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1 Introduction

1.1 Overview

One of the possible frameworks to describe and analyze discrete event systems (such as flex-
ible manufacturing processes, railroad traffic networks, telecommunication networks, ...) is
the max algebra [1, 5, 6]. A class of discrete event systems, the timed event graphs, can be
described by a model that is linear in the max algebra. There exists a remarkable analogy
between max-algebraic system theory and system theory for linear systems. However, in
contrast to linear system theory the mathematical foundations of the max-algebraic system
theory are not as fully developed as those of the classic linear system theory, although some
of the properties and concepts of linear algebra, such as Cramer’s rule, the Cayley-Hamilton
theorem, eigenvalues, eigenvectors, ... also have a max-algebraic equivalent. In [14] Olsder
and Roos have used a kind of link between the field of the real numbers and the max algebra
based on asymptotic equivalences to show that every matrix has at least one max-algebraic
eigenvalue and to prove a max-algebraic version of Cramer’s rule and of the Cayley-Hamilton
theorem. In [8] we have extended this link and used it to define the singular value decom-
position (SVD) in the extended max algebra, which is a kind of symmetrization of the max
algebra [9, 13].

In this paper we present an alternative proof for the existence theorem of the max-algebraic
SVD based on Kogbetliantz’s SVD algorithm [4, 11]. Furthermore, we prove the existence of
a kind of QR decomposition (QRD) in the extended max algebra. We also propose possible
extensions of the max-algebraic SVD.

This paper is organized as follows: In Section 1 we recapitulate the most important
concepts, definitions and properties of [8] and give some additional definitions and properties.
In Section 2 we present an alternative proof for the existence theorem of the max-algebraic
SVD and we prove the existence of the max-algebraic QRD. In Section 3 we propose possible
extensions of the max-algebraic SVD and the max-algebraic QRD. We conclude with some
examples.

1.2 Notations and definitions

We use f or f(-) to represent a function. The value of f at x is denoted by f(z). If a € R",
then a; is the ith component of a. If A is a matrix, then a;; or (A);; is the entry on the ith
row and the jth column. The ith row of A is represented by A;. The n by n identity matrix
is denoted by I, and the m by n zero matrix is denoted by O, xn. We use Ry to represent
the set of all the real numbers except for 0 (Rg = R\ {0}). The set of the nonnegative real
numbers is denoted by R*.

Definition 1.1 (Analytic function) A real function f is analytic in a point o € R if the
Taylor series of f with center a exists and if there is a neighborhood of o where the Taylor
series converges to f.

A real function f is analytic in an interval o, §] if it is analytic in every point of that interval.
A real matriz-valued function is analytic in [o, 3] if all its entries are analytic in |c, 5].

Definition 1.2 (Asymptotic equivalence) Let o € RU{oo} and let f and g be real func-
tions. The function f is asymptotically equivalent to g in the neighborhood of o, denoted by

~ g(x), r — o, if im f(@) =
F@) ~ gla). o= if Jm =1,




IfBeR andif 36 >0,Vz € (B—06,8+0)\{B}: f(x) =0 then f(z) ~ 0,z — (.
We say that f(x) ~ 0,z — oo if IK € R, Vo > K : f(z)=0.

If F(-) and G(-) are real m by n matriz-valued functions then F(x) ~ G(z), v — a if
fij(x) ~ gij(x), z = fori=1,2,...,mand j =1,2,...,n.

Note that the main difference with the classic definition of asymptotic equivalence is that
Definition 1.2 also allows us to say that a function is asymptotically equivalent to 0.

1.3 The max algebra and the extended max algebra

In this section we give a short introduction to the max algebra and the extended max algebra.
A complete overview of the max algebra can be found in [1, 6]. The basic max-algebraic
operations are defined as follows:

roy — max(z,y) (1)
r®Yy = x+y (2)

where z,y € RU{—o00}. The resulting structure Ryx = (RU{—00},®, ®) is called the max

algebra. The zero element for & in R, is represented by e . Define Re = RU{—o0}.

Let r € R. The rth max-algebraic power of x € R is denoted by ¢ and corresponds to rx
in linear algebra. If x € R then 22° = 0 and the inverse element of z w.r.t. ® is R
If r >0 then e =¢. If r < 0 then £®" is not defined.

The max-algebraic operations are extended to matrices in the usual way. If @ € R, and if
X, Y e RI"" then (a ® X);j = a®ui; and (X ®@Y);; = x5 ®yy; for all ¢, 5. If X € RIV*P

P
and Y € RP*" then (X ® Y);; = @ Tik ® yr; for all i, 7.
k=1
The matrix E,, is the n by n max-algebraic identity matrix: (E,); = 0 for i = 1,2,...,n

and (E,);; = ¢ for all ¢, j with i # j. The m by n max-algebraic zero matrix is represented
by Emxn: (Emxn)ij = € for all i,j. The off-diagonal entries of a max-algebraic diagonal
matrix D € R7"*" are equal to e: d;; = ¢ for all ¢,j with i # j. A matrix R € R*" is a
max-algebraic upper triangular matrix if r;; = € for all 4, j with i > j.

In contrast to linear algebra, there exist no inverse elements w.r.t. & in R.. To over-
come this problem we need the extended max algebra Spax [1, 9, 13], which is a kind of
symmetrization of the max algebra. We shall restrict ourselves to a short introduction to
the most important features of S;,.x. For a more formal derivation the interested reader is
referred to [1, 8, 9, 13].

First we define two new elements for every « € R.: ©x and x*. This gives rise to an extension
S of R, that contains three classes of elements:

e S = R,, the set of the max-positive or zero elements,
e S° = {©x |z € R. }, the set of max-negative or zero elements,
o S* = {2°|z € R, }, the set of the balanced elements.

