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On Algorithms for a Binary-Real (max x)
Matrix Approximation Problem

Bart De Schutter, Jan Schepers and Iven Van Mechelen

Abstract— We consider algorithms to solve the problem of norm in (1) we will consider thes, /2 or £, norm, which

approximating a given matrix D with the (max x) product of  gre defined as follows for a matrik € R™" [5]:
a binary (i.e., a 0-1) matrix Sand a real matrix P: mingp ||S®

P—D||. The norm to be used is thel;, ¢, or ¢, norm, and m n m n ) 3
the (max x) matrix product is constructed in the same way as lAlle, = Zl Z laij| ,  [|Alle, = (Zi > aij)
the conventional matrix product, but with addition replaced by i=1j=1 i=1j=1
maximization. This approximation problem arises among others
in data clustering applications where the maximal component
instead of the sum of the components determines the final . ) .
result. We propose several algorithms to address this problem.  In Section Il we show how the binary-real mat(ixax x )

The binary-real (max x) matrix approximation problem can be  approximation problem (1) arises in the context of some data
solved exactly using mixed-integer programming, but since this  ¢|ystering approaches. Next, we discuss some properties of
approach suffers from combinatorial explosion we also propose the solutions of Problem (1) in Section Ill. In Section IV

some alternative approaches based on alternating nonlinear . L

optimization, and a method to obtain good initial solutions. W€ Will then show that the optimization problem (1) can be
We conclude with a simulation study in which the performance recast as a mixed-integer linear (for tig and /., norm)
and optimality of the different algorithms are compared. or mixed-integer quadratic programming problem (for the
¢ norm). Although there exist good commercial and free

I. INTRODUCTION . . : . .
solvers for mixed-integer linear and quadratic prograngmin

We consider anr::ﬁtrix approximation problem in which &5hjems; the problem is inherently combinatorial. There-
data matrixD € R™" should be approximated by a modelfore e also present some alternative approaches to find

matrix M € R™" with M the (max x) product of abinary 5 sypoptimal solution in a more efficient way in Section
matrix S€ {0,1}™* and a real matrixP € R M=y These approaches are based on an alternating approach
SOP, where® denotes thgmax x) matrix productm; = iy which S is determined using an enumerative or greedy
maX—1,.kSk- Pxj for all i, ]. This results in the following 5ppr0ach and using nonlinear (real-valued) optimization.

l1A]ls, = max maxn\a”|.

i=1,...mj=1..,

problem: _ _ . For a givenSwe also propose a method to determine a good
Given a matrixD & lejn and an integek find initial solution for P. Finally, in Section VII we present the
Se {0,1}™ andP € R“" such that results of a simulation study in which the performance and
|S®P—D|| is minimized. 1) optimality of the different algorithms are compared.
In Section Il we will explain how this problem arises among Il. BACKGROUND OF THE PROBLEM

others in data clustering applications where the maximal A challenge for a data analyst is to capture the structural
component instead of the sum of the components determine$ormation that is present in a given data matrix of, say,
the final result. Problem (1) is an extension of the HICLASN objects byn variables. One way of achieving this goal
problems considered in [1]-[3]. It is also related to thés to search for homogeneous clusters within the objects.
(max +) matrix approximation problem considered in [4]. An example is the well-knowrK-means clustering tech-

Remark 1.1 Typical ranges for the dimension of the matrices. 1-¢ [6], which describes an approximate (least squares)

S L2 decomposition of the data into on the one hand a binary
appearing in the applications we target ame: {20...., 400}, matrix which represents a partition, and on the other hand a
ne {10,...,50}, andk € {2,...,7}. Furthermore, for practi- P P '

o | . real-valued matrix usually referred to as the cluster cadtr
cal applications the entries & are often nonnegative, and . : . o
matrix. In this paper, we will construct an approximatigh
the same should then hold ft and P. O g : .
to the dataD, that also tries to achieve the goal of capturing
We denote the transpose of a mathixoy AT. Theith row  the underlying structural information iB by decomposing
of Ais denoted by ., and thejth column byA ;. For the M into a binary matrixS and a real-valued matri®. But
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with D, M € (RT)™", Sc {0,1}™K andP ¢ (R*)k*", where I1l. PROPERTIES OF THE SOLUTIONS

