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Abstractin this paper we discuss dynamic traffic managemgrdilway networks. The
main aim of the controller is to recover from delays in an mgati way by breaking
connections and changing the departure of trains (at a. dasthodel the railway system
we use a switching max-plus-linear system description. 8find the optimal control
design problem for the railway network, and we show thatiaglthis problem leads to
an integer optimization problem. This problem can be solwétl a genetic algorithm
or with a mixed integer linear programming algorithm. Weoagply the algorithm to a
model of the Dutch railway network.

Keywords: Railway network management, switching max-fitvsar models, model
predictive control

1. INTRODUCTION eled using max-plus-linear models. A max-plus-linear
model is ‘linear’ in the max-plus algebra (Baccedi

In recent years a lot of research effort has been ori-al., 1992), which has maximization and addition as
ented towards the design of timetables that are robusiits basic operations. Max-plus-linear systems can be
against propagation of delays in the network, causedcharacterized as discrete event systems in which only
by technical failures, fluctuation of passenger vol- synchronization and no concurrency or choice occurs.
umes, measures of railway personnel and weather in_Note that in the railway context, synchronization
fluence (Subiono, 2000; Hansen, 2001; Peeters, 2003, y » SY

Goverde, 2005). In this paper we concentrate on themea.ns that some trains shouk_j give pr_e-defmed con-
nections to other trains, and a fixed routing means that

operational-level management, and design a feedbac o .
P 9 . an l%he order of departure is fixed. However, in the case of
controller that takes the most effective actions, based - .
large delays, it is sometimes better — from a global

on measurements of the actual train positions. The erformance viewnoint — to break a connection or to
measures we can take are changing the train Speedr?eschedule the ordper of trains, and to let a train depart
breaking train connections, or changing the order of ) ' aep

trains. anyway. In this way we prevent an accumulation of

delays in the network. Of course, missed connections
From (Braker, 1991; Braker, 19B3de Vrieset al., should lead to a penalty due to dissatisfied passen-
1998; de Waakt al., 1997; Minciardiet al., 1995) gers. In (De Schutter and van den Boom, 2001; De
we know that a railway network with rigid connection Schutteret al., 2002) we have considered the con-
constraints and a fixed routing schedule can be mod-trol of railway networks using breaking connections
only as control measure. In (van den Boom and De
Schutter, 2004) we have extended the control handles
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and rescheduled the trains by breaking connections
as well as changing train order. In this paper we will
model a controlled railway system using tvétching
max-plus-linear system description of (van den Boom
and De Schutter, 2006). In this description we use a
number of MPL models, each model corresponds to a
specific mode, describing the network by a different
set of connection and order constraints. We control Figure 1. A part of a railway network.
the system by switching between different modes, al-
lowing us to break train connections and to change
the order of trains. In this paper we define a control
algorithm to optimize the performance of the network,
and we show that the resulting optimization problem

icna;n ber ﬁ;)lverd a:s arTr:)r(r?ii mttigglr ‘:;OT\EE] Orﬁ trrr]uxed j at stationj to allow passengers to get off or on
€ger linear progra g probiem. Ougn tese 1o train. Finally, define a minimum separation time

problems are in general NP-hard, recently several effi- min(1) between two different trains moving over
cient solvers have become available. The management’

alaorithm will be applied to a simulation model of the he same track and in the same direction as tjain
Dgt r'] 'IWI tpplk c ! tut' ' | : i and a minimum separation timejm“(k) between two
utch rarway network. L.omputational EXpErments o ant trains moving over the same track and in the
show that the proposed genetic algorithm approach R
. opposite direction.
yields good results.

station;

train 7, and are scheduled behind trairFurthermore,
let a;(k) be the traveling time on track, define a
minimum connection time;}* (k) for passengers to
get from trainj to train for each trainj € C;(k)
and define a minimum stopping tim?‘i“(k‘) of train

Now we have the following constraints for thgh
departure time:; (k) of traini:
2. MODEL e Time schedule constraint:

e Continuity constraints: This constraint synchro-

Consider a railway operations system, which follows
a schedule with period'. In nominal operation mode,

we assume that all the trains follow a pre-scheduled
route, with fixed train order and pre-defined connec-
tions. If for some reason we have to break connec-
tions or change the train order, we will operate in

a perturbed mode. With every new schedule we can
associate a perturbed mode. First we will discuss the
nominal operation.

