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Minimal state space realization of SISO systems in the max
algebra*

Bart De Schutter’ and Bart De Moor'

Abstract

First we determine necessary and for some cases also sufficient conditions for a poly-
nomial to be the characteristic polynomial of a matrix with elements in Ry,,x. Then we
indicate how to construct a matrix such that its characteristic polynomial is equal to a
given monic polynomial in Sy .x, the extension of Ry.x. Next we use these results to
develop a procedure to find the minimal state space realization of a single input single
output (SISO) discrete event system, given its Markov parameters.

1 Introduction

1.1 Overview

There exists a wide range of frameworks to model and to analyze discrete event systems: Petri
nets, generalized semi-Markov processes, formal languages, perturbation analysis, computer
simulation and so on. In this paper we concentrate on discrete event systems that can be
described with the max algebra. We address the minimal state space realization problem
for max-algebraic single input single output (SISO) systems. We show that the characteristic
equation in the max algebra plays an important role in the solution of this problem. Therefore
we first make a study of the characteristic equation of a matrix in the max algebra. Next
we use these results to propose a procedure to find a minimal state space description of a
max-linear time-invariant SISO discrete event system.

In the first section we introduce the notations and some of the definitions and properties
that will be used throughout the remainder of this report. In the second section we give
some necessary and sufficient conditions for the coefficients of a polynomial such that it is
the characteristic polynomial of a matrix in the max algebra. Then we indicate how to
construct a matrix for which the characteristic polynomial is equal to a given polynomial.
These results will then be used to determine a lower bound for the minimal order of the
state space description of a SISO system in the max algebra. This will enable us to find the
minimal realization of a SISO discrete event system, given its Markov parameters. Finally
we shall illustrate this procedure with a few examples.

*A short version of this report has appeared in the Proceedings of the 11th International Conference on
Analysis and Optimization of Systems, Sophia-Antipolis, France, June 15-17, 1994, pp. 273-282.
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1.2 Notations

One of the mathematical tools used in this report is the max algebra. In this introduction
we only explain the notations we use to represent the max-algebraic operations. A complete
introduction to the max algebra can be found in [1].

In this report we use the following notations: a & b = max(a,b) and a ® b=a+b. € = —c0

is the neutral element for @ in Ry = (RU{e}, ®,®). To avoid confusion we always write
the ® sign explicitly. The inverse element of a # ¢ for ® in Ryax is denoted by a®"'. The

division is defined as follows:
% —a@b® ' ifbte .

If A is an m by n matrix then the element on the i-th row and on the j-th column is denoted
by a;j. E, is the n by n identity matrix in Ryax: €;; = 0 if ¢ = j and e;; = ¢ if ¢ # j. The
operations @ and ® are extended to matrices in the usual way. A = ARQAR...Q A.

k times
We also use the extension of the max algebra Sy that was introduced in [1, 5]. Spax is a

kind of symmetrization of Ryax. We shall restrict ourselves to the most important features
of Smax- For a more formal derivation the interested reader is referred to [5].
There are three kinds of elements in Spax: the positive elements (SE__, this corresponds to

max?
Rmax ), the negative elements (S§,.) and the balanced elements (S, ). The positive and the

masx)
max

negative elements are called signed (S}, = S& . USS,.). The & operation in Spax is defined
as follows: a©&b =a if a>0,

asSb =06b if a<b,

aca =a* .

If @ € Smax then it can be written as a = a™ © a~ where a™ is the positive part of @ and a~
is the negative part of a; |a| = a™ @ a~ is the absolute value of a. There are three possible

cases: if a € S2_ then a™ = a and a™ = ¢, if a € S§,, then a* = ¢ and ¢~ = ©a and if
a € Sy, then a™ =a™ =|al.

Example 1.1 Let a =3® € S¢,,, then a™ =3, 4~ = 3 and |a| = 3.
For b= ©2 € S

O« we have bt =¢, b~ =2 and |b| = 2.

This symmetrization allows us to ’solve’ equations that have no solutions in Ry,.x. Unfortu-
nately we then have to introduce balances (V) instead of equalities. Informally an © sign in
a balance means that the element should be at the other side: so 363V 2 means 3V 2@ 3.
If both sides of a balance are signed (positive or negative) we can replace the balance by an

equality.

To select submatrices of a matrix we use the following notation:

A(li1, 32, ...y ik], [J1,J2, - - -, J1]) is the matrix resulting from A by eliminating all rows except
for rows 1,12, ...,4; and all columns except for columns j1, jo,...,j;. A(i,:) is the i-th row

of A and A(:,j) is the j-th column of A. [1 : n] stands for [1,2,...,n].

1.3 Some definitions and theorems

Definition 1.2 (Determinant) Consider a matriv A € S}<". The determinant of A is



defined as

n

det A = @ sgn (o) ® ® Uio (i)

o€Py, =1

where Py, is the set of all permutations of {1,...,n}, and sgn (o) = 0 if the permutation o is
even and sgn (o) = 60 if the permutation is odd.

Theorem 1.3 Let A € SpX7. The homogeneous linear balance A ® x V ¢ has a non-trivial

signed solution if and only if det AV ¢.
Proof: See [5]. The proof given there is constructive so it can be used to find a solution.

Definition 1.4 (Characteristic equation) Let A € S[X". The characteristic equation of
A is defined as det(AS A® E,) V ¢.

This leads to

n
22" @ @ap@))\@n_p Ve
p=1

which will be called a monic balance, since the coefficient of A®" equals 0 (i.e. the identity
element for ®).

If we define a;, = a,f and 3, = a
right hand side we get

» and if we move all terms with negative coefficients to the

>\®n o @ 0 ® >\®n—i v @ ,ﬁj ®)\®n—j
i=1 Jj=1

with ap, B € Rimax. In [8] Olsder defines a variant of this equation using the dominant instead

of the determinant. This leads to signed coefficients: a;)lSder € S} ax OF 041915‘161" ® ﬂz())lSder =ec.

Theorem 1.5 (Cayley-Hamilton) In Sy every square matriz satisfies its characteristic
equation.

Proof: See [6] and [8].

2 The characteristic equation of a positive matrix

A positive matrix is a matrix the elements of which lie in Ryay. In this section we derive
necessary conditions for a polynomial in Sy .x to be generated by a matrix with elements in
Rmax-

2.1 The characteristic equation

In this subsection we derive a formula for the coefficients of the characteristic equation.

Property 2.1 Consider A € SPX7 and k € Smax, then det(k ® A) = k®" @ det A .

max



Proof: det(k®A) = P sgn(0) ® Q) (k@ ajo(s))

o€Pn, i=1
= @ sgn (0) @ [ k" @ ® (k@ am(z))>
o€Pnp, nizl
= k®n ® @ sgn (U) ® ® (k ® aw(z))
n g€Pp, i=1
=k® ®detA

We know that det(ASA® E,,) V ¢ represents the characteristic equation of A. But because
of property 2.1 we have that det(AoA® E,) = (90)®n ®@det(A® E,, © A) and since a V ¢ if
and only if ©a V ¢ the characteristic equation can also be represented by det(A@E,©A) V €.

Definition 2.2 (Principal submatrix) Let A € Si57 and let {i1,i2,...,ik} be a combi-

max
nation of k elements out of {1,...,n}. Then the matriz A([i1,i2,. .., ik, [i1,52,...,0k]) IS a k

by k principal submatriz of A. It can be obtained from A by deleting n — k rows and columns.

Every square n by n matrix A has Z principal submatrices of size k x k.