We have S = S® US® US® and S®* NS NS® = {&} since € = Ge = £*. The max-positive and
max-negative elements and the zero element ¢ are called signed (SY = S® US®).
The @ and the ® operation can be extended to S. The resulting structure Syax = (S, ®, ®)



is called the extended max algebra. The @ law is associative, commutative and idempotent
in S and its zero element is €; the ® law is associative and commutative in S and its unit
element is 0. Furthermore, ® is distributive w.r.t. @& in S. If x,y € R, then

r®(ey) = = ifx >y,
oy = oy ifz<y,
r®(er) = z°

We have Va,b € S:
a® = (6a)® = (a®)*
a®b® = (a®b)*

o(Ga) = a
S(a®db) = (Sa) ® (OD)
O(a®b) = (Ga)®Db .

The last three properties allow us to write a © b instead of a @ (©b). So the © operator in
Smax could be considered as the equivalent of the - operator in linear algebra.
Let a € S. The max-positive part a® and the max-negative part a® of a are defined as follows:

e if a € S® then a® = a and a® = ¢,
e if a € S° then a® = ¢ and a® = Sa,
e if a € S® then Jb € R, such that a = b® and then a® = a® = b.

So a = a®©a® and a®,a® € R.. We define the max-absolute value of a € S as |a|, = a® D a®.
In linear algebra we have Vx € R: x — x = 0, but in S;,ax we have Va € S: a©a =a* # ¢
unless a = ¢, the zero element for @®. Therefore, we introduce a new relation, the balance
relation, represented by V.

Definition 1.3 (Balance relation) Consider a,b € S. We say that a balances b, denoted
by a Vb, if a® ®b° =a® D b? .

Since Va € S: a©a = a® = |a|, © |a], Ve, we could say that the balance relation in S
is the counterpart of the equality relation in linear algebra. The balance relation is reflexive
and symmetric but it is not transitive. The balance relation is extended to matrices in the
usual way: if A, B € S™*" then AV B if a;; V b;; for all 4, j.

An element with a © sign can be transferred to the other side of a balance as follows:

Proposition 1.4 Va,b,ceS:a6cVbifand onlyifaVbdc .

If both sides of a balance are signed, we can replace the balance by an equality:
Proposition 1.5 Va,beSV:aVb = a=0.

The above properties can be extended to the matrix case as follows:

Proposition 1.6 VA, B,C € S™*": AcCV B ifand only if AV BaC .

Proposition 1.7 VA,B € (SV)™": AVB = A=B.



Definition 1.8 (Max-algebraic norm) The max-algebraic norm of a vector a € S™ is de-
fined as

n

n
lally, = D lail, = @ (af ®a7)
i=1

i=1
The mazx-algebraic norm of a matriz A € S™*" is defined as

1A, = B P laiil,, -

i=1 j=1

Definition 1.9 (Max-algebraic determinant) Consider a matriz A € S"*". The maaz-
algebraic determinant of A is defined as

n

detgy A = @ sgn,, (o) ® ® Uig (i)
o€Py =1

where Py, is the set of all the permutations of {1,...,n}, and sgn, (o) = 0 if the permutation

o is even and sgn,, (o) = ©0 if the permutation is odd.

Theorem 1.10 Let A € S™*". The homogeneous linear balance A ® x V E,x1 has a non-
trivial signed solution if and only if detgy AV €.

Proof: See [9]. O

Definition 1.11 (Max-linear independence)
A set of vectors {x; € S"|i=1,2,...,m} is max-linearly independent if the only solution of

m
@%‘@xi V Enxi

i=1

with o; € SY is a1 = ag = ... = ay, = €. Otherwise we say that the vectors x; are maz-
linearly dependent.

1.4 A link between the field of the real numbers and the extended max
algebra

In [8] we have introduced the following mapping for x € R.:
Flz,s) = pe*
F(ox,s) = —pe*
F(z®,s) = ve**

where p is an arbitrary positive real number or parameter and v is an arbitrary real number

or parameter different from 0 and s is a real parameter. Note that F(e, s) = 0.
log(| F(z,s) )

To reverse the mapping F we have to take slirrolo

s
depending on the sign of the coefficient of the exponential. So if f is a real function, if z € R,

and adapt the max-sign



and if p is a positive real number or if y is a parameter that can only take on positive real
values then

f(s) ~ pe™, s—o00 = R(f)
f(s) ~ —pe™ , s—o00 = R(f)

T

ox

where R is the reverse mapping of F. If v is a parameter that can take on both positive and
negative real values then

f(s) ~ve®™, s—00 = R(f)=2z".

Note that if the coefficient of €** is a number then the reverse mapping always yields a signed
result.
Now we have for a,b,c € S:

a®b=c — Fla,s)+F(,s) ~ Flcs), s— o0 (3)
F(a,s)+ F(b,s) ~ Fle,s),s—o00 — adbVe (4)
a®b=c < Fla,s) - F(b,s)=Flc,s) for all s € R (5)

for an appropriate choice of the u’s and v’s in F(c, s) in (3) and in (5) from the left to the
right. The balance in (4) results from the fact that we can have cancellation of equal terms
with opposite sign in (R, +, x) whereas this is in general not possible in Syax since for all
a€S\{e}:aoa+#ce. So we have the following correspondences:

R, +,%) = (Re;®,®) = Ruax
(Ra+7 X) - (Sa@7®) - Smax .

We can extend this mapping to matrices such that if A € S™*" then A(-) = F(A,-) is a real
m by n matrix-valued function with a@;;(s) = F(asj,s) for some choice of the u’s and v’s.
Note that the mapping is performed entrywise. If A, B and C are matrices with entries in S,

we have
ApB=C — F(As)+F(B,s) ~ F(C,s), s— (6)
F(A,s)+ F(B,s) ~ F(C,s), s—>00 — A®&BVC (7)
A@B=C — F(As) F(B,s) ~ F(C,s), s — oa (8)
F(A,s)-F(B,s) ~ F(C,s),s—>o00 — AQBVC 9)

for an appropriate choice of the p’s and v’s in F(C, s) in (6) and (8).