2.1 Nominal operation

Consider a railway operations system which is operat-
ing in nominal operation mode.

Each track of the railway network has a number and
a train allocated to it. For the sake of simplicity we
will say ‘(virtual) train j' to denote the (physical)
train on trackj, and ‘station;’ to denote the station
at the beginning of tracl (cf. Figure 1). Letn be
the number of ‘virtual’ tracks in the network. We say
virtual to denote that some of the virtual tracks may
actually be the same physical track (corresponding
to different trains using the same track). This means
that the number of tracks is usually smaller than
Let z;(k) be the time instant at which trajhdeparts
from stationj for the kth time. Letd;(k) be the
departure time for this train according to the time
schedule. Lep; (k) be the predecessor track of train
i, and letC;(k) be the set of trains to which thigh
train j gives a connection. Lef;(k) be the set of
trains that move over the same track as traim the
same direction as traifi, and are scheduled behind
train j. Let W, (k) be the set of trains that move over
the same track as traif) in the opposite direction of

2

nizes two trains that are ‘physically’ the same
train. For trainj = p;(k) we have '

zi(k) = xj(k — 655(F)) + a;(k) + s (k)
whered;; (k) is equal to 1 if thek — 1)th train;j
continues as théth traini, and 0 if thekth train
j continues as théth traini (and if some trips
last longer than the twice the cycle tirfieof the
scheduleg;; (k) might be equal to 2, and so on
— see also the example in Section 4). In general,
47; may depend ork. However, for the sake of
simplicity, we only consider constanf;’s with
a value that is either 0 or 1 in this paper.
Connection constraints: This constraint synchro-
nizes two trains that have to make a connection.
For each train € C;(k) we have

zi(k) = xj(k — 65) + a;(k) + 5™ (k)

where the role of;; is similar as for the continu-
ity constraint, so5;; = 1 if the (k — 1)th train j
gives a connection to theth trainé, ands;; = 0
if the kth train j gives a connection to thith
traini.
Follow constraints: This constraint synchronizes
two subsequent trains on the same track moving
in the same direction . For each traire F; (k)
we have

wi(k) > x;(k — 65;) + f;" (k)
(6;; is defined similarly as above).
Wait constraints: This constraint synchronizes

two trains on the same track moving in opposite
direction. For each traine W, (k) we have

wi(k) > wj(k = 075) + aj (k) + wi™ (k)



(6;; is defined similarly as above).

Since we let a train depart as soon as all connection

conditions are satisfied, we have
zi(k) = max(di(k)7

(@, () (B = 05, 09) + i) (B) + 573 (R)),
jé%%(c)(xj(k = 0}) + a; (k) + c§™ (k)
max (k= 67) + f(R)),
e (e (k= 67,) + am (k) + 0} ()))
(1)

trains, and the order of trains on the same track is
fixed. However, if one of the preceding trains has a
too large delay, then it is sometimes better — from a
global performance viewpoint — to let a connecting
train depart anyway or to change the departure order
on a specific track. This is done in order to prevent
an accumulation of delays in the network. In this pa-
per we will consider the switching between different
operation modes, where each mode corresponds to
a different set of pre-defined or broken connection
and a specific order of train departures. We allow the
system to switch between different modes, allowing
us to break train connections and to change the order

Note that in a undisturbed, well-defined time schedule Of trains. Note that any broken connection or change

the termd; (k) in (1) will be the largest. However, if

of train order leads to a new model, similar to the

due to unforeseen circumstances (an incident, a latenominal equation (3), but now with adapted system

departure, etc.) one of the traing;(k),! or m) has

matrices( A*) for the £-th model. We have the follow-

a delay the corresponding term can become largering System equation for the perturbed operation

than the others, then trainwill depart later than the
scheduled departure tinai(k) and will therefore also
be delayed. By defining the appropriate matr$,,
m=0,...,Mmax, (Wherempy., = max(ég‘j) we can
rewrite equation (1) as:

2i(k) = max <di(k),max (5 (k=m) + [Aom}w))
J,m
2
where[AY ]; ; is the(i, j)th entry of the matrix4?,.