We represent the max-algebraic sum of the determinants of all k£ by k& submatrices of A as

Ex(A) = @ detA([il,iz,...,ik],[il,ig,...,ik})
peck

where C¥ is the set of all combinations of k numbers out of {1,...,n} and ¢ = {i1,ia,...,iz}.

max

n
Property 2.3 If we represent the characteristic equation of A € SPX™ as A" & @ ap ®
p=1

A"V e then ap, = (00)* ® E,(A).

Proof:
AOan ©aio - Satn
©a91 ASags ... Saon,
det(A\@ E, © A) = det . . . .
Oan1 Oan2 ce. AOapn
Since det(uy,...,u; ® Vi, ..., up) =det(ug, ..., Ujy...,uy) & det(ug,...,v;,...,uy) We can

split this determinant up as

[N e ... & a1 € € A Sais
e A ... € Sas A . € e Oaxy ... €
det | . . . @ det . L ) @ det | . ) ] . ® ... &
e e ... A Oay,1 € ... A € Sapa ... A
[N e ... Oa1n Ga11 Sai2 ... Sain
€ A ... Oao Sag1 ©Saz ... Oa
det | . . , ®...0 P detB, @ ... @ det
oo . : oec?
| € € ... Sann San1 Sapy ... Sapn



with By(:,1) = ©A(:, 1) ifieyp,
Bo(:,1) =A@ Ep(s,i) ifido .
If ¢ = {i1,492,...,4p}, we have that

det B, = A" @ (00)*" @ det A([iy, da, - . . ,ip), [i1, 82, - - - »ip))
since By, has n — p diagonal entries that are equal to A and p columns that contain elements

of ©A. We have used property 2.1 to put the © signs before the determinant. So we find that

det(A @ B, © A) = @ (€0)*" @ Ey(A) @ A" "
p=0

with Ep(A) the max-algebraic sum of the determinants of all possible p by p principal sub-
matrices of A.

This results in: ag = 0,
n
a, = @tr(A)Z@@Gu‘ )
i=1
an = (20)*" @det A .
0 5 9
Example 2.4 Consider A= | 5 20 10
9 10 18

The characteristic equation of A is Ae° 620 IR D 38R\ d 38°Ve.

2.2 Properties of the characteristic equation

Proposition 2.5 InSy.x every monic n-th degree linear balance is the characteristic equation
of an n X n matriz.

Proof: Suppose that the linear balance has the following form

-1
2" B a9 B ... B a1 OND a, Ve .

We shall prove that this is the characteristic equation of the matrix

€ 0 € €
€ € 0 €
A= :
€ € € . 0
ea, OSan—1 SOap—2 ... Oa1

We use the formula of property 2.3 to calculate the coefficients of 22" 7P i the characteristic
equation of A. If we take the p by p principal submatrices of A we see that each of them has an
e-column — and thus a determinant equal to € — except for B, = A([n—p+1: n|,[n—p+1:n]).



So a, = (@O)®p ® Ey(A) = (@O)®p ® det B, . B, is obtained by deleting the first n — p rows
and columns of A, so

€ 0 € €
€ € 0 €
B, = :
€ € € 0
Oap, Oap—1 Sap-2 ... ©ai

-1
If we develop the determinant of B), to the first column we get det B, = (@0)®p ® (eap) =

_ 2
(©0)* ® ap so the coefficient of \*" " equals (©0)?" @ (00)* ® ap, = (60)° ''® ap = ay .
Thus the linear balance is indeed the characteristic equation of A.

In the next section we shall see that not every monic polynomial corresponds to the charac-
teristic polynomial of a positive matrix.
2.3 Properties of the characteristic polynomial of positive matrices

Property 2.6 If A € R"%" then a; € ST

max max -
n
Proof: We know that a; = otr (4) =© @ a;; With a;; € Ryax 80 a1 € S5, -
i=1

To prove the following property we first need a lemma involving permutations. The parity of
a permutation can be determined in various ways. We use:

Property 2.7 The parity of a permutation is equal to the parity of the number of its elemen-
tary cycles of even length.

First consider a circular permutation o. of n elements:
Uc(il) = 12, Uc(iQ) =13, ... 70'c(in—1) = in, O'c(in) =1 .

The graph of this permutation is

i1 12

in is

Tn—1 14

This permutation has a cycle of length n.

If n is even, then o, € P, is odd because there is 1 cycle of even length.

If n is odd, then o, € P, is even because there are 0 cycles of even length.

If a permutation of n numbers is not circular we can decompose it into r elementary cycles

T
C; of length [;, with » > 1 and Z l; = n. Each cycle will be a circular permutation.
i=1



Example 2.8 Let 0 € Py be defined as o(1) = 3, 0(2) = 2,0(3) = 1 and 0(4) = 4. The
graph of this permutation is

'—\
N O

3 4
This permutation can be decomposed into three elementary cycles, each of which is a circular

permutation of its vertices. There is one cycle of even length (1 — 3 — 1). So ¢ is an odd
permutation.

Lemma 2.9 If 0o cven (k> 0) is an even permutation of 2k elements, then it can be decom-
posed into two even permutations of an odd number of elements or two odd permutations of
an even number of elements:

02k even = 02]+1,even U 02k—2/—1,even or  02m,odd U 02k—2mo0dd -

If 02k41,0da (B > 0) is an odd permutation of 2k + 1 elements, then it can be decomposed
into an even permutation of an odd number of elements and an odd permutation of an even
number of elements:

02k+1,0dd = O2p+1,even U 02k—2p odd- -

Proof:

First consider o9y even - This is an even permutation of an even number of elements so it is not
circular and it can be decomposed into elementary cycles. Suppose that there are ceven cycles
of even length each having neyen,; elements and coqq cycles of odd length each having n,qq,;

Ceven Codd
elements. Let not even = Z Neven,i aNd Mot odd = Z Nodd,j- Since the parity of ooy even
i=1 j=1

is even, ceven should also be even. nioteven is always even. The total number of elements
Niot = 2k is even, so we have that 1 0dq is also even and hence that cyqq is even. There are
two cases: Ceven = 0 and Ceyen # 0.

If Coven = O then coqq # 0 because 2k # 0. Take one cycle of odd length 27 + 1. This
corresponds to an even permutation of 2/ 4 1 elements: 09;41even- The other cycles form
a permutation with 0 cycles of even length, so it is an even permutation of the remaining
2k — 21 — 1 elements: 09;_2,—1 even-

If ceven 7# 0 we take one cycle of even length 2m. This corresponds to 09y, 0dd- The remaining
cycles constitute a permutation with an odd number (ceven — 1) of cycles of even length:
02k—2m,odd-

So we have proven that oo even can be decomposed as 941 even U 02k—21—1,even OF 02m.0dd U
02k—2m,odd -

Now consider oap41,0dd- This is an odd permutation of an odd number of elements so it is
not circular and it can be decomposed into elementary cycles. Since the parity of oor11 044 is
odd, ceven should also be odd. 7t even is always even, and since the total number of elements
Ntot = 2k + 1 is odd we have that nio0qq4 is odd and hence that coqq is odd. This means
that cogq # 0. So let us take one cycle of odd length 2p + 1. This corresponds to an even



permutation of 2p + 1 elements: 02,41 even-
The other cycles will then correspond to a permutation of with an odd number (ceyen) of
cycles of even length, so it is an odd permutation of 2k — 2p elements: o212y 0dd -

S0 02k+1,0dd = O2p+1,even U 02k—2p odd -

Now we give some properties of a, = (@0)®p ® Ep(A) = af © a, . First we suppose that we
don’t simplify ©. This means that for a = 3 © 4 we have a™ = 3 and a~ = 4. Later we shall
see how we have to adapt the properties to take simplification into account, because then we
shall have that a =39 4 results in a = ©4 or a™ = ¢ and a~ = 4.

