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MPC of Implicit Switching Max-Plus-Linear
Discrete Event Systems — Timing Aspects

Ton J.J. van den Boom and Bart De Schutter

Abstract—In this paper we consider the control of discrete could be that some of the components of the sidiet)
event systems that can be modeled as implicit switching max- of the system are already known (because they happened
plus-linear systems. In switching max-plus-linear systems we before timet) whereas other component are not yet known

can switch between different modes of operation. In each mode thei timated dicted e is | tharl
the discrete event system is described by an implicit max-plus- (&S their (estimated or predicted) value is larger tharin

linear state space model with different system matrices for OUr previous papers on MPC f_or max-plus ”near. systems we
each mode. The switching allows us to change the structure have not considered in a detailed way the possible problems

of the system, to break synchronization and to change the and intricacies caused by this timing issue. In this paper
order of events. We introduce implicit switching max-plus-  ,\ever we will in particular focus on the timing aspects of

linear systems, and explain how model predictive control (MPC) MPC for (imolicit switchi lus li ¢
can be applied to them. Next, we discuss the timing aspects of or (implicit switching) max-plus linear systems.

MPC for this type of discrete event systems. Il. MAX-PLUS ALGEBRA AND IMPLICIT SWITCHING

I. INTRODUCTION MAX -PLUS-LINEAR SYSTEMS

In general, models that describe the behavior of a discrefe Max-plus algebra and max-plus-linear systems
event system are nonlinear in conventional algebra. Howveve Definee = — andR, = RU{&}. The max-plus-algebraic
there is a class of discrete event systems — the max-plugddition () and multiplication &) are defined as®y =
linear discrete event systems — that can be described bynfax(x,y) and x®y = x+y for numbersx,y € R [1], [5],
model that is “linear” in the max-plus algebra [1], [5], whic and
has maximization and addition as its basic operations. The
max-plus-linear discrete event systems can be charaeteriz [A®Blij = &; @ bij = max(aj, byj)
as the class of discrete event systems in which only synchro- A
nization and no concurrency or choice occurs. A®Ci; = @ Bk G = kﬂ?%n(aik+ck'—)

In the literature on control for max-plus linear discrete k=t o
event systems [3], [13] usually explicit input-output mtsde for matricesA, B € RI™" and C € Ry*P. The matrix € is
or explicit state space models are used. However, in thise max-plus-algebraic zero matrix witt€);; = ¢, Vi, j.
paper we will consider implicit models in which the currentThe matrixE is the max-plus-algebraic identity matrix with
state appears both at the left-hand side and the right-haffdi; =0 for all i = j, and(E)ij = € for all i # j.
side of the state update equation, as this will offer some ad- In [1], [5] it has been shown that discrete event systems
vantages when considering time-varying models (due to new which there is synchronization but no concurrency can be
measurements that become available) and when consideriigscribed by a model of the form
timing aspects of MPC for max-plus linear discrete event X(K) = Ao(K) @ X(K) & A1 (K) @ x(k—1) & ...

systems.
In [15], [16] switching max-plus-linear systems were Am(k) @ x(k—m) @ B(k) @ u(k)
introduced. The discrete event system can switch between m )
different modes of operation, such that in each mode the - (G%A‘(k)®x(k_')) ®B(k) @u(k) @)
=

system is described by an implicit max-plus-linear state
Space mode' instead Of by an exp”cit mode' as in [15]The indexk is called the event counter.Soindicates the

[16]. The switching changes the structure of the systen?,atCh number, the operation cycle, etc. of the discreteteven
and so allows us to break synchronization and to changystem. For discrete event systems the steke typically

the order of events. We consider model predictive contr&ontains the time instants at which the internal events occu
(MPC) for the class of implicit switching max-plus linear for thekth time, and the inputi(k) contains the time instants
systems. In contrast to conventional MPC where the sampfé Which the input events occur for theh time. The max-
counter is directly related to the clock/time, in discreterg  Plus-linear system (1) is called implicit, because on both
systems the counter is an event counter and there is fles of the equality sign the staték) appear. Usually (1)
direct relation between the counter and the current time. Ag transformed into an explicit equation of the form