2 The singular value decomposition and the QR decomposi-
tion in the extended max algebra

In [8] we have used the mapping from (R, +, X) to Spax and the reverse mapping to prove
the existence of a kind of singular value decomposition in Sy,x. Now we give an alternative
proof of the existence theorem based on Kogbetliantz’s SVD algorithm. The entries of the
matrices that are used in this proof are sums or series of exponentials. Therefore, we first
study some properties of this kind of functions.

Definition 2.1 (Sum or series of exponentials) Let S be the set of real analytic func-
tions f that can be written as a (possibly infinite, but absolutely convergent) sum of exponen-
tials for x large enough:

S = { f ‘ JK € R such that f is analytic in [K,00) and either
Ve > K : f(z) = Z a;e” (10)
=0

withn € N, a; € Ry, a; E R. and ag > a1 > ... > ay ; or
oo
Ve > K : f(z) = Z a;e” (11)
=0
with a; € Rg, a; € R, a; > a;41, lim a; = € and
71— 00
where the series converges absolutely for x > K }

Since we allow exponents that are equal to € = —oo, the zero function can also be considered
as an exponential: 0 = 1-e**. Because the sequence of exponents is decreasing and the coef-
ficients cannot be equal to 0, the sum of exponentials that corresponds to the zero function
consists of exactly one term.

If f €S, is aseries of the form (11) then the set {a;|i = 0,1,...,00} has no finite accumu-
lation point since the sequence {a;}{2, is decreasing and unbounded from below. Note that
series of the form (11) are related to (generalized) Dirichlet series [12].

Proposition 2.2 (Uniform convergence) If f € S is a series:
o0
JK € R such that Vo > K : f(x) = Z a;e”

with a; € ]Ro, a; € Rg, a; > a;+1 and where the series converges absolutely for x > K, then

the series Z a;e®® converges uniformly in [K,00).
i=0

Proof: Since f(x) can be written as a series, we know that ag # €. Hence,

(e 9] [e.9]
D e = age™ (1 + Z elaiao)e ) = age’” <1 +) ’Yz'ec“”>
1=0 i=1

Q;

[ee] o0
with 7, = — € Rg and ¢; = a; — ap < 0. Since Z a;e% ¥ converges absolutely Z ;€€ K
@0 i=0 i=1
also converges absolutely.



If + > K then e“® < e%¥ since ¢; < 0. So Vo = K : |ye%®| < |ye“X|. We already

o
know that Z |v;e“ | converges. Now we can apply the Weierstrass M-test. Therefore, the

i=1
[e.e] o0
series E ~;e“® converges uniformly in [K, 00) and as a consequence, E ;e also converges
i=1 =0
uniformly in [K, 00). O

The behavior of the functions in S. in the neighborhood of oo is given by the following
property:

Proposition 2.3 Fvery function f € Se is asymptotically equivalent to an exponential in the
neighborhood of co:

feS = flx) ~ ae™, z—
with ag € Ry and ag € R..

Proof: If f € S then there exists a real number K such that
n
Ve > K : f(z) = Z a;e®®
i=0

with n € NU{oco}, a; € Rg and a; € R.. If n = oo then f is a series that converges absolutely
in [K, 00).
If ap = ¢ then there exists a real number K such that Vo > K : f(z) = 0 and thus

flz) ~0=1-¢", 2 — 00

by Definition 1.2.
If n =1 then f(z) = ape®™® and thus f(z) ~ ape®®, z — oo with ap € Ry and ag € R..
From now on we assume that n > 1 and ag # €. Then we can rewrite f(z) as

flz) = age” <1 +y (%; 6(‘“_‘10”) = age™"(1+p(z))
i=1
with

n
p(z) = Y e
=1

.
where v; = — € Rg and ¢; = a; — ag. Note that p € S.. Since a; < ag, we have ¢; < 0 and
o

consequently
n n
i — | pCiT i pCIT )
Jim p(o) = Jim 3ot = 3 ( Jim e ) =0 (12)
1= 1=

We can interchange the summation and the limit in (12) even if n = oo since in that case the
oo

series Z ~vie“® converges uniformly in [K, c0) by Proposition 2.2.
i=1

Now we have

@) a0t (14 ()

= lim (1+p(x) = 1

x—00 (pedor T—00 apeto® T—00




and thus
f(@) ~ ape®®, z— oo
where ag € Ry and agp € R. O

Definition 2.4 (Sign function) The sign function sgn (-) is a real function that is defined
as follows:

sgn(z) = 1 ifx >0,
= -1 ifx <0,
= 0 ife=0.

Now we prove that the set S is closed under some basic operations:

Theorem 2.5 If f and g belong to Se then pf, f+g, f—g, f -9, [, |f| and sgn (f) also
belong to Se for every p € R and n € N.

1
If 7 g and \/f are defined, they also belong to S..

Proof: If f and g belong to S, then there exists a real number K such that

Ve> K: f(x) = Zaie“w and g(x) = Zﬁjebﬂ
i=0 =0

with m,n € NU {oo}, a4, € Rg and a;,b; € R.. If m or n is equal to co then the
corresponding series converges absolutely in [K, 00).

If ag = € then f(z) =0 for x > K, which means that |f(z)| = 0 and sgn (f(z)) =0forz > K
and therefore, | f| and sgn (f) belong to Se.
If ap # e then there exists a real number L > K such that either f(z) > 0 or f(z) < 0
for x > L, since f(z) ~ age®® for z — oo with ag # 0 by Proposition 2.3. Hence, either
|f(z)| = f(x) and sgn (f(z)) =1, or |f(z)] = —f(z) and sgn (f(x)) = —1 for x > L. So in
this case |f| and sgn (f) also belong to Se.

Since f and g are analytic in [K, 00), the functions pf, f + g, f — g, f - g and f™ are also
analytic in [K, 00).