Now we introduce some notation from max-plus alge-
bra. Defines = —co andR, = R U {¢}. The max-
plus-algebraic additiond() and multiplication &) are

defined as follows (Baccelét al., 1992):
r®y=max(z,y) TRYy=r+y

forz,y € R, and
[A D B]” = aij D bij = max(aij, b”)

.n

[A ® C]” = @ a;p @ Ckj = kil’ll’aX (aik + ij)

for A,B € R"*", C' € R?*P. The matrixE is the
max-plus-algebraic zero matri}];; = ¢ for all i, 5.
In max-plus notation, equation (2) becomes

n M

zi(k) = di(k) © @B P wj(k —m) @ [AD];;

j=1 m=1
and in matrix-notation we obtain
z(k)=Aj@zk)® Alor(k-—1)a...
@ [AO] ® I‘(k - mmax) @ d(k)

Mmax

- (@ A%@x(k—m))@d(k)

m=0

Mmax

®)

2.2 Perturbed operation

In the nominal operation we have assumed that som

trains should give pre-defined connections to other

3

Mmax

(k) = ( D Afn®:c(k:—m)) @dk)  (4)

M=Mmin

3. THE RAILWAY CONTROL PROBLEM
3.1 Timing aspects

Switching max-plus-linear systems are different from
conventional time-driven systems in the sense that the
event countert is not directly related to a specific
time. A time instant in cyclek (so(k — 1)T <t <

kT), some of the components af(k) may already

be known while other components ofk) may still

lie in the future (Recall that:(k) contains the time
instants at which the internal activities or processes of
the system start for theth time). Therefore, we will
now present a method to address the timing issues in
control of switching MPL systems.

We consider the case of full state informatiarsince
the components af(k) correspond to departure times,
which are in general easy to measure.

Consider time instant in cycle k, so (k — 1)T <

t < kT. We have measurements of departure times
zpas( k) and traveling timespas{ k) of trains that have
arrived at their destination. Sometimes there is infor-
mation available about the estimated traveling time for
trains that have not yet arrived at their destination at
time t. With this information we can make an esti-
mation aesfk|t) (with the same dimension agk))

of the future traveling times. If no further information
is available on a specific traveling time we take the
nominal traveling timéaes(%|t)]; = @; nom.

2 Usuallymmi, = 0. However, in perturbed operation it may oc-
casionally happen that a delayed train of Atle cycle is rescheduled
behind a train in thgk + 1)th cycle. In that case we will have
Mmin = —1.

3 Note that measurements of occurrence times of events are in

egeneral not as susceptible to noise and measurement errors as

measurements of continuous-time signals involving variasles
as temperature, speed, pressure, etc.



3.2 Control problem 3.3 Initial solution

Next we have to define the sit(k|t) of possible  Tofind a good initial guess for the integer optimization
future control actions (i.e. breaking connections or we first solve an easier problem, in which we structure
changing train order). Certain control actions are not the input signal. This is done by defining a decision
feasible any more (e.g. if a connection has been bro-mechanism, where we use thresholds on (expected)
ken in the past and the connecting train has alreadydelays to decide whether a connection should be bro-
departed, it is impossible to ‘repair’ this connection.). ken or train orders should be switched. First consider
We define the vecton(k|t) € U(k|t), where each the case where variable (k) is related to the con-
element corresponds to a specific control action, sonection of trainj to train ¢, with nominal connection

a specific (scheduled) connection or specific (sched-constraint

uled) train order. We assume(k|t) to be binary, _ (. s , min

whereu;(k|t) = 0 corresponds to the nominal case, zilk) 2 @;(k = 055) + a5 (k) + 5 (k)
andu; (k|t) = 1 to the perturbed case (the connection and letd;(k) > t. Define z;(k — 65;[t) = #;(k —

is broken or the order of two trains is switched, see J;;[t)+[desi; (k[t) as the expected arrival-time of train
also Section 3.3). j. Now we choose

* min

To select the optimal set of possible future control ac- { wi(k) =0 if 25 (k=05 [t)+¢i5" (k) —di(k) <7
tions, we define the following optimal control problem | wi(k) =1 otherwise,

attime instant ((k — 1)T' < ¢ < kT): wherer is a non-negative threshold. Next consider the

min J(k|t) (5) case where variablg (k) is related to the order of two
{u(klt),u(k+1t),u(k+2]t),...} trains;j and: moving over the same track in the same

where the performance indeik|) is given by direction, with nominal following constraint

o n Ty, xl(k) 2 Lj (k - 6:}) + f;nin(k)
J(k,t) = Qi éi(k+jlt)+ > Rewe(k+jlt)  andletr;(k) > ¢ (that means that at timetrain (k)
J=01=1 =1 ©) has not departed yet). Now we choose