a result at a given timé and for a given event ste it x(K) = AL (K) @x(k—1) @ - ® AL (K) @ x(k— m) & B @ u(K)
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applications (in particular those involving on-line adept variableu(k,t) and an (additional) control variabigkt):

and/or predictive control) the implicit form is more suited - ¢ -

B. Implicit switching max-plus-linear systems Xpas(K,t")
In this paper we will considefmplicit switching max- :
plus-linear systems, i.e. discrete event systems that can z(k,t) = XpasfK—m,t™) e RY . (3)
switch between different modes of operation. The switching £(kt)
allows us to change the structure of the system, to break f(k—1,t7)
synchronization and to change the order of events. In each u(k,t™)
different mode? = 1,...,ny, the implicit switching max- i v(k,t)

plus-linear system is described by an implicit max-plusdr

state equation We partitionR}? in ny, subsetsz ) i=1,...,ny. The mode

¢(k,t) is now obtained by determining in which sgk;t) is
x(k,t) = A(()é(k,t))(k’t) @ x(kt) @A(lf(k,t))(k’t) @x(k—1,1) for eventk and for time t. So ifz(k,t) e_f‘f(i), then/(k,t) =i.
: (t(kt) Note that due to causality it is important to guarantee
D...0An (k) @x(k-mt) ©B (k)@ u(k,t) that events that already have taken place at switching time
m () should not be changed anymore. We therefore introduce the
= (@ AR (1 1) @ x(k—i ,t)) oB&V) (k tyou(kt)  following causality conditions:
i=1

in which the matricesA”, i = 1,....,m and B) are the Xi(kt") =xi(kt7), for alli € Nx(k,t) )
system matrices for thé-th mode, andx(k,t), u(k,t) and uj(kt") = uj(k,t™), for all j € Ny(k;t) (5)
¢(k,t) denote the state, input and mode signal, respecnvelp(1
for the kth cycle as they are known, measured, estimated or
predicted at time. For implicit switching max-plus- linear

systems we need tinteexplicitly as an argument to be able N . ,
to switch within a cycle. precedence graph (or communlcatlon graph) associated with

The motivation for introducing implicit switching max- Matrix A", where .+ (A")) denote the set of nodes and
plus-linear systems is the following. In [15], [L6] we haveZ(A”’) the set of arcs of the graph [11]. For systems of
introduced swnchmg max- plus Imear systems of the fornthe form (2) we will find that the nodes will not change
(2) with onIy A" present (s = € and Al = € for and so A (A}) = ... = A (A™) for all i. In that case
i = 2,...,m). The main disadvantage of this description i$$Witching means changmg the arcs of the graph, i.e. adding
that we are not able to consider the intermediate switchirff "@moving arcs or changing the weights of the arcs. Now
explicitly in time, but we can only concentrate on the finaf€t Us restrict ourselves t0 systems in which the weights
result/(k). For systems where th&-matrices are uncertain Of the arcs (=entries oA")) are eithere or non-negative
and may change in time (which is usually the case, wheffor physical systems this is usually the case). Further let
the entries of the\ matrices correspond to production times«/%ast(k»t) be the set of nodes that correspond to the past
or traveling times), we will find it is more appropriate toStateXpas(k,t™). In that case condition (4) means that the
describe the different modes over both the event dgisugd incoming arcs at nodes/pas(k,t) are not allowed to change

practice this means that mode transitions that will cleang
XpastK,t ™) will not be allowed.

Remark 1: Let Eé(Ai“)) = (,/V(Ai(é)),Q(Ai“))) be the

the time axis 1. (i.e. all existing incoming arcs should stay and keep theesam
The moments of switching are determined by a switching/€ight and new incoming arcs should not be added).
mechanism. Consider the system (2) at a timéor which Remark 2: Due to causality, the mode switching is only

