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Fuzzy Approximation for Convergent
Model-Based Reinforcement Learning

Lucian Busoniu, Damien Ernst, Bart De Schutter, and Roberuslab

Abstract—Reinforcement Learning (RL) is a learning control ~ basis functions, also known as kernel functions, averagers
paradigm that provides well-understood algorithms with good  and interpolative representations [4], [5], [7], [8].
convergence and consistency properties. Unfortunately, thes Fuzzy approximation for RL is also popular in the lit-

algorithms require that process states and control actions ¢ inlv f del-f RL E imat
take only discrete values. Approximate solutions using fuzzy erature, mainly for model-iree - Fuzzy approximators

representations have been proposed in the literature for the are combined e.g., with Q-learning [15], yielding fuzzy
case when the states and possibly the actions are continuous.Q-learning [16]-[18], or with actor-critic algorithms [1]

However, the link between these mainly heuristic solutions yielding fuzzy actor-critic architectures [18]-[23]. Fiuzzy
and the larger body of work on approximate RL, including Q-learning, Takagi-Sugeno fuzzy rule-bases are typically

convergence results, has not been made explicit. In this paper, d. Act itic_algorith f le-b for th
we propose a fuzzy approximation structure for the Q-value used. Actor-criic algorithms use 1uzzy rule-bases for the

iteration algorithm, and show that the resulting algorithm is ~ actor element, and either fuzzy or other approximators,(e.g
convergent. The proof is based on an extension of previous neural networks) for the critic element. Typically, fuzzy R

results in approximate RL. We then propose a modified, serial approaches are heuristic, and their convergence has not bee
version of the algorithm that is guaranteed to converge at least gy gjed, with the exception of the actor-critic algorithins
as fast as the original algorithm. An illustrative simulation . .
example is also provided. [20], [21]. These algorithms use special rulebase strastur
and parameter update rules in order to guarantee conver-
gence. The results on convergence in the larger body of work
in approximate RL have not been employed for fuzzy RL.
Learning controllers can tackle problems where pre- In this work, we propose a fuzzy approximator similar
programmed solutions are difficult or impossible to desigrfo others previously used for Q-learning [16], [18], but
Reinforcement learning (RL) is a popular learning paragdignye combine it with the model-based Q-iteration algorithm
mainly because it requires only mild assumptions on the présee e.g., [8]). This approximator works for continuous
cess to be controlled, and is able to work without an explichtates and discrete actions; however, continuous actiams c
model [1]-[3]. A RL controller measures directly the pragzesbe handled by discretization. We show that the resulting
state, and receives feedback on the control performance flizzy Q-iteration algorithm converges. We then propose an
the form of a scalar reward signal. The learning objective igsynchronous, serial version of fuzzy Q-iteration, which
to maximize the cumulative reward signal. Well-understoogonverges at least as fast as the original algorithm. The
a|gorithms with good convergence and Consistency prmrtimOdiﬁed algorithm has not, to the authors’ best knowledge,
are available for solving the RL task, both when a moddveen studied yet in approximate RL, althougkact serial
of the controlled process is available and when it is novalue iteration is widely used [3].
However, these algorithms require that the controller ispu  The remainder of this paper is structured as follows. Sec-
(process states) and outputs (control actions) take vatuestion Il introduces the necessary RL elements, and Sectlon I
a relatively small discrete set. When the state and/or actiglescribes approximate model-based RL. Section IV describe
spaces are continuous or contain a large number of elemeritg proposed fuzzy approximation structure. The propertie
approximate solutions must be used. of approximate Q-iteration using this structure are aredyz
Approximation schemes have been proposed for modép Section V. Section VI illustrates the proposed algOI‘i‘Shm
based RL [4]-[6], as well as for model-free or model-leagnin ON & simulated example. Finally, Section VII outlines ideas
RL [7]-[13].1 Unfortunately, in general, approximate RL isfor future work and concludes the paper.
not guaranteed to converge [4], [14]. One type of approxi-
mators for which many RL algorithms converge are linear

