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A hybrid MPC approach to the design of a
Smart adaptive cruise controller

Daniele Corona and Mircea Lazar and Bart De Schutter and Mattteemels

Abstract—In this paper we investigate the possibility ~control law may also be obtainedff-line (see for in-
of applying the hybrid Model Predictive Control (MPC)  stance [4]) by means of solving a parameterized mixed
framework to solve a control problem regarding tracking integer (linear or quadratic) programming problem,

of a moving vehicle. The study originates from the ted Vi in-ol i 5] f
design of an adaptive cruise controller (ACC) of a Smart 7 Computed via a max-min-plus-scaling [5] formu-

car, that aims to closely follow a reference trajectory lation. Properties like robustness [9], [11] or stability
transmitted by a leading vehicle. The physical behavior [12] were also investigated. The usual approach for
of th? Smart éllnd dthe C?nStramJS arising from thek guaranteeing stability in MPC, with respect to a fixed
specifications related to safety and security issues make T, naint) i ~ ;
the hybrid MPC framework suitable for this task. An qulllbrlurtn _(stet ptomt)tr:sdthe S0 callte}]d termlnallt:Sosft
adaptation of the terminal cost and constraint set MPC an COI’]S. rain S,e method, €.g. see the survey [. ] for
approach, which is commonly used for fixed set-point an overview. This method uses the value function of
regulation, is employed in order to achieve good tracking the MPC cost as a candidate Lyapunov function for the
of a time-varying reference trajectory. The simulation  closed-loop system and achieves stability via a partic-
results indicate the effectiveness of the developed hybrid |5, terminal cost and an additional constraint on the
MPC algorithm and the industrial feasibility with respect t inal state ie. th dicted state at th d of th
to on-line computation restrictions. erm!n"?‘ sta e’_ .€. the pre ICted state a. een O, €
prediction horizon. In this paper we design an on-line
hybrid MPC controller applied to a tracking problem.
This study was motivated by the design of an ACC

PieceWise Affine (PWA) systems are a class ofor an ordinary road vehicle (a Smart), whose target
hybrid systems that received an increased attentidf to follow as good as possible a leading vehicle, in a
in the recent years from researchers active in marfjyighway environment. In order to meet realistic condi-
fields. PWA systems are equivalent, under certain milfons several constraints on kinematic and dynamical
assumptions [8], with several other relevant classe@ntities are introduced, fulfiling safety, comfort and
of hybrid systems, such as Mixed Logical Dynamicanvironmental issues. An adaptation of the terminal
systems (MLD) [2], max-min-plus-scaling systems [5]cOost and constraint set method is employed with the
or linear complementarity systems [15]. They alsdurpose of achieving good tracking performance of
arise from the linear spline approximation of nonlin-& time-varying reference trajectory. The adaptation
earities [14]. consists in using a time-varying terminal constraint

The application of several control techniques devel$et: Which is calculated on-line as the Minkowski
oped for linear or smooth non-linear systems to contrgim Of @ known set (computed off-line) and a future
hybrid systems is prohibited by the presence of inte€lément of the reference trajectory, corresponding to
ger variables, which yield complex numerical prob-the length of the prediction horizon.
lems. Nevertheless, a considerable number of control The paper is organized as follows. We first describe
methods were proposed in the literature. The resulf@e. application and the cqrrgspondmg consftramed
obtained by Bemporad and Morari in [2] showed thatppUmaI control problem. This is transformed into a
under general conditions, Model Predictive Control Minimization problem with a mixed integer objective
(MPC) based approach can be successfully used fgnction. Then we present the procedure used to
control hybrid systems, by solvingn-line a mixed construct the terminal constraint set for the tracking

integer optimization problem. In other approaches theroblem. We show simulation results, illustrating the
effectiveness of the methodology w.r.t. tracking and
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Fig. 1. (a) ACC set-up, positiom; and reference;;, and (b) nonlinear to PWA approximation.