Property 2.10 Let A € R.X? and let ap = (@0)®p ® Ep(A) = af ©a, (without simplifying

max
5]
©). Then ¥p € {2,...,n}: a; < @ a, ®a,_,, where |x] stands for the largest integer
r=1
number less than or equal to x.

Proof: We know that
a = (90)* ® By(A)

D
= (€0)* @ D sen(0) @ aii, ) © Gigiy i @ - @ i, )
peCh o€Pp

with » = {’il,ig, PN ,’ip} .
If we extract the positive and the negative part of a, (without simplifying &), we find for
k>0:

a;rk = @ @ Qirigry @ Qigiggy & -+« @ Qigyi, g (1)

(,DEC%I'c UEPQk,even

Ao, = @ @ Qitig 1y ® Qigig(a) ®...® Qigkiq(2k) (2)
peC2k  0€Pak 0dd

+ — . . . )
a2k+1 - @ @ allla(l) ® alZZa(z) ®... a12k+1la(2k+1) (3)

peCZHL 0€Paky1,0dd

a2_k+1 = @ @ Qiyig () ® Qigig(a) ®...® Qg 190(2041) - (4)

(PEC?J‘HJ U€P2k+1 ,even

Let us first consider a; - The terms of a;r .. are generated by even permutations of 2k elements.

According to lemma 2.9 such a permutation can be decomposed into two even permutations

of odd lengths or two odd permutations of even lengths. So if we consider all possible con-

catenations of two even permutations of odd lengths (corresponding to ay | ® ay,_o_;) or

two odd permutations of even length (a,,, ® ay,_,,.), we are sure to have included all terms
2k—1

of aj,. In other words af, < @D a; ®ay;,_, . Since (a; ®ay;,_,) ® (ay,_, ®a;) = a; @ay,_,
r=1

Jr
we find a3, <

T

k
CL; ® a2kfr .
=1



Now consider a;k 41, the terms of which are generated by odd permutations of 2k+1 elements.
Lemma 2.9 also tells us that such a permutation can be decomposed into an odd permutation

of an even number of elements and an even permutation of an odd number of elements. Using
k

. + + _ _
the same reasoning as for ag;,, we find that Agp i1 < @ ay @ Gop iy, -

T

Combining the two inequalities leads to a;‘ < @ a, @a,_,.
r=1

We don’t have a similar expression for a,, because then some of the generating permutations
are circular, and these cannot be decomposed into more than one elementary cycle.

Normally we simplify ©, by setting a, = ¢ if a, < o and af = ¢ ifa, >a} .

Therefore we shall from now on represent the characteristic equation of A € R.X7 as

n I n—i n—1 I n—j
e Paan Ve e @ser’
=2 7j=2

. _ + _ . +

with | ap=a,, Bp=c¢ if a; >a
ap=¢, [p=a, 1fa;<a
ap=at, Bp=a, ifa;=a

)

=

)

TS

So there are three possible cases: o, = ¢, 3, = € or o, = 3,. We already have omitted oy
because property 2.6 leads to a; = af = e.

We have that o < af, 6, <a, and |ap| =0, & 5.
|
Property 2.11 Vie {2,...,n}: «a; < (r & Br) @ (ai—r @& Bi—y), where |x] stands

r=1
for the largest integer number less than or equal to x.

,_
ol

Proof: Using the fact that a; < |a;| property 2.10 leads to

F;

a < ja, | @ |a

—

—

ﬁ
I
—

'_
[N
—

< (o & Br) ® (atier & Biey) .
1

ﬁ
Il

We also know that «a; < aj. So

5]
Q; < @ (ar ¥ ﬁr) & (aifr ¥ ﬁifr) .

r=1
We even have a more stringent property:

Property 2.12 Vi€ {2,...,n} at least one of the following statements is true:



,_
SIS
(R

1) a; < ﬂr@ﬁi—r

ﬁ
Il
—_

N2
8
VAN
D=

Qr Q Gy

<
Ll ]

11—

3) a; < ar @ Biey
r=2
where || stands for the largest integer number less than or equal to x.

Proof: Take an arbitrary i € {2,...,n}. Then according to property 2.10 there exists an
s < B J such that

a; < a;“ <ay, ®a;_, .

We have that either a; = 3, or a; < a, and the same goes for a,_
This means that at least one of the following inequalities holds:

3

s*

N

1) o <Bs®Pis < Gr @ Bi—y

I
—

r

L3
2) vi<a®@ai <P,
r=2

[E—

i—1
3) (07} </Bs®ai—s S O‘s®ﬂi—s < @ar®ﬁi—r .
r=2
In the last two max-algebraic sums we can start from r = 2 because oy = €.

Property 2.12 gives necessary conditions for the coefficients of an Sy ax polynomial such that
it is the characteristic polynomial of a positive matrix.

3 Necessary and sufficient conditions for a polynomial to be
the characteristic polynomial of a positive matrix

We now give some necessary and sufficient conditions for the coefficients of the characteristic
equation of a positive matrix. These conditions will play an important role when one wants
to determine the minimal order of a SISO system in the max algebra, as will be shown in
section 4.

We shall prove that the conditions are sufficient by giving for each set of conditions a matrix
the characteristic equation of which will satisfy the conditions.

So if we have a monic polynomial in Sy,ax the results of this section will allow us to

1. check whether the given polynomial can be the characteristic polynomial of a positive
matrix and

2. construct a matrix such that its characteristic polynomial is equal to the given polyno-
mial.

10



For the lower dimensional cases we can give an analytic description of the matrix we are
looking for. For higher dimensional cases we shall first state a conjecture and then develop a
heuristic algorithm that will (in most cases) find a solution.

In this section we shall encounter matrices with the following structure:

[ ko1 Ko2 K03 ---  Kop—1 Ko,n
0 kK12 K13 ...  Kln-1 K1n
3 0 K23 ... R2n—1 R2.n
A=
9 9 9 -v. Rp—2n—-1 Kn-2n
I € e ... 0 Kn—1n |

The coefficients of the characteristic equation of A (without simplification of ©) are given by:

+ o o o
ap = @ @ Kiy,j1 & Kigjo @ -0 @ Kiy, j, (5)
¢eCh  peven Y P (jr—ir)=k, ir<jr<iri1

a, = @ @ Kiy,j1 @ Kig jo @ ... @ Ki, j, (6)
¢eCh,podd S°F_ (jr—ir)=k, ir<jr<iri1

where ¢ = {i1,i2,...,79p}.
k
Proof: We know that ay = (60)° ® Ej(A) with

Ey(A) = @ det A([ir, ia, . .., ix), i1, ia, - . . ,ik))

peCk
and by reordering if necessary: i1 < 19 < ... < ig.
Now let B(il,ig, ce ,ik) = A([il,iQ, ey ik], [il, ig, ce ,Zk])
Rip—1,4; KRig—14e Rig—1ids -+ Kip—1;
Yig i1 Rig—1jy Kig—1is -+ Rig—1,i
= € iz iz Rizg—1,43 -+ HRizg—1,i
9 9 g <o R —14y,

with Yipgr,ir = 0 if tGp1=12+1,
=e¢ if i1 F i +1 .

