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Adaptive Importance Sampling for Probabilistic Validation of Advanced
Driver Assistance Systems

Olaf Gietelink, Bart De Schutter, and Michel Verhaegen

At vehicle 1: L o vehicle 2:
Abstract—We present an approach for validation of ad- leading vehicle _ driving direction following vehicle

vanced driver assistance systems, based on randomized algo- [
r1 U1 a

rithms. The new method consists of an iterative randomized 211 @1 i ey Ew az)]
simulation using adaptive importance sampling. The random- o
ized algorithm is more efficient than conventional simulation
%

techniques. The importance sampling pdf is estimated by a -
kernel density estimate, based on the results from the previous
iteration. The concept is illustrated with a simple adaptive Fig. 1. Schematic representation of an ACC system.
cruise control problem.

€x Zd

. INTRODUCTION In [6] we have introduced the use mfportance sampling
(IS) to make Monte Carlo simulation more efficient, i.e.
] ) using a much smaller number of tests. It was shown that IS
The increasing demand for safer passenger cars siderably speeds up the simulation process, althowgh th
stimulated the development (_)f advanced driver assistanggyice of probability density function (pdf) to sample from
systems (ADASs). An ADAS is a control system that use§55 not optimal. The choice of an optimal IS pdf has been

environment sensors to improve comfort and traffic safety by, , topic of much research, but has usually been constrained
assisting the driver. An example is adaptive cruise contrg), simple parametric approaches [1], [5].

(ACC), which tries to maintain a pre-defined velocity set-
point, unless a slower vehicle is detected ahead [14]. TH® Objectives of this Paper
ACC then controls the vehicle to follow the slower vehicle Tne objective of this paper is to present a new validation

at a desired distanceq (Fig. 1). Further defined are the 5pproach based on an iteratikandomized algorithm(RA)
position z, velouty v, and acceleratiom of both vehicles, usingadaptive importance samplir@IS), where the IS pdf
the relative velocityo, = v1 — vy, clearancer, = 1 — 2, s based on the results of the previous iteration. This piei
and separation eraf, = rq — . o _an efficient test program in order to cover the entire set of
The demand for safety naturally increases with increasingherating conditions with a minimum number of samples.
automation of the driving task, since the driver must fully  gection Ii presents some background theory on RAs. Sec-
rely on a flawless operation of the ADAS. The ADAS shouldijgns 1] and IV then present an iterative sampling algarith

therefore be validated for a wide set of operating condiiiongng AlS to improve its efficiency, illustrated with the case
An iterative process ofimulationsandtest drivess often  gydy. Section V presents the conclusions.

used for validation. Test drives give realistic results, tan
never cover the entire set of operating conditions. Results II. RANDOMIZED ALGORITHMS

are also difficult to analyze and not reprOdUCible [3] On the An alternative approach for So|ving a Comp|ex prob|em ex-
other hand, simulations have their limitations as well. FOé_Cﬂy, is to solve itapproximatelyby using an RA. An RA is

a realistic nonlinear model and multiple traffic disturbesic an algorithm that makes random choices during its execution
the validation problem will become difficult to solve, and[lo]_ The use of an RA can turn an intractable problem into
eventually becomentractable[15]. To make the simulation 3 tractableone, but at the cost that the algorithm may fail to
phase more efficient, a controller can be validated with give a correct solution. The probability that the RA failsica
grid searchover the operating range of all parameters [4]pe made arbitrarily close to zero, but never exactly equal
However, an exhaustive grid search requires an intractably zero. This probabilityd mainly depends on theample
large number of experiments. Another possibility is a MontgomplexityV, i.e. the number of simulations performed, but

Carlo strategy, where the system is simulated for a represefso on the specification of the problem to be solved.
tative, but still very large, set of operating conditionased

on the probability that these conditions occur [12]. A. Problem Specification
o ) The performance of an ACC can be quantified in a
O. Gietelink is with TNO Science and Industry, P.O. Box 7580 AT b f i | eff
Helmond, The Netherlands. He is also a Ph.D. student at thi¢t Oehter n.um er o measureﬁi' €.g. .t.rac Ing _error, control efiort,
for Systems and Control, Delft University of Technology, Mekeg 2, 2628  ride comfort, and string stability. In this paper the cofi&o

