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Modelling and control of discrete event systems using
switching max-plus-linear systems

T.J.J. van den Boof* , B. De Schuttef

aDelft Center for Systems and Control, Delft University of Technology,
Mekelweg 2, 2628 CD Delft, The Netherlands
Phone: +31-15-2784052/2785113

Abstract

In this paper we consider the modelling and control of discrete eventsystsing switch-
ing max-plus-linear systems. In switching max-plus-linear systems we carmdweitween
different modes of operation. In each mode the discrete event systescistoed by a max-
plus-linear state space model with different system matrices for each mioglewitching
allows us to change the structure of the system, to break synchronizatido elmange the
order of events. We will give some examples of this type of systems.

We define the model predictive control design problem for this type ofelisevent sys-
tem, and we show that solving this problem in general leads to a mixed inteijaragtion
problem.

Key words: discrete event systems, max-plus-linear systems, modeling, model predictiv
control

1 Introduction

The class of discrete event systems essentially consistenfmade systems that
contain a finite number of resources (such as machines, coroations channels,
or processors) that are shared by several users (such ascptgges, informa-
tion packets, or jobs) all of which contribute to the achreeat of some common
goal (the assembly of products, the end-to-end transmissia set of information
packets, or a parallel computation) (Baccelli et al., 1992eneral, models that
describe the behavior of a discrete event system are nanlineonventional al-
gebra. However, there is a class of discrete event systemse-max-plus-linear
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discrete event systems — that can be described by a modesthaiear” in the
max-plus algebra (Baccelli et al., 1992; Cuninghame-Gre@rQ), which has max-
imization and addition as its basic operations. The mas-phear discrete event
systems can be characterized as the class of discrete gegerins in which only
synchronization and no concurrency or choice occurs.

In this paper we will consider discrete event systems thasweatch between differ-
ent modes of operation. In each mode the system is descnbadnax-plus-linear
state space model with different system matrices for eactlemdhe switching
changes the structure of the system, and so allows us to byeakronization and
to change the order of events. We define a model predictivealaesign problem
for such a system to optimize the system’s behavior. In geribis will lead to
a mixed integer optimization problem, which can be solvadgiseliable solvers
(Fletcher and Leyffer, 1998).

2 Max-plus algebra and switching max-plus-linear systems

In this section we present some basics in max-plus algeldarax-plus linear
systems, and we will introduce the concept of switching rplus linear systems.

2.1 Max-plus algebra and max-plus-linear systems

In this section we define = —o and Rmnax = RU {€}. The max-plus-algebraic
addition @) and multiplication &) are defined as follows (Baccelli et al., 1992;
Cuninghame-Green, 1979):

XDy =maxXxy) Xy =X+y
for numbersc,y € Rpax, and
[A® Blij = & ©bij = max(aij, bij)

n
[A® Clij :EBajk@)ij: max (ajk + Cxj)
1 k=1,...,n

for matricesA, B € RMX1 andC € Rpyak.
In Baccelli et al. (1992) it has been shown that discrete esgstiems in which

there is synchronization but no concurrency or choice caselseribed by a model
of the form



x(K) = A(K) @ x(k— 1) ©B(K) @ u(K) . (1)

with A € Rys5, B € RiR andC € RLy, wheren is the number of states amd
the number of inputs. Systems that can be described by thiteimall be called
max-plus-linear systems. The indkxs called the event counter. The matridgs
B, andC usually consist of sums or maximizations of internal predeses, trans-
portation times, etc. For discrete event systems the stiteypically contains the
time instants at which the internal events occur forktietime, and the input(k)
contains the time instants at which the input events ocauhfakth time.

2.2 Switching max-plus-linear systems

In this paper we will consider discrete event systems thatsedtch between dif-
ferent modes of operation. Let the system be in mi#ie € {1,...,ny} for event
stepk, then the system is described by a max-plus-linear stateespadel

x(k) = A0 g x(k— 1) & B™M) @ u(k) )

in which the matricesA‘®), BK) gre the system matrices for modg). The
switching allows us to model a change in the structure ofylseesn, such as break-
ing a synchronization or changing the order of events. Nuié¢ach modé cor-
responds to a set of required synchronizations and an evéett schedule, which
leads to a model (2) with system matriogs‘®), B(!(K)) for the ¢-th model (see
also the examples in Section 3).

The moments of switching are determined by a switching masha We define
the switching variable(k), which may depend on the previous statk— 1), the
previous modé(k — 1), the input variablei(k) and an (additional) control variable
v(k):

2(k) = D(x(k—1),¢(k— 1), u(K),v(K)) € Rifax . 3)
We partitionRegax in Ny subsetsz®, i = 1,...,ny. The mode/(k) is now ob-
tained by determining in which setk) is for event stefk. So if z(k) € 20, then
¢(k) =i. In some systems the switching mechanism will completepeded on the
statex(k— 1) and inputu(k), in other examplez(k) will be equal tov(k) and so we
can control the switching by choosing an approprigie.

Apart from the elegance of the switching MPL system, theia é¢tear motivation
for studying this class of systems in more detail. Note thattasic idea of switch-
ing MPL systems in the event-driven domain is parallel td tipiece-wise-affine
(PWA) systems in the time-driven domain. In the analysis WAPsystems, the
properties of the linear subsystems are often employedrteedgroperties for the



PWA system (Chua and Deng, 1988; Leenaerts and van Bokhov@8).1&nal-
ogously, we will be able to use the properties of the MPL satesys (i.e. the
max-plus-algebraic eigenvalues, the eigenvectors, dyoke, the communication
graph, etc.), for the analysis of the switching MPL system.

Note that to some extent the class of switching MPL systemslased to (max,+)
automata (Gaubert, 1995), which can also be characterz@wmstationary au-
tonomous max-plus-linear systems with finitely valued dgits (i.e., systems of
the formx(k) = A(k) @ x(k— 1), y(k) = Cx(k) where A(k) takes its values in a
finite set{AM, ..., AN}, The main differences are that in the class of systems
considered in this paper an additional inpu(td)) is present, and that the switching
mechanism is specified completely and explicitly for thetsiaing max-plus-linear
systems, whereas for (max,+) automata this is not the case.