R™ is the set of the nonnegative real numbers. The value g]‘

k is assumed to be known in advance. ’
Of course, the decomposition according to (2) implies !f W € {0,1}*is permutation matrix (i.eW has exactly

that a specific type of structural information is capturedone 1 on each row and each column, the other elements

As an example, one can think of data pertaining to thBeing equal to 0), then for a given optimal solutigi, P*)

response latencies of object recognition for a set of vigualOf Problem (1),(S*-W,WT-P*) is also an optimal solution

presented objectS, and a set of persons. Suppose a re$earmre' denotes the conventional matrix mUltiplication.

is interested in a number of latent tasks that need to he .

processed in parallel by the visual system in order for thg- Range of the entries

objects to be recognized [7], [8]. Moreover, the researcher Let us denote thgth column maximum and minimum of

does not know which latent tasks need to be process@las follows:dmaxj = maxdij anddmin j = mind;j.

for each object or does not want to make certain a priori proposition 3.1:Given a data matrixD there always

assumptions about this. In this case, the binary m&nim  eyjsts an optimal approximatio(S',P*) for the ¢1, ¢ or

(2) may represent the latent tasks performed by the visugl norm such that the entries of th¢h column of P* are

system as implied by each of the objects (such as processiggunded from above bginaxj and bounded from below by
the information on spatial frequency, orientation, cotdc.), dminj for eachj € {1,...,n}. o

and the real-valued matri® in (2) may denote the response Proof: Let j € {1,...,n} and consider an optimal
times that each latent task requires from each personslvisygproximation (S',P*). We will prove that there exists
system. To illustrate this, consider the following hypdite o (other) optimal solutioriS*, P¥) for which the entries of

data matrix where the rows correspond to the set of visualtye jth column ofP* are bounded from above lohrax - The
presented objects and the columns to the set of persgugof for the lower bound is similar. '

Uniqueness

participating in the experiment: DefineL = {I € {1,....k} | p}j > tmax;}. If L =0 the upper
0.67 006 026 057 bound part of the proposition is proved. So let us now
082 096 055 057 consider the cask # 0.
D=| 067 099 036 060 | . Consider € L such that = argmax pj;;, and defind; = {i |
0.82 096 055 005 si = 1}. Now we distinguish between two casés= 0 and
057 099 036 060 Il #0. If I =0, then we can change the valuegf without

) ) _ changing the value & © P* and thus also of S*©P*—D||.
This data matrix can be decomposed, according to expressif@nce, we can always et = dmax; in this case.
(2), into a binary matrixS in which the three columns now we consider the cask:ayé 0 and we show by contra-

represent the latent tasks that need or need not 10 BRstion that this case will never occur. We defisé= S,
processed (indicated by 1 and 0, respectively) in ordetfer t p# < pk<n gych thatpt, = p, for all (u,v) € {1,...,Kk} x

objects to be recognized. The matixrepresents, in each {1,...,n} with (u,v) # (I,j) and such thatpf*- = Omax-
column, the processing time required for each of the thrqgéﬁné E*=S0o I;* -D 7and E# — o P# D] Then for
tasks corresponding to that particular person. We have anyi ¢ 1| we havee! = ql_ and for anyi € I, we.haveef‘- _

i i ' i~

0 01 max,(s, pf;) — dij = | pf; —dij = pf; —dij = dmaxj —dij > 0.
0 1 1 0.57 099 036 060 Furthermore, as in additioq*j > Omaxj We havee,*j > eﬁ for
S=|1 0 1), P=]082 09 05 005 . eachicl.So0<é€ < for eachic || andef =g for
010 0.67 006 026 057 eachi ¢ 1. As a consequence, we hayg*| < |[E*|| for the
100 01, ¢, andls, norm. As(S",P*) is an optimal approximation,