I. INTRODUCTION

. BACKGROUND: REINFORCEMENTLEARNING

In this section, we briefly introduce the RL task and
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applied in statery, the state changes ta..1 = f(zx,ur). There are also algorithms that learn a model from experience
The controller receives feedback on its performance in thend others that do not use an explicit model at all [1], [2].
form of the scalar reward signal..1 = p(zg,ux). This
reward evaluates the immediate effect of actiop, but HI. FUNCTION APPROXIMATION FORQ-TERATION
says nothing directly about the long-term effects of this In general, the practical implementation of RL algorithms
action. The controller chooses actions given the curreést requires that Q-values are stored and updated explicitly fo
according to its policyh : X — U: ug = h(xg). each state-action pair. This can only be realized when the
The learning goal is the maximization, starting from thexumber of state and action values is small. When the state
current moment in timek(= 0), of the discounted return: and/or action spaces contain a large or infinite number of
elements (e.g., they are continuous), approximate solitio

oo oo
Z,yka = kap(xk,uk) (1) must be used instead.
k=0 k=0 Parametric approximators use a parameter veétas

where 4 € [0,1) is the discount factor. The discounted® finite representation of the Q-functiap. The following

return compactly represents the reward accumulated by tH§PPIN9S are def!ned " order.to formalize parametric ap-

controller in the long-run. The learning task is therefordr0Ximate Q-iteration (the notation follows [10]).

to maximize long-term performance, while only receiving 1) The Q-iterationmappingT’, defined by equation (5).

feedback about immediate, one-step performance. This can?) The approximationmappingF" : R" — Q, which for

be achieved by computing the optimal action-value function @& given value of the parameter vectoe R™ produces

An action-value function (Q-functionp” : X x U — R, an approximate Q-functio®) = F'(6).
gives the return of each state-action pair under a pdlicy ~ 3) The projectionmappingP : Q@ — R", which given a
- target Q-function)) computes the parameter vector
Q™ u) = p(x,u) + kap(xhh(xk)) ) such thatF'(9) is as close as possible @ (e.g., in a
least-squares sense).
o _ N The notation[F'(0)](z,u) refers to the value of the Q-
wherez, = f(z,u) and @iy = f(zk, hlew)), vk. The function F(6) fo[r t(h(l](state)\-action paifr, u). The notation

optimal action-value function is defined a@*(z,u) = .
max;, Q" (z,u). Any policy that picks for every state the E(Q)]l refers to thel-th parameter in the parameter vector

k=1

action with the highest optimal Q-value: (@) . . . . .
g P Q Approximate Q-iteration starts with an arbitrary param-
h*(z) = argmax Q*(x, u) (3) eter vectorf, and at each iteratiodi updates it using the

composition of the mapping®, 7', and F":
is then optimal (i.e., it maximizes the return (1)).
A central result in RL is theBellman optimality equation Or41 = PTF(6;) (6)

Q*(x,u) = p(x,u) +ymax Q*(f(z,u),u') Va,u (4) Unfortunately, the approximate Q-iteration is not guar-
wey anteed to converge for an arbitrary approximator. Counter-

This equation states that the optimal value of actiotaken examples can be found e.g., in [4], [14] for the related value
in statex is the expected immediate reward plus the expecteatération algorithm, and those results apply directly to Q-
(discounted) optimal value attainable from the next state. iteration as well. One particular case in which approximate

Let the set of all Q-functions be denoted B The Q- Q-iteration converges is when the composite mapgiigH
iteration mappindgl’ : @ — Q is the right-hand side of the can be shown to be a contraction [4], [5]. This property will
Bellman equation for any Q-function: be used below to show that fuzzy Q-iteration converges.

[T(Q)](z,u) = p(x,u) + W}gﬁ@(f(%u)vu') (5) IV. FUzzY Q-ITERATION

Using this notation, the Bellman optimality equation (4) In this section, we propose a fuzzy approximation similar

i ; ; ; x _ * to others previously used for Q-learning [16], [18], but we
states that)* is a fixed point ofT, i.e., =T . The L P i 3 }
w P @ (@) combine it with the model-based Q-iteration algorithm.Ha t

following result is also well-known (see e.qg., [24]). - ) A
Theorem 1: 7 is a contraction with factory in the sequel, it is assumed that the action space is discretetateéno
by Uy = {u]j=1,...,M}. This discrete set can be

infinity norm, i.e., for any pair of functionsQ, Q’, . ) T L X
IT(Q) — T(Q) . <~/Q — Q.. obtained from the discretization of an originally continiso

mac:tion space. The state space can be either continuous or

The Q-value iteration (Q-iteration) algorithm starts from”; TR
discrete. In the latter case, fuzzy approximation is useful

an arbitrary Q-function), and at each iteratiod updates

the Q-function using the formul&),.; = T(Q;). From when the number of digcretg states'is large. .
Theorem 1, it follows thaf has a unique fixed point, and The proposed approximation architecture relies on a fuzzy

from (4), this point isQ*. Therefore, Q-iteration converges partition of the state space inf¥ setsX;, each described by
to Q* asl — oo. a membership functiop; : X — [0, 1]. A statex belongs to