CD, Delft, The Netherlands| af . gi et el i nk@no. nl validation is restricted to the measure sifety expressed
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ps = 1 means ‘collision’ andps = 0 means ‘no collision’. From (6) the sample complexity could be calculated, given
However, a discrete safety measure cannot distinguish @ndesired relative error. However, this measure also reguir
severity between different situations for whigh= 1. There- a priori knowledge ofp, which is exactly the parameter
fore, acontinuoussafety measure; will be used, defined we wish to estimate. Furthermore, (6) does not give any
by the time-to-collisiont,. = 7=. The time-to-collision has information on the confidence interval for any particular
a lower value for unsafe situations, with a threshold valuestimatepy. In that respectpy is unlikely to be exactly
v = 65, since a traffic situation is subjectively regarded bgqual to the real probability, although it is reasonable to
a driver as ‘dangerous’ whem, < ~; [3]. expect thatp will approachp, as N — oo, and as long as
The value ofp; for a particular scenario depends on theghe samples are chosen to be representative of th@.set
perturbations imposed by that scenario, i.e. the motion of The question thus arises how many samgiesre neces-
other vehicles. Apart from the acceleration of the leadalehi sary to give a reliable estimafey, such that it differs from
aq, also the initial conditions,(0), v,(0) influencep;. These the real (unknown) valug by no more thare > 0, i.e.
scenario parameters, together with driver input, and other .
disturbances form th@arameter set)): an n-dimensional P=DN <€ (7)
bounded set of all possible parameter combinations. Obviously, it is important to know whether the probability
Since the system performance is defined by the scaldrat the real performance is worse than the estimated
performance measurg,, a cost functionp,(¢) : @ — R  performancepy, i.e. the probability thap — pny > €, as
can be defined. The validation objective is then to identifyn (7). Vice versa, the probability that the realis better
the probabilityp that p, < ¢, by estimating it byp with a than expected by, i.e. py — p > ¢, is not as important.
given accuracye and confidencdevel 1 — §: Sincepy is a random variable, the outcome of the inequal-
. . ity (7) is a random variable as well with a certain probapilit
Pr{|Pr{p, <%} -pl < e} 210, with 5,¢ € (0,1). (1) of realization. Therefore, we cannot always guarantee that
B. Monte Carlo Sampling p — pn < ¢ even for largeN. By introducing a confidence
g_evel 1 -4, the probability thap — px, > € for any j-th set

Consider an arbitrary process with only two possible ou
y P y P of NV simulations (denoted by;) is then defined as

comes, ‘success’p(= 0) and ‘failure’ (p = 1), and suppose
we wish to determine the probability for a successful Prip—py <e} >1-6, withd,ec (0,1). (8)
outcomé. A Monte Carlo sampling method can then be used ) ]

[9], based on the ‘law of large numbers’, which states thaft is then of interest to know the required for (8) to hold.

@) C. Sample Complexity

Since the process is a binomial process, (8) can be
where theempirical probabilitypy of a failure of the process calculated by
can be estimated as

lim Pr{|py —p|>¢€} =0,
N—o0

1 Pri{p—pn < e} = 1*% (N>p (1-p™ ) 515
PN =5 > (@), 3 B o\ ©
=1

which is known as thesimple samplingestimator. The Where N~ = (p —¢)N is the minimum number of samples
indicator function.J represents the outcome of eveiryh for which J(g;) = 1. Unfortunately, (9) cannot be solved
experiment for a parameter Combinati@m given by eXpliCitly, such that the necessary Sample Complexity bas t
be approximated. From the central limit theorem followd tha

J(q) = { ; (4) the distribution ofpy approaches a normal distribution as

» ifp=1 N — oo [1]. In that case (8) can be approximated by
The expected value @iy is p, sincepy is an unbiased

estimator. The variance gfy is given by

0, if p=0
1

Pr{p—pn <ko}>1-04. (10)

N Here the variancer can be approximated by the binomial
1 1 _ i f
02 —vard — Jig) S = = [E {742 — E{J(g))2 parameter\/Np(1 —p), andk > 0 can be derived from
==V N ; (@) N { (@)} (@)} tables for a standard Gaussian distribution with a desired
1 ) p(1—p) confidencel — 4. In this way, a fast approximation faw,
=~ (p—p*) = —N (5)  denoted byNy;,, can be calculated. However, this measure
. ._again requires a priori knowledge pf

hTh(T accuracy of the estimagg; can then be expressed in To avoid this paradox we can use the Chernoff bound [2],
the relative rms error which states that the probability > 0 in (8) is no larger