1
If ag = € then f(z) =0 for x > K and then —— is not defined for x > K. If ag # € then we

f(z)

already know that there exists a real number L > K such that either f(z) > 0 or f(x) <0

1
for x > L. So — is defined and analytic in [L, c0). An analogous reasoning can be made for

f

g

If ap = € then y/f(z) =0 for z > K. So \/f is analytic in [K,00). If ag # € and if \/f(z)
is defined for z large enough then ap > 0 and there exists a real number L > K such that
Vo > L: f(x) > 0. Therefore, \/f is analytic in [L, 00).

Now we prove that these functions can be written as a sum of exponentials or as an absolutely
convergent series of exponentials.
We may assume without loss of generality that both m and n are equal to co. If m or n are



finite then we can always add dummy terms of the form 0 - e** to f(z) or g(z). Afterwards

we can then remove terms of the form re®® with » € R to obtain an expression with nonzero

coefficients and decreasing exponents. So now we have two absolute convergent series of

exponentials f and g.

If p =0 then pf(x) = 0 and thus pf € Se.
oo

o0

If p # 0 then pf(x) = Z (pa;)e®®. The series Z (pa;)e®® also converges absolutely and
i=0 i=0
has the same exponents as f(z). Consequently, pf € Se.

oo o0
The sum f(z) + g(z) = > a;e®® + > [3;e%” is also an absolutely convergent series of
i=0 j=0
exponentials for x > K. This means thjat sum of this series does not change if we rearrange
the terms. Therefore, f(x)+ g(z) can be written in the format of Definition 2.1 by reordering
the terms and adding up terms with equal exponents and removing terms of the form re®*
with r € R, if there are any. If the result is a series then the sequence of exponents is
decreasing and unbounded from below. So f + g € Se.
Since f —g = f+ (—1) - g, the function f — g also belongs to Se.
The series corresponding to f and g converge absolutely for > K. Therefore, their Cauchy
product will also converge absolutely for z > K and it will be equal to f - g:

(o] 1
f(z)-g(z) = Z Z Oéjﬂi—je(aﬁb"’j)x forx > K .
i=0 j=0
Using the same procedure as for f 4 g, we can also write this product in the format (10) or
(11). Hence, f - g € Se..
We can make repeated use of the fact that f-g € Se if f,g € Se to prove that f™* with n € N
also belongs to Se.

1
If 7 is defined then there exists a real number L > K such that Vo > L : f(z) # 0. Hence,

ap # €. We rewrite f(z) as follows:

f@) =) e = age™” (1 +y e(ai_a(’)x> = ape™*(1+p(z))
i=0

i=1 @0
with
o0
p(z) = ) e
i=1
O
where ~; = — € Ry and ¢; = a; — ap < 0. So p also belongs to Se.
o
It then p(z) = 0 and —— — — ¢~ Hence, = € S
¢y =¢ then p(z) =0and — = —e . Hence, — .
fx)  ag f
Now assume that ¢; # €. Since {¢;}2; is a decreasing sequence of negative numbers with
lim ¢; = e = —o0 and since p converges uniformly in [L,00) C [K,00) by Proposition 2.2,

1—00
| p(x) | will be smaller than 1 if x is large enough, say, if x > M. If we use the Taylor series

expansion of —— | we obtain
14z
1 o0
- = —1)kpk(x if [p(z)| <1 . 13
T = XU i) (13)



We already know that p € Se. Hence, p"” € Se. Since |p(x)| < 1 for > M and since the

highest exponent in p™(z) is equal to ney, which means that the dominant exponent of p™(x)

tends to —oo as n — oo, the coefficients and the exponents of more and more successive terms
n

of the partial sum s, (x) = z (—1)*p*(z) will not change any more as n becomes larger and
k=0
larger. Therefore, the series in (13) also is a sum of exponentials:

[e.¢] (0.0 k (o]
1
_— = —1)k ~;e5F = d;e%® forz > M . 14
T~ R (Ee) -5 "

First we prove that this series also converges absolutely. Define
oo
pr(x) = ) il
i=1

The series p* converges absolutely and uniformly in [K, 00) since p converges absolutely in
[K, 00). Furthermore, {¢;}2, is a decreasing and unbounded sequence of negative real num-
bers. So |p*(z) | will be smaller than 1 if z is large enough, say, if z > N. So
1 > k
_— = D) (p*(z forx > N .
ey = 2 (Ve

This series converges absolutely in [N, co) and since

oo o0 [ee] k
Sl < Y <Z |’7¢\€Cw>
k=0

k=0 \i=1
< 3w @)
k=0

the series (14) also converges absolutely in [N, c0).

Note that the set of exponents of the series (13) and (14) will have no finite accumulation point
since the highest exponent in p™ is equal to ncy. Since the series (14) converges absolutely,
we can reorder the terms. After reordering the terms and adding up terms with the same
exponents and removing terms of the form re®® with r € R if necessary, the sequence of
exponents will be decreasing and unbounded from below.

€ S. and thus also } € Se.

1
As a consequence, i = f - — also belongs to Se.
g g

This means that

If ag = ¢ then /f(x) =0 for > K and thus \/f € S..
If ag # ¢ and if \/f is defined in some interval [P, 00) then ag > 0 and

Vi@ = Vag €37/ 1+p(x) .

Now we can use the Taylor series expansion of v/ 1 + x. This leads to

pra) i fp(e) <1,

&) 3
1+p(x) = Z —F (2)

= r(g —k) k!

10



1
where I' is the gamma function. If we apply the same reasoning as for T we obtain
p

V1+p €8, and thus also /f € Se. O

Now we give an alternative proof for the existence theorem of the max-algebraic SVD:

Theorem 2.6 (Existence of the singular value decomposition in Spax)
Let A € S™" and let r = min(m,n). Then there exist a maz-algebraic diagonal matriz
¥ € RI™™ and matrices U € (SV)™*™ and V € (SY)™" such that

AVUeXeV! (15)
with

vreu VvV E,
vIieVv VvV E,
and ||All, = 01 2 02 > ... > 0p = € where 0; = (X)3;.

Every decomposition of the form (15) that satisfies the above conditions is called a max-
algebraic singular value decomposition of A.