3 Examples of switching max-plus-linear systems
3.1 A scheduling problem

Consider a production system with 6 machimésto Mg. In order to produce a
product, a job should be completed. A job consists of a hurabeperations that
may be carried out on specific machines in a given order.

Machine| Machine| Machine| Machine| Machine| Machine
Product Recipe 1 2 3 4 5 6
A 1 start T1 T1+1 T1+2
end| 11+2 T1+3 T1+3
A 2 start +2 o+1 )
end n+3 o+3 H+2
B 3 start T3 3+1 73+3
end| 13+2 T3+5 3+5
C 4 start T4 2+3
end T4+4 | T4+5
Table 1

The nominal starting and stopping times for 4 types of recipes, where- 1,...,4 is the
starting time of a job using recipe

We can make 3 types of products. For product A we can use eéhigre 1 or 2, for
product B and C we use recipe 3 and 4, respectively. Tableelsdhe scheduling
table with nominal starting and stopping times for the 4 g/pérecipes. For ex-
ample, the production of product A following recipe 1 statt$imet; on machine
1, where it is processed for 2 time units. At timg+ 1 machine 2 starts to take



over the production, and also there the processing timeime units. Machine 3
finalizes the product in time intervét; + 2, 71 + 3.

Now let us consider the synchronization between jobs, ahg (k) be the time
instant at which machinkeis ready aftek jobs!. This means that if machirids
idle during jobk, we havex;(k) = xj(k— 1). For recipe 1 we have that the job can
only start if the previous task in machine 1 has finished, seitlenoter; (k) as the
starting time of jobk following recipe 1, we findry (k) > x3(k— 1). Furthermore,
from table 1 we see that job may start 1 time unit before the previous task in
machine 2 has finished, ga(k) > x2(k— 1) — 1. Finally, jobk may start 2 time
units before the previous task in machine 3 has finished; @0 > xz(k— 1) — 2.

If we assume that the job starts as soon as possible wer{iikgl = max(x (k —
1),%2(k—1) — 1,x3(k— 1) — 2), and thus

X1(K) = 11(K) + 2 =max(x1(k—1) + 2,x2(k— 1) + 1,x3(k— 1))
X2(K) = 11(k) +3=max(xy(k—1) + 3,x2(k— 1) + 2,x3(k— 1) + 1)
X3(K) = T1(K) +3=max(xy(k—1) +3,x2(k— 1) +2,x3(k— 1) + 1)
Xa(K)=xa(k—1),  x5(k) = x5(k—1),  Xe(k) = xe(k—1)

For recipe 2 we have that the job may be started at tisple) = max(xz(k— 1) —
2,x4(k—1) — 1,x5(k— 1)), and thus

x3(K) = 12(k) + 3=max(xg(k— 1) + 1,x4(k— 1) + 2,x5(k— 1) + 3)
Xa(K) = 12(k) + 3=max(xg(k—1) + 1,x4(k— 1) + 2,x5(k— 1) + 3)
X5(K) = T2(k) + 2 = max(xz(k—1),xa(k— 1) + 1, x5(k — 1) 4 2)
xa(k)=xa(k=1),  xo(k) = xp(k—=1),  xg(k) = Xg(k—1)

For recipe 3 we have that the job may be started at tigik) = max(xy(k —
1),%2(k—1) — 1,x¢(k— 1) — 3), and thus

Xl(k) = T3(k) +2= max(xl(k— 1) + 2, Xg(k— l) + l,Xe(k— 1) — 1)
X2(K) = 13(K) +5=max(xy(k—1) +5,x2(k— 1) +4,xs(k— 1) + 2)
Xe(K) = 13(k) +5=max(x1(k—1) + 5,x2(k— 1) +4,Xs(k— 1) + 2)
x3(k) =x3(k—1), Xa(kK) = xa(k—1), x5(k) = x5(k—1)

For recipe 4 we have that the job may be started at tigi&) = max(Xs(k —
1),x¢(k— 1) — 3), and thus

1 Note that this is different from most applications, wh&relenotes the starting time of
operation.



or in matrix form:
x(k) = AR @ x(k—1)
where for recipd = 1,...,4 the system matrices) are defined as

-210888- -Oesees-
321l¢cee E0cecce
AD _ 321lccce NCI £€l23¢
ceeelee £€l23¢
ceceele ce012¢
_ssssso_ _ssssso_
-21888—1- -Ossess-
S4ecee 2 eE0eccee
AG) _ ceelee ¢ Al ceeleee
cecele ¢ ceecelee
cceel ¢ cegeegdl
_54858 2_ _855852_

Note that the, j-th element ofAl") gives the relation betweeg(k — 1) andx; (k)
for the/-th mode. We have the relatioq(k) > xj(k—1) +a1-(fj). Recall that = —co.

If ai(? = £ = —oo it means that there is no synchronization betwrék— 1) and
Xj (k) (we havex;(k) > xj(k— 1) — o, which is always true).

Figure 1 gives a graphical representation of the evolutidh@scheduling system
when

(¢1),02),63).¢4)) = (1,4,3.2)

T
andx(0) = [0 0000 o} . From the figure it can be seen that we start the produc-

tion at time O with recipe 1, which starts with machine 1 attim- 0, as indicated
by row A of Table 1. Fot = 1 machine 2 starts and at tirhe- 2 machine 3 starts.
Machine 1 has finished with recipe 1tat 2, machines 2 and 3 have finished with
recipe 1 at = 3. The recipe 4 is the next recipe in the schedule. For recipe 1
do not use machines 5 and 6, necessary for recipe 4, and sonwmgeediately
start at time = 0 with machine 5, which runs until= 4. Machine 6 will run from



time units

A
7

6 R3
R2

R3 R4

R1

> machines
1 2 3 4 5 6

Figure 1. A scheduling system.

t =3 tot =5. Now recipe 3 is next. We can start recipe 3 after machinegll2a
are ready with recipe 1, and sotat 2 machine 1 starts to operate for recipe 3, and
machine 2 at timé = 3. Finally we will start recipe 2 at time= 4 on machine 4.

