Delft University of Technology

Delft Center for Systems and Control

Technical report 10-056

Optimal steady-state control for
isolated traffic intersectionsE

J. Haddad, B. De Schutter, D. Mahalel, I. Ioslovich, and
P.-O. Gutman

If you want to cite this report, please use the following reference instead:
J. Haddad, B. De Schutter, D. Mahalel, I. Ioslovich, and P.-O. Gutman, “Opti-
mal steady-state control for isolated traffic intersections,” IEEFE Transactions
on Automatic Control, vol. 55, no. 11, pp. 2612-2617, Nov. 2010.

Delft Center for Systems and Control
Delft University of Technology
Mekelweg 2, 2628 CD Delft

The Netherlands

phone: +31-15-278.51.19 (secretary)
fax: +31-15-278.66.79

URL: http://www.dcsc.tudelft.nl

*This report can also be downloaded via http://pub.deschutter.info/abs/10_056.html


http://www.dcsc.tudelft.nl
http://pub.deschutter.info/abs/10_056.html

Optimal Steady-State Control for Isolated Traffic
Intersections

Jack Haddad, Bart De Schutter, David Mahalel, llya loslovid Per-Olof Gutman

Abstract—A simplified isolated controlled vehicular traffic under the assumptions that the arrival rates are constaat, a
intersection with two movements is considered. A discrete- that, in addition, there are imposed maximum and minimum
event max-plus model is proposed to formulate an optimization gean guration constraints that enable both the queuehiengt

problem for the green-red switching sequence. In the case whent b d d to zero. A n n the n rv and
the criterion is a strictly increasing, linear function of the 0 be reduced 1o zero. AS a consequence, the necessary a

queue lengths, the problem becomes a linear programming (LP) Sufficient condition in [6] for decreasing both queue lesgth
problem. Also, in this case, the steady-state control problem to zero is different from the necessary condition in [5].

can be solved analytically. A sufficient and necessary condition  Under the assumption of a discrete-event model with con-
for steady-state control is derived, and the structure of opmal  ctant arrival and departure rates, in this paper we give a

steady-state traffic control is revealed. Our condition is the sam g . .
as the necessary condition in [5] for both queue lengths to be NECESSATY and sufficient condition for the existence of a

non-increasing at an isolated intersection. constant cycle length steady-state solution. The greeatidar
. . ) int i i iori, dy-state queue
Index Terms—Optimal control, steady-state, isolated traffic constraint s not |mposet_;h priori, and steady . q
intersections lengths are not necessarily equal to zero at any time of the

cycle which however turns out to be the case for dp&imal
steady-state solution. Our condition turns out to be theesam
. INTRODUCTION as the necessary condition (19) in [5].
EBSTER [17] is probably the first researcher that In the case when our optimization criterion is a strictly
investigated the undersaturated conditions for isolatéttreasing, linear function of the queue lengths, the under
traffic intersections, i.e. total flow entering the intets®t saturated problem can be solved by linear programming, and
can pass through during the cycle length. Webster derivéite optimal solution has a simple form that can also be found
an expression for the average delay per vehicle for a givanalytically. It is also shown how to bring initial oversedted
movement, based on theoretical analysis and empiricaltsesunon-optimal queue lengths to optimum, thus enabling an N-
The minimum and optimal fixed green split and cycle lengtétages control solution for the transient phase.
formulas were derived by minimizing the total delay for all
the approaches in the intersection. Other papers, e.g, [12] Il. PROBLEM DEFINITION
[15], aimed to improve the delay estimation formula éwer- A typical simplified isolated intersection is shown in Fig.
saturatedconditions, while others proposed different modeld,. There are two movementsi( andms,), defined as the sets
methods, and strategies for controlling oversaturatethtisd of vehicles having reached but not passed the intersection.
intersections [1], [2], [4]-[6], [9], [10], [13], [16] wher the Each movement is governed by a traffic signal that each
aim was to minimize delays or to maximize the intersectioran be either green or red. Since the two movements cannot
capacity. occupy the intersection area simultaneously, the traffjnads

With available sensors, it is easier to measure queue lengiill be opposite, i.e. when movememt; has green light,
than to estimate delays. Therefore, in this paper the @itemovementm, sees red light, and vice versa. Each movement
are functions of the queue lengths: inspired by Gatisl. will encounter intertwined green and red periods. A cycle is
[5] the time integral over the sum of all queue lengths at thiefined as a pair of one green and one red period, whose
intersection, or the so-called “total delay”, is minimized durations may be time-varying.