We shall prove by induction that

detB(il,ig,. . .,iK) =

K
(@0)® & @ @ Kipgi @ - @ Kip g, O
¢€C1€, ; p even Zﬁzl(jr_ir):K7 Z’r<jr§ir+l

@ @ Kiy,j51 ®...Q0 Kip,jp : (7)

¢€C1€, s P odd Zle(jr_i'r‘):K, ir<jr<7;'r‘+1

11



Note that K the number of columns of B(iy,i2,...,ix).

K=1

det B(i1) = det[rkj, —1,i,] = Kiy—1,5; with iy — (i1 —1) =1 = K and i1 — 1 < 41 so equation (7)
is satisfied.

K=k

Suppose that equation (7) holds for K =1,2,...k — 1.
By developing the determinant to the first column we get

det B(i1,12,...,1k) = Kij—14 ®det B(ig,... i) ©
Vio,is @ {Kii—1,i, @ det B(is, ..., i) ©
Vigiz ® [Kiy—1,is @ det B(ig, ..., i5) © ...]}
= Ki—1,; @det B(ia,..., i)
O Vin,i1 ® Kij—1,i, ® det B(ig, ..., k)
D Yigis @ Vig.iy @ Kij—1,i3 @ det Blig, ..., i) & ... @

oh—2 ,
(@0) @ Yig_1yip—2 &+ @ Vig,iy @ Kiy—1yip_1 @ det B(Zk)

®k 1
(@0) @ Vigyig—1 D -+ @ Vigyiz @ Kiy—1,ip, -

Consider the [-th term

(@0)®l_1 @ Yip1siny @ - @ Vig,iy @ Kiy—1,, @ det B(ig41, ..., 0%) -
We have that K =k — (I +1)+1=Fk — [ for B(ij41,...,i) so

det B(ij41,...,1) =

(e0)e" ™

& @ @ Kiygi & - @ Kip5, ©

(bec??L , P even Zle(jr_ir):k_l 5 ir<jr<ir+1

@ @ Kitgj1 @ ... & Kiy . jp

¢GC$L P odd Zf:l (jr_ir):k_l ) 7;'r<j'r<ir+l

Now Vik—1.in—2 R...Q Yig,in = 0 if il = il—l +1
’ or ij=1+1—1,
i3 = t9+1
o = 41+1

= ¢ otherwise .

So if i = i1 + 1 — 1 the [-th term becomes

-1 k—1
(60)"  ® Kij—1,i41-1 ® (60)7 ®

B D Ruic® B Qns

Jr—ir)=k—=l T= Jr—lr)=R— =
pevenZ( ir)=k—l 1 poddZ(- i )=k—1 T 1

12



or

~ P p
(00" ' @ P P Reinod P &K cwig

podd Z(jr—ir)=k r=1 p even Z(jr—ir)Zk r=1

So we finally find that

ap = (90)®k @ det B(i1,. .., ix)

11<...<i
p p
=D D Qrso D D @ ri-
peven (i )=k r=1 podd N (j,—iy)=k =1

Extracting the positive and the negative parts leads to equations (5) and (6).

In the next subsections we shall case by case determine necessary and sufficient conditions
for

e Paerx" v @sea? (8)
i=1 j=1

to be the characteristic equation of a positive matrix and indicate how such a matrix can be
found. In all cases we have a; = € as a necessary condition.

We also define r;; = % if Bi#e,
= £ if 57, = .

3.1 The 1l x 1 case

The only necessary and also sufficient condition is a1 = €.
The matrix [$1] has A V (3, as its characteristic equation.

3.2 The 2 x 2 case

The necessary and also sufficient conditions are | a3 =¢
<1 ®B .

B B

The matrix l
0 I<,172

] has A& P asV B @ @ [y as its characteristic equation.

Proof:
From property 2.10 we know that as < §; ® #1. This means that if §; = ¢ then also ay = ¢.

First we prove that 31 ® K12 = aa:
« .
B1 @K1 = 51@7 = g if B #e,

= e®c¢ = ¢ if #1 = ¢ and thus also ay = ¢ .

2
1
We always have that k12 < 31 because

13



a2 .
ki = —— < [ it fr # ¢,

A

= ¢ < pb ifpi=e.

Using formulas (5) and (6) we find

ap = Of1Ok12
= Sf

ay = [1 QK120 [
= 6B .

3.3 The 3 x 3 case

The necessary and also sufficient conditions are [ o) =¢
az < 41 ® B
a3 < B @Paoraz < B R@as .
B B2 B3 5 )
The matrix | 0 K12 K13 | has A*” @& aa @A & a3 VI QA @ @\ & (3 as its
€ 0 €

characteristic equation.

Proof':
We already know that k12 < (1 and that 8; ® k12 = a2. Analogously we can prove that
B1 ® k1,3 = ag since if 31 = ¢ we also have a3z = €.
Now we prove that k13 < B2 if B2 > ao and that k31 < ag if fo <
If B > a the necessary condition for ag becomes ag < fs ® (1. So

as .
K13 = T < B if 81 #¢ ,
1
= ¢ < B if gy =¢ .
If B2 < ao we have that asz < ag ® (1 so 81 # € and
as
K13 = —— < o2 .
b1
So we always have that ag © 02 © k13 = a2 © fa.
We find
ap = Of1O0kL2
= @ﬁl
az = P1®K120 P2 O K13
= a0 [
a3 = (1 ®K130 0
= az3O B3 .

3.4 The 4 x 4 case

First we distinguish three possible cases:

14



Case A: au <1 ®P3 or g <1 ®asg
Case B: ay > 1 ® 03 and ag > 01 ® ag and as < B2 ® B2 and
(fr=corag=cor fa=ay)
Case C: ay > 1 ® 03 and ag4 > 01 ® ag and ay < B2 ® B2 and
g =y #¢ and By =€ .
If the coefficients don’t fall into (exactly) one of these three cases, they cannot correspond to
a positive matrix.

The necessary and sufficient conditions are:

ol =€

az < 41 ® B

az3 < B @ P2 or az < [ @ as

for Case A: no extra conditions

for Case B: f1 ® ag < Pa®agor f1 ® ay < Bs ® F3

for Case C: 1 ®ag = ®ag and 1 @ oy = P2 R ag .

3.4.1 Extra conditions

First we derive some extra conditions that automatically follow from the necessary and suffi-
cient conditions.

Property 3.1 In Case B and Case C we have
1) ay#e
2) PaFe
3) az < B2
4) BL®p1<PBa .

Proof: The condition ay > 1 ® (B3 can only be fulfilled if ay # €.

Since ay < P2 ® (B2 we then have that Ba # € or equivalently as < (.

Assume that (3 < f1 ® #1. This means that (6, # ¢.

If we use this in the first necessary and sufficient condition for Case B we get 81 ®a4 < fo®a3 <
B1®P1®asor ag < 31 @ ag. But this is in contradiction with the fact that ay > 31 ® ag
in Case B. The second necessary and sufficient condition would lead to ay < 81 ® (33 whereas
ay > (1 ® B3 in Case B.

The necessary and sufficient conditions for Case C would also lead to ay < 81 ® (3, which is
impossible since a4 > f1 ® ag in Case C.

So clearly our initial assumption was false and therefore we conclude that 81 ® 61 < B2 .

Property 3.2 In Case C we have

1) B1#¢
2) az=[2=p1® b ,
3) az3=p1® B2 =(61)”
{) Bz=¢
4
5) as =@ 0= @as=(6)° .