In the end, machine 1 is ready at tihe= 4, machine 5 at tim¢ = 6 and all
other machines have finished at time- 7. This means that after 4 jobs we find

X(4) = [477767]T.

3.2 Railway network

Consider the railroad network of Figure 2 (see also van den BaomDe Schutter
(2004b)). There are 4 stations in this railroad network (ABand D) that are
connected by 5 single tracks (1/7, 2/4, 3, 5, 9) and one ddtdut& (tracks 6 & 8).
There are three trains available. The first train followsrth#eD — A — B — D,

the second train follows the rout® — B — C — A, and the third train follows
the routeD — A — C — D. We assume that there exists a periodic timetable that
schedules the earliest departure times of the trains. Thedpef the timetable is

T = 60 minutes. So if a departure of a train from station B is solestlat 5.30
a.m., then there is also scheduled a departure of a traindtation B at 6.30 a.m.,
7.30 a.m., and so on.

Each track of the railway network has a number and a traircatém to it. For the
sake of simplicity we will say “(virtual) train” to denote the (physical) train on
a specific track. The number of tracks in the network is equdal, the number of
physical trains in the network is equal to 3, and the numbeiradal trains in the
network is equal to 9. Lexj(k), j = 1,...,9 be the time instant at which train



departs from its station for thieh time. Letd;(k) be the departure time for this
train according to the time schedule, anddgtk) be the transportation time for
this trainj.

D B

Figure 2. The railroad network of the example of Subsection 3.2.

Table 2 summarizes the information in connection with theimal traveling times
and the departure times. All the times are measured in nentites indicated depar-
ture times are the earliest departure times in the initélah of the track expressed
in minutes after the hour. The first period starts at ttme0. At the beginning of
the first period the first physical train is in station D, the@®d physical train is in
station A, and the third physical train is in station D.

train| from |travel| dep |constraints
-to | time | -arr
D-A | 12 | 00-12| same train as 3 connects to 9,follows 7~
A-B | 12 | 15-27| same train as 1, connects to,6ollows 4~
B-D | 20 | 30-50| same train as 2

A-B | 12 | 19-31|same train as6, follows 2, connects to 7
B-C | 10 | 34-44 |same train as 4

C-A| 25 | 47-12|sametrainas5

D-A | 12 | 04-16 |same train as™, follows 1

A-C | 25 | 19-44 |sametrainas 7

C-D| 10 | 47-57 | same train as 8, connects to 5

Note: 3~ denotes train 3 in the previous cycle

© 00 NO OB~ WDN P

Table 2
The nominal traveling times and the departure times for the railroad network.

Thecontinuity constraint@re that the trains on tracks 1, 2 and 3 are physically the
same train, and the same holds for the trains on tracks 4, b and for the trains
on tracks 7, 8 and 9.



Connection constraintare introduced to allow the passengers to change trains. In
this network, train 1 has to wait for train 9 in the previougleywith minimum
connection time™" = 3. In the same way, train 2 waits for train 6 in the previous
cycle, train 4 waits for train 7, and train 9 waits for trainfhe minimum stopping
time of train j at stationj to allow passenger to get off or on the train is fixed at
s =1,

Follow constraintsare introduced to guarantee sufficient separation time dxw
two trains on the same track (moving in the same directiondhis network, train
4 is scheduled behind train 2 (train 4 follows train 2) with animum separation
time ™" = 4. In the same way, train 2 follows train 4 in the previous eytiain 7
follows train 1, and train 1 follows train 7 in the previouscty.

Each train departs as soon as all the connections are geeadaf@xcept for a con-
nection when it is broken), the passengers have gotten thertomity to change
over and the earliest departure time indicated in the tiblethas passed. We as-
sume that in the first period all the trains depart accordingchedule. Thg-th
statex;(K) is the time instant at which the train on tragkleparts from the initial
station of the track for thith time.

Now we write down the equations that describe the evolutioth@Xx;(k)'s. First
we consider the train on track 1 and we determifi), the time instant at which
this train departs from station D for thh time. The train has to wait at least until
the train has arrived in station D for tik — 1)th time? and the passengers have
got the time to get out of the train so we hay¢k) > x3(k— 1) +ag(k — 1) +s™".
Furthermore, the train on track 1 has to wait for the passsraj¢he train on track 9
in the(k— 1)th cycle, which arrives in station D at time instagtk— 1) +ag(k—1).
The passengers hau®™ = 3 minutes to change trains. Further, the train on track 1
has to follow the train on track 7 in the previous cycle with mimum separation
time fM" = 4. According to the timetabf® the train on track 1 can only depart
after time instant 06- k60. Hence, we have

2 Under nominal operations theh train on track 1 (e.g., the one that departs from station
D at 10.00 a.m.) proceeds to tfie— 1)th train on track 3 (which has departed from station
B at 9.30 a.m.) andotto thekth train on track 3 (which will depart from statidhat 10.30
a.m.).

3 Note that in a undisturbed, well-defined time schedule the tifk) will be the largest.
However, if due to unforeseen circumstances (an incident, a late degpatct) one of the
trains has a delay, the corresponding term can become larger than the tthiai will
depart later than the scheduled departure tifle) and will therefore also be delayed.



x1(k) = max xz(k—1) +ag(k—1) + 8™, x7(k— 1) 4 ™"
Xo(K—1) +ag(k—1) +c™ dy(k))
=maxxz(k—1) +21,x7(k—1) + 4, xg(k—1) + 13,k60)

fork=1,2,... with x3(0) = xg(0) = €.