whereé(k -+ j|t) is the vector with the expected delays { up(k) =0 if &;(k—07[t)+ f;"" (k) —di(k) < &
@i(k+jlt) = 2:(k+j|t) — di(k+4) > 0),andQ, R u(k) =1 otherwise,
are weighting matrices. The first term of (6) is related wheres is a non-negative threshold. Finally consider
to the sum of all predicted delays, and the second termi,o case where variable(k) is related to the order of
denotes the_ penalty for_aII broken connections and two trains;j andi moving over the same track in the
switched train orders during cycle+ j. same direction, with nominal waiting constraint
To compute the predictions af(k + j|t) we make wi(k) > x;(k — 8%) + a; (k)
use of the fact that at time we haveapas(k|t) and Y !
Gesi(k + j|t) available and using that we can determine and letd; (k) > t. Now we choose
the estimatesA’(k + j[t) of all future A*(k + j). w(k) =0 if 5;(k — 651t) — di(k) < w
Now & (k + j|t) for 7 > 1 can be found by successive { wk) =1 Otherwise,J <
substitution
. wherez;(k — &7;|t) is the expected arrival-time and
Bk +jl)=Ak+j —1|t) @ &(k +j — 1]t) w is a non-negative threshold. In this structured-input
@ d(k+ j) @) case we end up with the minimization of (6) using the
three parameters, giving us a non-linear optimization
problem over the variablegr, ¢, w). In the worked
example in the next Section we first optimize over
the structured inputs, and use the resulting sequence
u(k + j|t) as an initial value for the general case,
solved with a genetic algorithm.

In principle we have all elements to solve the optimal
control problem (5). Note that if the railway network
is well-defined and there is some margin in the sched-
ule?, there will always be an intege¥ such that in
the nominal caseu(k + j|t) = 0 for all j > 0)

the delays will have vanished (¢ + j|¢t) = 0 for

all j > 0). In the performance index (6) we may Remark: The problem above can also be recast as a
then replace the infinite sum by a finite one (with an mixed integer linear programming problem (MILP)
optional constrainé(k + N|t) = 0). We now have using techniques that are similar to the ones used
an integer optimal control problem withN binary  in (Bemporad and Morari, 1999; De Schutetral.,
parameters. We can solve this problem efficiently with 20020). We will now briefly outline the main ideas
genetic algorithms (Davis, 1991) or with tabu search behind this transformation. Note that the objective
(Glover and Laguna, 1997). function J is linear inu and z (via €). The max-
plus equation (7) can be transformed into a system of
mixed-integer linear inequalities as follows. Consider

4 |f the max-plus eigenvalue (Braker, 1993f the matrix A° is an equation of the fornx = max(f3,v). Hence, we
strictly smaller thari”, there is ‘some margin’ in the schedule. havea — 6 > 0 anda — v > 0. Now assume that




a, 3 and~ are bounded (in practice such bounds are
often known due to the operational constraints or due
to physical constraints; in our case we could assume
that all events take place within the same day). Hence,

Maﬁ Zo— ﬁ = 0
Moy Z2a—-v20
whereM, s and M, are upper bounds fer — 3 and

o — v respectively. If we now introduce two binary
variablesdy, 4, € {0, 1}, then the system of equations

Ma,@'51>a_6>o (8)
Ma752>a_’7>0 (9)
01 +02 <1 (10)

is equivalent tooe = max(f,~). Indeed, (10) states
thaté; = 0 or 9o = 0. Hence, by (8)-(9n = (5 or
a = 7. Soa = max(3,v). Furthermore, we could
assume thatl’ can be written as
Ak +3) =D A (k4 ik +4lk) ,  (12)
i=1 Figure 2. Dutch railway network
which is a linear equation. Now the only nonlinear \we obtain a state space description of the railway

of A — hence, ofu by (11) — with entries ofi (4 for perturbed operation whexgk) has 381 states.

due to equation (7). As mentioned in (Bemporad and The criterion function is given by (6) whe@ = I,
Morari, 1999) these products can be eliminated asand R is a diagonal matrix with?,, = 5 whenu,

follows: consider the produciy of a bounded real s related to a connection constraint aRd, = 10

variabley € [m, M| with abinary variablé € {0,1}.  whenuy, is related to a follow constraint. We solve the

This product is eliminated by introducing an auxiliary gptimal control problem (5) for the structured input

real variablez, whose value will be equal to = 6y.  case and the general case (without structuring). In the