15



Proof: We know that as < 81 ® B1. Since ag # ¢ we should have that 51 # .

From property 3.1 we know that £ ® 81 < fB2. So ag < 81 ® f1 < (2. Since ag = 2 this
leads to as = B2 = 51 ® [y .

3
The condition 81 ®@az = fa@as then results in ag = f1®as = /1Q0 = /151061 = (61)° .

3 4
The condition £ @ ay = fa @ ag leads to ay = 1 @ az = f1 @ (31)° = (31)% =@ Bs.
Since ay = a3 ® (1 and a4 > B3 ® B1 we have ag > (33 or equivalently 33 = €.

3.4.2 Necessary conditions

Now we prove that the conditions for Case B and Case C are necessary.

Remark: The following properties are also valid for the coefficients of an arbitrary n x n
matrix with n > 4.

We shall need some expressions that can be derived from formulas (1)—(4) :

a; = @ Qiyiy

peC}

@ ajyj; @ Qoo
peC?

@ gy jo @ Ajajy
peC?

@ Akyky @ gk @ Alkgky
X€C}

EB Ak ky @ Akoky @ Qhgy D EB Akyky @ Akoky @ Qhyley
X€C3 X€C3

EB agyly @ Alyly @ Algly @ agy, O @ agyly D Alyly @ Apgly @ Ayl
heCh peCh

D @ g1y @ Alyly D Alzly @ gty
Pecy

@ agy 1y @ Alyly @ rgly @ Ay O @ Alyly D Alyly @ lzly, @ Ay,
el peCh

{ir}

{71, J2}

{kla k?a k3}
{li,12,13,14} .

Property 3.3 If oy > 51 ® B3 and ayq > 1 @ a3 then

1) au#e

2) o= P ani, ® ay, @ ay, @ ay,  with v = {l1, 1y, I3, 14}
pecy

16
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3) B1®@ P <P
4) az < B2
5) as < B2 ® P .

Proof: a4 > (1 ® f3 is only possible if oy # ¢ and thus a4y = a;f. From formula (14) we

know that

ag =1t © ta @ 13

with t1 = @ ap 1, Q Apyly ® Ay, @ agyy
Ypecy
to = @ aply @ aly1; X aggr, @ ayl,
PeCh
l3 = @ aply @ iyl @ agz1, @ alyls -
pecy

We know that 41 = aj. If a3 > a3 then we have a3 > a3 and if a < az then we have
Bg=as. So ag > 1 ® B3 and ay > B1 ® g means that oy > a; @ ay .
Using formulas (9) and (13) we find that

a; ®ag =ty O ts

with t4 = @ Ajqiy @ Akyky D Qoky @ Qfaks
peCl xECP
s = @ Qiyiy @ Okyky @ Okoky @ Okgky -

pECL,XECH

If we compare t; and t4 we see that t4 contains more terms than ¢; so we have that ¢; < t4.
Analogously we find ¢ < t5. Combining these inequalities leads to

t ® ta<ts @ t5 . (16)

But we know that ay > a; ® a3 or equivalently t; @ to @ t3 >t4 @ t5. Because of equation
(16) we necessarily have that t; < t3 and t2 < t3 and thus

Oé4=t3

= P ani, ® apy @ ay, @ ay, - (17)
Yecy

Suppose that the maximum of ¢3 is reached for ¢ = {01, 92,093,094} and that as,5, ® as,s, >
asy5, @ as,5,- We know that t4 < ay. First take k» = 3 and k3 = 4. Then we know that
k1 # 03 and k1 # 64. The inequality ¢4 < ay then reduces to

@ Qjqiq ® QAk1kq b2y A§384 X A§463 < ag, 6, & A§y8, & A§364 ® A§y463
i1;k17£03,k17£04

or

@ Ajq4q ® Ay kqy < as, 5, @ A5961 < a;
i1;k17#63,k17#04

17



because a, = @ @jyjo @ Aoy -
J17J2
Analogously we find that
@iyiy & Qkyky < Qg
i1;k17£01,k1#£02

if we take ko = 01 and k3 = 09.

Combining the last two inequalities yields

@ Qiyiy @ Okoyky < Qg -

i1,k1

This leads to

L@ pL=a; ®ay = @ Upypy @ Agiqy < Ao
P1,91

From property 2.10 we know that aj < a] ® aj, so we have aj < a; or a; = 32 and thus

p1® P < B
a; < ay also leads to ap < 2.

We already know that ay > a; ® ag so according to property 2.10 we should have that
oy =ay <ay; @ay = B ® Po.

Now we prove that the conditions for Case B are necessary:

Property 3.4 If oy > 103 and oy > B1®@as then at least one of the following statements
18 true:

1) b1 ®ou < Pr®as
2) fi®oas < [a®Ps .

Proof: Using equation (17) and the fact that ay = af if ay > 31 ® B3, we find

- @t —
a; Qay = @ Aiyiy @ Alyly @ Alyly @ Aggry @ Alyly -
peECE WeCH

Combining formulas (11) and (12) leads to

-~ @at =
ap Qag = @ Ajyjo @ Ajojy @ Akyky & Aoky © Qkgky -
p€eC2 ,xeC3

Take an arbitrary term a; i, ® aj,1, ® a1, @ gy, @ agy, of ay @ aj .

If i1 = Iy or if i1 = Iy we know that i1 # [3 and 41 # l4 and then we see that the term
iyiy ® a1y @ gy, @ gy, ® ag,; corresponds to the term of ay ® a3 with j; =11, 5o = lo, k1 =
il ,k‘g = 13 and /{?3 = l4.

Otherwise we have that i1 # [; and that i; # lo and then we can take the term of a; ® af{
Withjl =l3,j2 =l4,k1 Zil,kg =l1 and k3 =l2.

So we have demonstrated that each term of a] ® aj also appears in a; ® aj and thus that
af@ai ga;@a;

We have that 3; = aj . From property 3.3 we know that aj = a4 and that a; = (2.

If aj > a3 we have a3z = a3 and thus 31 ® ay < 2 ® a3 .

On the other hand if a;f < az we have 3 > a3 and this would lead to 1 ® a4y < B2 ® S5 .

18



The conditions for Case C are also necessary:

Property 3.5 If ay > 31 ® 03 and ag > 01 ® ag and as = B e and (B4 =€ then
1) f1®az =@ an
2) Bi@as=Pr®@as .

Proof: First we prove that under the conditions a4 > 81 ® 83 and a4 > (61 ® ag and
ag = B2 we should have that af < ad ®aj.
We know that

+ _ , .
ay; = @ Aj1j; @ Aoy -
pec?
Suppose that the maximum of a; is reached for ¢ = {71,72}. Because as = 2 we have that
+ - = . .
Ay = Q9 = EB Ajyjp & Aoy
peC?

and thus

Ajrjs ® Qjojy K Aypyy @ Qg 5 Vi1, J2 € {1,...,n}

We already know that

+ _
ay = @ aply, @ a1, Q aggy, @ ayls -
pely

Formulas (9) and (12) result in

- oot —
a; ®ag = @ Aiyiy & Okyky & Okokg & Qkgky -
peCl ,xeC}

Take an arbitrary term a;,;, ® a1, ® a1, ® ay,, of a;f.

If v = 11 or 72 = Iy we know that 2 # [3 and 72 # [3 and then we see that a;,;, ® aj,;, ®
ajy1, ® ay,, is less than or equal to the term of a] ® a; with 1 = v1,k1 = 72,ke = I3 and
ks =1l4.