Using a similar reasoning, we find that the other departanegiare given by

X2(K) = max(x1 (K) + 13 xa(k—1) + 4,xg(k—1) + 28,15+ k60)
x3(K) = max(x2(k) + 13,30+ k60)

X4(K) = max(xa(K) + 4, X (k—1) 4 26,x7(K) + 15,19+ k60)
X5(K) = max(xa(k) + 13,34+ k60)

Xs(K) = max(xs(K) + 11,47+ k60)

x7(K) = max(xg(k—1) + 11,x1 (k) + 4,4+ k60)

xg(k) = max(x7(K) + 13,19+ k60)

Xg(K) = max(xg(K) + 26, x5(K) + 13,47+ k60)

fork=1,2,... withx;(0) =¢for j=1,2,...,9.

Using successive substitution we can eliminate all rigirtehterms with index.
By defining the appropriate matrikY) and by using thé®, ®)-notation, we can
rewrite the state equations as:

x(k) = A @ x(k—1) @ d(k) . (4)
In the nominal operation we have assumed that some traingcspive pre-defined
connections to other trains, and the order of trains on theegeack is fixed. How-
ever, if one of the preceding trains has a too large delay, itie sometimes better
— from a global performance viewpoint — to let a connectiragrtrdepart anyway
or to change the departure order on a specific track. Thisie adoorder to prevent
an accumulation of delays in the network. In this paper wesictar the switching
between different operation modes, where each mode comdspto a different
set of pre-defined or broken connections and a specific offdieaio departures.
We allow the system to switch between different modes, atigws to break train
connections and to change the order of trains. Note that eokeh connection or
change of train order leads to a new model, similar to the nah@quation (4), but
now with adapted system matm‘(K) for the ¢-th model. We have the following
system equation for the perturbed operation/féy) € {2,...,nm}:

x(K) = A0 @ x(k—1) @ d(k) . (5)

In this railway network the switching variabl€k) is equal to the control vector
v(k), and each entry of(k) corresponds to a specific control action, so a specific
(scheduled) synchronization or specific (scheduled) evedgr. We assume(k)

to be binary, where;(k) = O corresponds to the nominal case, ar{#t) =1 to a
perturbed case (a synchronization is broken or the ordevaétvents is switched).

10



Each combinatiorvy (k),. .. vm(K) corresponds to a fixed routing schedule with a
specific train order and specific connections.

3.3 Production system with concurrency

di=1
M1

Figure 3. A production system.

Consider the production system of Figure 3. This system stmef five machines
M1, M2, M3, My andMs. The raw material is fed to machind; andM,, where
preprocessing is done. Both intermediate products now loeve tinished in either
unit M3 andMg, which basically perform the same task, but the processimg of
Mz is longer tharMy. Therefore, the products coming from machiieandM, are
directed to a switching devic®y, that feeds the first product in theéh cycle to the
slower machinéviz and the second product to the faster macthe Finally, the
products are assembled (instantaneotisiyp machineMs and become available.
We assume that each machine starts working as soon as passishch batch, i.e.,
as soon as the raw material or the required intermediateuptedre available, and
as soon as the machine is idle (i.e., the previous batch rexsfbeshed and has
left the machine). We defing k) as the time instant at which the system is fed for
thekth time, andx; (k) as the time instant at which machinstarts for thekth time.
The variabletj for j = 1,...,8 is the transportation time, amfifori = 1,...,5s
the processing time on machinélhe system equations fgf andx, are given by

x1(K) = max(xa (k- 1) + dg, u(k) +ty) (6)
X2(K) = max(xz(k— 1) +da, u(k) +t2) (7)

Equation (6) can be explained as follows: machine 1 willtstaéth job k when

i) the previous job is finished, indicated ky(k— 1) + d; (=the start of the previous
job x1(k— 1) + the production timel;), and

ii) the raw material has arrived at the machine at tinle) +t; (=the time the raw
material is put into the systemik) + the transportation timg).

4 i.e. with a negligible processing time.

11



For Equation (7) we have that machine 2 will start when

i) the previous job is finished at time(k — 1) + dy (=the start of the previous job
Xo(k—1) + the production timel,) and

ii) the raw material has arrived at the machui&) +t, (=the time the raw material
is put into the system(k) + the transportation timg).

If x1(K) +di < x2(k) +dy (i.e. machine 1 finishes first, machine 2 finishes later),
the product oM, will be directed toM3 and the product oM, will be directed to
M4. Machine 3 will start when

i) the previous job is finishexk(k— 1) +d3 (=the start of the previous jotz(k— 1)
+ the production timels), and

i) the intermediate product has arrived from machineqlk) + d; (=the start of
the jobx; (k) + the production timel; + transportation timés = 0).

So
x3(K) = max(x1(K) +dg,x3(k—1) +da).
By substitution of (6) we obtain:

x3(K) = max(xy(K—1) + 2dy, Xa(k—1) + da, u(K) + dy + ty).

In a similar way we derive

X4(K) = max(xz(k) 4 da,xa(k—1) + da)
= max(Xo(k—1) + 2d2, X4(k—1) 4 dg, u(k) + da +t),
x5(K) = max(x3(k) + dz, x4(k) + da +tg)
= max(Xy(K—1) + 2d; + d3, Xo(k—1) + 2d2 + dg +tg, X3(k—1) + 2d3,
X4(k—1) + 2d4 +tg, u(k) +dq +t1 + d3,u(k) + dz +to +dg + tg).

Note thatts,...,t; = 0, and therefore they do not appear in the equations. For this

first mode &1 (k) +d; < x2(k) 4 d2, so machine 1 finishes first, machine 2 finishes
later) we obtain the system matrices

le ccc¢ 4
£33 cc¢ 1
AV=|2¢ 6 ¢¢ BV=|5
€6 €4dc¢ 4

81112 9¢ 11

12



Similarly, for the second mode((k) +d1 > x2(k) 4 do, so machine 2 finishes first,
machine 1 finishes later) we obtain the system matrices

_15 eee_ —4-
€3 €¢€¢ 1
AP=l¢6 6ec| BY=]4

5

2 € € 4¢

712 12 9¢ 10

To decide the switching mechanism, we define the switchinigbke

01N o (K) + dy
Zz(k) _Xz(k) +do

[ max(xa (K—1) + 20, u(k) + dy +t1)
_ma><(x2(k— 1) + 2d2, u(k) 4+ dz +t2)

[ maxpa(k-1) +2,u(k) +5)
| max(xp(k—1) +6,u(k) +4) |

and the sets

7W = (ze Rilz < 22},
72 = {ze R2 |71 > 7).

