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STABILIZATION OF MAX-PLUS-LINEAR SYSTEMS
USING RECEDING HORIZON CONTROL — THE
UNCONSTRAINED CASE

I. Necoara* T.J.J. van den Boom* B. De Schutter*
J. Hellendoorn*

* Delft Center for Systems and Control, Delft University of
Technology, Mekelweg 2, 2628 CD Delft, The Netherlands,
email: {i.necoara,b.deschutter.t.j.j.vandenbog@tudelft.nl

Abstract: Max-plus-linear (MPL) systems are a class ofrétgzevent systems that can be
described by models that are “linear” in the max-plus algeMPL systems arise in the
context of e.g. manufacturing systems, telecommunicatatworks, railway networks,
and parallel computing. We derive a receding horizon céistbeme for MPL systems
that guarantees a priori stability (in the sense of boundsslnf the normalized state) of
the closed-loop system in the “unconstrained” case. Weditsnuss the main properties
of the resulting receding horizon controllers.

Keywords: Stabilizing controllers, discrete-event sgsiereceding horizon control.

1. INTRODUCTION input and state constraints (Mayeeal.,, 2000). The
essence of RHC is to determine a control profile that

Discrete-event systems (DES) are event-driven dy_optimizes a cost cr.iterion over a prediction window
namical systems (i.e. the state transitions are initi- @d then to-apply this control profile until new process
ated by events, rather than a clock). In the last Cc)u_measurements_ become available. Feedback is incor-
ple of decades there has been an increase in the rePOrated by using these measurements to update the
search on DES that can be modeled as max-plus-lineaPtimization problem for the next step.

(MPL) systems (Baccellet al, 1992; Heidergotet  This paper considers the problem of designing a stabi-
al., 2005). There are two main directions in MPL DES  |izing receding horizon controller for the class of MPL
control: one direction uses optimal control based on DES. We consider a trade-off between tracking a ref-
residuation theory (Cottenceat al, 2001; Maiaet  erence state trajectory and just-in-time production for
al,, 2003; Menguyet al, 1998; Menguyet al, 2000),  the so-called “unconstrained” case, in which only the
and the other a receding horizon control (RHC) based constraint that the input (i.e., the sequence of feeding
approach (De Schutter and van den Boom, 2001). Al- times) should be nondecreasing is taken into account.
though there are several papers on optimal and RHCjn, this particular case we derive a stable RHC scheme
control for MPL DES, the literature on the stabiliz- for which the ana|ytic solution exists. The main ad-
ing controller for this class of systems is relatively vantage of this paper compared to most of the results
sparse. In fact, to the authors’ best knowledge, the on RHC of MPL DES is the fact that we guarantee
only papers explicitly dealing with stabilizing control priori stability of the closed-loop system. Moreover,
of MPL DES are (Maizet al, 2003; van den Booret  the conditions that we will derive in this paper are less
al., 2005). strict than those of (van den Bocehal,, 2005) (where
Receding horizon control (RHC), also known as output tracking is considered). We also prove several

model predictive control, is an attractive feedback Properties of the RHC controllers, and we characterize
strategy for linear or nonlinear processes subject to whole class of stabilizing controllers for MPL DES.



2. MAX-PLUS ALGEBRA AND MPL DES

2.1 Max-plus algebra

Definee := —oo andR. := R U {e}. The max-
plus-algebraic (MPA) addition®) and multiplication
(®) are defined as (Bacceldt al,, 1992):x @ y :=
max{z,y}, x @y := z + y, for z,y € R.. For
matricesA,B € R**™ andC € RZ*? we have

(A D B)z] = Aij &) Bij, (A X C)” = @ Aik ®
k=1

Cyj, for all i, j. Define&,,«, as them x n MPA
zero matrix:(E,,xn)i; := ¢, for all 4, j; E, is the
n x n MPA identity matrix:(E,,);; := 0, for all - and
(Epn)ij :== ¢, forall, j with i # j. ForA € R?*" we
defined* .= B, @ A®---oA°" @ A" @... For
a positive integern, we denoten := {1,2,--- ,n}.
Givenz € R? we define||z|lg := max;e, x; and
|z]|oo := max;c, |z;|. A matrix ' € RZ?*™ is row-
finite if for any rowi € n, max;c,, I'; # €.