Proof: If A € S™*™ has entries that are not signed we can always define a signed m by n
matrix A such that

&ij = Q4 if Qi is Signed,
= laij if a;; is not signed.
ile if a;; i t signed
Since |aij|, = |as], for all i,j, we have HAH® = ||A]|,. Furthermore, Ya,b € S:a Vb =

a® V b, which means that A VU @ ¥ ® VT would imply A VU ® X ® VT. Therefore, it is
sufficient to prove this theorem for signed matrices A.

So from now on we assume that A is signed. First we define ¢ = [|A]| .

If c = ¢ then A = E,,xn. If we take U = E,,, ¥ = Euxn and V = E,,, we have A =
UeXxeo VI UT@U =FE,, VIV =E,and o) =0y = ... =0, = ¢ = | All,- So
U®Y®VT is a max-algebraic SVD of A.

From now on we assume that ¢ # €. We may also assume without loss of generality that
m < n. If m > n then we can apply the subsequent reasoning on A’ since AVU @ X @ V7T
if and only if AT VV @ ST @UT. So U ® L ® VT is a max-algebraic SVD of A if and only
if Vo 2T @ UT is a max-algebraic SVD of AT,

Now we have to distinguish between two different situations depending on whether or not all
the a;;’s have a finite max-absolute value.

Case 1: all the a;;’s have a finite max-absolute value.
We construct a matrix-valued function A(-) = F(4,-). Hence, we have a;;(s) = ;;e%®
for all s € R with v;; € Ry and ¢;; = ]aij]@ € R..
We select the coefficients 7;; such that the generic rank of A(-) is m. This can be effectuated
by choosing the ;;’s such that

rank A(0) = rankI' = m (16)
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where (I');; = 7ij, since the rank of A(:) is constant except in some non-generic points
where the rank drops. Therefore, condition (16) ensures that the generic rank of A(-) is
m and that A(-) has no singular values that are identically zero.

Furthermore, if m > 1 then we select the 7;;’s such that fl(s) has no multiple singular values
except maybe in some non-generic points. This condition will guarantee the asymptotic
quadratic convergence of Kogbetliantz’s SVD algorithm. Since we are only interested in
the asymptotic behavior of the entries of fl(s), we can always add an extra exponential of
the form §;;e%° with d;; < ¢;; to @;;(s) such that rank A(0) = rank (I'+ A) = m if this
should be necessary to obtain distinct singular values for almost all values of s.

Now we define a matrix-valued function B(-) such that B(s) = e~ (¢*1sA(s). So

Bij(s) = ’Yije_b”s + 5ij6_f“s for all s € R

with b;; = ¢c+1—¢;; > 0 and f;; = ¢+ 1—d;; > b;;. The entries of B() are in Se.

If I C R then U(s)¥(s)V7(s) is a (constant) SVD of B(s) for each s € I if and only if
U(s)2(s) VT (s) with (s) = el¢*DsW(s) is a (constant) SVD of A(s) for each s € I.

We shall apply Kogbetliantz’s SVD algorithm [4, 11] on B(-). This algorithm can be
considered as an extension of Jacobi’s method for the calculation of the eigenvalue decom-
position of a symmetric matrix. For a matrix B € R™*" (with m < n) a sequence of
matrices is generated as follows:

XOZIma }/b:[nu SOZB
Xk = Gka,1 ; Yk = HkYk,1 y Sk = GkSk,lH,? for k = 1, 2, 3, e
such that

def
ISkllog = | D (Sk)Z
i#]

decreases monotonously. So S tends more and more to a diagonal matrix as the iteration
process progresses. If m = n then the orthogonal updating transformations Gy and Hy
are elementary rotations that are chosen such that (Sk)i,j. = (Sk)j.i, = 0 for some pair of
indices (ik, jx). As a result we have

1SkZe = [1Sk-112¢ — (Sk—1)25, — (Sk—1)25, -

If m < nandif m < ji < nthenonly S;, j, is zeroed and only one transformation is applied
(the identity matrix is taken for G). We shall use the cyclic version of Kogbetliantz’s SVD
algorithm: the indices ix and j; are chosen such that the entries in the upper triangular
part of the Si’s are selected row by row. If m = n, this yields the following sequence for
the pairs of indices (i, j):

ek

(1,2) - (1,3) - (1,4) —» ... — (I,n) - (2,3) = (2,4) — ... = (n—1,n) .

If m < n then the last pair of indices of is (m,n). A complete cycle is called a sweep and
2n—m—1)m

iterations.
2

corresponds to N =
Note that

VEeN: B = XIS,V .
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Since G, and Hj are orthogonal matrices, we have

ke N: |Silp = |Bllp (17)
and

VEEN: XX, = I, and Y'Y, = I, .

If we define S = lim Sg, X = lim Xy and Y = lim Y) then S is a diagonal matrix and
k—o00 k—oo k—o00

X and Y are orthogonal matrices. After applying a permutation such that the diagonal
entries of S are ordered we obtain an SVD of B:

B = (X"PT). (PSPT) . (PY) = UGV

with U = XTPT, & = PSPT and V = YT PT and where P is a permutation matrix.
The convergence of the cyclic Kogbetliantz algorithm is quadratic for k large enough [15]:

3K € N such that Vk > K : ||Skinlloe < ¢Skl - (18)

The operations used in Kogbetliantz’s SVD algorithm are additions, multiplications, sub-
tractions, divisions, square roots, absolute values and sign functions. So if we apply this
algorithm to a matrix with entries in S, then the entries of all the matrices generated
during the iteration process also belong to S, by Theorem 2.5.

If f, g and h belong to Se, they are asymptotically equivalent to an exponential in the
neighborhood of oo by Proposition 2.3. So if L is large enough, then f(L) > 0 and
g(L) = h(L) imply that Vs > L : f(s) > 0 and g(s) > h(s). This is one of the reasons that
Kogbetliantz’s SVD algorithm also works for matrices with entries in S, instead of in R.
Now we apply Kogbetliantz’s SVD algorithm on B(:). Let Si(-), Xx(-) and Yj(-) be the
matrix-valued functions obtained in the kth step of the algorithm. Let (), Ux(-) and
Vi(+) be the permuted versions of Sy(-), Xx(-) and Yi(-) respectively.