_oNe2 . .
var {pn}  [T—p ) thane=2Ne", Therefore, to estimate the unknown quangity
D2 VN to an accuracy and W|t2h a confidencé — 9, N should be
chosen such thate=2V¢" < §. This can be rewritten as

Iplease note the difference in notation between the perfarenavel p N> 1 1 1
for one particular experiment and its probabilgyfor all experiments. = @ n 57

(11)



which is known as thene-sided additive Chernoff bound with meany = 0 and standard deviatiom = 1.5, denoted
In order to computgy we can then use Algorithm 1. asN(0,1.5), truncated on the intervdt10, 10] m/s%.
In order to verify Algorithm 1, we execute i/ = 10000

Algorithm 1 (Probabilistic performance verification [13]) {imes. Suppose it is desired that 0.01 andd = 0.01, then
Given a desired, € (0,1), a thresholdy > 0, and the (11) g|YesN :-23026. Everyj-th simulation set gives an es-
true pdf fo, this RA returns with a probability of at least timatépy; for j =1,..., M. The distribution of the estimate
1—§ an estimateiy for p, such thaty — py < e. is shown in Fig. 2. The empirical meghy, is 0.03633, as
1) Determine the necessaiy with (11). could be expected near the true probabifityThe variance

; A ie A2 1 M s s N2
2) Draw N independent identically distributed (iid) of the esﬂ_rr;atc;]rpNj IS 05 _f Mfl,zf':l .(pNJI' .pM) B h
samplesgy, go. . . ., g according to its pdffo. 1.537_3 -_10 . The accuracy for a single simu _atlon set (eac
3) Return the empirical probability consisting of 23026 simulations), can be estimated from the
results as = 0.0028 wheny = 0.01.0J

~

1 N
PN = — J(q), .
PNEN Zi:l (@) These results suggest that the desired value9 fand e
whereJ (Qz) is the indicator function can be achieved with a much low&f than given by (11)
N_J 0 ifp>y 12 Il. ITERATIVE ESTIMATION USING THE
y 1 p <7, BINOMIAL BOUND

As a solution to the conservatism of the Chernoff bound,

Example 1 (Gaussian distributed disturbance) can make an initial estimate of using (11), and
Consider a scenario where the lead vehicle brakes to a fL\JIY|e 9 ’

L o Subsequently use the binomial bound (10), after whican
stop. The initial conditions are,o = wq = 40m, and be estimated with a lower bound on the sample complexit
v1(0) = wv2(0) = 30m/s. For simplicity, assume that the P piextly.

deceleration of the lead vehiclg is the only disturbance Intol;dertod(_)f_btglnFa Ioweir\i |r]: tl?tal’ t:‘fa}(?'“es foe atl_ndél
(note however that the approach can easily be extended torngS 1e (rsno |(|je_. roml (11) fo ?.WS | ta |s2pr%r:or |fona
n-dimensional parameter set). When the lead vehicle brakgo?1 og(1/0) and inversely proportional ta/e". Therefore,

hard, the ACC vehicle cannot always brake in time, sinc eny is decreased and mcregsed.by a sw-tably_ chosen
the ACC deceleration is limited t62.5 m/<. Now. for fine- 12ctor #, @ lower N can be obtained in a first iteration, that

tuning the control parameters, we would like to know the> % = b/x, ande, = ke. To obtain the desired confidence

percentage of situationg) for which p; < 7;. The safety 14 for py in a second |terat|(_)rr5_2 should be chosen such
- ; . that (1 —91)(1 —9d2) > 1—4. This is true wheni; = § — 4,
obviously decreases with a stronger deceleratipnsuch . 15 1545 ~1_5 forals>1 Th
that the functionp,(a;) is non-decreasing. For verification since (1 — /t';)( N tj 't/l{) fic n 't?”’it g*. » eI
of this simple example the ‘true’ outcome can therefore b$ﬁc_:uracy 'r:j € _se]f:on ll_erz '.OnA'f‘ sgtho '25 esired value
calculated numerically and is known exactly= 0.03630. IS procedure 1s formaiized in Algonthm .
However, in practice it can be impossible to determirie