If we focus on the second object (i.e., the second ro@pf We thus optain a contradiction. Hence, the initial assuompti
we see that both the second and third latent tasks needt®gt! 7 @ is not valid.
be processed in order for that object to be recognized. TIRY repeating the reasoning above we can show for éadh
(max x) algebra in (2) implies that the response latencies o¥€ havel; = 0. As in this case we can replagg > dmax|
recognition for that object (as represented in the second rd®Y Gmaxj without changingS" © P*, there always exists an
of D) will only be affected by the most demanding of thesé@Ptimal approximation(S’, P*) for which the entries of the
two latent tasks. This matches up in a very natural way witth column ofP* are bounded from above laax . u
the assumption of parallel processing of information by th%v AN OPTIMAL APPROACH BASED ON MIXEDINTEGER
visual system. :
Of course, in practice there will always be errors and noise
present in the data, and then we have to approxirbates We will show that by introducing some auxiliary variables
good as possible with the model mattfix = S® P, where Problem (1) can be recast into a mixed integer quadratic
the error or goodness-of-fit is indicated Bp — S®P||. In  programming (MIQP) problem (for thé, norm), or into a
this paper we will consider thé;, ¢, and /., norm. This mixed integer linear programming (MILP) problem (for the
results in the optimization problem (1). {1 and thef, norms).

PROGRAMMING



In general, an MILP problem is defined as follows: Bijdij <z —dij—&; <0 (8)

min fTx :
CR Zlfiu <k-1 9)
subject toAx< b andx € Z for i € lin, =
dij € {0,1} (10)
and an MIQP problem as follows: Amnin jSI < Z1j < OmaxjSi (11)
min IXTHx+ X Plj — Omaxj(1—81) <Zjj < Pj —Ominj(1—s1)  (12)
subject toAx< b andx; € Z for i € ljy, fori=1,...ml=1...kandj=1,...,n.

Now we have to minimizé|E|| over the system (7)—(12).
Clearly, for the/,> norm this implies that we have to minimize

dratic objective functiénz qzj over (7)—(12), i.e., we

for appropriately sized matricé$ and A, and vectorsf and
b, and wherdi,; C {1,...,n} andZ is the set of the integers.
MILP and MIQP problems can be solved using branch-and* 4U2

I!J

bound methods [9]. have to solve an MIQP problem.

Consider Problem (1) and introduce the auxiliary matrix For the ¢, norm we introduce an additional auxiliary
variable E € R™" such thatE = S©P —D. Then we have variablet such thatg;j| <t or equivalently
&j =max_1__ k(sipj)—dij for eachi, j. This equation can B _ .
be rewritten as tsaj st forall ., (13)

a4y and then we minimizeé over the system (7)-(13), which

|:nll.§?.(k(3' pij —dj —&;) =0 (3) yields an MILP problem. It is easy to verify that for the

! ! . . o *. . . .
Now we introduce additional boolean variablég; that optimal solution we have* = ni1ax|e;] |, i.e., in the optimum

indicate whether or na$ p;; —dij — e is different from 0. the condition|e;| <t holds with equality.
Let By; be a lower bound fos pj; —dij —&; (see equation  For the/, norm we take a similar approach: we introduce

(15) below) and consider the equations additional auxiliary variableg;; for i =1,....m and j =
1,...,n such thatlg;| < tjj or equivalentl
Bijdij <sipj—dj—e; <0 (4) @l <t g Y
K —tjj < @) <t for all i, j, (14)
Zi5i|j<k—1 (%) _
= and we m|n|m|zez tij over the system (7)—(12) and (14),
. 1]
aij €{0.1} . ©) which also yields an MILP problem. It is easy to verify that

Let us now show that the system (4)—(6) is equivalent tbor the optimal solution we have = |&]j|.

equation (3).'Note that (5) together with (6) |.mpI|.es that abetermination of B

least onedy; is equal to 0. Ify; = 0 then (4) implies that .