The standard Q-iteration uses anpriori model of the €ach set with a degree of membershjp(z). In the sequel
task (in the form of the transition and reward functighg). e following assumptions are made:



1) The fuzzy partition is normalized, i.€5.~ | u;(x) = Algorithm 1 Parallel fuzzy Q-iteration

1, Vz € X. 1: £ < 0; 6y < 0 (or arbitrary values)

2) The fuzzy sets in the partition are normal, i.e., for 2: repeat
every: there exists anx; for which p;(z;) = 1 (and 3 fori=1,...,N,57=1,...,M do
consequentlyy; (x;) = 0 for all  # ¢ by Assumption 4 Ors1.i5 — plai, uj)+
1). The state valuer; is called the core of sef;. ymax; SN (f (@i, u5)) 00, 5
This second assumption is made here for brevity ins: end for - N
the description and analysis of the algorithms; it cane: (— 041
be relaxed using results of [4]. 7ountil |6, — 61| <6

For an example of a partition that satisfies the above

conditions, see Figure 2 of Section VI. Algorithm 2 Serial fuzzy Q-iteration
The Q-function is approximated using a Takagi-Sugene_- 7 < 0; 6o — 0 (or arbitrary values)

o 1:
rule-base with singleton consequents. The rule-base has or,. repeat

input, the stater, and M outputsq, ..., g, the Q-values

: ! . 3: 0—0
corresponding to each of the discrete actiens. .., u,. 4 fo(r_z' _’3 1 Nj=1 M do
The i-th rule in this rule-base has the form: ) Ay v
5: 97'”' — p(xq, Uj) + 'ymaxl 22:1 ,ul(f(xq, uj))ﬁm»
Ri: if zis X then g1 = 6;15¢2 = 6525 .. 5qm = O3 6:  end for
7: 9[+1<—9,€H‘€+1

The parameters of this approximator are the singleton cong. until (|6, — 8,_,|| _ < 6
sequent values appearing in the rule-base. They are attange
in an N x M matrix 6, one row for each rulé and one
column for each outpui.® The logical expression:'is X;’ o ) o .
holds true with degreg:;(z), the membership degree of shares similarities with barycentric interpolation [6]hel
in X;. The fuzzy rule-base outputs the weighted sum of thanalysis in S_ection V will rely on theoretical properties of
consequent value ; in each rule, where the weight factor tN€se approximators. _ o
of a particular rule corresponds to the degree of fulfillmeft AN explicit form of the approximate Q-value iteration
its logical expression. Thus, the approximator takes astinp@/90rithm using the approximator (7) and projection (8) is

the state-action paifz,u;) and outputs the Q-value: given in Algorithm 1. To establish the equivalence between
Y Algorithm 1 and the approximate Q-iteration in the form

N (6), observe that the right-hand side in line 4 of Algorithm 1
Q(z,u;) = [F(O)](z,u;) = Y pi(x)0i 5 () corresponds t67(Qy))(x:,u;), whereQ, = F(6;). Hence,
i=1 line 4 can be writterf,, , ; ; < [PTF(6,)];; and the entire
This is a basis-functions form, with the basis functiongor loop described by lines lines 3-5 is equivalent to (6).
only depending on the state. The approximator (7) can beIn Algorithm 1, only the parameter at the end of the
regarded as\/ distinct approximators, one for each of theprevious iteration are used in the computation of the upbate
M discrete actions. valuesf, ;. Algorithm 2 is an alternative version, which uses
The projection mapping infers from a Q-function the valthe updated parameters as soon as they are available. Since
ues of the approximator parameters according to the retatiche parameters are updated in serial fashion, this version i
called serial Q-iteration. Although the exact counterpart of
0ij=PQ)i; = Qi uy) ®)  this algorithm is widely used [1], [3], approximate serial Q
This is a particular case of the least-squares solution: iteration has not, to the authors’ best knowledge, beeriextud
yet. To differentiate between the two versions, we hereafte
PQ) = arggﬂin > QM u) — F(O)(x,u)? call Algorithm 1 parallelfuzzy Q-iteration.
(z,u)eXox Uy