a switching might take place. To distinguish between théetermined by the past values of the states and input signals
signals before and after the switching we will denote In some cases the switching may be dependent on a predicted
as the time just before switching, and as the time just Vvalue of the state. In that case this predicted state caryalwa
after switching. Consequentlk(k,t~) and u(k,t~) denote be computed using the ValueSXBfast(k— bt j=1....m
the state and input just before the switching, afidt™) and together with the values (ﬁ\, b= Jt))(k— j,t) and the future
u(k,t*) denote the state and input just after the switchingnode and input sequence.
Note that some of the events kik,t~) may already have
taken placex;(k,t~) <t) and others still have to taken place
(xi(k,t7) >1). Let Nx(k,t) be the set of indices that corre- Consider the switching max-plus-linear model (2)—(3). We
spond to states that already have taken place;(kst~) <t  have two possible input signalgk,t) andu(k,t). The input
for i € Ny(k,1)), and define a vectoxpas{k,t™), consisting signalu(k,t) correspond to time a specific input event occurs,
of all entries ofx(k,t™), i € Nx(k,t). In the same way, let the input signalv(k,t) is an additional (usually integer
Nu(k,t) be the set of indices for whicluj(k,t™) <t for valued) signal that gives some additional control of the
i € Nu(kt)) switching mechanism. For more background on the choices
We define the switching variablgk,t), which consists of of the input signals we refer to [15], [16]. Just as in conven-
the time variablé, the statex(k,t), the mode/(k,t), the input tional Model Predictive Control (MPC) [12] we define the

Ill. THE MODEL PREDICTIVE CONTROL PROBLEM



input sequences(K,t) = [ u'(kt),...,u" (k+Np—1,t) ]T subject to

and Vik,t) = [ vT(kt),...,vT (k+Np—1,t) ]T where Np _ M ket _ o

is the prediction horizon. Let” (k,t) and % (k,t) be the x(k+j,t) = (@A] (k+],t)®x(k+1—|7t))

sets of feasible future control sequenagk,t) and u(k,t), ek i) =0 _

respectively. o BT (kJrJ,_t)@U(kJrJ,t) (8)
We now aim at computing the optimalK;t) and v(k,t) z(k+ j,t) € zVk+ib) Q)

that minimize a cost criteriod(k,t), possibly subject to Au(k+j,t) >0 (10)

linear constraints on the inputs and the states. The cost

criterion reflects the input and output cost functiodg &nd Av(k+1,1) =0 (11)
Jout, respectively) in the event perid#, k+ Np — 1J: Au(k+1,t) —Au(k+N;—1,t) =0 (12)

J(k7t) = JOut(kvt) +)\Jm(k,t) ) (6)

for j=0,...,Np—1, | =Ng,...,Ny—1
where) is a weighting parameter. The output cost function : P ¢ P

is usually chosen as where (13) may represent additional linear constraintdhen t
Np—1 inputs and the states.
Jou(k,t) = ZO le(k+ .0 MPC uses a receding horl_zon principle. This means that
= after computation of the optimal future control sequences

) . G(k,t) andvik,t), only the first control samples(k,t) and
where||- || is an appropriate norm (usually the two-norm, the,(k t) will be implemented, subsequently the horizon is
one-norm or the infinity-norm), and is the due date error ghifted one sample, and the optimization is restarted with
& (k.t) =max(x(k.t) —ri(k,t),0), wherer (k,t) is the desired neyw information of the measurements.
due date of the state. The input cost function consists of two |5 principle we have all elements to solve the receding

parts,Jn = Jinu+Jny. The first partl,u depends omu(k,t)  horizon control problem (7)=(13). In general we will have

and is usually chosen as an optimal control problem with both real parameters and
Np—1 integer parameters. As was already discussed in [15], [16],
Jnulkt) = — Z’ [uk+j 0 the optimization problem can often be recast in a form for

= which reliable algorithms are available

(see also [7]). The second pdity is a function ofvk,t). For

. L : . min
different applicationsJi,y will have different appearances. g o o

If the input signalv(k,t) has no influence on the switchingMPC for (switching) MPL systems is different from con-
(i.e. the partitionRQz in ny, subsetsz() does not depend ventional MPC in the sense that the event courkeis

on v(k,t)), then we will chooseliny = 0. If v(k,t) has an not directly related to a specific time [16]. So far we have

influence on the switching, thel, , is usually chosen as assumed thax(k—j,t), j =0,...,m are available when we
want optimize over the future control sequence at time