Note thatz; (k) andzy(k) are the time instants at which machines 1 and 2, respec-
tively, finish their product in cycl&. With that in mind, it is clear that mode 1 cor-
responds to “machine 1 finishes first, machine 2 finishes’léteK z,) and mode

2 corresponds to “machine 2 finishes first, machine 1 finiskies’l(z; > z»). Now

the state space equation of our system is given by (2).

4 The model predictive control problem

Consider the switching max-plus-linear model (2)—(3). Weehtavo possible in-

put signalsy(k) andu(k). Just as in conventional Model Predictive Control (MPC)
T
(Maciejowski, 2002) we define the input sequena@s= | uT (k),...,uT (k+Np—1)
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andvik) = [VT(k), VT (K+Np — 1)]T whereN; is the prediction horizon (so it
determines how many cycles we look ahead in our control |asigdg. Let”? (k)
and % (k) be the sets of possible future control sequengks andu(k), respec-
tively. Sometimes values are predefined (e.g. in the railsysfemu(k) = d(k))
or not applicable (e.g. in the production systefk) is not used). Often(k) is as-
sumed to be binary, and each entry corresponds to a speafimtaction (e.g.
a specific scheduled synchronization or specific schedwedterder). In other
cases/(k) is an integer (e.qg. for the scheduling problem we hakg = ¢(k)).

We now aim at computing the optima(K) andv(k) that minimize a cost criterion
J(k), possibly subject to linear constraints on the inputs amedstiates. The cost
criterion reflects the input and output cost functiodis &ndJoy;, respectively) in
the event periodk,k+ N, — 1]:

I(K) = JouK) + A dn(K) . ®)

where the weighA > 0 is a tuning parameter, chosen by the user. The output cost
function is usually chosen as

Np—1
Jout(K) = 3 [lek+ D)
=3

where|| - || is an appropriate norm (usually the two-norm, the one-norrthe
infinity-norm), ande is the due date error (e.g. for the production system the due
date error of a product is given (k) = max(y;(k) —r;(k),0), wherer (k) is the

due date of the product, and for the railway system the dweeatabr is equal to the
delay of a train, s@& (k) = max(xj(k) — di(k),0)). The input cost function consists

of two parts,Jin = Jin.u+ Jiny. The first partd, , depends om(k) and is usually
chosen as

Np—1
Jnu(k)=— > [luk+]) |
, j; u(k+ ]

(see also De Schutter and van den Boom (2001)). The secondais a func-
tion of V(k). For different applicationsk, , will have different appearances (e.g. for
the production syste, (k) = 0 and for the railway system we choa®e, (k) =
z;\'iglzi”;l a;vi(k+ j), wherea; > 0 are weights to punish any action correspond-
ing to theith variable).

The parametek makes a trade-off between the output cost function and hat in
cost function. FoA = 0 the input cost function is not taken into account, Xor «

the output function will not be taken into account. The timeival |1, Ny] should
contain the crucial dynamics of the process, and import#ntmation of the due
date sequence.

Since the input signals(k) correspond to consecutive event occurrence times, we
have the additional condition fgr=0,...,Ny — 1:

Au(k+j) =u(k+j) —u(k+j—1) >0, 9
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which means that the start of thle+ j)th event (i.e. at time(k+ j)) will always be
later than the start of thgk+ j—1)th event (i.e. at timei(k+ j—1)). Furthermore,
in order to reduce the number of decision variables and thesponding compu-
tational complexity we introduce a control horizdl (< Np) and we impose the
additional condition that the input rate should be condtamb the pointk + No — 1
on, so

Au(k+m) =Au(k+Nc—1), (10)

for m=N,...,Np — 1. So, instead of allowing the future control actions to be
“free”, the increments ofu(k) are assumed to become constant after event step
(k+Nc—1), i.e. we have a constant feeding rate. The parameter cdraridon
N. can be chosen between 1 adgl The same procedure is often followed for the
control variablev(k), which will be assumed to be constant beyond control horizon
Nc. This results in the constraintk +m) = v(k+Nc — 1) for m=Nc,...,Np— 1,
or equivalently

Av(k+m) = v(k+m) —v(k+m—1) =0, (12)

for m= Ng,...,Np — 1. Now the MPC control problem for event st&man be
defined as:

min J(k 12
{G(k)e%,vl(k)e“//(k)} (k) (12)
subject to
x(k+j) = AW (k) @x(k+j—1) @B M) (K)ou(k+j), for j=0,...,Np—1,
(13)
®(k+j—1),£(k+j—1),u(k+]),v(k+])) € 2D for j=0,...,No—1,
(14)
Au(k+j) >0, for j=0,...,Np—1,
(15)
Av(k+m) =0, form=N,...,Np—1,
(16)
Au(k+m) — Au(k+N.—1) =0, form=Nc,...,Np—1,
17)
Ac(K)l(k) 4 Be(k)y(k) < cc(k) (18)

where (12) is the cost function we want to minimize, (13) esgnts the system
dynamics we have to take into account, (14) represents thehsmg mechanism,
(15) guarantees a non-decreasing input sequence (cf(18))and (17) introduce
the control horizon for the signalsu andv, respectively (cf. (10) and (11)), and
(18) represents possible additional linear constraintennputs and the outputs.
Note that forNe = Np, equations (16) and (17) vanish.

MPC uses a receding horizon principle. This means that afterputation of the
optimal future control sequencask) andvik), only the first control samplagk)
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andv(k) will be implemented, subsequently the horizon is shifted sample, and
the optimization is restarted with new information of theaserements.