a deterministic way, when the dimension@fincreases and | Algorithm 2 (lterative estimation using binomial bound
the functionpg becomes non-convex. So instead of calcu-Given a desired, ¢ € (0,1) and a threshold, > 0,
lating p in deterministic sense, the function is randomized in 1) Draw Ny ; > ﬁ In % iid samples, wheré; = 4§ /x,
such a way that it takes a random ingutfrom its pdf f(q). ande; = ke, andx is a suitably chosen real numbegr.
ACC field tests [3] suggest that the acceleration profile @n b 2) Return the empirical probability
roughly described as a random signal with a Gaussiary Pdf 1 Nows
Histogram of 10000 simulation sets, by = Ny 1 Zi:l (i)
Simple sampling, NSS =23026, 5=0.01, € =0.01 ’
1800 ‘ ‘ ‘ ‘ The realp is at worst pyi, = pn1 + € With
1600 1 confidencel — ¢;.
1400 ] 3) Determinerimg for Pbins 02 = 0 — 01 ande, = ¢
§r200} . ] using (10).
"-%1000* 4) If Nbin,2 > Nss,lr draw NSS,Q = Nbin,2 - Nss,l
5 ol samples.
3 5) Return the empirical probability
£ 600
2 R 1 Ngs,1+Nss,2
::: PN Nss,l + NSS,2 Zi:l J (Q’L)
. with accuracy and confidencél—d; ) (1—d2) > 1-0.

o

0.61 0.62 0.63 0.04 0.65 0.06
DN, In order to choose a suitable value fer we investigate

Fig. 2. Histogram of 10000 estimatgs;,, with V; = 23026 each, where the bounds onVy 1 and Ny, o for different values ofk, p,

the acceleration profile is sampled from a Gaussian/§g, 1.5). 5, ande, see Fig. 3. This figure shows that Algorithm 2 is



Sample complexities Nss,1 and me,z for5=0.01, £=0.01 Histogram of 10000 simulation sets,
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Fig. 3. Sample complexitied/yin,> and Ngs,1 for varyingx, p, 6, ande.  each, using Algorithm 2.

optimal whenNVy,;, o = N 1. Itis also clear thak can better for &, o, v, anday, such that the samples for which= 1

be selected too large instead of too small. In the former,casg c|ustered in a specific subgt,,. This means that there
only a small number of extra sampl8&s.> = Nvin2 —Nss.1  is structure in the parameter s@tand in the functiorpg

has to be drawn in the second iteration. In the latter casgyat can be used to reduce the sampling space by disregarding
the first iteration will draw too many sample$, 1, which  goeacific subsets df, of which the outcome is a priori known.

is a waste of simulation time. The contours are similar for’ |; inerefore makes sense to give more attention to operating
other values 0B, ¢ andp. conditions that are more likely to become dangerous than

Therefore we choose at Niino = Nis,1, based on @ gihers. Another possibility for using a priori knowledge
reasonable value fqr, preferably withp as low as possible. interesting samples is importance sampling, which is a

Sincep should be greater thar(p < ¢ implies the possibility  tacpnigue to increase the number of occurrences of the event
of a negative probability), is lower bounded by. Therefore ¢ \\hich the probabilityp should be estimated [9].

# should be chosen such thak,i, o = N1 andp = e. Suppose that we want to estimate a probabilitygiven

Example 2 (lterative estimation using binomial bound) the parameter se. The goal is then to estimate

The problem in Example 1 is repeated using Algorithm 2, :/ J do—=FE1{J 13
for the same valueg = 0.01, ¢ = 0.01, and the realp P Q (@)fola)da W@}, (13)

at 0.03630. However, since = 0.01, p is assumed to be ;nara we sample from its joint pdf fo, denoted ag ~ fo.
lower bounded at 0.01. We therefore choase 3.4, using In order to highlight the interesting subsé%,.q it thus

the procedure described above and illustrated in Fig. 3. FiFhakes sense not to sample from the original pigf but

4 shows the results for 10000 simulation sets, each Wifjiaaq yse an artificial pdf, reflecting the ‘importance’ of

N; € [3326,4804], where Nys1,; = 2391 andNs2; € e events, and then reweighing the observations to get an
[935,2413]. The sample complexityV > in the second unbiased estimate.

iteration is quite large, caused by the fact that the factor \yis can now define an IS pdf that is strictly positive on
k is chosen larger than the optimal value (i = 3.4 Q. We can then write

at p = 0.01, instead ofkx; = 2.75 at p = 0.03630, see

Fig. 3). The results argy = 0.03619 and the variance p:/ J(Q)fQ(Q)(p(q)d :E{J(é)fQ(é)} (14)
2 = 8.8040 - 10-°. When the empirical confidence is set o @ o(P) ’

6 = 0.01 the empirical accuracy is found to lie= 0.0070,  \yhere® ~ . The IS estimator based anis

meaning thatV, € [935,2413] is still slightly conservative,

although better than in Example 1. Compared to the initial PNis = L ZN M’ (15)
Chernoff boundN = 23026 for e = 0.01 andd = 0.01, this N 4~i=1 o (P;)
means an efficiency improvement 9}% =48.0 where®,,..., Py are iid with pdfy. Every sample drawn

from ¢ can be seen as a realization ?foriginal samples,

IV. ADAPTIVE IMPORTANCE SAMPLING (AIS) which must therefore be reweighed with the fac{)arThe
S ) variance of the importance sampling estimator (15) is
A. Principle of Importance Sampling (IS)

N .