The exponents of the entries of B(-) are negative and the same holds for the exponents of
the entries of Si(-) since ||Sk(")|lp = [|B(-)|lg by (17). Hence, (18) means that the largest
off-diagonal exponent approximately doubles each N steps. Since the Frobenius norm of
Sk() stays constant during the iteration, the exponents of the updates of the diagonal
entries also approximately double each N steps. Therefore, more and more successive
terms of the series of the diagonal entries of Sk() stay constant as the iteration process
progresses. This also holds for the series of the entries of X(-) and Y (-).

In theory we should run the iteration process forever. However, since we are only interested
in the asymptotic behavior of the singular values and the entries of the singular vectors we
can stop the iteration as soon as the dominant exponents do not change anymore, i.e. after
a finite number of iteration steps.

If U()¥(-)VT() is a path of (approximate) SVDs of B(-) on some interval [L, o) that
was obtained by the above procedure, then the entries of U(-), ¥(-) and V(-) are in S, and
U(s) and V (s) are orthogonal for each s € [L, c0).

Furthermore, it should be pointed out that we are not really interested in a path of exact
SVDs of B(-). Let Ax(-) be the diagonal matrix-valued function obtained by removing the
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off-diagonal entries from ‘ilk(;) after the kth iteration step. If we define the matrix-valued
function Cy(+) = Uk(-) Ag(-) ViI(-), then we have a path of exact SVDs of C(-) on some
interval [L,00). This means that we could also stop the iteration process as soon as

bij(s) ~ ¢ij(s), s—oo  foralli,j .

Define a matrix-valued function i(-)~such that 3(s) = e(“™DsW(s). Then U(-) (1) V(")
is a path of (approximate) SVDs of A(-) on [L, c0):

A(s) ~ U(s)2(s) VT(s), s — o0 (19)
UT(s)U(s) = I, ifs>1L (20)
VIs)V(s) = I, ifs> 1L . (21)

So now we have proved that there exists a path of (approximate) SVDs of A(-) for which the
singular values and the entries of the singular vectors belong to S, and are asymptotically
equivalent to an exponential in the neighborhood of co by Proposition 2.3.

If we apply the reverse mapping R, we obtain a max-algebraic SVD of A. Since we have
used numbers instead of parameters for the coefficients of the exponentials in F(A,-), the
coeflicients of the exponentials in the singular values and the entries of the singular vectors
are also numbers. Therefore, the reverse mapping only yields signed results. If we define

2 =R(20)), U =R(0), V =R(V()) ando; = (2)is = R(E()

then ¥ is a max-algebraic diagonal matrix and U and V have signed entries. If we apply
the reverse mapping R to (19)—(21), we get

AVUeSeVT

Ul'eU V E,

VvieVv v E, .
The &;(-)’s are positive in [L,00) and therefore, o; € R.. Since the G;(-)’s are ordered in

[L, 00), their dominant exponentials are also ordered. Hence, 01 > 09 > ... > 0, > €.
We have [|A(s)||p ~ ve®, s — oo with v > 0 since ¢ = || A]| is the largest exponent that

appears in the entries of A(-). So R(HA()HF) =c=|All,. If M € R™*" then
1
7 Mg < [1M]ly < [IM][g -
Hence,

1

Tn IAG) e < 1Ay < A@E)p  ifs>L.

Since 71(s) ~ [|A(s)|ly, § — 0o and since the mapping R preserves the order, this leads
to ||A]l, < o1 < [|A]l, and consequently, o1 = [|A][ .
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Case 2: not all the a;;’s have a finite max-absolute value.
Now some of the entries of A are equal to € and it is possible that there are singular values
that are identically zero. Therefore, we cannot use the technique that was used in Case 1
to ensure that there are no multiple singular values. Hence, we cannot guarantee the
quadratic convergence of Kogbetliantz’s SVD algorithm anymore without making some
extra assumptions (see [2, 3]).
Therefore, we construct a sequence {Ay}2, of m by n matrices such that

(Ap)ij = ayj if |ai;], is finite,
= P—k if |a¢j|®:5,
where P = ||Af|, — 1. So the entries of the matrices Ay are finite and || A, = [|Agl|, for
all £ € N.

Now we construct the corresponding sequence of F(Ay,-)’s where we always take the same
coefficients ~;;, 8;; and d;;. We calculate a path of (approximate) SVDs Uy (-) Zx(-) Vi ()
for each F(Ag,-) using the method discussed above. In general, it is possible that some
sequences of the dominant exponents and the corresponding coefficients of the entries of
Ui (-) and V(-) have more than one accumulation point. However, since we use a fixed
calculation scheme (the cyclic Kogbetliantz algorithm), all the sequences will have exactly
one accumulation point. So some of the dominant exponents will reach a finite limit as k
goes to 0o, while the other dominant exponents will tend to —oo. If we take the reverse
mapping R, we get a sequence of max-algebraic SVDs {Uj, ® ¥j ® VkT}zO:O where some of
the entries, viz. those that correspond to dominant exponents that tend to —oo, tend to e
as k — oo. Note that (3z)s; < (Xx)11 < [|A]], for all 4.

If we define

U = klim Up, ¥ = klim Y and V = klim Vi
then

AVUeseVh
Ur'eU V Ey,
VieVv Vv E, .
Since the diagonal entries of the Y’s are max-positive or zero, ordered and less than or

equal to [|Al|, the diagonal entries of ¥ are also max-positive or zero, ordered and less
than or equal to [|A]l,. So U ® X ® V7 is a max-algebraic SVD of A. O

Although this alternative proof technique leads to a proof that is longer than that of [8],
it has the advantage that it can also be used to prove the existence of other max-algebraic
matrix decompositions fairly easily. We shall demonstrate this by proving the existence of
the max-algebraic equivalent of the QR decomposition (QRD).