We denote witle®'y := min{z, y} andz®’y := x+
y (the operationss and®’ differ only in that(—oo) ®
(+00) —00, While (—=c0) ® (+0) = 400).
The matrix multiplication and addition fof®’, ®')
are defined similarly as fof®, ®). It can be shown
that the following relations hold for any matricds B
and vectors:, y of appropriate dimensions ovEr. :

A®' (Boz)>(AQ'B)®u, (1a)
(AT @' A)@x>x (1b)
r<y= Ar<A®yandAx'r<Ax'y. (1lc)

Lemma 2.1.(Baccelliet al,, 1992) (i) The inequality
A ® x < b has a unique largest solution given by
Topt = (—AT) ® b= —(AT ® (-b)) (by the largest
solutionwe meanthatz : AQ z < b=z < Topy).

(i) x = A® x @& b has a solution = A* ® b. If
A;; <0 forall ¢, 7, then the solution is unique.

2.2 MPL systems

DES with only synchronization and no concurrency
can be modeled by an MPA model of the form
(Baccelliet al,, 1992)!

xsys(k) :Asys®xsys(k - 1)@Bsys®usys(k)> (2)
wherezqys(k) € RZ represents the state,,s(k) €
R7* is the input and wherels,s € RI*", By €
RZ2*™ are the system matrices. In the context of
DESk is an event counter whily, x5y are dates

Let \* be the largest MPA eigenvalue df (A € R.
is an MPA eigenvalue ofl, if there exists an MPA
eigenvectorv € R”, v # &£, such thatdy,s ®

v = A ® v). In the next section we will consider a
reference signal that the state should track of the form

3

Since through the termB,, ® usys it is only possible

to create delays in the starting times of activities,
we should choose > A\*. If A* > & (in practical
applications we even have® > 0), then there exists
an MPA invertible matrix? € R?*™ such that the
matrix A = P®_1®ASYS®P satisfiesd;; < \* forall

i,j € n (De Schutter, 1996). We make the following
change of coordinates(k) = Pl Tsys (k). We
denote withB = P~ @ Bays andii(k) = ugys (k).

In the new coordinates the system (2) becomes:

#k)=A®z(k—-1)® B uk).

7‘sys(k) = Tsys,t + kP

We now consider the normalized system witfk) =
z(k) — pk, u(k) = u(k) — pk, A = A — p(i.e. by
subtracting in the conventional algebra all entries of
z,u and of A by pk andp, respectively) and3 = B.
The normalized system can be written as:

z(k)=A®xz(k—1)® B®u(k). 4

The MPL system (4) iscontrollable if and only

if (ifff each component of the state can be made
arbitrarily large by applying an appropriate con-
troller to the system initially at rest. It can be
checked that the system is controllable iff the matrix

I',:=[B A®B--- A®n71®B] is row-finite? .

The following key assumption will be used throughout
the paper:

Assumption A: We assume that > A\* > 0 and that

the system is controllable.

The conditions of this assumption are quite weak
and are usually met in applications. Note that from
AssumptiorA it follows thatA;; < 0, foralls, j € n.

In the new coordinates the state should be regulated to

the desired target; := pe @ Tsys,t-

Since 4;; < 0 for all 7,5, we haveA* E, &

A®---@ A" (see (Baccellet al, 1992, Theorem
3.20)). Note that for any finite, constant inputhere
exists a state equilibrium (i.e.z = A® + ® B ® u),
viz. x = A* ® B ® u. Note thatz is unique (see
Lemma 2.1 (ii)) and finite (sincE,, is row-finite). We
associate ta; the largest equilibrium paitxey, e )

(feeding times and processing times, respectively). A Satisfyingze < ;. From the previous discussion it
typical constraint that appears in the context of DES follows that(z;, ua) is unique, finite and given by:

where the input represents times, is that the siggal
should be increasingisys(k + 1) — usys(k) > 0.

L In general there is also an output equation of the fgifh) =

U= (—(A* @ B)T @ 4, e =A* @ B® . (5)

2 pe~" denotes the MPA inverse & P © P& = E,,.