sipj —dij —&j =0, whereas; = 1 implies thats; pj — Let us now dete_zr_mlne a I_ower bour; for sipj —dij —

dj —&j < 0. Hence, (4)-(6) is indeed equivalent to (3). In8j- From Prop_osmon 3.1 it follows that we may assume

order to obtain linear equations we now introduce additiondnat for an optimal solution we havéinj < Pij < Omax

(real-valued) auxiliary variableg); such thatz; = s pj;. for all i, j, and thus mifdmin j,0) < si pij < MaX(dmax;,0)

Now we use the following result taken from [10]: foralli,l, j. Furthermoreg; = max (s pij) —dij and thus
Lemma 4.1:Consider the functiorf : 2" —R:x— f(X)  &j+dj=max_1__x(sipj) < Maxdmax;,0) for all i, j. This

with 2" a bounded subset @&. Consider two real numbers implies that

M andms with Mt > supc o- f(X) andmg < infye - f(X).

def .
Then the expression= 5 f(x) with 3 a boolean variable is Bij = min(dmin,j, 0) —max(dmax,0) (15)
equivalent to the system <sipj—dij—g; forallil,j.
m;d <y< Mo The approach to determin® and P presented in this
f(x) = M(1-38) <y< f(x)—me(1-8) . o section will in principle always yield the optimal solutido

the Problem (1) (provided that the MILP or MIQP algorithm

Recall that it follows from Proposition 3.1 thain < s allowed to run until the exact solution is found). However
Pij < dmaxj for all i, j. Hence, by Lemma 4.1 we can replaceys the number of variables in the MILP or MIQP increases

the expressiom;; = i pij by the system (i.e., asn, m, and/or k increase), the running time and

Ornin.jS1 < 2] < OmaxjSi th.e memory re_quirements of the MILP or MIQP algorithm

will in general increase (exponentially) as MILP and MIQP
Pij — Omaxj (1= S1) < Z1j < P1j = Ginj (1 —S1) - problems are NP-hard [11], [12]. Therefore, in the next

So summarizing, the equati@= S P — D with Sa boolean section we will propose some alternative algorithms thait wi
matrix can be recast into the following system mwixed require less computing time and memory (but in general they

integer linearinequalities will not always provide the optimal solution).

s €1{0,1} @) !Note that minimizing|[E||, is equivalent to minimizind|E||2.



V. SUBOPTIMAL ALGORITHMS « for each rowS, of S do
A. A suboptimal alternating approach for S and P Initialize §. to [0 0 ... 0]

We propose an approach which is based on alternately ,‘Set‘%:: {.1,...,n} (# contains the indices of the
determiningS and P. Note that in general the convergence frge entries ofS..)
of this approach to an optimal solution cannot be guaranteed while .']OZ #0 and [|S.©P-Di.[>1 do
(see also Section VII). This algorithm works as follows: * Defineey =S, ©P—D;_||

. s
« Given: D, k, a maximum number of iteration stepg * For each _mdexf € 7 flip the .fth entry ofS. to
inati 1, determine the corresponding vakie= ||, ©

and a termination tolerance ’

R - P—Di;.||, and flip the entry back to O
« Initialization: Compute an initial guesS and Py (cf. L . . . )
Section V1), and sek:— 0 * Select the index* for which es is the smallest

. Loop:while <N and [D—SoR|>1 do * 1f &" <& then

. N . Removef* from .# and
— Determine a (sub)optim&”* for S=§ (cf. Section permanently fixSs- to 1
V-B) and setR,; :=P*

. . else
— Determine a (sub)optimab’ for P = R, (cf. Set.Z =0 (no further improvement possible)
Section V-C) and se§.; =S Output: S
— Setl:=1+1 « Dutput:
o Output:S=§ andP =R Many of the suboptimal approaches ®andP presented

In the next sections we propose methods to determine@Q0Ve require an initial starting point. Therefore, in thetn
(sub)optimalP for a givenS, a (sub)optimalS for a given section we present a method to determine initial solutions,
P, and appropriate initial guesses fBrand P. first, for S and next, forP (for a given9).