More specificallyz = dy is equivalent to last optimization we use the result of the structured
< M§  z<y—m(l—29) (12) input as an initial value to start the optimization. We
2> md 2>y M(1-34) . (13) assume the system is at nominal schedulekfer 0

and we introduce random delays in the running times
Hence, we finally end up with an MILP. This problem of 18 trains in the cycles = 1,2,3. The maximum
can then be solved using one of the several existingdelay is 19.9 min, the minimum delay is 0.12 min,
commercial and free solvers for MILP problems (such and the average delay is 11.9 min. For every cycle

as, e.g., CPLEX, Xpress-MP, GLPK, fplve, etc. — £ we first optimize the threshold valug¢s, ¢) (there
see (Atamiirk and Savelsbergh, 2005; Linderoth and are no single tracks taken into consideration), and
Ralphs, 2004) for an overview). compute the corresponding optimal structured input

signal ustructured ® + J[t), 5 > 0. Subsequently we

optimize the (unstructured) input signalk + j|t)
4. EXAMPLE: THE DUTCH RAILWAY SYSTEM with a genetic algorithm, using the earlier computed

sequencesyucured & + 7[t) @s an initial value.
We consider a simulation example of a simplified ver-
sion of the Dutch railway system (see Figure 2). The
Dutch railway system operates a periodic timetable
with a cycle time of 1 hour. There are 3 types of trains
running in the network: intercity trains, interregional
trains and local trains. In this example we only con-
sider the system of intercity and interregional trains,
which means that the network consists of 40 stations,
110 tracks, 164 trains, 381 train movements per hour,
271 follow constraints, and 67 connection constraints.

In Figure 3 the maximum delaynax(k) = max(e(k))

in each cyclé: is given for the optimal controlled case,
and for the uncontrolled case (&6k + j|¢t) = 0 for
all j > 0). We see that the delay in the controlled case
decays much faster than the uncontrolled case.

5. DISCUSSION

We have presented a control design method for a rail-
Each train departs as soon as all the relevant connecway network. The control action consists in breaking
tions are guaranteed (except for connections that arecertain connections or changing the order of departure
broken), the passengers have gotten the opportunity tdo prevent delays from accumulating. These control
change over, and the earliest departure time indicatednoves can only be done at a certain cost. We have
in the timetable has passed. shown that the resulting optimization problem can be
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optimally controlled

i i i I i
o 2 4 8 10 12 14

Gk _
Figure 3. Maximum delay for uncontrolled and opti-
mal controlled railway system

solved using integer optimization methods, for exam-
ple genetic algorithms or tabu search.

Good initial values for the integer optimization are ob-
tained by first solving a low-dimensional real-valued
optimization problem using a structured input se-

guence. This structured input sequence is based on a
decision mechanism, where we use thresholds on (ex-

Braker, J.G. (1999. An extended algorithm for per-
formance evaluation of timed event grapReoc.
2nd European Control Conf. Groningen, The
Netherlands. pp. 524-529.

Davis, L., Ed. (1991).Handbook of Genetic Algo-
rithms. Van Nostrand Reinhold. New York.

De Schutter, B. and T. van den Boom (2001). Model
pre-
dictive control for railway networksProc. 2001
|IEEE/ASME Int. Conf. on Adv. Intelligent Mecha-
tronics(AIM’01). Como, Italy. pp. 105-110.

De Schutter, B., T. van den Boom and A. Hegyi
(2002a). A model predictive control approach for
recovery from delays in railway systemBans-
portation Research Record (1793), 15—20.

De Schutter, B., W.P.M.H. Heemels and A. Bempo-
rad (200D). On the equivalence of linear com-
plementarity problem®perations Research Let-
ters 30(4), 211-222.

de Vries, R., B. De Schutter and B. De Moor (1998).

On max-algebraic models for transportation net-

works. Proc. Int. Workshop on Discrete Event

Syst. (WODES 98). Cagliari, Italy. pp. 457-462.

pected) delays to decide whether a connection shouldde Waal, P.R., A. Overkamp and J.H. van Schuppen

be broken or the order of the trains should be switched.

Due to the use of a receding horizon this method can

be used in on-line applications and it can deal with

(predicted) changes in the system parameters. So ifC/OVer:

we can predict the delays that will occur due to an
incident or to works, then we can include this infor-
mation when determining the optimal control input for
the next cycles of the operation of the network.
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