Under the assumptions of a continuous differential eqnatio The queue lengtly;(¢) [veh] for movementm; at time,
model for isolated intersection with only two movementss defined as the number of vehicles belongingatowhich
constant total throughput, constant cycle length, constat: is behind the stop line, i.e. the queue does not include the
uration flows, time varying arrival rates, and oversatorati vehicles that are inside the intersection or have passéeiit.
(signifying that the initial queue lengths are larger thenog, a;(t) [veh/s], and d;(t) [veh/s] be the arrival and departure
Gaziset al.[5], found a necessary condition for not increasingates for queue, respectively. The following assumptions are
any queue length. In [6] the same problem as in [5] is treatetade:

_ _ o Al: The arrival rates are known, non-negative constants

Jack Haddad, David Mahalel, llya loslovich, and Per-Olof t-Gu for each green or red period, and the departure rates are
man are with the Faculty of Civil and Environmental Engineer- ’

ing, Technion - Israel Institute of Technology, Haifa 3200Brael. known, non-negative constants within each green or red
{j h, mahal el , agril ya, peo}@ echni on. ac. il period.

Bart De Schutter is with the Delft Center for Systems and Q@bnielft . .
University of Technology, Mekelweg 2, 2628 CD Delft, The Netands. o AZ: di(t_) > a;(t), a”?'di(t) =0, 7= 1,2 for green and
b@eschutter.info red periods, respectively.
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Fig. 1. Simplified isolated controlled intersection with twmvements, each
governed by a red-green traffic signal. constant over each light period: fo5, < ¢ < to),.1 it holds
that a;(ter) = a;(t) and d;(ter) = d;(t), and fortopi1 <

) . t < t 142 it holds thata; (o = q;(t) and d;(ta =
» A3: The queue lengths [veh] are approximated by nor& ’ +_2 1,2. The relatlén2s+b1e)tween(t)he time(v2ari+a1b)les are
negative real numbers.

) ) ) ) i as follows
For the isolated controlled intersection with constanffitra
arrival and departure rates and constant cycle lefig], we tokt1 = tor + g(k) - T'(k) @)
determine the steady-state traffic signal control soluttoat togta = tor + T(k) 3)

minimizes a given queue length dependent criterion. We also _ ) )

formulate a necessary and sufficient condition for steaates B. Formulation of an optimal discrete-event max-plus peofl

control. The value of the queue length for movement in cycle k
at the switching time instanty; is given by

I1l. DISCRETEEVENT MODELS FORISOLATED q1(tar+1) = max (q1(tax) + (a1 (t2r) — di(tar)) - g(k) - T(K),0)
CONTROLLED INTERSECTIONS 4)

A variety of models (cf. [14]) are based on the stor
and-forward approach of modeling traffic networks that was ¢, (to5,12) = q1(torps1) + a1 (tors1) - (1 — g(k)) - T(k) (5)

first suggested in [4], [5]. This approach makes it pOSSIbISecaIIthat the signal light for movemennt, is opposite to that

to simplify the mathematical description of the traffic flow
of m my; therefore the value of the queue lengths for movement
process without the use of switching variables. In this pape

we consider the isolated controlled intersection as a &initc my In cycle & are given by

eand at the switching time instaty,

system, as was done iq [2]', [3], [7], [8], and Fhe optimizatio g2(t2k+1) = q2(tar) + az(tor) - g(k) - T(k) (6)
of the traffic signal switching sequences will be performed, ,,,,) = max (g2(tars1)+ (a2(tapsr) — da(tori1))
with a discrete-event max-plus model. (1= g(k)) - T(k),0) (7)