Otherwise we have that v # [; and 72 # l» and then we take the term with iy = v1, k1 =
’YQ,]CQ :ll and k:g :l2.

So we have demonstrated that each term of a;f also appears in a; ® a;f and thus that

af <ay ®aj . (18)

From property 3.3 we know that a] = ay.
If af < ag we have 335 > a3. Then we get aj = oy > 1 ® 83 > a; ®a3 but this is impossible
because of equation (18). So we have to conclude that we always have that aj > a3 . So
a3 = a;f
and thus a4 < 61 ® a3. If we combine this with the condition a4 > 61 ® a3 we find

ay=05Qas .
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Because as = (32 # ¢ we have ay = a; = a, = (2. In general we have that cp < 31 ® 1 but
from property 3.3 we know that 51 ® 81 < B2 = ae. This leads to

Bi@BrL=0az = .

So 1 @au=0RFQaz=>3F®as.

If B4 = € then a; < af because we already know that ay # . Assume that the maximum in
equation (17) is reached for ¢ = {d1,d2,03,d4}. Since ay # € we have that as,s5, ® as,s5, 7# €
and that as,s, ® as,s5, 7 €.

Formula (15) then leads to

a, = GB ajyl; @ Alyly @ Aizly D Alyly < Q515 @ 5y5, D Asz6, @ Asy55 -
S
Considering the terms with I3 = d3 and l4 = d4 leads to
@ apyly @ Alyly @ 535, D Usu55 < 05155 D Usysy @ Asz54 & Ay,
l1#l2 ,l1,00#{d1,02}
and since as,s, ® as,5, 7 € we then have that
- +
@ apyiy @ Alyly < G515, @ Asy51 < Ay = Ag -
Li#l2 11l @{01,02}
Using an analogous reasoning with I3 = §; and l4 = o we find
@ ap i X agp, < a;
Li#l2 ,l1,l2@#{03,04}
and combining this with the previous result and formula (10) we get
a;— = Q§,6, ® a6353 D as,6, ® 5484 ©® a6252 ® a6363 S a5262 ® (5454

because all other terms of the form aj j, ® aj,j, are less than aj. Since we haven’t put

any restrictions or conditions on the indices, we may assume without loss of generality that
a9 = aj = as,s, @ as,s,- We already know that az = 1 ® 1. So we conclude that

B1 = as,5, = Qo355 -
B ® <aj = ® h
ecause CL§152 (15251 S CL2 a5151 CL5353 we nhave
— - + _
Qg = (15152 ® a’5251 ® (15354 ® a5453 < Cl53§3 ® a5151 ® a5354 ® 0,5463 < al ® CL3 - ﬂl ® ag .

But since we know that oy = (51 ® a3 the inequalities in the previous expression should be
equalities. This leads to

518, ® Agy5, = Aszo3 © agy5, = b1 @ P1= P2 .
Analogously we also find that

B2 = G555, @ 5,5,

and thus
ay =@ P .
Then we get

fiRaz=a1=02Q =0 (s .
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Finally we have to demonstrate that we have considered all possible cases:

Property 3.6 The coefficients of the characteristic equation of a positive n by n matriz with
n > 4 always fall into exactly one of the following cases:

Case A: ay <1 ®@P3 or ay<p1®as

Case B: a4y > (1 ®pP3 and ag4 > b1 Q@ as and ayg < P2 Q B and
(Pr=€ or ag=c¢ or fy=ay)

Case C: ag > 1 Q03 and ag > 1 Q@ ag and ay < P2 ® By and
g =PsF# € and Py=c¢ .

Proof: According to property 2.12 we have that
Case 1: a4 <1 ®pP3 or
Case 2: a4 < 1 ®ag or
Case 3: a4 < PBa® Py or
Cased: ay < as®as .

From property 3.3 we know that if we are neither in Case 1 nor in Case 2 then we are in Case
3. So it is not necessary to consider Case 4.

Case 1 and Case 2 correspond to Case A.

From now on we assume that Case 1 and Case 2 are not true if we are in Case 3. Then we
know from property 3.1 that a4 # € so we have that either 84 = ay or B4 = €.

If we have 81 = € or g = € or (34 = ay, then we are in Case B.

Otherwise we know that (51 # €, 4 = ¢ and ay # €. Because of property 3.1 we have that
(B2 # €. This means that as = F5 and thus we have Case C.

So we have indeed considered all possible cases and since the three cases are mutually exclusive
for the coefficients of a positive matrix, we always have exactly one of the three cases.

Property 3.6 can be considered as an extra general necessary condition for an n-th degree
polynomial (n > 4) to be the characteristic polynomial of a positive matrix.

3.4.3 Sufficient conditions

Now we demonstrate that the conditions are also sufficient.

. . .. . . 3
If we search a matrix such that its characteristic equation is A*° @& aa ® X ® a3V 1 ®

2% @ B @\ ® B3 we find

Br B2 Bz Ba B B2 B3 B
for Case A: | O 12 F13 Rl g coep. | O M2 mzoE g
0 € € 3 0 13 H274
€ € 0 € e € 0 €
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0 ¢ € €
for Case C:
0 Koz k24
E € 0 €

Proof for Case A :
From the 2 x 2 and the 3 x 3 case we already know that
K12 < Bi
k1,3 < Ba or K13 < Q2
1@ kK12 = Qo
L@ k13 =as .
Using the same reasoning we find for Case A:
K14 < B3 0r kK14 < ag
B1®Kia=oy .

This leads to

ap = Of1OK12
= Sh

ay = P1R®K120 P2 O K13
= a0

a3 = 1 OKI3OP3O K14
= az3O 03

ag = P1R®K140O Pa
= 6P .

Proof for Case B:
Because a4 < 32 ® B2 we have that ko4 < [fa.

Now we use the necessary and sufficient conditions for Case B to prove that 8; ® k24 < ag if
ag > (B3 and that 01 ® ko4 < O3 if ag < B3:

If ag > (3 and one of the necessary conditions is fulfilled we have that 0o ® as > 81 ® ay.
From property 3.1 we know that (32 # €. This leads to ag > 51 ® % = (1 @ Ko4.
2
If a3 < B3 the necessary conditions result in fo® 33 > B1®ay and this leads to 83 > 51 ®kK4 2.
So we always have that oz @ 81 ® k24 © B3 = az3 © [33.

Now we prove that under the conditions of Case B we have that 81 ® kK12 ® k24 < B4
If 31 =€ or g = ¢ then B @ K12 ® ko4 = € < Bu.

a «
Otherwise we have oy = B4 and g = 2. S0 f1 QK1 2R@ko4 = 1 ® TQ ® 74 = ay = 4.
1 2
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We find

ap = Of1O0kL2
= S
ay = P1R®K120 P2 O K130 ka4
= a0
a3 = (1 ®@kK13D0 51 @ Koa D K12 @ Ko O B3
= a3® 1 ®K240 B3 since K12 < B1
= az3Of3
ay = [oR@Kos O PBsO L1 ®K12 @ Koy
= a9 .

Proof for Case C:
We know that (B2 # ¢ and from property 3.2 we also know that 81 #e. If 51 ® ag = o ® as

a a9 o
then Ko3 = Tg = T <fBrand /1 ® Ko3 = 01 ® 73 = as . Because ay < (2 ® (B2 we
2 1 2

know that ko4 < (2. 3 = € according to property 3.2. We also have that G2 ® k2 3 = a3 and
that By ® K24 = Q4.
Qg

Finally 81 ® gy = B2 ® a3 leads to 81 ® kg = 1 ® W =a3.
We find
ar = OB SkKa3
= ob
az = [1®k230 P26 K4
= a0 B
a3z = P1 @ K24 D P2 X Kag3
= o3
agy = (2@ Ka4
QY .