Note that instead of the alternating approach we could also Vi

) 3 . INITIAL SOLUTIONS FORSAND P
use, e.g., simulated annealing [13] 8rand P.

A. Initial solution for S

B. Algorithms to determine P for a given S To determine an initialS we could consider a random
For a givenS the problem to be solved becomes binary matrix of sizenby k, or use a heuristic initial solution

constructed as follows: Assuming tHat n (which generally

is the case), we select the first columns ofD and we

determine the average value of the entries of thiby k

submatrix. Next we replace all entries that are larger than o

equal to this average value by 1 and the other entries by 0.

min [[SOP-D| . (16)
PcRkxn

Note that for thef1, ¢», and ¢, norm this problem can
be solved column by column as thjéh column of P only
influences thgth column of the producs® P. Problem (16)
is in general not convex. To solve this problem we can useB A suboptimal initial solution for P based on the largest
multi-start unconstrained optimization method, a mutiirs subsolution

nonlinear least-squares method, or if we also include the Note that ifS contains a zero row, the corresponding row
bounds as given in Proposition 3.1 a multi-start constrinesf So P is also a zero row, so these rows cannot be influenced
Optimization method. An alternative approach would be t%y Changingp_ Hence, we now assume that the zero rows
use simulated annealing. We refer to [13], [14] for morey S and the corresponding rows &f have been removed.
information on these nonlinear optimization methods.  Furthermore, for the sake of simplicity we assume that all
entries ofD are nonnegative.

The proposed approach is based on a two-step procedure:

« First we compute the “largest subsolution”®$ P < D,

C. Algorithms to determine S for a given P
For a givenP the problem to be solved becomes

min ||S®P-D|| (17) i.e., we solve the multi-objective optimization problem
56{0,1}ka
_ maxP (18)
For thels, ¢», andl., norm this problem can be solved row by P
row as theith row of S only influences théth row of SO P. subject toSOP <D .
Note that now we have the additional condition tlsate : . .
. . ) . . Th I I I Il I
{0,1} for all i, j, which makes this problem combinatorial. 's problem can be solved analytically as will be

shown below. Furthermore, &is assumed to have no
zero rows, the solution of Problem (18) is always finite.
Next, for each column of P we add a constamt; to the
column such thaf|D, ; — S® (P,; + aj)|| is minimized.
We will show that this problem can also be solved
analytically for thets, ¢2, and/, norm.

Note that this approach yields tiexactsolution for a given

2Note that for practical problemisranges from 2 to 7 (cf. Remark 1.1). S if there exists & such th?.t(& P) is the optimal 50|Uti0n -
So enumeration over all possibl& galues for each row is still feasible.  of Problem (1). These solutions can also be used as an initial

Some approaches to determiSeare enumeratioh tabu
search [15], simulated annealing [13], a genetic algorithm
[16], a mixed integer programming approach similar to that *
of Section IV to simultaneously determine optimal values fo

S andP, or the following greedy approach:

« Given: D, P, and a termination tolerance



solution for the approaches used to determine I®#mdP
(cf. Section V-A), orP for a givenS (cf. Section V-B).

Step 1 Consider Problem (18) and defihe= {i | 5; = 1}
forl =1,... k Note that due to our assumption ti&ttas no
zero rows, we always have# 0 for eachl € {1,...,k}. Fora
feasible solution of Problem (18) we should haye; < dj
for all i1, ], and thuspj < minj¢, dij asl, # 0 and as we
have assumed thak; > O for all i, j. Hence, the entries of
the optimal solutiorRs of Problem (18) are given by

(Rs)j = flgllln dij .

It is easy to verify that the following property holds:

19)

for eachj € {1,...,n} there exists an indek
such that(S® Rs)i;j = dj;j -
Also note that if all the entries dd are nonnegative this also
holds for the entries oRs.

