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Abstract

Max-plus-linear (MPL) systems are a class of discrete esgstems that can be described by
models that are “linear” in the max-plus algebra. In thisgrape focus on MPL systems such
as they arise in the context of e.g. manufacturing systegfe;dmmunication networks, railway

networks, and parallel computing. We derive a recedingziooricontrol scheme for MPL sys-

tems that guarantees a priori stability (in the sense of Bdedness of the normalized state) of
the closed-loop system in the “unconstrained” case. We d@ilsmuss the main properties of the
resulting receding horizon controllers.

1 Introduction

Discrete-event systems (DES) are event-driven dynamical systemthé.state transitions are ini-
tiated by events, rather than a clock) and they often arise in the contextraffacturing systems,
telecommunication networks, railway networks, parallel computing, etceltast couple of decades
there has been an increase in the research on DES that can be modeted@ss-linear (MPL) sys-
tems [1, 4, 7]. Most of the earlier literature on this class of systems addressformance analysis
rather than control. There are two main directions in MPL DES control: ometithn uses optimal
control based on residuation theory [3, 8, 10, 11], and the otherealireg horizon control (RHC)
based approach [6]. Although there are several papers on optimhdid@ control for MPL DES,
the literature on the stabilizing controller for this class of systems is relativalgssp In fact, to the
authors’ best knowledge, the only papers explicitly dealing with stabilizimgrobof MPL DES are
[8] and [13].

Receding horizon control (RHC), also known as model predictive obidran attractive feedback
strategy for linear or nonlinear processes subject to input and stateaiots [9]. The essence of RHC
is to determine a control profile that optimizes a cost criterion over a predisiintiow and then to
apply this control profile until new process measurements become avaia@léback is incorporated
by using these measurements to update the optimization problem for the next step

*This report is an extended version of the paper “Stabilization of maxipiaar systems using receding horizon control
— The unconstrained case” by I. Necoara, T.J.J. van den Boobe Bchutter, and J. Hellendoofroceedings of the 2nd
IFAC Conference on Analysis and Design of Hybrid Systems (ADHS\$H)ero, Italy, pp. 148-153, June 2006



This paper considers the problem of designing a stabilizing recedingohociantroller for the
class of MPL DES. We consider a trade-off between tracking a referstate trajectory and just-
in-time production for the so-called “unconstrained” case, in which onlyctmstraint that the input
(i.e., the sequence of feeding times) should be nondecreasing is takendotma In this particular
case we derive a stable RHC scheme for which the analytic solution existsmaim advantage of
this paper compared to most of the results on RHC of MPL DES is the fact thgtiarantea priori
stability of the closed-loop system. Moreover, the conditions that we wil/dénithis paper are less
strict than those of [13] (where output tracking is considered). Wepalt»ee several properties of the
RHC controllers, and we characterize a whole class of stabilizing conséieMPL DES.

2 Max-plus algebra and MPL DES

2.1 Max-plus algebra

Defineg := —0 andR; := RU{e}. The max-plus-algebraic (MPA) additiom) and multiplication
(®) are defined as [1, 4k@y := max{x,y}, Xx®y:=x+Y, for X,y € Re. For matriceA, B € Rf™"
andC < Ry *P one can extend the definition as follows:

(A®B)ij == Ajj ® Bjj,

n
(A®C)ij == Ak ®Cyj,
k=1

for all i, j. Define the matrix€ . as themx n MPA zero matrix: (men)ij =¢, foralli,j. The
matrix Ey is then x n MPA identity matrix: (En);i := 0, for alli and(Ep);j := &, for alli, j with i # j.
For any matrixA € R}*", let A* be defined, whenever it exists, by

A* :En@A@@Axn@A@@n-‘rl@

For a positive integen, we denoten:= {1,2,--- ,n}. Givenx € R we define||x||¢ := maXcnXi
and||X||e := MaXen [Xi|. A matrix € RE*™ is row-finiteif for any rowi € n, maxemlij # €.