C ® z(k), but in this paper we assume that all the states can be 2 This definition is equivalent to the one used in (Bacceli

measured (i.eC' = E,). Note however that the results of this paper
can also be extended to take the output into account.

al., 1992), where the system is called controllable if all statee
connected to some input.



3. STABILIZING MPL DES CONTROLLERS FOR
THE UNCONSTRAINED CASE

3.1 Stabilizing control for MPL DES

In this section we consider the normalized system (4),

where A satisfies4;; < 0 for all i,j (according
to AssumptionA) and with the constraint that the
original input signal ¢sys) should be nondecreasing:

u(k+1) —u(k) > —p, Yk >0. (6)

Given a desired target; € R", let (zq, ue) be the
largest equilibrium pair satisfying, < x; (cf. (5)).
We define also an upper bound oft z,, = A* ®
xe > x4, gy = (—B)T @ (A* ® x¢). These pairs are
uniquely determined and finite. Note that; < wuy,
and wheneverr, is an equilibrium state (i.e. there
exists a finiteu; such thate; = A® z; ® B®uy) then
Tel = Tup = Ty and consequenthye = uyp = Us.

Definition 3.1. Given a state feedback controllgr:
R? — R, then the closed-loop systenfk) = A ®
z(k—1)®Bou(x(k—1)) is stableiff the state remains
bounded, i.e. for ever§ > 0 there exists a real-valued
function 6(6) > 0 such that||z(0) — zallee < d
implies||z(k) — Zallco < 0(0) forall & > 0.

Now we formulate the control problem that we will
solve in the sequel:

Problem 1. Design a state feedback controller :
R? — R for the MPL system (4) such that the
closed-loop system is stable.

3.2 Stabilizing state feedback controller

Assume we are at event stépGiven the previou$
statex(k — 1) and inputu(k — 1), we define two
controllers: a feedback controller

u' (k) = (=BT (A® x(k — )&

B (u(k—1)—p) @) (7)
and a “constant” controller:
(k) == ua ® (u(k — 1) - p). ®)

Later on, we will show that under some conditions the
RHC controller lies between these two controllers. Let
us now study the (stabilizing) properties of these two
controllers. Note that! (k) satisfies the constraint (6).
Indeed, from (1c) it follows that!(k) > (-BT) @’

(B ® (u(k — 1) — p)) and from (1a) and (1b) we
conclude that! (k) > u(k — 1) — p. Using similar
arguments we can prove that(k) > wu., for all

k > 1. Similarly, u¢ (k) satisfies the constraint (6) and
u®(k) > ue, forallk > 1.

With the controller (7), the closed-loop normalized
system (4) becomes

df(k)=Aca'(k-1)®Bou'(k), (9)

k k—
4 Timing aspects and the interplay between event steps and time@t:o(A®

steps are discussed in (van den Boom and De Schutter, 2002).

where the initial conditions’ (0) = x(0) anduf(0) =
u(0) are given. Note that®(k) = wue & (u(0) —
pk) and the corresponding closed-loop system, for
x°(0) = z(0) andu®(0) = u(0) is given by:
2°(k) = A®a°(k—1)® B u'(k).
First let us note that:
zi(k)<Aezi(k-1)®B @ (ul(k—1)—p) @z,
2i(k)>A®2i(k—1)®Ba (u'(k—1)—p)®© BRue
(11)
Indeed, from Lemma 2.1 we have® u!(k) < A ®
(k= 1)@ B® (uf(k —1) — p) ® z, and thus
k) < Aesfk-1)eBe (uik-1)-p @
x¢. The second inequality is straightforward (recall
thatuf(k) > uf(k — 1) — p anduf(k) > uq and
using the monotonicity property (1c) it follows that
(k) > Agaf(k-1) @B @Wik-1)—-pa
B ® ue. The following inequality is also useful: since
2 (k —1) > B®ul(k — 1) it follows that

Bo(uf (k-1)-p) = (Bou' (k-1))-p<a' (k-1)p (12)

(10)

We have (see (Necoart al., 2006; Necoara, 2006)
for the proof):

Lemma 3.2.uf (k) > uc(k), 2 (k) > 2°(k), Vk > 0.