Definition 2.7 (QR decomposition) The QR decomposition of a real m by n matriz A is
given by

A= QR ,

where Q € R™*™ s orthogonal and R € R™*"™ is upper triangular.
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Note that ||A||y = || R||y since @ is an orthogonal matrix.

Theorem 2.8 If A() € (Se)™*™ then there exists a path of QR factorizations Q()R(-) of
A(") for which the entries of Q(-) and R(-) also belong to Se.

Proof: We can use Householder or Givens transformations to calculate the QR decomposi-
tion of a matrix [10]. If we apply the algorithms in their most elementary form (i.e. without
the refinements necessary to avoid overflow and to guarantee numerical stability), we only
have to use additions, multiplications, subtractions, divisions and square roots. Hence, the
entries of resulting matrices Q(-) and R(-) belong to S, by Theorem 2.5. O

As a direct consequence we have

Theorem 2.9 (Max-algebraic QR decomposition) If A € S™*" then there exist a ma-
triz Q € (SV)™*™ and a maz-algebraic upper triangular matriz R € (S¥)™*" such that

AV Q®R (22)
with

QT®Q V E,
and ||R|, < [ Allg-

Every decomposition of the form (22) that satisfies the above conditions is called a maz-
algebraic QR decomposition of A.

The condition o1 < [|A]|, in the definition of the max-algebraic SVD is necessary in order to
obtain singular values that are bounded from above as is shown by the following example:

Example 2.10 Consider

00 0O
00 0O
A= 00 0O
|00 00
and define
[0 0 &0 0 o € € € 0 0 0 &0
0 e0 &0 &0 e o € € 0O 0 0 &0
U=1o 0o o olf”~ c o | ™MV =10 00 o
| 0 0 &0 &0 e € € 0O 0 0 0 O
Then we have
0o 0* 0* 0°
0* 0 0° o0°
T _ T _
U U =V eV = 0 0° 0 o0° V E,
0* 0° 0° O
and
c® o* o* o°
vesevl = |7, 70 70 701, (23)
c® o® o° o
c® o* o* o°

16



which means that U @ ¥ ® VT V A for every o > 0.
So if the condition o1 < [[A[|, would not be included in the definition of the max-algebraic
SVD, (23) would be a max-algebraic SVD of A for every o > 0. O

Likewise, the condition ||R||, < [|A]|, in Theorem 2.9 is necessary to bound the components
of R from above:

Example 2.11 Consider

0 0 0
A= 0 00
e0 0 0

Without the condition || R||, < [|A]|, every max-algebraic product of the form

0 e0 0 0 ¢ p 0 0 p*
Q®R = 0 0 0 |®|e 0 p| = 0 0 p*
e0 0 0 € € p ed 0 p*
with p > 0 would have been a max-algebraic QRD of A. O

In [8] we have defined a rank based on the minimal max-algebraic SVD of a matrix. The
same can be done with the max-algebraic QRD: we could define the max-algebraic QR rank
of a matrix A as the minimal possible number of non-¢ rows of R over the set of all possible
max-algebraic QRDs of A:

Definition 2.12 (Max-algebraic QR rank) Let A € S"*". The maz-algebraic QR rank
of A is defined as

p
AV @ ¢ Q@ R;, Q® R is a maz-algebraic

rankg qr(A) = min {p
i=1

QR decomposition of A }

0
where q; is the ith column of QQ, R; is the ith row of R and EB ¢ ® R;. is equal to E pxpn by
=1
definition.

3 Extensions of the max-algebraic SVD

In this section we propose possible extensions of the definition of the max-algebraic SVD.

If U is a (real) m by m matrix then UTU = I,,, if and only if UU? = I,,,. However, in the
extended max algebra UT ® U V E,, does not always imply U ® UT V E,, as is shown by
the following example:

Example 3.1 Consider

0 o(-1) 0 —1

_ -1 0 -1 &0
U= o0 e 0 —1
e 0 e 0
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We have

0 (Ut 0 ()
(-1)° 0 (-1)° 0°
UT QU = 0° (_1)0 0 (_1)0 \% E4
L (=D)° 0 (=1)° 0
but
0 (1) 0°  (=1)° ]
U® UT = (_1()). (_1())0 (_13 _(1) W Ey
| (-1)° 0® -1 0 |
since (U@ UT)3y = (UaUT);3=-1Ve. O

In the proof of the existence theorem of the max-algebraic SVD we have seen that for every
matrix A € S"™*" (with finite entries) there is at least one max-algebraic SVD that corresponds

to a path of (approximate) SVDs U(-) () VT (-) of A(-) = F(A,-) on some interval [L, o).
So if s > L then U(s) satisfies both U7 (s) U(s) = I, and U(s) U (s) = I,,,, and V (s) satisfies
both VT (s) V(s) = I, and V(s) VT (s) = I,,. Therefore, we could add two extra conditions to
the definition of the max-algebraic SVD: U @ UT V E,, and V ® VT V E,,. This yields:

Theorem 3.2 Let A € S™*" and let r = min(m,n). Then there exist a maz-algebraic
diagonal matriz ¥ € RI""™ and matrices U € (SV)™*™ and V € (SV)"*™ such that

AVULeVT

with
Ureu VvV E,
UeUY VvV E,
vieVv V E,
VeVl VvV E,

and ||All, = 01202 > ... > 0p = € where 0; = (X);;.