We denote wittk @'y := min{x,y} andx®'y := x+y (the operations» and®’ differ only in
that (—o0) ® (+) := —oo, while (—) ®' (+) := 400). The matrix multiplication and addition for
(@', ®’) are defined similarly as fqrp, ®). It can be shown that the following relations hold for any
matricesA, B and vector, y of appropriate dimensions ovir; (see also [2]):

A®' (B@Xx) > (A®'B)®X, (1)
(—AT) &' A) @x > x (2)
Xx<y= Ax<A®yandA@ x<AR'y. (3)

Lemma 2.1 [1] (i) The inequality Ao x < b has a unique largest solution given byx= (—AT) @' b=
— (AT ® (—b)) (by the largest solution we mean that for all x satisfying A< b we have X< Xopy).
(if) The equation x= A@ x@ b has a solution x> A*®b. If Aj <0 for all i, j, then the solution is
unique.



2.2 MPL systems

DES with only synchronization and no concurrency can be modeled byR# ibdel of the form
[1, 41

Xsys(k) = Agys® Xsys(k -1 Bsys® Usys(k)a 4)

wherexsys(k) € R{ represents the statigsys(k) € R is the input and wherlgys € RZ*", Bsys € RZ*™
are the system matrices. In the context of DES an event counter whilasys, Xsys are dates (feeding
times and processing times, respectively). A typical constraint that eppethe context of DES
where the input represents times, is that the siggakhould be increasingisys(k+ 1) — usys(k) > 0.

Let A* be the largest MPA eigenvalue Afys (A € R, is an MPA eigenvalue oAy if there exists
an MPA eigenvectov € R{ with at least one finite entry such thag,s®v= A ®@V). In the next section
we will consider a reference signal that the state should track of the falipferm:

rsys(k) == Xsyst + kp (5)

Since through the terBsys® Usysit is only possible to create delays in the starting times of activities,
we should choosp > A*. If A* > g (in practical applications we even ha¥é > 0), then there exists
an MPA invertible matrixP € R such thak the matrixA = P* ® Agys® P satisfiesAj < A* for
alli,jen[5].

We make the following change of coordinaték) = pot @ Xsys(K). We denote wittB = Pl
Bsysandu(k) = usys(k). In the new coordinates the system (4) becomes:

X(K) = A@ X(k—1) B U(k).

We now consider the normalized system witlk) = x(k) — pk, u(k) = u(k) — pk, A= A—p (i.e.
by subtracting in the conventional algebra all entrieg,ofand of A by pk andp, respectively) and
B = B. The normalized system can be written as:

x(K) = A@ x(k— 1) & Ba u(k). (6)

The MPL system (6) izontrollableif and only if (iff) each component of the state can be made
arbitrarily large by applying an appropriate controller to the system initiallgsit it can be checked

that the system is controllable iff the matifi, := [B A® B-- A B is row-finite (note that
this definition is equivalent to the one given in [1], where the system is aitattie if all states are
connected to some input).

The following key assumption will be used throughout the paper:
Assumption A: We assume thad > A* > 0 and that the system is controllable.

The conditions of this assumption are quite weak and are usually met in appigésiee also the
previous discussion). Note that from Assumptit follows thatAj; < 0, for alli, j € n. In the new

coordinates the state should be regulated to the desired kargelt’@_l & Xsyst-

1in general there is also an output equation of the fgfkd = C@x(k), but in this paper we assume that all the states can
be measured (i.€ = E,). Note however that the results of this paper can also be extended to ¢adetfiut into account
and to do output tracking instead of state tracking.

2Here,P‘2‘7l denotes the MPA inverse & P° * QP=P® pot = En. In fact, P is the MPA diagonal matrix with
on its diagonal the entries of the MPA eigenvectocorresponding td *, ande elsewhere, i.eP = diag, (v*). Moreover,

P! = diag, (—v").



SinceAjj < O for alli, j € n, we haveA" = E,AD - -- @A®n_1 (see [1, Theorem 3.20]). Note
that for any finite, constant input there exists a state equilibrium(i.e. x = A® x® B® u), viz.
X =A"®B®u. Note thatx is unique (according to Lemma 2.1 (ii)) and finite (sirficeis row-
finite). We associate tg the largest equilibrium pair(xe), Uej) satisfyingxe < x.. From the previous
discussion it follows thafxe|, Ug) is unique, finite and given by:

Uel = (—(A*®@B))" &' X, Xel = A" ® B® Ug. 7)

3 Stabilizing MPL DES controllers for the unconstrained case

3.1 Stabilizing control for MPL DES

In this section we consider the normalized system (6), where the nfas#tisfiesA;; < 0, for all
i, j € n(according to AssumptioA) and with the constraint that the original input signa|,§ should
be nondecreasing, i.e.

u(k+1) —u(k) > —p, vk>0. (8)

Given a desired target € R", let (xel, Uel) be the largest equilibrium pair satisfying < x; (cf. (7)).
We define also an upper bound & Xyp = A* @ % > %, Usp = (—B)T @' (A*® ). It is clear that
these pairs are uniquely determined and finite. Noteufat uy, and whenevex; is an equilibrium
state (i.e. there exists a finitg such that; = A® x ® B® u) thenxe = Xyp = X% and consequently
Uel = Uyp = Ut.