Example 3.7 Consider the monic polynomial e ©2® 2e° 07 287 DI D 15.
We have that ay =15 > e=2Q®¢c= (1 ® 3

ar=15 > 11=209=01 R a3

ar=15 > HU4=707T=02 0 .
Since the coefficients don’t belong to one of the three possible cases, the given polynomial
cannot be the characteristic polynomial of a positive matrix.

Example 3.8 Consider xet S) 3®>\®3 @ 6° ®)\®2 PORND IV e.

We have that a4y =9 > e=3Q¢ec=[01® 03
as,=9 > 9=3Q06=701Qas
=9 < 12=6Q6=732® [
a4:9 = 9:ﬁ4
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so we are in Case B. The necessary and sufficient conditions are fulfilled:

a1 =&

ar=6 < 6=3®3=0100

a3 =6 < 9=3R6=701 R O

frRas=3®9=12 < 12=606= Q@ as .
3 6 ¢ 9

. 0 3 3 ¢ . . . .. .
The matrix A = £ 0 & 3 has the given monic balance as its characteristic equation.

e € 0 ¢

3.5 The general case

Here we have not yet found sufficient conditions, but we shall outline a heuristic algorithm
that will (in most cases) result in a positive matrix for which the characteristic polynomial
will be equal to a given polynomial.
Extrapolating the results of the previous subsections and supported by many examples we
state the following conjecture:
n n
Conjecture 3.9 If \*" & P a2\ V g ® DA P 6; ® A" is the
i=2 Jj=2

characteristic equation of a matriz A € R]X7 then it is also the characteristic equation of an

upper Hessenberg matrixz of the form

koo ko2 kosz ... kom—1  kom

0 k2 kiz ... kin1 kig

K=| ¢ 0 ks ... kan1 kon
€ € £ ... 0 kn—1n

We shall use this conjecture in our heuristic algorithm to construct a matrix for which the
characteristic polynomial will be equal to a given polynomial. However in [4] we have pre-
sented a method to construct such a matrix that works even if Conjecture 3.9 would not
be true. The major disadvantage of this method is its computational complexity. Therefore
we now present a heuristic algorithm that will on the average be much faster. If a result is
returned, it is right. But it could be possible that sometimes no result is returned although
there is a solution (in which case we have to fall back on the method of [4]).

A heuristic algorithm:

First we check whether the coefficients of the given polynomial satisfy the conditions of
Property 2.12. Then we reconstruct the a,’s by setting a; = 1 and a, = max(oy, — 9, 5p)

for p=2,3,...,n with § a small strictly positive real number.
ay Gy Q3 ... G 3 3 3 . €
0 ay ayg ... a,_4 € Ki2 K13 ... Kin
Consider K7 = € 0 a a,_o and Ky = € € K23 ... K2.n
€ € e ... aj € € € R A Y
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(07} _
where k;; = — ifa; #¢ ,

a,

KA

= £ if CL; =€ .
We shall make a judicious choice out of the elements of K1 and K» to compose a matrix for
which the characteristic equation will coincide with (8):

a; Gy ag p,
0 e ¢ €

Westart withA=| € 0 ¢ € | . Now we shall column by column transfer non-
€ € € ... €

¢ elements of K» to A (one element per column) such that the coefficients of the characteristic
equation of A are less than or equal to those of (8). If this doesn’t lead to a valid result we
shift a; along its diagonal and repeat the procedure. We keep shifting a; until it reaches the
n-th column. If this still doesn’t yield a result we put a; back in the first column and repeat
the procedure but now with a, , and so on. Finally, if we have found A we remove redundant
entries: these are elements that can be removed without altering the characteristic equation.
The results of this section will now be used to determine a minimal state space realization of
a SISO discrete event system.

4 Minimal state space realization

4.1 Realization and minimal realization

Suppose that we have a single input single output (SISO) discrete event system that can be
described by an n-th order state space model

zlk+1] = A®zk] @ B ulk] (19)
ylk] = C@uxlk] (20)
with A € R%X? . B € Rl and C € RLX™. w is the input, y is the output and = is the state
vector.
We define the unit impulse e as: e[k] = 0 ifk=0,

= ¢ otherwise .
If we apply a unit impulse to the system and if we assume that the initial state x[0] satisfies
z[0] =€ or A® z[0] < B, we get the impulse response as the output of the system:

z[l] = B
z[2) = A®B
o] = 4°"'@B
= ylk] = OC® A" e B .

Let g = C® A" ® B. The gi’s are called the Markov parameters.

Let us now reverse the process: suppose that A, B and C are unknown, and that we only
know the Markov parameters (e.g. from experiments — where we assume that the system
is max-linear and time-invariant and that there is no noise present). How can we construct
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A, B and C from the g;’s? This process is called realization. If we make the dimension of A
minimal, we have a minimal realization. Although there have been some attempts to solve
this problem [2, 7, 9], this problem has at present — to the authors’ knowledge — not been
solved entirely.

4.2 A lower bound for the minimal system order

In this section we shall use the following property:

Property 4.1 Consider A € SV", B € SP*L and C € SIXn. If A satisfies an equation of the

max? max max
form

n
@ a, @ A®" P Ve
p=0

(e.g. its characteristic equation) then the Markov parameters satisfy

n
D ap @ gryn—yp Ve fork=0,1,2, ...
p=0

n
Proof: We know that @ ap ® A" P 7 ¢ . After left multiplication by C @ A" and right
p=0

k+n—p

n
multiplication by B we get @ a, ® C® A® ® BV e and since gy =C ® A* ® B we

p=0

n
finally get @ ap @ Grtn—p V € .
p=0

Suppose that we have a system that can be described by equations (19) and (20), with
unknown system matrices. If we want to find a minimal realization of this system the first
question that has to be answered is that of the minimal system order.

go g1 92
. .. . . g1 92 93
Consider the semi-infinite Hankel matrix H =

g2 93 g4

As a direct consequence of theorem 1.5 and property 4.1 we have that the columns of H
satisfy

n
@ap®H(:,k+n—p)Vs fork=1,2,... (21)
p=0
where the coefficients a,, are the coefficients of the characteristic equation of the system matrix
A.
Now we shall reverse this reasoning: first we construct a p by ¢ Hankel matrix

go 91 g2 -e Gg—1
g1 92 g3 e 9q
Hy,,= g2 93 g4 ...  Gg+1
9p—-1 Y9p Yp+1 --- YGpt+q-2
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with p and ¢ large enough: p,q > n, where n is the real (but unknown) system order. Then
we try to find n and ag,ay,...,a, such that the columns of H), , satisfy an equation of the
form (21), which will lead to the characteristic equation of the unknown system matrix A.
We propose the following procedure:

First we look for the largest square submatrix of H), , with consecutive column indices:
Howbr = Hpg([i1, 02, ..., 0], [J + 1,7+ 2,..., 7+ r])enspace,

the determinant of which is not balanced: det Hgyp, » ¥ €. If we add one row and the j+r+1-
st column we get an r + 1 by 7 4+ 1 matrix Hgyp, 41 that has a balanced determinant. So
according to theorem 1.3 the set of linear balances

Hsub,r+1 ®aVe

t
has a signed solutiona = | a, ar,—1 ... ag } . We now search a solution a that corresponds

to the characteristic equation of a matrix with elements in Ry« (this should not necessarily
be a signed solution — a signed solution would correspond to the a](,)ISder’s). First of all we
normalize ag to 0 and then we check if the necessary (and sufficient) conditions of section 2
are satisfied. If they are not satisfied we augment r and repeat the procedure.