In principle we have all elements to solve the receding loorizontrol problem
(12)—(18). In general we will have an optimal control preblevith both real pa-
rameters and integer parameters. Sometimes (e.g. theghimuaystem) the prob-
lem can be recast as an Extended Linear Complementary Pr¢Blet®) and can
be solved efficiently (De Schutter and van den Boom, 2002hdfdptimization is
over a binary valueg(k) (e.g. the railway problem) we obtain an integer optimiza-
tion problem (without any real valued variables), which barsolved using genetic
algorithms (Davis, 1991), tabu search (Glover and Lagu®@7), or a branch-and-
bound method (Cordier et al., 1999). In some particular ddeggroblem can be re-
cast as a Mixed Integer Linear Programming (MILP) or a Mixeger Quadratic
Programming (MIQP), for which reliable algorithms are #adle (Bemporad and
Morari, 1999; Fletcher and Leyffer, 1998).

The application of the derived controller design method taikvay network is
given in van den Boom and De Schutter (2004b).

Timing

MPC for (switching) MPL systems is different from convemiz MPC in the sense
that the event countdsris not directly related to a specific time (van den Boom and
De Schutter, 2002). So far we have assumed flat- 1) is available when we
optimize over the future control sequence. However, natatiponents ok(k— 1)

are known at the same time instantTherefore, we will now present a method to
address the timing issues of the controller.

We consider the case of full state informatfanLet [Xrue(k — 1)]; be the mea-
sured (true) occurrence time of thle— 1)th occurrence of internal eventand let
[Xest K— 1[t)]i be an estimation of thgk— 1)th occurrence time of this event at time
t. The estimation can be done using the following procedueéni(t) be the small-
estinteger such th@tyue(k—m(t))]i <t foralli=1,...,n. Hencexqyue(k—m(t))];

is completely known at timé. If we definexesfk — m(t)|t) = Xgue(k —mM(t)), we
can reconstruct the unknown state components using thesrecu

Xest(k— j[t) = AN @ xesk— j — 1jt) @ B“M @ u(k— j|t)
D(Xesk— j — 1[t), £(k— j — 1|t),u(k— j[t),v(k— j[t)) € Z“KI)

5 Recall thak(k— 1) contains the time instants at which the internal activities or processes
of the system start for thgk — 1)th time.

6 Since the components vEorrespond to event times, they are in general easy to measure.
Also note that measurements of occurrence times of events are in gestaaalgusceptible

to noise and measurement errors as measurements of continuous-time isigplgiag
variables such as temperature, speed, pressure, etc.
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for j=1,...,m(t) — 1, where for the components ofk — m(t) 4 j|t) that are less
thant we take the actually applied input times, and for the othenmanents we
take the computed values. Finally, the value of the stétg that can be used to
compute the MPC controller at timés given byx(k— 1|t) with component$x(k —
1jt)]ij fori =1,...,nsuch that

[Xtrue(K— 1)]; if Xrue(K—1)]i is known at timet
X(k—1[t)]j = (50 Xrue(k—1)]i <'t)
[Xestk—1|t)];  otherwise.

Finally, before the implementation of the controller candmme, one has to de-
termine at what time instants a new optimization should beedn principle, the
appropriate input sequence&f andvik) should be recomputed, as soon as a new
measurement of stafgye(k— 1)]i comes available. If the measurp@ye(k—1)];

is equal to the estimatgdes(k — 1|t)];, an optimization is superfluous and the al-
ready computed input sequences will be optimal.

If we have multiple inputs, (and sa(k) is a vector), we will implement; (k) as
soon as it is equal to time Let u;(k) = tg and let us consider an optimization of
u(k) fort > tp. An event in the past cannot be changed any more, and so weawill
the optimization ofu(k) subject to an an additional equality constraiitk) = to.

5 Examples of controlled switching max-plus-linear systems

5.1 A scheduling problem

Consider the scheduling example from Section 3.1. The cowamgable in this
example is equal to the chosen recipevgo) = ¢(k) € {1,2,3,4} is an integer
variable (1is not applicable in this example).

Let ny(k), Xe {A,B,C}, denote the number of products X produced until cycle
Thenn, (k), ng(k), andnc(k) can be written as
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whered(n) is given by
1forn=0
o(n) =
0 elsewhere

The goal in this scheduling example is to produce produatsramg to some pro-
duction rate

Ag(k) = [AgA(k) Ags (K) Agc(k)] = [0.5 0.25 025 .

which means that (on the average) we aim to deliver a prodluctwo production
steps, and a produBtand a produc€ in four production steps.

0.8

- prbductA |
—e— product B
0.4f - product C

0.2r

0.6

o
T

product rate erro——

I | | I
© o o o
® o . N N

|
=
T

Figure 4. Product rate error for a scheduling system

The desired number of products X, that is in stock after cicle equal to

k
gx(k) - Z AgX(j)a X e {AaB7C}'

J:—OO

Our cost criterion is chosen as

Np
30 =matxct Ng)) +4 3 (It 1)=gact )
2

g (k++ ) =G (k+ )|+ Inc(k+ )~ Ge(k+ ) ) (19)

where the first term (médx; (k+ Np))) represents the total production time for jobs
1,...,Np, and the last three ternzstil In (K4 j)—0ax(k+ J)|, with X = A B,C each
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represent the production rate error for produkt®, andC, respectively. Recall
Note thatny (K) is the number of products that are actually produced after cycle
k, andgy (k) is the number of productX that should have been produced after
cyclek. The parametek makes a trade-off between a minimum total production
time and the sum of the errors in the production rate.

In this example we now minimizé(k) for A = 25, N, = N; = 20, and we do a
simulation fork = 0,...,80. To account for variations in the production time, we
add a noise-term (normal distributed with mean zero andmag one) to the real
production time of every machine. The input signal is optigdi using a genetic
algorithm (Davis, 1991), and we obtain the optimal sequé(ickg k > 0.