We now consider the following problem: for a given number
of cycles N (not necessarily of equal lengths) and start-
Let k be the cycle index. By definition, in a cycle, eacling time ¢,, compute an optimal switching time sequence
movement fn; or my) has only one green period. We want tq, ¢, ... ¢,y that minimizes a given performance criterign
determine two decision variables: the cycle lendfiik) [S], There are a variety of criteria that can be chosen, e.g. geera
and g(k) € [0,1] defined as the fraction of the green periogueue length, maximal queue length, and delay over all queue

A. Basic model

time [s] of T'(k) for movementm;. [2]. Two new variables are now define@; (k) [s] and T (k)
The evolution of the system begins at time This implies  [s], whereT} (k) = g(k)-T(k) and Ty (k) = (1—g(k))-T (k).
that the state of the queue lengtfat timet is given by Substituting these variables into (4)-(7) leads to theofuithg
t Discrete-event Max-Plus (DMP) problem:
a(®) = aitto) + [ () ~ di(o)) e @ - ; ©
fo T1(0),T2(0),T1(1),T2 (1), -+ , T (N—1),Ta(N—1)

There are two switching times for cyche to; 11 andtopo subject to
(see Fig. 2). Without loss of generality, let the green light

for movementm,; start att,;,, which coincides with the start g1 (tar1) = max (qu(b2x) + (ar(tor) = di(tze)) - To(K),0)  (9)
of cycle k. Hence,ty,1 is the end of the green light for t(f2k+2) = @1 (t2rs1) + a1 (tarsr) - Ta(k) (10)
movementm;, and the start of the green light for movement2(f2x-+1) = g2(t2x) + a2 (t2x) - T1 (k) 11)
my, while to;1» is the end of the green light for movements (tax+2) = max (ga(tary1) + (az(tart1) — da(tani1)) - To(k),0)
m,, and the start of the green light for movement in the (12)

next cycle. Note thaf'(k) = togyo — tor. From Assumption for k =0,1,2,..., N — 1. Hence, the number of variables to
Al it follows that the arrival and departure rates are knowt a be determined i2V.



IV. STEADY-STATE CONTROL WITH CONSTANT CYCLE gueue lengths equations (13) and (14) are substituted 16{o (
LENGTH and (18), respectively:

Consider the steady-state control problem with constant
cycle length. It is assumed that all cycles and their flowgate ~ 91(T1) = max (1(72) + (@1 (0) = da(0)) - 71,0) (1)
are identical, and hence only one cycle needs to be studied. ¢2(71) = g2(72) + a2(0) - T (22)
The decision variables ar€, [s] and T, [s], and the cycle ) ]
duration isT = T} + T». Let the start time of the steady-state! '€ max equations (21) and (19) can then be relaxed into
cycle be0. The switching times are;, and, respectively, linear inequality equations as follows:
wherebyT = 7, T = 71, andT; = 5 — 71. In steady-state it

is postulated that the queue length for movemeatt the start q1(m1) = q1(72) + (a1(0) — d1(0)) - Ty (23)

of the cycle will be equal to the queue length at the start of qi(m1) >0 (24)

the next cycle: q2(72) > qa(71) + (az(m1) — dao(71)) - To (25)
71(0) = q1(72) (13) q2(m2) > 0 (26)
©(0) = a2(7) (14)  This leads to the “Relaxed” Cyclic Discrete-event Max-Plus

Let the steady-state queue length veciobe defined as (R-CDMP) problem:
[q1(71), q1(72),q2(71), q2(2)]*. The criterion functionJ is

said to be strictly increasing, if, for all queue length wes(, %11“}12 J @7)
G with ¢ < G (elementwise) and; < ¢; for at least one index .
i, we haveJ(q¢) < J(g). subject to

In the following, we consider the case when the criterion
J is a strictly increasing function of the queue lengths, such
as the average queue length, a positively weighted sum of . - . _ T == =
queue lengths, or the average travel time. We show that at:f]tg EJ\%I(QQIinlo(;zc))’fqtzh(glga’-qégl\z/l)li ?ggligr; (73, To]" be
such a criterion, the optimal steady-state constant cgcigth P P )

switching sequence problem and its necessary and suﬁicifﬁn?mpos't'on 1:1f the criterion J is a strictly increasing

(17),(20), (22), (23), (24), (25), (26)

condition can be formulated using a discrete-event mag-pl nction of the queue lengths, then.any Opt'mal solution of
model, and solved analytically for a strictly increasingiant e R-CDMP problem has the following properties:
linear criterion. 1) it holds thatg, (1) = 0,

2) it is also an optimal solution of the CDMP problem.