Np—1 ny However, only the components 8fas{k— j,t) are available
Jinv(k,t) = Zﬁ Zl||Wi vi(k+ .01, at time instant. Therefore, we will now present a method
1=0i= to address the timing issues of the controller.
wherew; are weighting constants, that penalizes an increaseWe consider the case of full state informafioniet
of the variablev (k+ j,t). [Xrue(k—j,t)]i, j =0,...,m be the measured (true) occur-
Since the input signali(k,t) corresponds to consecutiverence time of the(k — j)th occurrence of internal event

event occurrence times, we have the additional condition fé € N(k— j,t) at timet, and let[Xes{k— j,t)Ji, j =0,...,m
j=0,...,N,—1: be an estimation of thé— j)th occurrence time of internal

AU(K+j,t) = u(K+j,t) — (kb j—1,8) > 0 eventi ¢ N(k— j,t) at timet. The estimation can be done

X .. using the following procedure: Lep(t) be the smallest
Furthermore, in order to reduce the number of decisiopyeqar such thafxeue(k — p(t))]i < t for all i = 1,...,n.

variables and the corresponding computational complexity
we introduce a contrpl horizon constraint O_n the S'Qnals 1in some particular cases, the problem can be recast as a Egteinkar
Au(k,t) and v(k,t), which means that these signals shouldomplementary Problem (ELCP) that can be solved efficienfly[B]. If

be constant from the poirk+ N — 1 on, so the_ optim_ization is over a binary valued vectgk) we obtain an integer
optimization problem (without any real valued variableshiaein can be
Au(k+ j,t) = Au(kK+ N —1,t) , solved using genetic algorithms [6], tabu search [10], or anbh-and-
. bound method [4]. In some particular cases the problem candastras a
V(k+j,t) = V(k+Nc—1,t) Mixed Integer Linear Programming (MILP) or a Mixed Integer @tetic

for j =Ng,...,N,— 1. Now the MPC control problem for Prgg_ram”;ri]r‘g (MIQP) [Zt]v [9f]- i - _ |
. . . ince the components gfcorrespond to event times, they are in general
event stefk and timet can be defined as: easy to measure. Also note that measurements of occurrence dimes

. events are in general not as susceptible to noise and measuremers
. . min J(k,t) (7) as measurements of continuous-time signals involving vasaklich as
{akt)ez Jkt)er (kt)} temperature, speed, pressure, etc.



Hence,[xyue(K— p(t))]i is completely known at timée If we  “(virtual) train j” to denote the (physical) train on a specific
define Xes{k — p(t),t) = xyue(K— p(t)), we can reconstruct track. The number of tracks in the network is equal to 6, the

the unknown state components using the recursion number of physical trains in the network is equal to 3, and the
m _ number of virtual trains in the network is equal to 9. (We say
Xes(K— j,t) = (@ AT (1 ) @ Xest(k— i — j,t)) virtual to denote that some of the virtual trains are acyuall
i=0 the same physical train). Lef (k,t), j =1,...,9 be the time
® B(€<kfiﬁt>>(k’t) Qu(k—j,t) instant at which trainj departs from its departure station in

Ak— j,t) € Z(=it) thekth perio_d,_ and_ led; (k,_t), ] = 1,.. .,9_ be _the time in_stant
’ at which trainj arrives at its arrival station in thi¢h period.
for j=0,...,p(t)—1, where for the components ofk — j,t)  Let rij(k) be the departure time for this train according to the
that are less thahwe take the actually applied input times,time schedule, and letj(k,t) be the transportation time for
and for the other components we take the computed esthis train j.
mated values. The value of the stafi,t), j=0,...,p(t)—1 _ TABLE |
that C.an be used t_o CompUte the MPC COﬂtrF)”er at tlnale'l'HE NOMINAL TRANSPORTATION TIMES AND THE DEPARTURE TIMES
t is given by x(k— j,t) with componentsx(k — j,t)]; for