TABLE |

Definitions and values of the entries of equat{@n given by

2(k+1) = Ajz(k) + Bu(k) + F;,  (3)

m Mass of vehicle 800 kg . oo . .

. Viscous coefficient 0.5 kg/m 1 = 1,2 and the switching logics as in (2),
© | Coulomb friction coefficient (dry asphalt] 0.01 with A4 = 1 097 Ay — 1 0.98

b Traction force 3700 N L= 0 099 [* 72 0 096 |’

g Gravity acceleration 9.8 m/s> B, = [231’ 461]T, By, = [228, 454]'1’, P =

—[0.05,0.10]T and F;, = [0.22,0.44]T.

Constraints. Safety, comfort and economy or envi-
vehicles following the other. We assume that the fronfonmental issues, as well as limitations on the model,
vehicle communicates its speed and postitm the constrain the behavior of the system. We consider
possible (see Figure 1.a). Hence, for the control desidfrk: @nd on the control input(k). More specifically,
purpose, only the dynamics of the rear vehicle ca'® have

be considered. The differential equation for positive x1(k) < mi(k) + dsate
velocity of the rear vehicle is: T2 min < T2(k) < T2 max @)
. .9 adecT < l‘g(k + 1) - -r2(k) < aaccT
m&(t) + c$°(t) + pmg = bu(t) Q) o (k + 1) — 220 (k) + 22(k — 1)] < T2,

where s(t) is the position andu(t) is the traction for all k. The above equations express the operative
force, proportional to the normalized throttle/brakerange of the speéd the maximum tolerated over-
position u(t), considered as an input. The dissipashoot ds.t. Of the position of the leading vehicle
tive term cs2(¢) + umg consists, respectively, of the (see Figure 1.a), bounds on acceleration and jerk
air drag and theground-tire static friction. Braking for comfort or security specifications. An additional
will be simulated by applying a negative throttle.non-operationalconstraint on the positidnz; i, <
Numerical values are listed in Table I. A state-space; (k) < x1 max, IS Necessary to obtain a valid MLD
representationy = [s, |7 (position and velocity), is: model of the system, see the next section for details.
#(t) = f(z(t)) + Bu(t), with f(z) = [z2, —cx3/m —  We also consider limitations on the control input:
pg]T and B = [0,b/m]T. (k)| < e

A least squares approximation (Figure 1.b) in w(k+1) —u(k)| < A (5)
[0, z2 max] Of the nonlinear friction curve/(zs) = - "
cr3 leads to a PWA system, i.e. Numerical values are listed in Table II.
i(t) = Ayx(t) + F1 + Buu(t), x2(t) < « [1l. CONTROL PROBLEM A HYBRID MPC
{ #(t) = Aga(t) + Fo + Boult), a(t) > o, APPROACH
(2) Given the PWA model of the rear vehicle we

where the matricesd;, 7;, B;, « = 1,2, are derived design the control action(k) to feed the engine/brake
using the data shown in Figure #.and Table I. A actuators, in order to satisfy (4), (5) and to track the
mode by mode discrete-time state-space representati@Bnt vehicle state). We assume that at each sample
(sampling timeT" = 1s, zero order holdl of (2) is stepk a set of N, predictions of the future reference

1These can be measured with lasers and GPS. 3A lower bound on zy validates the ground-tire friction
2For simplicity we only consider one breakpoint, i.e. a PWAmodel [7].
system consisting of two operating modes. A finer approximatio 4This is not restrictive, as in the considered MPC set-up @me ¢
is also possible. always reset the origin of the position measurements.