A. Formulation of an optimal cyclic discrete-event maxsplu ~ Proof: Let us denote the feasible set of the R-CDMP
problem problem asR and the feasible set of the CDMP problem as

The formulation is based on the DMP problem (8)—(129 Clearly it holds thatC c R. L.et us der_lote the optimal
The cyclic queue lengths equations (13)—(14) are addedeto ﬁ:fllue ofJ overC as.J¢ and an optimal solution of the CDMP

DMP problem and then optimized over only one cycle, j roblem asjc = argmin J. Correspondingly we shall denote
q

N =1 andk = 0. The number of decision variables becomege optimal value ot%%verR as.Jg, and an optimal solution of
two: 71(0) and 75(0), for simplicity written as7; and T, the R-CDMP problem agp = argmin J. Clearly Jz < Jc.

respectively. We also assume that a lower boungd, > 0, for
the cycle duration is a priori given, i.& =Ty + T5 > Tyin-

The Cyclic Discrete-event Max-Plus (CDMP) problem is theth¢ = /- _ _
defined as follows: Statement 2 follows from the fact that an optimal solution of

the R-CDMP problem withj; () = 0 belongs toC, because

qER
From Krotov's lemma [11] it follows that ifjz € C, then

%m%l J (15) in this case (16) and (17) are satisfied, whereby we note that
. b (16) and (17) are the only equations wheiér,) is present.
subject to Thus, what remains is to prove statement 1. The analogous
g1(1) = max (g1 (0) + (a1 (0) — dy(0)) - Ty, 0) (16) proposition tha_tsz(Tg) =0 has a similgr proof. .
Statement 1 is proven by contradiction, where the idea of the
0(r2) = q(n) +ax(n) - T (17) proof is that the steady-state queues can be shifted doviln unt
g2(71) = q2(0) + a2(0) - Th (18) G, () equals zero. Assume th@i(r; ), Gz () satisfy (18) and
g2(72) = max (qg2(71) + (az(r1) — da(m1)) - T2,0)  (19) (19), and suppose that f@i (1) (21) is not satisfied,
Tl + T2 2 Tmin (20)

and (13)7 (14) ql (Tl) > max(cjl (7—2) + (a1(0) —d (0)) . Tl, O) (28)

Note that for scalars, b, c € R we have thatt = max(b, ¢) or equivalently

impliesa > b anda > c. In a similar way the CDMP problem - - ~

. . . —d - T 29
can be rewritten in such a way that theax equations are ?l(ﬁ) > @1(72) + (@ (0) = i (0)) - Ty (29)
“relaxed” to linear inequality equations. But first, the kyc @1 (m) >0 (30)



@ () ()

Now we choos€j = [G1(71), 41(72), G2(71), G2(72)]" andT as e tre
follows @(tz) ()
Zero-queue-length period ,
(jl (7_1) -0 (3 1) iy // Zeroxqueue-length period mm
G1(72) = q1(m2) — 1 (71) (32) . PR e o i e
41(0) = ¢i(72) 33 _
_ Fig. 3. Zero-queue-length period for movements andms.
The other variables stay the same, ijg(r1), d2(m2), andT
are equal toga (1), ¢2(72), and T, respectively. We verify Queue{y;qglh m
that ¢, T is also a feasible solution of the R-CDMP problem Movement m
by substitution in (29). Recall that the criteriohis a strictly V‘le((ttzz)) \
increasing function of the queue lengths. Sigce ¢ andg; < h
g; for somei due to (31) and (32) (i.€j1 (1) < Gi(m1) and N ) L
G1(2) < G1(m2)), this implies.J (¢, T) < J(q,T), which is in - —~ —
contradiction with the fact that7,7) is an optimal solution of 0 VETE Y0 T Y= Ton T2 Time [S]
the R-CDMP problem. So the assumption (28) is not satisfied,  ,,c.c 1engin m
and (16) and in particular (31) hold. veh] Movement m
Since the optimal solution of the R-CDMP problem satisfies @ (1)