~

when the set of sample&, x U, is the Cartesian product V. ANALYSIS

of the set of coresXy = {z1,...,zx} and the discrete  |n this section, the convergence of parallel and serialyfuzz
action spacé/y. Note that when the set of samples is differQ-jteration is established. It is shown that there exists a
ent from this, least-squares projection no longer guaesnteparameter vectof* such that for both algorithms, — 6*
convergence [4]. as ¢ — oo. The consistency of the algorithms, i.e., the
The approximator specified in this way is a special casgonvergence to the optimal Q-functi@)* as the maximum
of several types of approximators previously consideregistance between the cores of adjacent fuzzy sets goes to 0,
for RL: interpolative representations [4], averagers Ei}d s not studied here and is a topic for future research. It can
representative-state teChmqueS as described in [13]5('1 aphe shown, however, that under certain CO”dlthﬁ&?*) is

_ _ , _ within a given bound of th&)* [4], [5].
3The matrix arrangement is adopted for convenience of notatitys For P ition 1: E . : Al ith 1
the theoretical study of the algorithms, the collection ofapaeters is still roposition 1. Fuzzy Q-iteration ( gorithm ) con-

regarded as a vector, leading e.g. ||| ., = max; ; |6;;]. verges.



Proof: The proof follows from the convergence proof In the same way as exact serial value iteration [3], serial
of value iteration with averagers [5], or with interpolativ fuzzy Q-iteration can be shown to converge at least as quickl
representations [4]. This is because fuzzy approximaton as Algorithm 1.
an averager by the definition in [5], and an interpolative The following bound on the suboptimality of the computed
representation by the definition in [4]. For these types aR-function follows from [5], but applies only when the
approximator,P and F' are nonexpansions, makingl’F' a  action space of theoriginal problem is discrete (i.e., no
contraction with factory, i.e., |PTF(0) — PTF(#')||,, < discretization is necessary prior to fuzzy Q-iteration).

v 0|, forany6, 6’ [ | Proposition 3: If the original action space is discrete and
Similarly to the convergence proof for exact serial valuening HQ* — QHOO = ¢ where @ is any fixed point of the
iteration in [3], it is shown below that thepproximateserial composite mappind’P : @ — Q, then fuzzy Q-iteration

Q-iteration Algorithm 2 converges. converges t@* such that:
Proposition 2: Serial fuzzy Q-iteration (Algorithm 2) con- 2
verges. Q" — F(67)] )

. 0 = 1 _
Proof: Denoten = N - M, and rearrange the matrix K

6 into a vector inR"™, placing first the elements of the first For example, any Q-function which satisfi€§xz,u;) =
row, then the second etc. The element at tioand column Zf;l wi(x)Q(zi,u;) Va,j is a fixed point of FP. In
j of the matrix is now thd-th element of the vector, with particular, if the optimal Q-function has this form, i.es, i

l=(0G—-1)-M+j. exactly representable by the chosen fuzzy approximater, th
Define for alll = 0,...,n recursively the mapping$; :  algorithm will converge to it (since in this case= 0).
R™ — R™ as: In this section, we have established the parallel and
So(0) =6 serial fuzzy Q-iteration as theoretically sound algorighfor

— approximate RL in continuous-state tasks. When the original
[S1(0)]; = [PTE(Si—1(0)] i 1=1 action space is discrete, bounds on the derived Q-function
SO le{l,....,n}\! and policy were also shown to hold.

In words, .S; corresponds to updating the filsparameters VI. SIMULATION EXAMPLE
using approximate serial Q-iteration, arf§), is a com- . . . L N
plte feraio ofne approsimate sral aigorom. e w2 4 LS exee beey S teruon s it
show thats,, is a contraction, i.e.||S,,(8) — S, (¢')| . < manipulator
v10 — 0|, for any 6,6’. This can be done element-by- P :
element. By the definition of;, the first element is only A, Two-link Manipulator Model

updated bys: The two-link manipulator, depicted in Figure 1, is de-

I[Sn(@)]1 — [Sn(8)]1] = [[S1(0)]1 — [S1(0")]1] scribed by the fourth-order nonlinear model:
= |[PTF(0)) — [PTF(0')] M(a)d + C(a, d)a + Gla) = 7 (10)