We continue until we get the following stable relation among the columns of H,, ,:
Hys(k+71) @ ar@Hpg(t,k+r—1) & ... & a, @ Hyg(:,k) Ve (22)

for k € {1,...,q—r} . Since we assume that the system can be described by equations
(19) and (20) and that p, ¢ > n, we can always find such a stable relationship, by gradually
augmenting r. The r that results from this procedure is a lower bound for the minimal system
order.

4.3 Determination of the system matrices

In [4] we have described a method to find all solutions of a set of multivariate polynomial
(in)equalities in the max algebra. Now we can use this method to find the A, B and C matrices
of an r-th order SISO system with Markov parameters gg, g1, g2, . . . . If the algorithm doesn’t
find any solutions, this means that the output behavior can’t be described by an r-th order
SISO system. In that case we have to augment our estimate of the system order and repeat
the procedure. Since we assume that the system can be described by the state space model
(19) - (20) we shall always get a minimal realization.

However in many cases we can use the results of section 2 to find a minimal realization.
Starting from the coefficients a1, ag, . . ., a, of equation (22) we search a matrix A with elements
in Ryax such that its characteristic equation is

o Papor T ve. (23)
p=1

Once we have found the A matrix, we have to find a B and a C with elements in Ry, such
that

C’®A®k®B:gk for k=0,1,2,...
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In practice it seems that we only have to take the transient behavior and the first cycles of
the steady-state behavior into account. So we may limit ourselves to the first, say, N Markov
parameters.

Let’s take a closer look at equations of the form C@ R® B = s with C € R2X? R € R?** B ¢

max’ max ?
R?X! and s € Ryax. This equation can be rewritten as

AT @b =s .

i=1 j=1
So if we take the first N Markov parameters into account, we get a set of N multivariate
polynomial equations in the max algebra, with the elements of B and C as unknowns and
R = A= and s = grk—1 in the k-th equation. This problem can also be solved using the
algorithm described in [4].
However one has to be careful since it is not always possible to find a B and a C for every
matrix that has equation (23) as its characteristic equation as will be shown in example 5.2.
In that case we have to search another A matrix or we could fall back on the method described
in [3, 4], which finds all possible minimal realizations.
The reason that it is not always possible to find a B and C for A is that in Sy all triples
(A, B,C') that result in the same output behavior are connected by a kind of similarity
transformation. We have to pick a triple (fl, B, é) that is completely in Ryax-

5 Examples
We now illustrate the procedure of the preceding section with a few examples.

Example 5.1

Here we reconsider the example of [2, 9]. We start from a system with system matrices

1 -1 -2 0
A=| -1 2 0|, B=|¢ andcz[()es}
-3 1 2 15

Now we are going to construct the system matrices from the impulse response of the system.
This impulse response is given by

{os}=0,1,2,3,4,5,6,8,10,12,14,... .

First we construct the Hankel matrix

0 1 2 3 4 5 6 8]
3 4 5 6 8 10
4 5 6 8 10 12
5 6 8 10 12 14
6 8 10 12 14 16
8 10 12 14 16 18
0 12 14 16 18 20
10 12 14 16 18 20 22

00 O U i W N
0 O U W N
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01

The determinant of Hgy, 2 = Hgg([1,7],[1,2]) is not balanced. We add one row

|16 8
and the third column and then we search a solution of the set of linear balances
01 2 as
1 2 3|®]|a | Ve
6 8 10 ag

The solution ag =0, a1 = ©2, as = 3 satisfies the necessary and sufficient conditions for the
2 by 2 case since a1 = ¢ and as =3 <4 =2®2 =] ®F1. This solution also corresponds
to a stable relation among the columns of Hy g:

H&g(i, E+2) & 3® H&g(:, k)=2® Hg’g(t, kE+1) forke{l,2...,6},
or to the following characteristic equation:

A 5207 G 3Ve .

2 ¢

This leads to a second order system with A = [ 01

]. Using the technique of [4] we get a

0

Apart from a permutation of the two state variables this result is the same as that of [9].

whole set of solutions for B and C. One of the solutions is B = [

_4]andcz[e 0].

We now give another example that doesn’t satisfy the assumptions of [9], where only impulse
responses with a uniformly up-terrace behavior are considered.

Example 5.2
We start from the system (A, B, C) with

310 0
A=|e¢ 3 2|, B=|1 andC:{Oes}
0 5 ¢ 2
The impulse response of this system is: 0,3,6,9,13,16,20,23,27,.... Since there are two

different alternating increments in steady state (3 and 4), we can’t use the technique of [9].
First we construct the Hankel matrix

0 3 6 9 13 16 20 23
3 6 9 13 16 20 23 27
6 9 13 16 20 23 27 30
9 13 16 20 23 27 30 34
© 113 16 20 23 27 30 34 37
16 20 23 27 30 34 37 41
20 23 27 30 34 37 41 44
23 27 30 34 37 41 44 48
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0 3 6

The determinant Hgy, 3 = Hgg([1,3,4],[1,2,3]) = | 6 9 13 | is not balanced.
9 13 16

The set of linear balances

0 3 6 9 as
3 6 9 13 as
6 9 13 16| %] a | VE
9 13 16 20 ag

has a solution ag = 0, a1 = 93, as = 67, a3 = 10 that satisfies the necessary and sufficient
conditions of subsection 3.3: [ a1 =¢
ay=e<6=303=05Q0
a3=10<10=3Q@7T=0®0 .
This solution also corresponds to a stable relation among the columns of Hgg:
Hgg(:,k+3) @ 10® Hgg(:, k) =3® Hsg(:,k+2) ® 7® Hss(:,k+1)

for k € {1,2,...,5}, or to the following characteristic equation:

A o3’ eTe B0V e .

3 7 ¢
This would lead to A1y = | 0 ¢ 7 |. But it is impossible to find positive vectors By and
e 0 ¢

Cy such that (A, By, Ch) is a realization of the given impulse response.
However the 7 on the first row and in the second column of A; is redundant, because if we

3 ¢ ¢
remove it, we get Ao = | 0 & 7 | which has the same characteristic equation as A, but
e 0 ¢
0
for A, it is possible to find a corresponding By and Cs: By = | —3 | and Cy = { 0 2 ¢ } .
€

6 Conclusions and future research

We have derived necessary and for some cases also sufficient conditions for an Sy,,x polynomial
to be the characteristic polynomial of an Ry,,x matrix. Then we have indicated how such a
matrix can be constructed. The results were then applied to develop a procedure to find
a minimal state space realization of a SISO system, given its Markov parameters. This
procedure is an alternative to the method of [3], which finds all possible minimal realizations
but which has one disadvantage: its computational complexity. Since we allow an upper
Hessenberg form for the matrix A, our method incorporates both the companion form of [2]
and the bidiagonal form of [9].

In the future we shall expand our theory and fill the gaps that are still left: how many
Markov parameters are necessary to find the system matrices, how do we select a new matrix
A if the matrix that resulted from the heuristic algorithm didn’t lead to a realization of the
given impulse response, etc.. We shall also try to improve the performance of our heuristic
algorithm. Then we shall turn our attention to multiple input multiple output (MIMO)
discrete event systems.
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