(16), the optimal solution of the R-CDMP problem is also an vt |

optimal solution of the CDMP problem. Note that we consider
the case (29) and (30), and that the proof for the other cases \ .
is similar. | 0 VI 1§ Tmn T2 Time [s]

_ o, Fig. 4. Decreasing cycle time to the minimum by scaling multadiion.
B. Necessary and sufficient condition for steady-staterabnt 9 9 Y g mule

In this section, a necessary condition for steady-staté@lon
is derived based on the R-CDMP problem. We can eliminag@ly before the end of the green light, i.e. betw@eand
q1(m2) and g2(7;) from the constraint equations of the Rfor movementm;, and betweern; andr, for movementms,.
CDMP problem (i.e. (17), (20), (22), (23), (24), (25), an6)2 Let us denote the start of the ZQLP for movemenis and
by substituting (17) and (22) into (23) and (25), respedfive m, by r{ andrs, respectively. Then the ZQLP for movement
resulting in m; starts at timer{ and ends at time, and the ZQLP for
movementms, starts at timers and ends at times,.

(d1(0) = a1 (0)) - Th = ar () - T (34 "Now we focus on a criterio which is a strictly increasing

(d2(m1) = az(m1)) - T > a2(0) - Th (35) linear function of the gueue lengths. Let be the weighted

If Ty = 0, then (34) and (35) imply thal, = 0, and vice (w1, w2 > 0) sum of the queue lengths,
versa. But this is a contradiction to (20) and the fact that

T,, and T are all positive. It follows from assumptions Al
and A2 thatd;(0) — a1(0) > 0 and da(71) — a2(71) > 0,  Proposition 2: For the R-CDMP problem with a criteriaf
and alsoa; (1) > 0 andaz(0) > 0. The inequalities (34) and that is a strictly increasing linear function of the queusgiis,

(35) are divided byl, and the fractioril’ /75 is eliminated the optimal cycle time is equal to the given minimum cycle
by substitution. Then the following necessary conditiondo time.

J =wiq1(11) + wiq1(12) + waqa(71) + waqa(12)  (37)

steady-state solution is obtained: Proof: In the optimum we have; (1) = g2(72) = 0 by
a1 (1) da(71) — az(m1) Proposition 1, which implies that in the optimum the criberi

d1(0) —ay(0) — a2(0) (36) . only depends on the maximum queue lengths,
Conversely, assuming (36) it can be shown that the constrain J = wiq(72) + waga(71) (38)

equations of the R-CDMP problem can be satisfied with

positive 7; and T». Hence, the necessary condition (36) idhe general case when the cycle time is larger than the
also a sufficient condition for steady-state control. minimum cycle time and each movement has a ZQLP is shown

in Fig. 4. The cycle timer, can be decreased t6,,;, by

. . . . multiplying all the values by the coefficient = T/

C. Analytic solution for linear criterion as sfﬁ)o)\//vngin Fig. 4. Decrea)éing the cyclenttime decréase the
In this section, it is shown that if the criteriohis a strictly maximum queue lengths fromp (2) and ¢2(71) t0 yq1(72)

increasinglinear function of the queue lengths, then the Rgng vq2(1), respectively. The value of is decreased, i.e.