_ _ wherea = [ay,as]T, 7 = [r1,72]T. The system has two
The last step follows from the contraction mapping propert¥ontrol inputs, the torques in the two joints, and 7», and

of PTF. four measured outputs — the link angles,, a», and their
Similarly, the second element is only updated $3y angular speedé, c.
115,(0))2 — [Sn (8)]2] = [[S2(8)]2 — [S2(8))]2] In the sequel, it is assumed that the manipulator operates

_ B / in a horizontal plane, leading 1@(«) = 0. The mass matrix
- HPTF(Sl(e))]Ql [PTES())]:] M () and the Coriolis and centrifugal forces matéiXa, &)
<y [151(0) = S1(6)[| have the following form:

= ymax{|[PTF(0)], — [PTF(0")],

02— 05100 — 01} Mia) = [} PR eoses et dbeosee ]
<v0—-0 Clod) = |:b1 — P3dgsinag  —Ps(dq + de) sinasg
where||S;(0) — S1(0")| . is expressed by direct maximiza- ’ Paavy sin ba
tion over its elements, and the contraction mapping prgpert (12)
of PTF is used twice.
Continuing in this fashion, we obtain

I[Sn(D)]: — [Sn(@)]:] < ~0—0, for all I, and
thus S,, is a contraction. Therefore, serial fuzzy Q-iteration
converges. [ |
This proof is actually more general, showing that approx-
imate serial Q-iteration converges for any approximation

and projectionP for which PTF is a contraction. Fig. 1. Schematic drawing of the two-link rigid manipulator.




TABLE | 1

PHYSICAL PARAMETERS OF THE MANIPULATOR
0.75
Symbols and values Meaning
l1 =12=04m link lengths _’63
m1 = 1.25kg, ma = 0.8kg link masses = 05
I = 0.066 kgm?, Iy = 0.043kgm? | link inertias =
c1 =cp=0.2m centers of mass for the links 0.25
b1 = 0.08kg/s, ba = 0.02kg/s dampings in the joints
T1,max = 1.BNM, 72 max = 1Nm maximum motor torques 0 y
Q1 max = 02, max = 27 rad/s maximum angular velocities| =27 - _% og T 21

. . Fig. 2. The triangular fuzzy partition for the state varmhl; €
The meaning and values of the physical parameters of theéa, 2] (identical to the partition forcw). Core values are in

system are given in Table I. Using these, the rest of thg-2x, —w, %*,0, %, 7,27}
parameters in (10) can be computed by: :

P1:m10%+m2l%+11 P2:77LQC%+I2
P3 = mgllcg
B. Setup of the RL Algorithm

The input of the RL controller (the process state}is-
[T, a™]T, and its output (the command signal)ds= .
The discrete time step is set I = 0.05 and the discrete-
time dynamicsf are obtained by numerical integration of
(10) between consecutive time steps.

The control goal is the stabilization of the system around
a = & = 0 in minimum time, with a tolerance of5- /180
rad for the angles, and-0.1 rad/s for the angular speeds.
The reward function chosen to express this goal is:

0 if |ap| <5-7/180 rad

(13)

Link angles[rad]

Cmd torques[Nm] Link velocities[rad/sec]

p(z,u) = and |, <0.1rad/s,p=1,2 (14)
—1 otherwise T
°
where[ay, asz, d, do]T = f(z,u) (the next state). g 05 o o / R S
Each torque signat,, p = 1,2 takes continuous values in & 1 p R . p

the_ COfr_eSpondlng !nterV@pr,mam Tp,max])- TO apply fuzzy Fig. 3. State, command, and rewar§%hnals for RL control (bldck line
Q-iteration, three discrete values are chosen for eactueorq — jink 1, thick gray line — link 2). The initial state iy = [—=, —, 0, 0]T.

—Tp.max (Maximal torque clockwise}), andr, max (Maximal

torque counter-clockwise). . . . . -
Separately for each state component, a normal, complet8€ fuzzy partition computed in th|§ way still satisfies

triangular fuzzy partition is defined. Such a partition isAssumptlons. 1 and 2: It cont§|rlj$2-7) - 7956 ;ets.

completely determined by the core coordinates of the fuzzy AN @Pproximate optimal action-value function is computed

sets. Fora; and s, the interval is partitioned into 7 fuzzy With serial and parallel fuzzy Q-iteration. The discourdtta

sets, with their cores gt—360, —180, —30, 0, 30, 180, 360} - IS Set oy = 0.98.