TABLE Il

Values of the constraints. whereL = [Ay— Ay |By — B1|F> — F1|Bi] andv(k) =

[2(k) Y, y(k), 0(k), u(k)]" (with z(k) = @(k)d(k),
y(k) = u(k)o(k), 6(k) € {0,1}) is the auxiliary

1, min Minimum position 0m mixed logical vector. To get rid of nonlinearity of
y
T1,max Maximum position 2000m X . K .
3 min Minimum velocity 50m/s variablesz(k), y(k) we introduce the constraints [2]:
2, max Maximum velocity 37.5m/s
dsafe Tracking tolerance 5.0m ) xminé(kj) < z(k) < Tmax0 (k)
Qacc Comfort acceleration 25m/s —r (1 =38(k)) < z(k) — 2(k) < -z (1 — 6(k
Gdec Comfort deceleration -1 m/s? maX( ( ))|y_(l<;)(| l . ( 5)(/;) min ( ( ))
I3 Comfort jerk 2.0m/s> = Ymax
Umax Maximum throttle/brake 1 ly(k) — u(k)| < tmax(1 —0(k)).
Ay Maximum throttle/brake variatior] 0.2 ©)
a Switching velocity 18.75m/s The switching condition leads to the constraints:

—6(k)(vmin — Oé) < 5172(k) — Umin

_ _ 8)
state of the front vehicle are received by the rear Ok} (@ = Umax) < —22(k) + .

vehicle®. Moreover, the rear vehicle measures with a Optimal control problem. The control signati(k)

suitable level of precision its current stat¢k) and is calculated by solving a constrained finite time
keeps track of the previous control inputk —1) and  gptimal control problem in a receding horizon fashion.
statez(k —1). In other words, at timé the on-board  consider now the following constrained optimization
computer of the Smart calculates the actigit) on problem.

the basis of on-line and past measuremehts) = Problem 1: Let N, > 1 be given and, Qn,,, R be
[“(kT_T D,z(k = DY 2(k)®nlk + DY, .on(k + assigned matrices of appropriate dimensiorﬁs and full-
Ny)*]", commonly denoted as tfgarameter vector  oiymn rank. Letd(k) be the vector of parameters

A possiple approach to the computa}tion of thegiven at timek. We define the problem
control actionu(k) under the given constraints and the
on-line measurements is the hybrid MPC framework. ;;, {J(ﬁ(k La ) (k) 2
This method has proved to be very efficient (see [2], ™) (k)
[9], [12] to cite a few), in terms of trade-off between _ .
targeting good performances and dealing with strong  F(e(k + Np)) + > L(e(k + j), u(k +J))}7
model uncertainties and tight constraints, in several j=0 ©)
real-time applications. . N . .
To formulate the problem in a hybrid MPC frame-.SUIOJeCt to (4)'(8)’ Wher%<(]f\,+)‘7) = 2(k-+7)=n(k-+j)
. . . is thetracking erroranda!™r) (k) = [u(k),...,u(k+
work we need to perform the following steps. First, . )
. : N, —1)] is the sequence d¥, control inputs. We de-
we provide an equivalent MLD form [2] of the PWA . A
. ; fine F(e(k+Np)) = ||@npe(k + Np)||; and L(e(k+
model (3) subject to the constraints (4) and (5). The bt i) 2 bt R I<;1 ) -
resulting MLD system will be used as teediction )> (k7)) = [|Q=( Jr])”} +l ?L( +j)‘~|1. )
model by the MPC algorithm. The MLD modeling Suppose that Problem 1 is feasible andil}y’ (k) _
framework is an alternative way to represent |:>\,\/A(jenoteA its (cJJth)lmaI sqlutlon. Then, the control action
models (see [2]) by means of auxiliary binary vari-u*(k) = (@t (k)), (i.e. the first element of the vec-
ables. Then we formally describe the MPC set-up and)ruf)gtp)(k)) is applied to the nonlinear model (1), in a
the corresponding constrained optimization problemeceding horizormanner. Next, the set of parameters
The MLD model is needed because it allows the)(k + 1) is updated at time step + 1 and, a new
conversion of the MPC optimization problem into aoptimal control problem is solved to obtain the new
mixed integer linear programmingMILP) problem control actionu*(k + 1).