CDMP problem can be solved analytically. the maximum queue lengths decrease with the decrease of the
We define a “zero-queue-length period” (ZQLP) as the timg/cle time which proves that the optimal cycle time will be

period (larger than zero) for which the queue length is equgdual to the minimum cycle tim,,;,*. m

to zero, see Fig. 3. Given the assumptions, a movement can

encounter at most one ZQLP per cycle, and it may happenrRecall thatT,,;, is an endogenous and non-optimized design parameter.
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Fig. 5. Analytic solution for the linear programming problem. . L .
Optimal solution in point A

linear programming (LP) problem whehis given by (38), 3.75

min J = ’LUQ(ZQ(O) . T1 + w1a1(7'1) . T2 (39) /= |
ot 31.25 5o Time [s]
subject to op[veh]
6.25‘
0

o.[veh]
According to Propositions 1 and 2, we obtain the following ‘

o

(di(0) = a1(0)) - 71 = ar (1) - T> (40)
(dQ(Tl) — CLQ(Tl)) . T2 Z CLQ(O) . T1 (41)
Tl + T2 - Enin (42)
In case the necessary condition (36) is satisfied striciy, i ) o
al(ﬁ)/(d1(0) _ al(O)) < (dg(ﬁ) _ ag(ﬁ))/ag(O), the solu- Optimal solution in point B
tion of the problem depends on the slope of the linear iseslin q[veh]
of Jin theT}, T»>-plane, see Fig. 5. lfiza2(0) < wyai () the |
optimal solution is found in pointd, whereby the movement |
mo Will not have a ZQLP. Whenwsas(0) > wiai(r) the 354 i
optimal solution is found in poinB3, and the movemenin; l=
will not have a ZQLP. Points and B are given by 0 295 32.3 5o Time [s]
Toin - (d2(71) = a2(11)) T - a2(0) elven]
(T17T2)A = ’ 6.46
a2(0) + d2(71) — a2(11) " a2(0) + da(11) — az(71)
(43)
—Tmin - a1 (Tl) Tin - (al (O) —dy (0)) )

(10, o) = <a1(0) — di(0) — ar(m)” a1(0) — d1(0) — 01(7'1()44) 0 323 BYgTime [s]

) ) ] Optimal solution in a middle point
If weas(0) = wiaq(71) all points on the straight line between between points A and Bo(= 0.5)

A and B (i.e. the convex combination ef (73,7%) , + (1 —

) (T15T2>Bv 0 < a < 1) are optimal. The inner points will Fig. 6. Example 1. Multiple optimal solutions

have two ZQLPs, one ZQLP for each movement. In the case

when the necessary condition (36) is satisfied with equaléy

a1(m1)/(d1(0) — a1(0)) = (do(71) — az(m1))/az(0), the two With w; = we = 1, and the minimum cycle time &,,;, = 50

points A and B are equal. In this case the optimal solutiofsec].

will not have any movement with ZQLP. Based on the above 1) Example 1. - Multiple optimal solutionsGiven that the

explanation the following proposition holds: arrival rates for movement; andms, aq(t) = 0.2 [veh/s]
Proposition 3: There is always an optimal solution with atand a(t) = 0.2 [veh/s], respectively, and the departure rates

most one ZQLP. for my; andms, d;(t) = 0.32 [veh/s] andda(t) = 0.6 [veh/s],
Remark 1:The solution to (39)—(42) can also be foundespectively. The necessary and sufficient condition fer th

through direct substitution. steady-state control (36) is satisfied2/0.12 < 0.4/0.2.

According to Proposition 1, the queue lengthg7i) = 0  Sincewsas(0) = wya;(71) is also satisfied, all points on the

and g2(72) = 0 in the optimal cyclic solutions. Hence, thestraight line betweent (43), (T, T») , = (33.33,16.67), and

problem arises how to bring the queue lengths to their optin® (44), (T3, T»); = (31.25,18.75), are optimal. The queue

values. N-stages control can be used to solve this probleen, fengths over one cycle for three optimal solutions are shown

g
31.25 6.9y Time [s]

|
|
|
|
|
|
I

Section V. in Fig. 6.
. 2) Example 2. - Steady-state solution does not existen
D. Numerical examples for the steady-state control that the arrival rates for movement; andms, a;(t) = 0.3
In this section two numerical examples are shown. THeeh/s] and ay(t) = 0.15 [veh/s], respectively, and the

criterion J is the weighted sum of the queue lengths (39eparture rates fom; and ms, d;(¢) = 0.4 [veh/s] and



da(t) = 0.55 [veh/s], respectively. The steady-state solutiothe R-DMP problem is also an optimal solution of the DMP
does not exist since the necessary condition (36) is rmtoblem.

satisfied,0.3/0.1 £ 0.4/0.15.