In Figure 4 the product rate error is given for e&abver the first 25 cycles. We see
that the product rate error varies betweel 75 and 05. This is due to the fact that
the increment oy is 0.5 or 0.25, where the increment of can only be 0 or 1.

0 10 20 30 40 50 60 70 80
K —

Figure 5. Variation of the production time for a scheduling system

The average predicted final production time over 80 cyclabagit 2.0 time units/cycle.
Therefore Figure 5 gives the deviation between the predifot@l production time
and the average production time (maxk -+ N)) — 2k) for each cyclek. From

the figure we see that the production time is varying abouatteeage value. This
variation is due to the variation in the production timesh& tinits. In the noiseless
case the average production time will decrease3pvihich means that the average
job time (4 cycles) is equal to 6. From Figure 1 it can easilylbaved that for the
noiseless case a possible realization of the optimal segusmiven by/(k) with

((An+1)=1, ((4n+2)=4, ((4n+3)=3, ((4n+4)=2 forneZ .
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Using this sequence leads to a schedule where machine 2as idéx and works

constantly. The two operation times, related to recipe 13rdgether sum up to
the total job time 6, and so to reduce the total job time we neaémove either

recipe 1 or recipe 3 from the schedule. Recipe 3 cannot be minoecause it is
related to product 3, which can only be produced using machi his means that
we should replace operation recipe 1 by recipe 2, both ktatthe manufacturing
of a product 1. However, in that case we will need machine Sndu8 recipes

(recipe 4 and twice recipe 2) giving a job time of at least 8¢ Bame argument
can be used for machine 5, and we will conclude that the giggunence is indeed
optimal.

5.2 Railway network

Consider the railroad network of Section 3.2. We assufkg¢ = d(k) is fixed and
v(k) is a binary parameter vector. Consider the cost function

Z) (le. (Kt j) — i (K+ j +%/\|V| k+1)) (20)

In this functionx; (k+ j) —di(k+ j) is the delay of train in cycle j. Note that the
departure timeg(k+ j) is always larger or equal to the scheduled time according
to the time tabled;(k+ j), because a train is never allowed to leave too early. The
first term is the sum of all delays in the néy¥f cycles. The second term reflects the
costsA| we make by our control actiong(k+ j) (breaking connections or changing
the order of trains). We solve the optimal control problermifiimizing the cost
function (20) subject to constraints (13)—(18), whidgas chosen sufficiently large.

This results in an integer optimization problem. We introgla perturbation at time

t =0and lettrain 3, 6 and 9 arrive with a delay with 43, 20 and 32uta@s respec-
tively. We choose\, = 500 for inputsy, related to connections amgd = 10 for
the other inputs. The input signal is optimized with a braaold-bound algorithm
and we obtain the optimal sequence (for more details, seel@arBoom and De
Schutter (2004b)). To find a good initial guess for the braat-bound algorithm
we first solve an easier problem, in which we parameterizenghé signav(k+ j)
with two threshold valuest, ¢) and a decision mechanism. We use the thresholds
on (expected) delays to decide whether a connection sheutsidken or train or-
ders should be switched (see also van den Boom and De Scla@i@ih)). Loosely
speaking, the decision mechanism breaks the connectiarebpttwo trains if the
expected delay exceeds a threshold valug ahd it changes the order of two trains
moving over the same track if the expected delay exceedsaltbid value ofp.
Optimizing the threshold valugg, @) leads to a real-valued two-dimensional op-
timization problem, that we can solve using a Sequentialdatec Programming
(SQP) algorithm. We find a minimum cost functidg,. = 4.09- 10°. The optimal
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Figure 6. Maximum delay for an uncontrolled railway system and a railyayem using
MPC

threshold values, together with the decision mechanisad, e a sequencgk+ j)
that is used as an initial value for the branch-and-bounadrdkgn. We find a mini-
mum cost functiodygp = 3.89- 10°.

In Figure 6 the maximum delagmax(K) = max(x(k) — di(k)) in each cyclek is
given for both the uncontrolled case (g&—+ j) = 0 for all j > 0) and for the MPC
case (withv*(k+ j)). We see that the delay in the MPC case decays much faster
than the uncontrolled case.

5.3 Production system with concurrency

Consider the production system of Section 3.3. Inglg is the control variable in
this example\(is not applicable here). The cost criterion is now given by

Np—1
J(k) = Z} max(Xs(K+ j) —r(k+j),0) — Au(k+ j) (21)
=

wherer (k) is the due date of the product, the prediction horikgr= 3 andA =0.1.
In this example we will not use a control horizon, iIN.= Np.

From here we could solve the MPC control problem in the wayedfti®n 4, and

we would end up with a mixed integer optimization problemwduer, the system
in this example belongs to the class of max-min-plus (MMPtems, which is a
subclass of the switching MPL systems. As we will show in #ubsection for this
important subclass of MMP systems the MPC optimization lemolcan be reduced
to solving a set of linear programming problems, and so tmepeaational burden
is reduced dramatically.
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First we will discuss the class of max-min-plus (MMP) syssem

Definition 1 An MMP expression f of the variablegw. ., w, is defined by the
grammar’

fi=w + afmax(fy, fi)[ min(fy, i) (22)
withie 1,...,n,a € R, and where {, f are again MMP expressions.

Consider now a system that can be described by
X(K) = .2 (x(k—1),u(k)) (23)

where.# is an MMP expression in terms of the componentg(&— 1) andu(k).
Such a system will be called an MMP systém

Lemma 1 The class of MMP systems is a subclass of the class of switbiiig
systems.

The proof of Lemma 1 is in the appendix.

We can now use the results of De Schutter and van den Boom (2002) to solve
the MPC problem for the production system. Defmg (k) andzynax(k) as

Zmin(K) = min(zy(k), z2(k))

—min (max(xl(k 1) +2,u(k) + 5), max(xa(k — 1) + 6, u(k) +4)>
Zmax(K) = max(z(k), z2(k))

= max(max(xl(k 1) +2,u(k) +5), max(xz(k— 1) + 6,u(Kk) +4))

_max<x1(k 1) +2,%2(k—1) +6, u(k)+5>,

Note thatzmin(K) = min(z,(k), z2(k)) can be interpreted as the time instant that the
first of the machines 1 or 2 is ready in cy&levhereagzmax(k) = max(z (k), z>(k))

can be interpreted as the time instant that both machined 2 are ready in cycle

k. With these definitions adnin andznax, We obtain

’ The symbol| stands for OR and the definition is recursive.