Example 2 shows that a significant reduction 6f can 02 = var {pns} = var {jlv ST (®;) Lgfg} -

be achieved, although the samplgsthemselves are not , i=1 ' )

chosen more efficiently. One solution is to reduce the set L [E{Jz (®,) Lae:) } _ E{J(fb-) } } )
. . . . 02 (2;) g

@ by neglecting certain subsets that are impossible to occur

[6]. Obviously, a lowt.;. is more likely with lower values  An RA can then be formulated as follows.

(16)

=

P,
P (P,

—

N



wheres? ando?Z are the variances of the simple sampling

Algorithm 3 (Importance sampling) estimator and the IS estimator, respectively.
Given a desired, 6 € (0,1) and a threshold > 0, The accuracy of the resulting estimatiy ;; can then be
1) Determine a strictly positive IS pds. expressed in its relative rms error
2) Select an initial number of samplé§;.
3) Draw N, iid samples®; according top. var {pnis} _ [Asvar{pn}  [Ais(1 —p) (19)
4) Return the empirical probability p? p? pN
.1 Nis J(9;) f(D;) The gain in efficiency can then be calculated by equating
PNs = Zi:l o(®;) (6) and (19). From this follows that in order to get the same

. . _ level of relative error, the reduction in samples for IS is
In order to make this algorithm work, good choices for

Nis and the IS pdfy must be made in advance. We will Nis = AisNen, p < Ajs- (20)

discuss these two issues next. . . . 9 .
The simple sampling variance;, can be approximated

B. Estimation ofy using Kernel Density Estimation from (5) using the first iteration. The IS varianeg can be

The performance of Algorithm 3 heavily depends on th&PProximated by the empirical estimate of (16)
reliability of the pdfy to generate random variables, and of Ni. , Ni N2
the models used in the simulation. An efficient estimator of > I (®)) 572%3 —(A}is ST (D) ig%)
Pn,is is obtained by choosing proportional to the impor- 52 = =1 =1 . (21)
tance of the individual samples, with importance defined as Nis
|J(q) fo(q)|- A rare but dangerous event can thus be equally Unfortunately, (21) can only be calculated posteriori
important as a frequent but less critical event. Conveationwhereas we would like to knowV before we start with
IS methods consist of shifting the mean or variance of thinportance sampling. We therefore seek to estimigtea
original pdf f to form the IS pdfy, a so-called parametric priori, thereby predicting the IS reduction factor in (18),
approach [1], [11]. However, the optimal IS pgdfwill most ~ which in turn is used to predidV; ~ \js N.
likely not be a standard type pdf (e.g. normal), but reflect Suppose a limited set of samples has already been evalu-
an erratic multi-dimensional surface . Parametric IS ated in a first iteration. Then consider the facfé%), which
methods can therefore bias the results if not carefully ehos is known for every sampled valug. We then predict the
Instead, a nonparametric approach is developed, where thiember of ‘hits’ (J = 1) that correspond to the IS paf
entire pdf is estimated. Since importance is related to th# a second iteration (but before these samples are actually
samplesg; for which J(g;) = 1, we apply a multivariate drawn). We do this by using the assumption that every single

kernel density estimate on these samples. sample obtained with simple sampling ¢ f), corresponds
Assume we havéV, independent observatiogs, ...,qy, 1O fgg? samples using IS¢f ~ ), as shown in (15).

of this random variable with/(g;) = 1 for i = 1,..., N,. The expected IS variana#, can then be estimated using