Definition 3.1 Given a state feedback controllgr: R} — RY, then the closed-loop systertkx=

Aex(k—1)®B® u(x(k—1)) is stable iff the state remains bounded, i.e. for ev®ry0 there exists a

real-valued functior®(d) > 0 such that|x(0) — Xei|| < & implies||x(K) — Xel|| < 68(J) for all k > 0.
Now we formulate the control problem that we will solve in the sequel:

Problem 1: Design a state feedback controller. R} — R for the MPL system (6) such that the
closed-loop system is stable.
3.2 Stabilizing state feedback controller

Assume we are at event stkpGiven the previousstatex(k — 1) and inputu(k — 1), we define two
controllers: a feedback controller

u'(k):= (—BN) @' (Ae@x(k—1) ®B® (u(k—1) — p) & X) (9)
and a “constant” controller:
US(k) := Ue1® (u(k—1) — p). (10)

Later on, we will show that under some conditions the RHC controller lies lestieese two con-
trollers. Let us now study the (stabilizing) properties of these two contsoldote thatf (k) satisfies
the constraint (8). Indeed, from (3) it follows thétk) > (—BT) @’ (B® (u(k— 1) — p)) and from (1)
and (2) we conclude thaf (k) > u(k— 1) — p. Using similar arguments we can prove thk) > g,
for all k > 1. Similarly,u®(k) satisfies the constraint (8) anél(k) > ug, for all k > 1.

3By the largest we mean that any other feasible equilibrium (air satisfiesx < Xej, U < Ug).
4Timing aspects and the interplay between event steps and time steps asselisin [12].
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We study now the stabilizing properties of these two controllers. With the dam(®), the
closed-loop normalized system (6) becomes
X (k) = Aax (k—1)@Bau (k), (11)
where the initial conditions’(0) = x(0) anduf(0) = u(0) are given. Note that®(k) = ue @ (u(0) —
pk) and the corresponding closed-loop systemxf¢d) = x(0) andu®(0) = u(0) is given by:
x°(k) = Ao x¢(k—1) s Beu®(k). (12)
First let us note that:
{xf(k) <A@X(k-1) @B (U(k—1)—p)Bx

f f f (13)
X' (k) >Aax (k—1)@B® (U'(k—1) —p) ®B® Uel.

Indeed, from Lemma 2.1 we hae uf (k) < Ao X (k—1) @ B® (U (k—1) — p) ©x and thusd (k) <
AoxX (k—1)®B® (U (k—1) — p) ©x. The second inequality is straightforward (recall thigk) >
u'(k— 1) — p anduf(k) > ue and using the monotonicity property (3) it follows thdtk) > A®
X(k—1)®B® (u(k—1) — p) ®B® Ue. The following inequality is also useful: sinoé(k —1) >
B uf(k— 1) it follows that

B (U(k—1)—p) = (Bou(k—1)) —p<x(k—1)—p (14)
We have
Lemma 3.2 The following inequalities are satisfied:
uf(k) > u(k) and X(k) > x(k), vk > 0. (15)
Proof: We prove the lemma by induction. F&r= 0 we haveu(0) = u(0) = u(0) andx'(0) =
x¢(0) = x(0). Let us assume that the inequalities of the lemma are valid for a gividow we prove

that they also hold fok+ 1. Sinceuf(-) satisfies the constraint (8) and using our induction hypothesis
we obtain

u'(k+1) 2 u'(K)—p =k —p
Moreover,uf(k+ 1) > ug. We conclude that' (k+ 1) > (uS(k) — p) @ Ue = u¢(k+ 1). Using again
the induction hypothesis and the monotonicity property (3) it follows that:
X(k+1) > Ax¢ (k) oBou (k+1) >
A®X (k) @B@u®(k+1) =x(k+1).
This concludes the proof. |

Proposition 3.3 The feedback controlld®) is the largest controller that guarantees the fastest single
step decrease while fulfilling the constra{@).