8 An MMP system is a special case of the more general max-min-plus-sciixg S)
system as defined in De Schutter and van den Boom (2002, 2004). N¢oie for MMP
systems there is no scaling necessary, becaaselu denote time-instants and time does
not stretch or shrink
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X3(K) = maxX(Zmin(K), X3(k— 1) +6)
= max(min(max(xy(k— 1) + 2, u(k) +5), max(x2(k— 1) + 6,u(k) +4)),
Xg(k— 1) + 6)
Xa(K) = max(Zmax(k), xa(k—1) +4)
=max(X1(k— 1) +2,%2(k—1) +6,x4(k— 1) +4,u(k) +5)
x5(K) = max(xg(k) + 6,X4(K) + 5)
= max(min(max(xy(k — 1) 4+ 8,u(k) + 11), max(x2(k — 1) + 11, u(k) + 10)),
x3(k—1)+ 12 x3(k— 1)+ 7,x2(k— 1) + 11 x4(k— 1) + 9,u(k) + 10).

Using successive substitution we can easily derive exjpresforxs(k+ 1), xs(k+

2) and J(k). These functions are max-min-plus (MMP) functions, and dp&-
mization problem of minimizingl(k) subject to (9) or equivalently (15) can now
be solved using a set of linear programming problems (De tBahand van den
Boom, 2002, 2004). In our case we obtain 64 linear programithiRy problems.

0.5

i i i i i i i i i
0 2 4 6 8 10 12 14 16 18 20

Kk —

Figure 7. Due date error for a production system with concurrency

In Figure 7 the due date erros(k) —r(k) in each cyclek is given forr(k) =

8+ 6.5k + d(k) whered(k) is uniformly distributed zero mean white noise with
|d(k)| < 1. In the cost functiod we penalize the due date error fafk) —r (k) > 0,
which corresponds to the case where a product is ready &ftdne date. The case
wherexs(k) —r (k) < 0is not so bad, as long as there are no problems with a limited
output buffer (storage). Keeping that in mind we observeigufe 7 that the due
date error is zero or negative, which means that our progudelivered in time,
and therefore the MPC controller is functioning satisfagto
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6 Discussion

We have presented a new way to model a class of discrete eysrtrss — the
switching max-plus-linear systems — that can operate femdiht modes, for which
in each mode the dynamics can be described by a model thahéeat? in the

max-plus algebra. We have discussed three examples ohswgtmax-plus-linear
systems, namely a production system, a scheduling systeha eailway network.
An MPC design technique has been derived for switching mas-linear systems,
and we have applied the control design method to the threm@ers. In general
the resulting optimization problem requires a mixed integeimization algorithm.

The use of switching max-plus-linear systems in modelirdgy@mtrolling discrete
event systems offers some new opportunities. Where in regnala-plus-linear sys-
tems one can only model synchronization in a fixed orderimg use of switching
max-plus-linear systems gives the possibility to includeaurrency or a structure
change. In this way we can account for routing mechanisngs (ee switching
mechanism in the production system), we can make decisioashieduling sys-
tems (e.g. a railway network) such as changing the order@fations, or breaking
synchronizations, and in a scheduling environment we mayhesdifferent modes
to represent different recipes for production systems.

In future research we will try to find out what conditions aeeded on cost cri-
terionJ, mode function® and mode set”(!(K) to obtain particular optimization
problems (Extended Linear Complementary Problem, Mixedgeait Linear Pro-
gramming, Mixed Integer Quadratic Programming).

Another topic for future research is the characterizatibthe class of discrete-
event systems that can be modeled by a switching max-ples#lisystem, and
the expanse and limits of this class. We will study in moreailéhe properties
of switching MPL systems in terms of the underlying MPL sigisyns, each with
its own max-plus-algebraic eigenvalue, eigenvector,ectioie and communication
graph.
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Appendix

Proof of Lemma 1:
Consider the MMP system

X(K) = A (x(k—1),u(k)) (24)

where all entries of the vector{unctiof( are MMP vector functions in terms of the
vectorw(k) = [XT(k_l)uT(k)} € Ry Then, similar as for the MMPS systems
in De Schutter and van den Boom (2004), we can easily provetteay entry can
be written in the min-max canonical form:

fiw)= min max (B +W;
I( ) ti=1,...,Kij:l,..,,nW(BIvJyﬁ+ ])

fori=1,...,n, wheref; j; € Rmax-

Now we consider vectons of the form

T
re= [rl,g,...,rnl} , L=1,....n

wherer;, runs form 1 toK;, for i = 1,...,n. So we haven, = []_;K; of these
vectors. For every = 1.....n, we can define a corresponding s&t) such that
for all w € 2°() the minimum off; overt; is reached fot; = r; ;. This means that

the setz’() for £ = 1,...,n, is given by

2O ={w| max (Bijr,+Wj) < max (Bjg+wj), v, Vi}
j=1,....,nyw ’ j=1,....,nyw

With this definition of () we then derive that fow ¢ 229 there holds

=4
- Bi717ri,( e Bi,nw,ri’g ®W (26)

fi(w) = max (Bijr, +Wwj) (25)
=1..Ny ’

and forw € () we can rewrite
fw)=r“ow
where the entries df are given byl “)]; j = B jr,,.-

By partitioningl (*) = [A(@ B(f)} we obtain that fow ¢ 2°(¥) we have

f(x(k—1),u(k)) = A @ x(k—1) @B @ u(k)
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and the equation (24) can also be written as
x(k) = A @ x(k— 1) & B @ u(k)

This proves that the MMP system can be written as a switchiRd. Blystem.
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