The kernel density estimatdfy; (q) for the estimation of the the first simple sampling iteration, where the first term in

density valuef(q) at pointq is defined as the numerator of (21) is multiplied wit (g?). The second
N, term is equal t@y ;s and can be appromméted by its simple

fAH((I) - NL Z Ky (4 —q), (17) sampling estimate. Rewriting the samplesto ¢; we get
bi=1 Nes 2
where Ky (q) = |H|~Y?K(H~/2¢), K(-) is a multivariate ~2 N El T (@) 3253 - (Nl ;1 ‘](Qi))
kernel function, and? is a symmetric positive definite x n Ois = — . — - (22)

matrix known as the bandwidth matrix. For more information ) o .
on the use of suitable kernel density estimates, see [7]. Ve can then estimatg;; from (18). After the first iteration
we can then prediclvis, as well as form the IS pdp. We

C. Sample Complexity of IS therefore combine importance sampling with the iterative
Instead of using a stopping criterion, we would like toestimation, as discussed next.

know |r_1.advance the necessary §qmple complexny to achlebg Combination of AIS and the Binomial Bound

a specified ande. Unfortunately, it is not possible to exactly o , i ) o

calculate the minimum sample complexity beforehand [1]. N the first iteration with sample complexityVs, itis

However, here we will present a method that at least give§commended to use a grid-based sampling strategy or Latin

a reliable prediction ofV after an initial limited iteration. ~ NYPercube [8], in order to get a representative overview of
In order to provide an estimate of the reduction in samplg‘e parameter s&). The results of this first iteration can then

complexity that can be achieved with IS, we would like td*€ Used to form an IS pdp, and estimate the IS reduction
know theimportance sampling reduction factor factor \;s. The remaining number of samples to be taken in

the seconditeration is thenNis 2 = Ais (Vbin,2 — Nes1)- If
o2 desired, these steps can be repeated to obtain a better IS pdf

gT?S’ (18) . We therefore combine Algorithms 2 and 3 as follows.

Ais =



Algorithm 4 (lterative estimation with AIS)
Given a desired, § e (0 1) and a threshold, > 0,
1) Draw Ny 1 > 55 In 2 iid samples, wheré; = 4/,
ande; = ke, anan |s a suitably chosen real numbgr.
2) Return the empirical probability

]. Nss,l
J(qi) -
Nss,l Zi:l (q )

and the empirical varianc#?.. The realp is at worst
Pbin = PN,1 + €1 With confidencel — 0;.
DetermineNpin 2 fOr ppin, 02 = d — d; andez = ¢
using (10).

Estimate the IS pdf, based on the kernel dens
estimate (17) of sampleg ;, for which p21 (g:) > %

Estimate the IS reduction factmgq = with 0
from (22) ands2, from step 3.

PN1 =

3)

4) ty

5)

A2|

6) If Npinz > N1, then draw Nio =
Ais (Nbin,2 — Nss,1) Samples.
7) If Npin2 > Nss 1, then do the remaining samples
8) Return the empirical probability
Nss,1 Nis, z [1]
s e
PN N€§1+N152 ; q +Z [2]
with accuracy and confidencél—d; )(1—d2) > 1-4. 3]

Example 3 (lterative estimation using AlS)

To illustrate the efficiency of Algorithm 4, Example 1 is [4]
again repeated, but now using Algorithm 4. Fig. 5 shows
the results for 10000 simulation sets, each with ¢ 5]
(2519, 2810], whereNg, 1 ; = 2391 andVis 2 ; € [128, 419].
The sample complexityN;s» in the second iteration is [6]
considerably small, since the use of IS redudés, in

the second iteration. The results arg = 0.03628 and the
variances? = 1.2140-10~°. When the empirical confidence [7]
is setd 0.01 the empirical accuracy is found to be

€ = 0.0081, meaning thatV; € [2519,2810] is still slightly g
conservative, although much better than in Example 1. The
fact that the boundVy:, 2 ; is not strict (such that =
0.01) is caused by the fact that the factois not chosen
optimal, as discussed in Section Ill. Nevertheless, thesmi
efficiency improvement 0% = 8.2. This means [10]

max(Nl
an improvement with respect to Algorlthm 2, where thdlll
improvement was a factor of 4.8. Obviously the resultmg@1 2
variance is slightly larger than in Example 2, but the accyra
and confidence are still within the desired values. In other
words, the bound on the sample complexity is more sfrict.

(9]

V. CONCLUSIONS (14]

We have presented an approach for probabilistic per-
formance validation of advanced driver assistance systerts!
(ADASSs), and applied a randomized algorithm, based on
adaptive importance sampling, to a simple adaptive cruise
control problem. For this problem the new approach leads to
roughly a tenfold increase in efficiency.

Fig. 5.
each, using Algorithm 4.
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