Proof: We prove this proposition by contradiction. Givemndu let us assume that there exists a
feasibleu with the property

u> uf andu= Uf (16)
such thak= A@x®Ba U< X = A x®Ba .
Sinceu> uf, using the monotonicity property of max operator (3) it follows thatx". In conclusion,
x=X, i.e. we cannot have a larger decrease ttan
From (13) we hav8 @ U< X=X <A@X®B® (Uu—p) Dx. Henceu< (-BT) @ (A®Xx®B® (u—
p) %) = u'. We have obtained a contradiction with (16). O
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The stabilizing properties of the two state feedback controllers are sumnaharitee next theorem:

Theorem 3.4 The following statements hold:
(i) For any initial condition %(0) = x(0) and U(0) = u(0) there exists a finite Ksuch that k) < xup
and ) < uf(k+ 1) < uyp, for all k > K.

(i) For any initial condition »(0) = x(0) and f(0) = u(0) there exists a finite Ksuch that X(k) = Xe|
and (k) = ug, for all k > K€.

(i) The closed-loop systeng$l) and(12) are stable.

Proof: (i) From (13) and (14) it follows thatx' (k) < A@x(k—1) ©B® (U'(k—1) —p) & % <
Ao X (k—1)@ (X(k—1) — p) ®xub. By induction it is straightforward to prove that:

k

X (k) < DA & (X (0) ~tp)) & xup. (17)
t=0

Recall thatAjj < O for alli, j € n. Then, itis well-known that [1]:
A* ©x(0) = Env1 ask— o. (18)

We denote withzo = x'(0) and iterativelyz = B o(A™ " @ X (0) — tp) = max{A”™ © X (0), 21
—p}. From (18) angp > 0 it follows that

7z — Enx1as k — oo, (19)

Therefore, there exists a finite inted€r such thatﬂ}{‘zo(A@k_t ® (X(0) —tp)) < xyp for anyk > K.
In conclusionx (k) < x,p for anyk > K.

Now considerk satisfyingk > K'. Thereforex' (k) < x,p. We obtainA@ X (k) < A® Xub < Xup.
Similarly, from (14) we hav@8® (uf (k) — p) < X (k) — p < Xb. Using now (3) we obtain:

U (k+1) < (~B") ®'Xup = Uub-

By induction, using the same procedure it follows thfa(Kf +1) < uyp, for alll > 1. On the other
handuf (k) > ug for all k > 1. We conclude thate < uf(Kf+1) < uyp, forall | > 1.

(i) Since p > 0, u°(k) = ug for k large enough. Note that

k k
X(k) = A" @x¢(0) & (DA™ ©B® (15(0) —tp)) & (DA™ ©B® ).
t=1 t=1

From (18) we havex™ ®@x(0) — Enx1 ask — o, So,@{‘zlA@k*t ®B® (U5(0) —tp) — Enx1 as
k — oo (this can be proved in a similar way as (19)). Singe= @leAxn_t ® B® ug, it follows that
there exists &° > n such thai®(k) = xg; andu®(k) = ug, for all k > K°.

(iif) Let us now prove stability of the closed-loop systems (11) and (12}t A& O and consider
1X(0) = Xell|o < 4.
Fromu®(k) > ug it follows thatx®(k) > x for all k > n.



Since the system is controllable (by Assumpti®)) for any 1< k < n— 1 and for any index € n,
one of the two following conditions are satisfied:

xC(K) > Bij + (Ugl)j, With Byj # & (20)
Ipens. tx¥(K) > (A7) +E(k—p), with(A™"); # . (21)

Note thatxj(k— p) is either equal ta(0) or satisfies (20).
Hence, forany k> 0 and foranyindexi € nwe have(xe| — x°(k))i < 61(3) := max{0, (Xel)i, — Bi,j —

(Uel)j ) (Xe|)i2 - (Agp)“l - Xi1(0)7 (Xel)is - (Agp)”l - Bilj - (u8|)j} for some indice$1a i2a i3a J
So fromx¢(k) < X (k) < z @ xyp it follows that:

X' (K) = Xe)i, (¥et =X (K))i}

< max{ ((z«® Xub) — Xel)i» (Xel — X°(K) )i }

IX'() el = max
len (
(
(

< max{ (z— Xel)i, (Xub — Xel)i, 61(8) }

len

< r}qear%x{ Zc — Xel)i» 62(0) }
< rq?x{(A@" ©x(0) — (K- j)p — Xel)i, 62(8)}

< r??x{(m" 2x(0)— (k— )p — A" @ xa)i, 62(3)}

< max ax{ (A" ©x(0) — A" @ xe)i, 62(8)}

< miax{(X(O) —Xel)i, 62(0)} < 6(0)

with 62(8) = max{maxcn(Xub — Xel)i, 62(5)} and 8(8) = max{d,6:(5)}, and where for the last
transition we have used that fact that from standard properties of theopeaato? it follows that:
a' @x—al ®y < ||x—Y|ls, for anya € RY andx,y € R". m

An immediate consequence of Theorem 3.4 is:

Proposition 3.5 For any input signal ¢) fulfilling the constraint(8) and f(k) < u(k) < uf(k), the
corresponding trajectory satisfie§(k) < x(k) < x'(k), for all k and consequently(y is stabilizing.
Moreover, there exists a finite K such thatx x(k) < xyp, for all k > K.

3.3 Stabilizing receding horizon controller
Given the state and the input at event dtepl, the following cost function is introduced:

N—-1 n N—1 m

J(x(k—1),0(k)) Z)Zlmax{x. K+ jlk—1) — (%)i,0} — BZ)ZU| K+ jlk—1).

whereN is the prediction horizomg(k+ j|k— 1) is the system state at event step j as predicted
at event stefx — 1, based on the MPL difference equation (6), the stéte- 1) and the future input
sequence

G(k) = [uT (klk—1)---u" (k+N—1]k—1)]".

SRecall that by definitior — € = ¢.



In the context of DES the first term dfexpresses the tardiness (i.e. the delay with respect to the de-
sired due date target), while the second term maximizes the feeding times. We define the following
receding horizon control (RHC) based optimization problem:

I (x(k—1)) = mind(x(k— 1), d(k)) (22)
N {x(k+ jlk—1) = A@x(k+ j — 1]k— 1) @B u(k+ j|k— 1)

vje{0,---,N-1}. (23
u(k+ jlk—1) —u(k+j — 1k—1) > —p Jed .o @)

wherex(k— 1|k — 1) = x(k— 1),u(k — 1]k — 1) = u(k — 1). Let 0?(k) be the optimal solution of the
optimization problem (22)—(23). Using the receding horizon principle ebesountek we apply the
input URHCN (k) = uf(k|k — 1). The evolution of the closed-loop system obtained from applying the
receding horizon controller is denoted with

XRHQN(k) —A® XRHC’N(k— 1) DB® URHC’N(k),

with given initial conditionsX?HEN(0) = x(0), uRHEN (k) = u(0).
Let us define the matrices

B & .. & A

N A®B B .. & A2
b= . . | ,é=

AN e AN ?eB ... B AN

~ el
X(K) = [XT (klk—1)---xT(k+N—1k—1)]T =C®x(k— 1) © D u(k) & X.
Now we give some properties of the receding horizon controller. Theleena shows that the
receding horizon controlla™PCN(.) is bounded from below by®(-):

Lemma 3.6 u¢(k) < uRHCEN(K), x¢(k) < xRHCN(k), vk > 0.

and the vectorsi(k) = [u" (k—1) —p---u"(k=1) = Np]T, Uer = [ug---uy]", X =[x ---x{]" and

Proof: First, let us show thati’{k) > Ug. The states corresponding t(K) are given byxf(k) =
(A (Kk—1)T -+ (x(k+N—=1k—1))T]T = Cox(k—1) ® D@ (*(k). Let us assume thaif (k) # Ug.
Defined®ayk) = 0 (k) ® Uel andx®2yk) = Co x(k— 1) ® D ® 0®2Yk). Note thatf®k) is feasible
for the optimization problem (22)—(23). Sinée’ ® B® ug < x; for all j, £eak) = (k) ® D ® g <
% (K) @ X. It follows that:

N—-1 n N—-1 m

J(x(k—1),d*2k)) < max{x’ (k+ j|k— 1) — (x)i,0} — B ufeaS(k+ jlk— 1)
5()1;2l (G (k+ (%)i,0} ,;.Zl |