Furthermore, the left singular vectors of the path of (approximate) SVDs of A(-) will be
linearly independent on [L,oc) since U (s) U(s) = I,, for each value of s > L. The right
singular vectors will also be linearly independent. However, in the extended max algebra the
condition U @ U V E,, is not sufficient for max-linear independence of the columns of U
even if the entries U are signed as is shown by the following example:

Example 3.3 Consider

0 o0 0
U=10 0 0
0 0 o0
We have
0 0° 0°
UlreU =UcU" = |0° 0 0°| VE;.
0° 0° 0
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Furthermore, detgy, U = 0°. So by Theorem 1.10 there exists a signed solution of o ® u; @
ar®@uo ® az®uz V E3x1, viz. a1 = 0, as = 60 and ag = 60. Therefore, the vectors uq, uso
and ug are max-linearly dependent by Definition 1.11. O

If we want the left singular vectors to be max-linearly independent and if we also want
the right singular vectors to be max-linearly independent, we should have det, U ¥ ¢ and
dety V' 'V € by Theorem 1.10. So we could also add these conditions to the definition of the
max-algebraic SVD. Note that these conditions also imply that the rows of U and V are
max-linearly independent since detg, U = detg, U T also holds in Syax. This leads to:

Theorem 3.4 Let A € S™*™ and let r = min(m,n). Then there exist a maz-algebraic
diagonal matriz ¥ € RI""™ and matrices U € (SV)™ ™ and V € (SV)"*™ such that

AVULeVT

with
UreU VvV E,
veU" VvV E,
vieV VvV E,

VeVl v E,,
where the rows and the columns of U and V' are maz-linearly independent or equivalently

deto U YV ¢
dete, VYV ¢

and with ||Al|, = 01 > 02 > ... > 0, = €, where 0; = (3).

It is obvious that we can also add the above conditions to the definition of the max-algebraic
QR decomposition. This leads to:

Theorem 3.5 If A € S™*" then there exist a matriz Q € (SV)™*™ and a maz-algebraic
upper triangular matriz R € (SV)™*"™ such that

AV Q®R
with

Q"®Q V E,
QeQ" V E,
dete @ YV ¢

and |||, < [|A],-

4 Examples

In this section we give an example of the calculation of a max-algebraic QRD and a max-
algebraic SVD of a matrix using the mapping F. Other examples can be found in [8, 7].
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Example 4.1 We calculate a max-algebraic QRD of

A =

2 0 o(-1
e 03 (-2)°
o2 -1 o4

We define A(-) = F(A,-) where we take all the coefficients y and v equal to 1:

—S

1

—e

1 e384 g8 1
V2 V4420765 £ 4eT5 2085 V2 + e 05 275 4 ¢85
0 V2 e 3 4 e
V2 + e 65 4275 ¢ 8s V2 + e 65 4 275 ¢ 8s
1 e et 1
L V2 VA4 2e7065 4 deT5 4 2e78s V24 e 65 4 2e=Ts 4 ¢ 8s
r 1—¢ 8 645 — eS8
\/5628 -z R
V2 V2
0 V2 +e 05 +2eT5 + e85 e+ 142725 fe 45 475
V2e3s V4 + 26765 4 4T 4 2¢8s
0 0 648 Le s — 6_55 _ 6—68
L V2 + e 65 4 26— Ts ¢ 8s

1 e 38 1]
V2 2 V2
e— S
0 -1 - , § — 00
V2
1 e 38 1
V2 o2 V2 o
1 645
P —
VP E
e
0 e —— |, s>
0 0
V2
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If we define Q = R(Q()) and R = R(R()), we obtain

0 -3 o0 2 0 4
Q = e 60 o(-3) and R=|¢ 3 ol
e0 -3 0 e e 4
We have
[ o 4
Q®R = e ©3 1*| VA
| ©2 0* &4
0 (=3)°
Q"eQ = | (=3 0 (=3)"| V E3
0* (=3)°
and ||R|, =4 = ||A||,. Furthermore, Q ® Q7 = QT ® Q V E3 and det, Q =0V ¢. O

Example 4.2 Now we calculate a max-algebraic SVD of

We define B (-) = F(B,-) where we take all the coefficients p and v equal to 1:

—4 S 3
p_ | o3 o5 1
B 0 4* S5
4 Sh )
6—45 *628 635
- _6*38 —6758 e
B(S) = -1 645 _655
645 _655 655

We have calculated the constant SVD of B(s) in a set of discrete points and used interpolation
to obtain a path of SVDs U(-) X(-) VT (-) of B(-). In Figures 1 and 2 we have plotted the
singular values &;(-) and the components of the first left singular vector 4,(-) of B(-). In

Figures 3 and 4 we have plotted the functions &;(-) and 4;1(-) defined by

log |1 (s)]

log 7;(s)

and

respectively. From these plots we can determine the dominant exponents of the

s

7i(+)’s and the components of u(-). If we take the limit of the ;(-)’s and the 1;;(-)’s for s
going to oo and if we take the signs into account — in other words, if we apply the reverse
mapping R — we get the following max-algebraic SVD of B:

-2
-4 —4
0
0 <0

o(-1) o0

0 o(-1)
o(=3) o(-2)

-5 ©(—6)
2 3 3
0° 1° 1
4*  5* 65
4 5 5°

®
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5 Conclusions and future research

First we have proved the existence of a kind of singular value decomposition (SVD) in the
extended max algebra. Next we have used the same proof technique to prove the existence
of a QR factorization of a matrix in the extended max algebra. It is obvious that this proof
technique can also be used to prove the existence of max-algebraic equivalents of many other
matrix decompositions from linear algebra: it can easily be adapted to prove the existence of
an LU decomposition of a matrix in the extended max algebra and to prove the existence of an
eigenvalue decomposition for symmetric matrices in the extended max algebra (by using the
Jacobi algorithm for the calculation of the eigenvalue decomposition of a symmetric matrix).
We have also discussed some possible extensions of the definition of the max-algebraic SVD.

Topics for future research are: further investigation of the properties of the max-algebraic
SVD and the max-algebraic QR decomposition, extension of the proof technique of this paper
to prove the existence of other max-algebraic matrix decompositions and investigation of
possible applications of these matrix decompositions.
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Figure 1: The singular values ;(-) of B(-).
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Figure 2: The components @ (-) of the first left singular vector of B(-).
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