpew+Gru<hp
Xoew(K)=| o o fp ®Xnew(k—1)® @u(k) v i;
KW_iC & " K " Solving this optimization problem as a parametric linear
Ynew(K) = | ] ®Xnew(k) (16) program with the parameteqey We find the time-optimal
_ controller u§(-) : X3 — R™ which is a continuous piecewise
and the extra constraint: : .
affine function of the stat&ey.
Unew(K) < u(K) (17) Iterating this procedure backwards, we can compute
) A B-p B Xn = {Xnew: 3 US.L.Anew® Xnew® Bnew® U € XN717
We denote withAnew= € Enp | Bhew= E, and Hrew(Anew® Xnew Brew ® ) + Grewt < hnew}
Cnew = [C &]. Given the initial conditionsx(0) and u(0) = {Xnew: 3 US.t.HyXnew+ Gnu < hy}

for the system (5a)—(5b) with constraints (6) and the ihitia R ] ) ) )
conditions Xpew(0) = [x(0)T u(0)T]T and u(0) for the new with matrix Hy having all entries non-negative. Using

system (16) with the extra constraint (17) then by applyin%emma (3.1) we obtain thaty = {Xnew: HnXnew < I}, with
the same inpuu(k) for both systems we obtain that the™N 20 _ _ _ _ . _
first n components oknew(K) coincide withx(k) and the last ~ Similarly, we obtain the piecewise affine time-optimal
m components oknen(k) coincide withu(k). Note that the controller uj(-) : Xy — R™ by solving a parametric linear
constraints (6) for the normalized system (5a)— (5b) can Jg09ram NXnew

written for the new system (16) &bl O]Xhew(k) + Gu(k) < m — — _
h, [0 ImXnew(K) — Imu(k) <O, i.e. mualeuj s.t.HnXnew+ GnU < hy.
=
HnewXnew(K) + Gnewt(K) < hnew (18) It follows that
wheré' Hnew > 0. Moreover, for the new system (16) the NO(Xnew) = Max{N € Nmax: Xnew € Xn}.

target time iSonew=[a" ((—BT)®'a)T]T. The time-optimal

control problem can be posed in terms of an optimizatio;{he time-optimal controller is implemented as follows:

1) For eachN € Nyay, find Xy. DefineN := NO(Xqen(0)).
. [H o e h 2) Apply the control policyu(k) = uy_ 1 (Xnew(k — 1))
Here Hpew = { 0 I },Gnewf { i } andhnew = { 0 } fork=1,2,-- 7N0(Xnew(0))-
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g. 1. The RHC controller and the time-optimal controller.

IV. EXAMPLE
We consider the following system:

€ 1 ¢ ¢ 2
E € 2 ¢ £
Xsys(k) = £ € € 3 ® Xsys(k - 1) ) c ® Usys(k)
4 ¢ € ¢ £
For this example the MPA eigenvalue = 25. We [1]
consider the reference signajs(k) = [17 15 1 10" +4.5k.
We take the following constraints: 2]
Usys(K) — Usys(k+1) <0 13]
Xsys2(K) — Xsys1(k) <9 [4]
Note that the constraingys2(K) —Xsys1(K) < 9 is implied by [5]
the more conservative constraixg s> (k) — Usys(k) < 11.
We obtain for the normalized system the invariant set (6]
1 0 00O 5
01 00 7
— _ n.
O =03={xecR{: 00 1 0 X< 9 1 (21) [7]
0 001 11
(8]

The initial conditions arex(0) = [20 30 40 50", u(0)
20. The plots correspond to the normalized system. Fig.
1 displays both: the RHC controller and the time optimal
controller while the constraints for the RHC controller are 4
depicted in Fig. 2. Note that the RHC controller keeps the
system behavior as close as possible to the constraints. [10]

V. CONCLUSIONS

In this paper we have discussed the problem of stab[i%

lization of an MPL system using an RHC approach. W
. ) : : 2]

have considered state-input constraints and using a duﬁl—
mode RHC scheme we have proved that the system is
exponentially stable in the sense of Lyapunov in the close?l—a]
loop with the RHC controller. Moreover the optimization
problem that is solved at each step is a linear program
for which efficient algorithms exist. We have also deriveqM]
a time-optimal controller that satisfies the constrainisigis
parametric linear programming.
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