: 5 2 1S
i=1,...,n such that 2 o < =
=t = © 2 —
oue(k— .0 if i € N(k— j,b) g |25|s| 8|z |83
. i — LUl B ) Q -
k=j0li= ¢ T _ AR R ERE:
[Xesl(kijvt)]l if i ¢ N(kf ]’t) 5| =2 =55 T ®© 7] D0 | & B
_ _ _ 1| DA 12 [0012|3 [9 |7
Finally, before the implementation of the controller can be 2| AB| 12 | 1527 |1 |6 4-
done, one has to determine at what time instants a new | 3 | B-D | 20 | 30-50 | 2
optimization should be done. In principle, the appropriate 41 AB | 12 11931167 |\ 77 |2
input sequences(k,t) andVvik,t) should be recomputed as 2 g'i ;g 2‘7"‘1“2‘ g .
soon as a new measurement of sFM@e(k—J,t)]i comes 21 ba |l 12 | o416 | o 1
available. If the measurefk,e(k— j,t)]i is equal to the 8| aAc| 25 | 19.44| 7 6
estimated[Xes{ k— j,t)];, an optimization is superfluous and 9| cp| 10 | 4757|8 |5
the already computed input sequences will be optimal. Note: 3~ denotes train 3 in the previous cycle

IV. EXAMPLE: A RAILWAY NETWORK _ _ o _ _
. . . Table | summarizes the information in connection with the
In this example we consider the railroad network of

Figure 1, which is a refined version of the network, presenterc]f’mInal transportation times and the departure times. &l t

: . o Imes are measured in minutes.
in [14]. There are 4 stations in this railroad network (A, B, Ct The continuity constraints are that the trains on tracks 1
and D) that are connected by 6 single tracks (1/7, 2/4, 3, 5 '

6/8, 9). There are three trains available. The first trailofes and 3 are physically the same train, and the same holds
. for the trains on tracks 4, 5 and 6 and for the trains on
the routeD — A — B — D, the second train follows the

routeA— B — C — A, and the third train follows the route tracks 7, 8 and SConnection constraints are |r_1troduced o

. - . allow the passengers to change trains. In this networlq trai
D—A~—C—D. We assume that there exists a periodi has to wait for train 9 in the previous cycle with minimum
timetable that schedules the earliest departure timeseof t P Y

; i min _ i i
trains. The period of the timetable 1= 60 minutes. So if cor_mec_tlon timec . 3.In the same way, tram 2 waits for
. X . ain 6 in the previous cycle, train 4 wait for train 7, andrra
a departure of a train from station B is scheduled at 5.3

a.m., then there is also scheduled a departure of a train frorpwfmts.for train 5. The minimum stopping time of .tra',lralt
. stationj to allow passenger to get off or on the train is fixed
station B at 6.30 a.m., 7.30 a.m., and so on.

at s™" = 1. Follow constraints are introduced to guarantee
sufficient separation time between two trains on the same
track (moving in the same direction). In this network, train
4 is scheduled behind train 2 (train 4 follows train 2) with
a minimum separation timé™" = 4. In the same way, train

2 follows train 4 in the previous cycle, train 7 follows train
1, and train 1 follows train 7 in the previous cycle. Finally,
a wait constraint is introduced to guarantee that two trains
(moving in opposite direction) are not on the same track at
the same time: Train 6 is scheduled behind train 8 (train 4

B waits for train 2) with a minimum separation timé"" = 1.
Fig. 1. The railroad network. In the same way train 8 waits for train 6 in the previous
cycle.

Each track of the railway network has a number and a Each train departs as soon as all the connections are
train allocated to it. For the sake of simplicity we will sayguaranteed (except or a connection when it is broken), the



passengers have gotten the opportunity to change over and ,1) = max(da(k,t) + 12(k,t),as(k—1,t) + 4)
the earliest departure time indicated in the timetable has 1) = da(k,t) + T3(k,t)
passed. 1) = max(da(k.t) + Ta(k.t), ap(k.t) + 4)

Now we write down the equations that describe the
evolution of thea;(k,t)'s and d;j(k,t)’s. First we consider
the train on track 1 and we determing(k,t), the time
instant at which this train departs from station A for the 7
kth time. The train has to wait at least until the train ag

ag

S & LELEL

d
= de(k,t) + Te(k,t)
— max(dr(k,t) + T7(k,t), a1 (k,t) + 4)

)