The stabilizing properties of the two state feedback
controllers are summarized in the next theorem:

Theorem 3.3.The following statements hold:

(i) For any initial conditionzf (0) = =(0) andu!(0) =
u(0) there exists a finitek* such thatr!(k) <
andue < uf(k+1) < uy, forall k > K*.

(i) For any initial condition z°¢(0) z(0) and
u(0) = wu(0) there exists a finitek® such that
x2°(k) = zq anduc(k) = uq, forall k > K°.

(i) The closed-loop systems (9) and (10) are stable.

PROOF. (i) From (11) and (12) it follows that:
k) < Aesfk-1)eBe (ui(k-1)-p @
< Azik—-1) @ 2k - 1) - p) ® zuw,. By
induction it is straightforward to prove that:

k
(k) < P @ (@'(0) — tp) @ v (13)
t=0

Recall thatd;; < 0 for all i,j € n. Then, it is well-
known that (Baccellet al, 1992):

45" ©21(0) = Epxy aSk — 0. (14)
We denote withz 21(0) and iteratively z;,
D_o(A°" " @ (0)~tp) = max{A*" @a'(0), 21
—p}. From (14) ang > 0 it follows that

(15)

2 — Epx1 @S k — oo.

Therefore, there exists a finite integli® such that

'@ (21(0) — tp)) < aup, for anyk > K.
In conclusionzf (k) < x, for anyk > K*.



Now considerk satisfying k& > K*. Therefore,
2f (k) < 2y, We obtainA @ 2f (k) < AQzu, < 2yp.
Similarly, from (12) we haveB ® (uf(k) — p) <
2f(k) — p < . Using now (1c) we obtain:
uf(k+1) < (=BT) @ x4, = .

By induction, using the same procedure it follows that
uf (Kt 4+ 1) < uy, for all I > 1. On the other
handuf(k) > ug for all & > 1. We conclude that
e < uf (KF +1) < uyp, foralll > 1.

(i) Since p> 0, u®(k) =wu, for k large enough. Also,

k
2 (k)=A""22°(0)& (DA ® Be (u(0)~1p))

t=1

k
k_
o (P 4® "® B ® ua).
t=1

From (14) we havete" ®z°(0) — E,x1 ask — oo.
So,@" , 4°" " @ B® (u%(0) — tp) — E,x1 as

k — oo (this can be proved in a similar way as (15)).
Sinceza = @, A% ® B & g, it follows that
there exists & > n such thatz¢(k) e and
u®(k) = ue, forall k > K°©.

(iii) Let us now prove stability of the closed-loop
systems (9) and (10). Lét> 0 and considefj«(0) —
Zellloo < 0. Fromuc(k) > u, it follows thatz©(k) >
z¢ for all £ > n. Since the system is controllable (by
AssumptionA), foranyl < k < n—1andanyi € n,
one of the two following conditions are satisfied:

I,C;j(k) > Bij + (uel)j, with Bij #*e (16)
Ipens. tag(k) > (A%, + xSk — p),
with(A®"),; #¢. (17)

Note thatz§(k — p) is either equal ta'§(0) or satisfies
(16).

Hence, foranyk > 0 and foranyindex: € n we have
(xel — xc(k))l S 91(5) = max {0, (.’L‘e])il — Bilj_

(tte1) , (Ter)iy — (A% )ii, =4, (0), (wer)iy — (A" )1s, —
B, j—(ue1),;} for some indices;, iz, i3, j.
So froma®(k) < 2f(k) < 2 ® 2, it follows that:

() = oo = mav{ ()~ ), (1" (1)):)
< ma{ (2  ub) — etk (1 — 2°():}

< ma{ (24 — 2, (2 — 7a)is 6 0)}

< r?e%({(zk — Te1)i; 02(0)}

< max{(A% @2(0) — (k—)p— o), 02(5)}

2}

< max{(A%’ @2(0)— (k—j)p— A%’ ©za)i, 05(5)}

< rrilgx{(A‘gj ®z(0)— i ®el)i; 02(9)}
< m?X{(I(O) — Zel)i,02(8)} < 0(0)

with 05(9) = max{max;c, (T — Zel)i,02(6)} and
6(0) = max{d,6,(9)}, and where for the last transi-

tion we have used that fact that from standard prop-
erties of themax operator (recall that by definition
e—e =¢)itfollows that.a” @z —a? @y < |z —y| e,
foranya € R andz,y € R”.