N—-1 n
< max -”k+jk—1)—(xti,0 —
J;i; {6 (k+ )i, 0}
N—-1 m

B F(k+ jlk—1) = I(x(k— 1), G (K
J;i;U( jlk=1) = J(x(k—1),0(k))

and thus we get contradiction with the optimalityu5{K).
Now we go on with the proof of the lemma using induction. koe O, we haveu®(0) =
uRHEN(0) = u(0) and x°(0) = xRHEN(0) = x(0). We assume that®(k — 1) < uRHEN(k—1) and
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x¢(k — 1) < xRHCN(k — 1) and we prove that these inequalities also hold KorFrom the induc-
tion hypothesis we haveR"eN(k) > uRHCN(k — 1) — p > uS(k— 1) — p. Moreover,uRHCEN (k) =
U (klk — 1) > Ug. It follows thatuRHEN (k) > (uS(k — 1) — p) @ Ues = UE(K). From (3) it follows that
X¢(K) = A@x(k— 1) @ B@ uC(k) < A@xRHEN(k — 1) @ B uRHEN (k) = xRHEN (k). O
Proposition 3.7 Assume3 < N and consider the maximization problem

N—-1 m

f(K) = argmax ui(k+jlk—1 24
) ga(k) %I; i(K+ | ) (24)

st.{ﬁm(k}gﬂk} vjefl - N1}, (25)

uk+jlk—1)—u(k+j—1k—-1) > —
Thend# (k) is also the optimal solution of the optimization probl&@2)<23).

Proof: Firstlet us note that we do not have to impose also the constidift— 1) —u(k—1|k—1) >
—p in (25). This inequality is automatically satisfied, sindé) is a feasible solution for (22)—(23)
and consequently a feasible solution for the optimization problem (24)a(@5)husu(k) < 0 (k).

We will prove the lemma by contradiction. Defingk) = C @ x(k— 1) ® D @ (k) thenx(k) =
X°(K) @ ;. First let us consider arr (k) that satisfies (25) but for which

N-1 m e k1 N—1 m e
JZOi;Ui( +jlk— )<J;)i;ui( Filk—1).

DefineX’ (k) = Co x(k—1) @ D® @ (k). Then, for each € nandj € {0,1,---,N — 1} it follows that
max{x{ (k+ j|k—1), ()i} = max{3¢(k+ j|k—1),Djn i @ T, ()i}
= max{X(k+ jlk—1),Djni @@}
=X (k+jlk—1),
whereDjq i denotes théjn +i)-th row of D. In conclusion, we obtain that

N—-1 n N—1 m

J(x(k— Z)ZlX. k+jlk—1)— BEOZ (k+1)

N-1n N-1 m
>Z)Zl X(k+jlk—1)— Bzozl (K+ ) = I(x(k— 1), G (K))

and thua”(k) cannot be the optimizer of (22)—(23). )
Next let us consideun'Tk) that satisfies (23) but does not satisfy the inequéiy< X(k). Define

= Dinyi @0 (k) —x(k+ jlk—1 :
Y i@jer{gg?fNil}{ in+i @0 (K) =Xi(k+ jlk—=1)} >0

Then, there exigb, jo such that
X! (k+ jolk — 1) = Djgnsi @ T (k) = Ko (k+ jolk— 1) + 8

and thus
N—-1 n N—-1 n

(ke jlk—1) = ()i, 0} > % (K+ j|k—1) — (%)i,0} + &
3 > maxixi(ch k1) = (4),0) = 5 5 max(R(kt k1)~ (x):.0}

9



Note thatu* (k) = (' (k) — &) @ G(K) fulfills (25) and the corresponding cost satisfies:

N—-1 n

I(x(k—1), T (k) < max{x' (k+ j|lk—1) — (x)i,0} — 5—
J;)i; { 1)i,0}
N—-1 m

F(kot ilk— 1) —
p(J;_zlu,(an 1) — Nm3)

= J(x(k— 1),?1*(10) +(BNm—1)5
< J(x(k—1),d"(k))

and thusu*(k) cannot be the optimizer of (22)—(23). This proves thigk)'is also the optimizer of the
original optimization problem (22)—(23). O

Defined™ (k) := (—DT) @’ x(k). The following proposition provides an analytic solution to the opti-
mization problem (24)—(25).