Q

= dS(kat) + T8(k7t)
= dg(k,t) + To(K,t)

l

has arrived in station A for thék — 1)th time® and the
passengers have got the time to get out of the train so we
haved; (k,t) > ag(k—1,t) +1. Furthermore, the train on track

1 has to wait for the passengers of the train on track 9 i®r k=0,1,2,... with dj(—1) = ¢, aj(—1) = ¢ for all j. By
the (k—1)th cycle, which arrives in station B at time instantdefining
ag(k—1,t). The passengers hae®" = 3 minutes to change X(k,t) = [ d(
trains. Further the train on track 1 has to follow the trairandr(k) = [ rT
on track 7 in the previous cycle with a minimum separation
time fMN = 4. According to the timetablethe train on track 1
can only depart after time instant 8k60. Hence, we have

(k,t)
(k,t)
(k,t)
(k,t) = ds(k,t) + 15(K, 1)
(k;t)
(k,t)
(k,t)
(k,t)

kt) ... do(kt) ai(kt) ... ag(kt) ]
k) € ]T we can rewrite this system as

x(kt) =AY (k1) @ x(k 1)@
AY (k1) @ x(k—1,t) & F(k) (14)
di(k,t) = max(ag(k—1,t) +Srn|n,d7(k— 1t)+ gmin. o ) _
min which is of the form (2) withm= 1 andu(k,t) = r(k).
ag(k—1,t)+c™,r1(k)) . .
In the nominal operation we have assumed that some
= max(ag(k—=1,t) +1,d7(k—1,t) +4, trains should give pre-defined connections to other trains,
ag(k—1,t) 4+ 3,k60) and the order of trains on the same track is fixed. However,
if one of the preceding trains has a too large delay, then it is
sometimes better — from a global performance viewpoint
to let a connecting train depart anyway or to change the
departure order on a specific track. This is done in order to
prevent an accumulation of delays in the network. In this
paper we consider the switching between different oparatio
modes, where each mode corresponds to a different set of
, pre-defined or broken connections and a specific order of
ag(k,t) = max(d(k,t) + ra(kt),az(k—1,t) 4+ ™) train departures. We allow the system to switch between
=max(dy(k,t) + 11(k,t),a7(k—1,t) +4) different modes, allowing us to break train connections
and to change the order of trains. Note that any broken
connection or change of train order leads to a nhew model,
'Smilar to the nominal equation (14), but now with adapted
system matrixA(") for the ¢-th model. We have the following
system equation for the perturbed operationdfer2, ... Ny:

for k=1,2,... with a3(0) = ag(0) = €. The nominal arrival
time of traln 1 is now equal to the departure time plus the
transportation timed (k,t) 4 11(k,t)). However, train 1 can
never take over train 7 from the previous andaggk,t) >
az(k—1,t) 4 f™". So the final arrival time becomes:

Using a similar reasoning, we find that the other departu
and arrival times are given by

da(k,t) = max(ag(k,t) + 1,a6(k—1,t) + 3,

da(k—1,t) + 4,15+ k60) x(k,t) = Aéé(k't»(k,t) @x(k,t)®
dz(k,t) = max(az(k,t) + 1,30+ k60) A(l/)(k.t))(k’t) 2x(K—1,t) & F(K)
ds(k,t) = max(ag(k—1,t) + 1,a7(k—1,t) + 3,

da(k,t) +4,19+k60) In this railway network the switching variablak,t) is
ds(k,t) = max(as(k,t) + 1,34+ k60) equal to the control vector(k,t), and each entry o¥(k,t)
ds(k,t) = max(as(k,t) + 1,ag(k.t) + 1,47+ k60) corresponds to a specific control action, so a specific (sched
dr(l,t) = max@g(K—1,t) + 1, da(k,t) + 4,4+ k60) uled) synchronization or specific (scheduled) event ohdler.
(AN o 1 assumev(k,t) to be binary, wherey(k,t) = 0 corresponds
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The implicitness of the system equations is appropriate
if we consider systems for which the system matricesT
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timing aspects in MPC when measurements and estimation® uncontrolled
become available in time, is easier and transparent. Th
MPC design technique has been discussed for the implicitE *°f MPC 1
switching max-plus-linear systems, and we have applied theg
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