Np—1

(an¢;-norm based MPC cost is employed). A shorter control horizonN, < N, may also
PWA to MLD conversion. The PWA system (3) is be used, i.e.,u(k + j) = u(k + N. — 1), j =
transformed into an MLD system by the introductionN,, ..., N, —1. This choice has the general advantage
of a binary variablej(k) [2]. The value of5(k) equals of reducing the number of variables and providing a
0 when the active mode in (3) is systehanddé(k) = smoother solution. Here we only consider the case
1 when the active mode in (3) is systemHence the N, = N.. The choice of the/;-norm is a valid
new model of the system is: trade-off between the complexity of the optimization
problem and the quality of the solution. It allows
w(k +1) = Az(k) + Lo(k) + Fr, ®)  the use of MILP solvers [1], [6], [10], more reliable

5 ) than mixed integer quadratic programming solvers,
This set-up requires the knowledge of the future refereecéov, d ai b £ h h btained
which is available in the case of prescheduled trajectpoei may and gives petter performance than the one obtaine

be predicted via reliable distribution models. via the /,-norm [4].



At each time stepk, Problem 1 can be converted
into a MILP problem of the form

J*(0(k)) = min ¢ 5») :
5 (Np) (10)
st. BEoWe) < G + FEod(k),

which can be tackled using efficient solvers like y
Cpl ex. -
Ny

IV. A TERMINAL CONSTRAINT SET APPROACH TO
TRACKING

sz(Np)

25 -2 -15 -1 -05 0 05 1 15 2 25

In general, the MPC control law computed as de- e (N)
scribed in the previous section is not necessarily guar-
anteed to achieve asymptotic stability of the closedFig. 2. Positively invariant set, used as end point constraint,
loop error dynamicse, not even in the case when centered on the last point of the predicted reference trajec-
n(k) = x. for all k& (z. denotes an equilibrium of tory.
the prediction model). For fixed-point regulation, a
Derticular terminal oot and 16 mtodute a terminay NSX: 6%, be the maximal sublevel set of
constraint set in Problem 1 (see [13] for details) Bycontalned in the .set of _sta_tes vyher(_a the_chaI PWL
: . ; : . Jcontrol law haux is admissible, i.e. it satisfies the
using a terminal cost and constraint set in a time-

; . . |[nposed state and input constraints (see Figure 2).
varying reference tracking context, we propose in Whq\lote that the seXy_ is @ common positively invariant
follows a heuristic solution. °

. . set for both dynamics 1 and 2 of system (3) in closed-
First, we follow off-line the usual steps performed y ! ys (31 S

; tina the t inal t and raint set -loop with hgy, due to the fact thak’ is a commory,-
or computing the terminal cost and constraint Set ity ;) e (local) Lyapunov function for this closed-
the case of a fixed setpoint. LBf,x : R™ — R™ with loop system
lhaux(O)h_:hO. be an au>|<i|iary sltatedfgedbgckl control The idea is to compute the terminal constraint
aw, which is commonly employed iterminal cost . 3

; . set on-line asXy (k) = k + Np)} & Xy,
and constraint setMPC [13]. In the PWA setting o o denoterVI t(he) Minl;{gvslski sur};)}of set];p and

of system (3) we take this state feedback piecewise .
linear (PWL), i.e.haudx) = K1z whenzs < o and 1k + Np) is known before hand, and to add the

e terminal constraint (k+Np) € Xy, (k) to Problem 1.
hawdw) := Kox whenw > a, Kip € R™™ Then, pputoqisin a tir$1e—vary)ing terrr(1in)al constraint set,
}’;‘Z drsgcullriotnht?ct)”g]f? te::t'igg: cost and the aUXIIIarlehich changes along with the reference trajectory, see