Proposition 3.8 The optimization problerf24)+25) has an unique solution given by:

W(k+N—-1k—1)=uNKk+N-1k—-1)
U (k+ jlk—1) = min{fuN(k+ jlk—1), (26)
u(k+ j+1k—1) +p},

forj=N-2,---,0.
Proof: The feasibility conditions (25) fou*(k+ N — 1|k — 1) are given by:
BoU(K+N—1k—1) <x(k+N—1k—1)
and from Lemma 2.1 is clear that the largaltk + N — 1|k — 1) is given byuf(k+N—1k—1) =
UNK+N—-1k—1) = (-BT) @' x(k+N — 1|k — 1).
From the feasibility conditions (25)¢ (k+N — 2|k — 1) has to satisfy:

A@BRU(k+N—2k—1) <X(k+N—1k—1)
Bou (k+N—2k—1) <x(k+N—2k—1)
W(k+N—-2k—1) < (k+N—-1k—1)+p

and thus the largest (k+N — 2|k — 1) is given byu?(k+N — 2|k — 1) = min{u*N(k + N — 2|k —
1),u*(k+N—1]k—1) + p}. Using the same reasoning we obtain:

Uk jlk—1) < uN(k+ k- 1),
U(k+jlk—1) <uf(k+j+1k—1)+p,

for all j, i.e. (26). O

We prove now a lemma that will be useful in the sequel:

Lemma 3.9 Any feasible solutiofiteaq K) of (24)«(25) satisfiesleag k) < G (K).

10



Proof: From Lemma 2.1 an® ® Gread k) < X(K) it follows thatUiead k) < 0*N(k) and thusead K+
N—1k—1) <u™N(Kk+N—-1]k—1) = u*(k+N — 1]k —1). Note thatgeadk+ N — 2|k — 1) satisfies

Ureas K+ N —2/k— 1) < u™N(k+N—2/k— 1),

Uread K+ N —2lk— 1) < Utead k+ N —1|k— 1)+ p < U (k+ N —1|k— 1) +p.
In conclusionutead K+ N — 2|k — 1) < min{u*N(k+N — 2|k — 1), uf(k+ N — 1|k — 1) + p} = v (k+
N —2|k—1). Applying this reasoning backwards, we obtajgad k+ j|k — 1) < uf(k+ j|k— 1) for all
j=N—1---,0,i.e.Ueadk) < 0 (K). O
The next theorem characterizes the stabilizing properties of the redealizgn controller:
Theorem 3.10 Given a prediction horizon N such that< ﬁ then
(i) The following inequalities hold

(27)

and thus the receding horizon controller stabilizes the sygé&m
(i) If N = 1 then (RHC1(k) = uf (k). For two prediction horizons N< N, we have

{URHQNl(k) > uRHc,Nz(k) (28)

XRHC,Nl(k) > XRHC,NZ (k)

Proof: (i) The left-hand side of inequalities (27) follows from Lemma 3.6.

The right-hand side of inequalities (27) is proved using inductionkFep we havauRHCN (0) =
u'(0) = u(0) and xRHCEN(0) = x7(0) = x(0). Let us assume thatRHeN(k — 1) < uf(k— 1) and
xRHCN(k — 1) < xf(k — 1) are valid and we prove that they also hold for Sincex(kk — 1) =
Axx(k—1)®B® (u(k—1) — p) @ % andB® U (k|k — 1) < x(k|k— 1), we have

uRHEN(K) < (-BT) @' (Aox(k—1) ®B® (u(k—1) — p) B X) (29)
From (29) and our induction hypothesis we have:

B®URHC’N(k) S A®XRHC’N(k—1)@B®(URHC’N(k—l)—p)@Xt
<AX(k—1) @B (U(k—1)—p) ®x

On the other handjf (k) is the largest solution of the inequality
Bou (k) < AexX (k—1) @B (U'(k—1) —p) &x
From Lemma 2.1 it follows thaiR"SN (k) < uf (k). Then,
XRHEN () = A@ XRHEN(k— 1) e Bo RPN (k) < Ao X (k—1) @ Ba U (k) = X' (k+1).
The stabilizing property of the receding horizon controller follows fromgdessition 3.5.

(ii) For N = 1 from the feasibility condition (25) it is clear that(k) = u*(k) = u'(k) (see (9)). For
two prediction horizon\; < Nz, we denote withD y,) the matrixD from (25) corresponding to

11



5(,\,1)
%
stands for appropriate matrix blocks). We denote wif (k) the vectox(k) from (25) corresponding

toN =Nz and qul)(k) the optimal solution of (24)—(25) correspondingNg. Similarly, we define
Xy (K) andufy ().