/180 rad/s. This partition is depicted as an example ira: Results

Figure 2. Fora; and ag, 12 sets are used, with their cores™

at {—180, —130, —80, —30, —15, —5,0, 5,15, 30, 80, 130} - Figure 3 presents a controlled trajectory starting from the

/180 rad. There is no fuzzy set with core because this initial statexy = [~r,—7,0,0]", together with the corre-

is identical with the first set, having the corer (the angles sponding command and reward signals. In order to obtain a

evolve on a circle manifold—, 7)). continuous policy from the computed Q-function, the follow
The fuzzy partition of the state space is then defined 489 heuristic is used. For any state value, an action is com-

follows. One fuzzy set is computed for each combinatiofuted by interpolating between the best local actions,gusin

(i1,...,is) of individual sets for the four state componentghe membership degrees as weightsz) = S°7Y | 11;(2)u;-,

a1, aa, @1, do. Such a fuzzy set has the following memberwhere j; is the index oAf the best local action for the core

ship function: statex;, j; = argmax; Q*(v;,u;) = argmax; 0 ;.

) ) The controller successfully stabilizes the system in about

pl) = pra iy (01) P ia (02) P i (01) Has i (62) (15) 5 76 "Bacause the control actions were originally continuous

This way of building the state space partition can be thouglaind had to be discretized prior to running the fuzzy Q-

of as a conjunction of one-dimensional concepts corresponiteration, the bound (9) does not apply.

ing to the fuzzy partitions of the individual state varisghle  Figure 4 compares the convergence rate of the two al-



10

N N 1
g 107} N 1 g
< [2]
| N
s W' N
[3]
107} ’ 4]
0 5‘0 1(;0 15;0 260 25;0 300
Iteration ¢ 5]
Fig. 4. Convergence (solid line — fuzzy Q-iteration, dashied — serial
fuzzy Q-iteration). The vertical axis represents the disgato the optimal (6]
parameter vector.
(7]

gorithms. As expected from Section V, serial fuzzy Q- g
iteration converges more quickly. It gets within—> of the
optimum in under 200 iterations, as opposed to 300 for th
parallel version. Because the computation time required by
one iteration is nearly the same for the two algorithms, thig0]
translates directly into a decrease of the computation time
required for serial fuzzy Q-iteration. [11]

VIl. CONCLUSIONS ANDFUTURE WORK

In this work, fuzzy approximation was combined with the[lz]
model-based Q-iteration algorithm, and it was shown that
the resulting algorithm is convergent. A serial versiontod t
algorithm was then proposed that updates parameters mJ)lrsg
efficiently, and that converges at least as fast as the atigin
parallel version. The algorithms exhibited good perforogan [14]
on a nonlinear control problem with four continuous states
and two continuous actions.

A first direction for future work is the study of the [19]
consistency of fuzzy Q-iteration, i.e., the asymptotic -CONy16)
vergence to the optimal Q-function as the distance between
the cores of the fuzzy sets shrinks to 0. Another importa
step is the study of online (model-learning or model-free
fuzzy RL algorithms that have good learning speed and
low computational complexity. Possibly, results from ladfn
based or interpolation-based RL apply to this case [7],.[10}g
It would also be interesting to extend our approach such that
it can handle without discretization complex or continuou?1 8
action spaces.

Finally, it would be very useful to find a method of adapt-
ing the structure of the fuzzy approximator (e.g., the cord3®
of the triangular fuzzy sets in the partitions) during leagn
using the current Q-function estimate, in order to minimize
the distance to the optimum. It should be noted howevé#ll
that changing the approximator structure while learning an

approximate Q-function could lead to convergence problems
[22]
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ACKNOWLEDGMENT

This research is financially supported by Senter, Ministrys]
of Economic Affairs of the Netherlands within the BSIK-
ICIS project “Interactive Collaborative Information Sgsts” [24]
(grant no. BSIK03024), by the NWO Van Gogh grant VGP
79-99, and by the STW-VIDI project “Multi-Agent Control
of Large-Scale Hybrid Systems” (DWV.6188).

REFERENCES

R. S. Sutton and A. G. BartdReinforcement Learning: An Introduc-
tion. Cambridge, US: MIT Press, 1998.

L. P. Kaelbling, M. L. Littman, and A. W. Moore, “Reinforoeent
learning: A survey,"Journal of Atrtificial Intelligence Researciol. 4,
pp. 237-285, 1996.