An immediate consequence of Theorem 3.3 is:

Proposition 3.4.For any input signak:(-) fulfilling
the constraint (6) and®(k) < u(k) < u(k), the
corresponding trajectory satisfie$(k) < z(k) <
zf(k), for all k and consequently(-) is stabilizing.
Moreover, there exists a finit&" such thatz, <
(k) < ayp, forallk > K.

3.3 Stabilizing receding horizon controller

Given the state and the input at event step 1, the
following cost function is introduced:

J(z(k—1),a(k))=
N—1 n
Z Zmax{xi(k—l—ﬂk—l)—(a:t)i,()}
§=0 i=1
N—-1 m

=B uilk+ jlk—1).

=0 i=1

whereN is the prediction horizong; (k+j|k—1) is the
system state at event stépt+ j as predicted at event
stepk — 1, based on the MPL difference equation (4),
the statex(k — 1) and the future input sequence

a(k) = [ (k|k = 1) u" (k+ N — 1|k — 1)]7.

In the context of DES the first term of expresses
the tardiness (i.e. the delay with respect to the desired
due date target;), while the second term maximizes
the feeding times. We define the following receding
horizon control (RHC) based optimization problem:

J(x(k—1)) = g&r)l J(x(k —1),a(k)) (18)
w(k+jlk—1)=A@x(k+j—1]k—1)
B @ u(k+jlk —1)
SU ot jlb—1)-ulhj—1lk-1)z— &
Vje {0, ,N—1}.
wherez(k — 1|k — 1) = x(k — 1),u(k — 1|k —

1) = u(k—1). Leta! (k) be the optimal solution of the
optimization problem (18)—(19). Using the receding
horizon principle at event countér we apply the
input uRHCN (k) = u%(k|k — 1). The evolution of
the closed-loop system obtained from applying the
receding horizon controller is denoted with

xRHC’N(k) — A®$RHC,N(]€ _ 1) @B ®uRHC,N(]€)7

with given initial conditionszRHCN(0) = 2(0),
uRHON (B) = 4(0).

Let us define the matrices



B e & A

) A®B B SE] | a4
D= . =] .
4N e A" P eB ... B 2o

and the vectora (k) = [uf(k—1)—p---ul' (k—1)—
NolT, dig = [ul---ul)T, 2, = [l 2T]" and
#(k) = [ (klk—1) - 3 (h+ N —1[k—1)]T =

z(k—1)® D ®u(k) ® T.

Now we give some properties of the receding horizon
controller (see (Necoaret al, 2006; Necoara, 2006)
for the proofs):

Lemma 3.5.u¢ (k) <uRHON(k), z¢(k) < 2RHCN(k),
Vk > 0.

Proposition 3.6.Assume < —'- and consider the
maximization problem
N—1 m

it (k) = arg max > wik+jlk—1) (20
j=0 i=1
D ®a(k) < (k)
st u(k+jlk—1)—u(k+j—1k—1)>—p, (21)

vje{l,---,N—1}

Thenaf(k) is also the optimal solution of the opti-
mization problem (18)—(19).

Define &N (k) := (-=DT) &' z(k). The following
proposition provides an analytic solution to the opti-
mization problem (20)—(21).

Proposition 3.7.The optimization problem (20)—(21)
has an unique solution given by:
W (k+N—-1k—=1)=u*N(k+N—-1|k—-1)
uf(k + jlk — 1) = min{u*N (k+j|k—1),
w(k+7+ 1k — 1)+ p},
forj=N-2,--- 0.