Remark 2:Congestion in isolated controlled intersectionapplies here.

Proof: See the proof of Propositiah3 in [2] which also
|

is defined as the situation when the queue lengths at theHence, in order to bring initial queue lengths to the optimal
intersection are increasing over time. “Classic” congesti cyclic queue lengths, N-stages control can be solved byline
occurs when, for one of the movements, the arrival rate pgogramming. The endpoint queue lengihgton ), g2(ton)
larger than the departure rate during the green light periate equal to the optimal cyclic solutions and the condition
i.e. when assumption A2 does not hold. In this example wW86) has to be satisfied.

have shown that another case of congestion will occur even
if assumption A2 holds, but when the necessary condition for
the steady-state control (36) is violated.

VI. CONCLUSIONS

For the simplified isolated controlled intersection, in the

Note, however, that also for congested intersections, tRgse when the criterioi is a strictly increasing linear function
DMP problem formulation (8)-(12) can be used. Since thg the queue lengths, we can compute the optimal switching
queue lengths are increasing over time, iihex equations (9) sequence for the steady-state problem with constant cycle
and (12) become linear equations, and for a given N, 9iVEhgth by solving a linear programming problem analytigall
starting timet, with initial queue lengths, and linear criteriony necessary and sufficient condition for the steady-stare co
the DMP problem can be solved by linear programming. Thg,| with constant cycle length was also derived. The N-atag
final queue lengths will be at least as large as the initiakong.qtrel problem was formulated. It is shown that the N-stage

V. N-STAGESCONTROL

control problem can be solved by linear programming if the
criterion J is linear and strictly increasing. Furthermore, N-

In the N-stages control problem we consider a finite numbgfages control can be used to bring the queue lengths to
of switchings in the optimization procedure. Let us speaific  optimum.

consider the following problem: for a given integdt and a
given starting timety with initial queue lengthsy; init, ¢2,init

we want to compute an optimal switching sequence consistir}%
of N cycleg. For the simplified isolated controlled intersection
the problem is formulated for the case when the criterion is
a strictly increasing function of the queue lengths. The DM
problem (8)—(12) is used to solve the optimal problem for
N-stages control when the criteriohis a strictly increasing
function of the queue lengths. In this case, eacix equation
can be relaxed to two inequality equations, which leads¢o th

(3]

“Relaxed” Discrete-event Max-Plus (R-DMP) problem [4]
min (45) 8]
T41(0),T2(0), Ty (1), T2 (1), , T1 (N —1),To (N —1),
q1(t1),92(t2),q1(t3),92(ta) -+ ,q1 (t2n —1),92 (t2n) [6]
subject to
q1(tont1) = qi(taw) + (a1(tor) — di(tor)) - T1(k) (46) [
q2(tort2) > qo(tars1) + (az(tors1) — do(tors1)) - To(k)
47) [8]
q1(t2k+1) > 0 and gz (tag+2) > 0 (48)
¢1(to) = q1,init aNdq2(to) = q2,init (49)
qi(tan) = T3 - a1(m1) andga(tan) = 0 (50) ol
Tl(k) + Tg(k) > Thin and T (k‘) + Tz(k) < Thax (51) [10]
and (10), (11)
[11]

fork=0,1,2,..., N — 1, whereTy,.. is an upper bound for
the cycle duration. Note the endpoint constraints (50) eheld2]
the endpoint queue lengths(tan), g2(t2n) are equal to the
optimal queue lengths of the cyclic solutidfiy - a; (1), and
0, respectively, wher&? is the optimal cyclic solution fof%.
Proposition 4: If the criterion J is a strictly increasing 14]

function of the queue lengths, then any optimal solution of
[15]
2In the N-stages control, the queue length vectoris defined as:
la1(t1),q1 (t2),a2(t1),q2(t2), a1 (t2an—1),41 (tan ) g2 (b2 —1),a2 (t2n)] T

[13]
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