D. P. BertsekasPynamic Programming and Optimal Contr@hd ed.
Athena Scientific, 2001, vol. 2.

J. N. Tsitsiklis and B. Van Roy, “Feature-based methods lfoge
scale dynamic programmingWMachine Learningvol. 22, no. 1-3, pp.
59-94, 1996.

G. Gordon, “Stable function approximation in dynamic pragming,”
in Proceedings Twelfth International Conference on Machiearhing
(ICML-95), Tahoe City, US, 9—-12 July 1995, pp. 261-268.

R. Munos and A. Moore, “Variable-resolution discretina in optimal
control,” Machine Learningvol. 1, pp. 1-31, 2001.

D. Ormoneit and S. Sen, “Kernel-based reinforcement legrh
Machine Learningvol. 49, pp. 161-178, 2002.

D. Ernst, P. Geurts, and L. Wehenkel, “Tree-based batcHenrein-
forcement learning,Journal of Machine Learning Researubl. 6, pp.
503-556, 2005.

] M. G. Lagoudakis and R. Parr, “Least-squares policyaitien,” Journal

of Machine Learning Researchol. 4, pp. 1107-1149, 2003.

C. Szepesari and W. D. Smart, “Interpolation-based Q-learning,”
in Proceedings 21st International Conference on Machineniregar
(ICML-04), Bannf, Canada, July 4-8 2004.

L. Baird and A. Moore, “Gradient descent for generahfercement
learning,” in Advances in Neural Information Processing Systems 11
(NIPS-98) Denver, US, 30 November — 5 December 1998, pp. 968—
974.

S. P. Singh, T. Jaakkola, and M. I. Jordan, “Reinforcetmiearning
with soft state aggregation.” iddvances in Neural Information Pro-
cessing Systems Denver, Colorado, USA, 1994, pp. 361-368.

D. Ernst, “Near optimal closed-loop control. Applicati to electric
power systems,” Ph.D. dissertation, University ofege, Belgium,
March 2003.

J. Boyan and A. Moore, “Generalization in reinforcemégerning:
Safely approximating the value function,” iAdvances in Neural
Information Processing Systems 7 (NIPS;9gnver, Colorado, US,
1994, pp. 369-376.

C. J. C. H. Watkins and P. Dayan, “Q-learnindfachine Learning
vol. 8, pp. 279-292, 1992.

P. Y. Glorennec, “Reinforcement learning: An overview Pro-
ceedings European Symposium on Intelligent TechniquesT(ES)
Aachen, Germany, 14-15 September 2000, pp. 17-35.

T. Horiuchi, A. Fujino, O. Katai, and T. Sawaragi, “Fyzz
interpolation-based Q-learning with continuous stated antions,”
in Proceedings 5th IEEE International Conference on Fuzzye8ys
(FUZZ-IEEE-96) New Orleans, US, 8-11 September 1996, pp. 594—
600.

L. Jouffe, “Fuzzy inference system learning by reicfament meth-
ods,” IEEE Transactions on Systems, Man, and Cybernetics—Part C:
Applications and Reviewssol. 28, no. 3, pp. 338-355, 1998.

H. R. Berenji and P. Khedkar, “Learning and tuning fuzingic
controllers through reinforcements/EEE Transactions on Neural
Networks vol. 3, no. 5, pp. 724-740, 1992.

H. R. Berenji and D. Vengerov, “A convergent actor-cribased
FRL algorithm with application to power management of wirgles
transmitters,"lEEE Transactions on Fuzzy Systemsl. 11, no. 4, pp.
478-485, 2003.

D. Vengerov, N. Bambos, and H. R. Berenji, “A fuzzy reirdement
learning approach to power control in wireless transmiftetSEE
Transactions on Systems, Man, and Cybernetics—Part B: Ggbtes
vol. 35, no. 4, pp. 768-778, 2005.

A. Bonarini, “Evolutionary learning, reinforcemenglming, and fuzzy
rules for knowledge acquisition in agent-based systefgjteedings
of the IEEE vol. 89, no. 9, pp. 1334-1346, 2001.

C.-K. Lin, “A reinforcement learning adaptive fuzzy dooller for
robots,” Fuzzy Sets and Systemsl. 137, pp. 339-352, 2003.

S. Jodogne, “Closed-loop learning of visual controliges,” Ph.D.
dissertation, University of l&ge, Belgium, December 2006.