Step 2 Let j € {1,...,n} and now consider the following
optimization problem for the given matri$ and for the
matrix Bs given by (19):

10 ((Hs).,j

In order to simplify the notation we defing = aj, p=
(Rs).j, d=D.j, and we consider the problem

(20)

min||D. +aj)] -
J

min(|d - Se (p+a)]| - 21)

If we definee(a) =
by constructionu <

d—Se (p+a) andu = Se p (note that
d), then we have

e(a) = d.— max s|(p|+or)
—d.— max (s|p|+s|a)
—d.— max (s| p)—a (as there is at least one
""" index| with 5 #0)
:di— —-a .

Note thate(0) > 0 and thate is a decreasing function of
a. This implies that the optimatr for Problem (21) will
satisfy the conditiono > 0. Now we consider the solution
of Problem (21) for the/1, ¢2, and /., norm respectively:

e /1 NnOrm:

In this case the optimization problem becomes:

ming ", |di — ki — a| . Using generalized gradients,
the optimal value fox is then given by the solution of
the equationy™; sgn(di — i — a) = 0, which loosely
speaking implies that the optimal value af is such
that for half of the indices the sign is positive and for
the other half the sign is negative, i.a. is the median
of the set{d; — p1,do — Lo, ..., dm— Unm}-
e /o norm:

e {e NOrm:
In this case the optimization problem becomes:

min_max |dI —a
a i=1,.

yeeesM

= m|n max max(dI
i=1

—a,a+p—d))

& min max(_:maxm(d. —U—a),
(di — i)

& rrg}inmax( max (d W) —a,

. max (a—

(R

& minmax(dmx— a,a)

with dmx_ max (d.

.....

into account tha’d > U and that there exists at least
one indexi such thad. = (Se p)i = K (cf. (20)), which
implies that mifn.1__m(di — 1) = 0. As both arguments
of the max function are affine in the scalar variablgit

is easy to verify that the optimal value afiis obtained
when dmax— a = a. Soa* = %max,

VII.

In this section we present the results of a comparison of
the algorithms proposed above. We consider/theorm, and
we define a set of 250 random test matrices, in which all data
matrices can be represented exactlySasP. The fact that
an exact solution exists allows us to assess the optimdlity o
an algorithm when applied to the given data matrix.

For constructing a test matrip() for which an ex-
act approximation exists, we first select a random integer

Hi) and where we have taken

C OMPARISON OF THE ALGORITHMS

real number denotes the
to x Next, we create a random non-zero binary matrix
) € {0, 1}m kU “and a random integer matriR() e
{0 ., 105" "and we construcd®) = SV & PO,
We have applled the following 5 approaches:

1) the MIQP-based approach of Section IV,

2) a heuristic approach using the initial solution f8r
of Section VI-A and the corresponding suboptimal
solution for P of Section VI-B,

3) an alternating approach (cf. Section V-A) that uses an
enumerative approach for (the rows &and an multi-
start SQP-based approach for (the columnsRyf)

4) an alternating approach that uses the greedy approach
of Section V-C for (the rows ofps and an multi-start
SQP-based approach for (the columns Bf)

5) a simulated annealing approach ®andP jointly.

The algorithms were implemented in Matlab (except for

mi) € {2,...,9}, and we definen() = max<2, {%m“)J),
k() = max( 2,min(n® — 1, L%m(i)J , where |x| with x a
argest Integer less than or equal

In this case the optlmlzatlon problem results inthe MIQP solver, for which we used the TOMLAB Matlab

The optimal value fora is
2(di —

ming 317 (di — pi — ).
then given by the solution of the equatlo

Hi—a)(=1)=

0,ie.,a*= Faninll(di —ui).

interface to CPLEX). The tuning parameters for each of the
approaches above (such as the number of initial starting
points for the multi-start SQP-based approach, the initial
temperature, annealing period and rate for the simulated
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Fig. 1. Percentage of optimal solutions, average CPU time aarthge relative error values as a functiomofor the data matrices of the test set.

annealing approach, etc.) have been set to heuristicaliyning guidelines, investigating other approximationg.(e
determined “optimal” values. As the (first) starting poiot f semidefinite programming [17]) and a more extensive com-
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