We prove the inequalities (28) by induction. Foe= 0 the statement is trueuRHCN1(0) =
uRHCN2(0) = y(0) andxRHEN1(Q) = xRHCN2(0) = x(0). Let us now assume thafHoNi(k — 1) >
uRHCN2 (kK — 1) and xRHCN1 (k — 1) > xRHCN2 (K — 1), Deflneu( (K k+Ng — 1) the sub-vector of

G%Nﬂ(k) containing the firsmN; components. We have:

the prediction horizol = Ny. Similarly, we definéDy,). Note thatDy,) = (Wherex

S A :
~ 4 [ DNy € 0 (ki k+Ng—1)
Doy ® Uiy, (K) = { <* 1) - ]@ (Ny) )
_ Xy (K K+Np—1
< Xy (K) = [ e A ) ]

It follows thatD(Nl) ® u( )(k K+Np —1) < xny(K), ie u( >(k k+ N —1) is feasible for (24)—
(25) with prediction horlzorIN = N;. From Lemma 3.9 we obtain tha%Nz) (kK:k+N;1—1) < G%Nl)(k).

ThereforeuRHCN1 (k) = ay (KIk—1) > u ) (Kk—1)= uRHCEN2 (k)| Similarly, we haveRHCN: (k) >
XRHCN2 ) o
4 Example

We consider the following system:

Xsys( k) = by Xsys(k -1 ® Usys( k) (30)

Nt om M
Mm MM
Mm MmN M
™M W M M
Mm M om N

For this example the system matAxshas a (unique) MPA eigenvalue = 2.5, and a corresponding
MPA eigenvectorv* = [0 1.5 2 15]T. We consider the due date sigmg)sk) = [17 15 1 10" + 4.5k
(sop = 4.5), and the initial conditionxsys(0) = [20 315 42 515]T andusys(0) = 20

First we construct the normalized system corresponding to (30). e hav

0 £ &€ £ e -2 £ £
p_ € 15 ¢ £ A— £ g -2 £ 7
£ e 2 £ £ £ e -2
¢ € € 15 -2 & € ¢
[ 2 20 17
£ 30 135
B= c ) X(O) - 40 ’ U(O) - 207 - -1
| € 50 85
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Figure 1: The state feedback, “constant” and RHC control signals éondhmalized system.

Furthermore, we obtairg = [3 —3 —1 1],ue; = 1. It is easy to verify that the system and reference
signal defined above satisfy Assumptian

Now we design stabilizing state feedback and receding horizon contrédietisis system. For
the RHC controllers we consider the prediction horizdbhs- 2 andN = 5, and a weighf3 = 0.1
that satisfies the conditions of Proposition 3.7 and Theorem 3.10. In Biguaad 2 we have plotted
respectively the control signals and the state trajectories for the clospd:mntrolled normalized
system. Clearly, all controllers are stabilizing. Moreover, the “constamtitroller and the RHC
controller withN = 5 also make all states less than the target states. This is not always therchse f
state feedback controller and for the RHC controller viitk= 2 (so in the latter case the prediction
horizon is clearly selected too small). Also note th&tk) < uRHCN(k) < uf(k) for all k and for
N = 2,5. FurthermoreyRHCS(k) < uRHC2(k) andxRHCS (k) < xRHC2(k) for all k (cf. Theorem 3.10

(ii)).

5 Conclusions and future research

In this paper we have discussed the problem of stabilization of max-plus-(iMé&d.) discrete-event
systems. We have defined a stabilizing “constant” controller and a stabiliategfsedback controller
that could be considered as a lower and upper bound respectivellyefaeceding horizon control
(RHC) controllers. For the RHC controllers we have considered a wfdetween minimizing the
tardiness and maximizing the input times. Using only the constraint that erprésst the input
signal should be nondecreasing and provided the trade-off weightdlf enough, we have derived
an analytic expression for the RHC controller and proved that stability eathieved in finite time.
We have also discussed also the main properties of the stabilizing statediegtbastant”, and RHC

13



S sy e sy s |
/

0 b | s %%4% aeteensee
0 5 10 15 20 25

30

Figure 2: The evolution of the states for the state feedback, “constadtR&IC controllers for the
normalized system. The dotted lines correspond to the targeixstate
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controllers.
Topics for future research include: extension to the “constrained where other constraints on
the inputs and states are present, and extension to the case where d¢ssido@ present.
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