(22)

Lemma 3.8.Any feasible solutionis..s(k) of (20)—
(21) satisfieSiges(k) < (k).

uf(0) = u(0) andzRHCN(0) = 2f(0) = x(0). Let
us assume that®HCN(E — 1) < uf(k — 1) and
pRHON(E — 1) < 2f(k — 1) are valid and we prove
that they also hold fok. Sincez(k|lk — 1) = A ®
2(k—1)©B® (u(k—1)—p) Sz, andB @ uf (k|k —
1) < z(klk — 1), we have
uftHON (k) < (24)
(-BT) @' (A®z(k—1)©B@(u(k—1)—p)@x;)
From (24) and our induction hypothesis we have:
B® uRHC’N(k‘) <
A@zMCN (1) e Be (uMMON(k—1)—p)ox, <
A@ai(k—1) @B (uf(k—1) - p) @z
On the other hand,f (k) is the largest solution of
Boul(k)<A® 2l (k-1)®B® (uf (k—1)—p) @y
From Lemma 2.1 it follows that®HCON (k) < uf(k).
Then, zRECN(k) = A @ 2RECN(E — 1) @ B ®
uRHON(B) < Agaf(k—1)@ Boul(k) = 2 (k+1).

The stabilizing property of the receding horizon con-
troller follows from Proposition 3.4.

4. EXAMPLE

We consider the following system:

elee
ee2e
eeed
dece

For this example we have a (unique) MPA eigenvalue
A* 2.5, and a corresponding MPA eigenvector
v* = [0 1.5 2 1.5]T. We consider the due date signal
rsys(k) = [17 15 1 10]7 4 4.5k (sop = 4.5), and
the initial conditionzys(0) = [20 31.5 42 51.5]7
andugys(0) = 20. The system and reference signal
defined above satisfy Assumptidn

MM N

Qusys(k)

xsys(k> = ®‘rsys(k_1)@

9

Now we design stabilizing state feedback and receding
horizon controllers for this system. For the RHC con-
trollers we consider the prediction horizons = 2
and N = 5, and a weight? = 0.1 that satisfies the
conditions of Proposition 3.6 and Theorem 3.9. In Fig-

The next theorem characterizes the stabilizing proper-yres 1 and 2 we have plotted respectively the control

ties of the receding horizon controller:

Theorem 3.9.Given a prediction horizofV such that
B < —, the following inequalities hold

{uc(k) < uRION (1) < uf (k)

xc(k) < :I,‘RHC’N(]{) < {L‘f(k) (23)

signals and the state trajectories for the closed-loop
controlled normalized system. Clearly, all controllers
are stabilizing. Moreover, the “constant” controller
and the RHC controller withV' = 5 also make all
states less than the target states. This is not always
the case for the state feedback controller and for the
RHC controller withN = 2 (so in the latter case the

and thus the receding horizon controller stabilizes the prediction horizon is clearly selected too small). Also

system (4).

PROOF. The left-hand side of inequalities (23) fol-
lows from Lemma 3.5.

The right-hand side of inequalities (23) is proved
using induction. For: = 0 we haveu®HCN(Q) =

note thatu®(k) < wRHON(k) < u!(k) for all k and

for N = 2, 5. Furthermorep®HC5 (k) < oRHC:2(k)
andzRHCS (k) < ¢RHC2(L) for all k. In fact, these
two inequalities hold in general as it can be shown that
if 3 < —L< then for two prediction horizon&; < N,

we haveyRHC:N2 (k‘) < wRHC, Ny (k‘), L RHC, N2 (k) <
2RHON (L) for all k (see (Necoarat al., 2006)).
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Fig. 1. The state feedback, “constant” and RHC con-
trol signals for the normalized system.

60,

@@g $®®$®$®%®
20 25

30

@@@ @@@%@ P

20 25

o XHXRHER R R K X

&= -
0 . % . 28, be# wesfessss
15 20 25

k

30

Fig. 2. The evolution of the states for the state feed-
back, “constant” and RHC controllers for the nor-
malized system. The dotted lines correspond to
the target state..

5. CONCLUSIONS AND FUTURE RESEARCH

We have discussed the problem of stabilization of
max-plus-linear (MPL) discrete-event systems. We
have defined a stabilizing “constant” controller and a
stabilizing state feedback controller that could be con-

We have also discussed also the main properties of the
state feedback, “constant”, and RHC controllers.
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