aux Figure 4. Although the reformulation of Problem 1
F((A; + B;K;)z + F;) — F(z) + L(z, K;z) < 0, with the terminal co;t and the terminal constraint sef[
(11) computed as described above does not necessarily
for all z and all j = 1,2. The terminal constraint guarantee asymptotic stability of the closed-loop error
setXy, is taken as a positively invariant set [3] for dynamicse, the good tracking performance obtained
system (3) in closed-loop withauy. in the simulations encourage us to further investigate
Recently, a method for finding a solution to thethe convergence properties of the hybrid MPC set-up

above inequality for/..-norm based costs” and developed for tracking.
L was presented in [12]. Note that although the
method of [12] is presented for thé.-norm case,
in fact, it can be applied to MPC cost functions We present the simulation results, obtained with the
defined using any-norm, including the/;-norm. By numerical values of the model given in Section II,
applying the method of [12] we have obtained theand the terminal cost and constraint set calculated in

V. SIMULATION RESULTS

terminal cost matrixQy. = 4.58 0.45 and the Section IV. The equivalent MLD form of system (3)
No ™1 514 4.15 is used as the prediction model, and the control input
feedback gaind(; = [ —0.2417 —0.3294 |, K, = is applied to the continuous-time nonlinear system (1).

[ —0.2245 —0.3176 ] which satisfy the condition For the considered trajectory and initial conditions, a
(11) for the stage cost matric&3 = diag[0.8,0.8]  prediction horizon ofN, = 19 was required to attain
and R = 0.01, anyz andj = 1,2. The sublevel sets feasibility of the corresponding MPC optimization
of the calculated terminal codt(z) = ||Qn,z||s are problem. The simulations have been carried out in
A-contractive sets [12] and hence, positively invarianvat | ab 7, on the OSLi nux 2.4.22, | NTEL
sets for system (3) in closed-loop withyx. pentium 4, 3CGHz processor. The MILP optimiza-
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Fig. 4. Zoom-in on the open-loop evolution of the predicted state (the blue thin line ibeti@ning of the simulation),
which illustrates that the terminal set is reached, and plot of the terminastraint set evolution as the reference changes.

tions were performed withLOG Cpl ex in TOVLAB | Sampling time
v5. 1.

The initial values of the parameters collected in
the vectory are u(0) = 0, z(0) = [0,5]T and
x(—1) = [-5,5.3]T. The constraints are collected in
Table 1l. The duration of the simulation is= 33 s.
The tracking of the trajectory, the control input and the
variation of the control input are depicted in Figure 3.

Additionally we report in Figure 4 a detail of the
simulation that shows how the open-loop evolution o2
of the predicted model enters the terminal set after
N, = 19 time samples. This figure also shows o : - - - = =
how the terminal constraint set is updated on-line Simulation time (5)
by simply centering it into the last element of the ) ) ) .

Fig. 6. On-line computational time at each time step. Note

predicted reference trajectory. In Figure 5 we show - . ic always lower than the sampling time.
that acceleration and jerk meet the given constraints.

The mismatch between the hybrid prediction model

and the nonlinear plant causes minor violations of thfecessary condition in all real-time applications.
nominal constraint. This can be avoided by setting

the constraint thresholds within a robust calculated V1. CONCLUSIONS

margin. In Figure 6 we plot the on-line computational We have studied the problem of designing an adap-
time history, which shows that the required calculative cruise controller for a Smart. The number of
tions are always carried out well within the durationconstraints that arose from the realistic case study
of the imposed sampling period’(= 1 s), which is a have led us to consider an MPC framework. The PWA

0.6

0.4r-

Computational time (s)
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Fig. 5. Behavior of the acceleration and jerk during the simulation described iticey'.

prediction model of the system enabled us to cast tHeo] m.
control problem in a MILP formulation. An adaptation

of the terminal cost and constraint set method has
been employed to obtain a hybrid MPC scheme witiu1]
good tracking performance. The successful simulation
results, regarding both tracking and computational
complexity, encourage us to pursue the theoretical
aspects related to the convergence properties of tifl
hybrid MPC set-up for tracking as well as the real-

time implementation on a Smart car.
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