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Abstract

Similarity transformations between two different minimaélizations of a given impulse response
of a discrete event system are discussed. In the symmetriagehlgebra an explicit expression
can be given for the transformation between an arbitrarymahrealization of a given impulse
response and a minimal realization of the same impulse nsgpio a standard form. It is con-
jectured that a more general result holds which gives a flbamsition matrix between any two
minimal realizations of an impulse response. We will illag® the difficulties encountered when
trying to prove this conjecture.

1 Introduction

A class of Discrete Event Systems (DES), e.g. systems which involve mymzation, can be de-
scribed by linear models provided that the usual addition is replaced by maxiomznd multipli-
cation by addition. The resulting algebraic structure is called the max-algelra max-algebraic
system theory has been developed for this class of DES. An extexgigsitton of such systems and
of the underlying algebraic structure can be found in [1].

One of the problems in the system theory for DES is the minimal realization prokéih
can be formulated in the following way. Given an impulse response of ansyfited a state space
description of minimal dimension of which the behavior is equal to the given irapalsponse. An
overview is given of a number of (partial) solutions for this problem.

The minimal realization problem for max-linear systems was introduced inThiH results in this
paper were extended in [12] in which the two-dimensional case was studigese papers a mapping
from the max-algebra to the conventional algebra is used to solve the prolleninghame-Green
[5] tries to solve the problem using algebraic techniques valid within the agedmif. Extensions
are given in [15] and in [16]. In [7] and [6] it is shown that the minimallizagtion problem can
be formulated as an Extended Linear Complementarity Problem (ELCP)t@ms@n of the Linear
Complementarity Problem which is one of the fundamental problems in mathematigghpming.
The ELCP approach can then be used to compute a partial realization vdraigipulse response
even for MIMO systems. A drawback of the general ELCP is that it is arhhiféd problem, so it can
probably not be solved in polynomial time. It is not clear yet whether the minieadilzation problem
is also NP-hard. In [8] the authors present a heuristic proceduréhwhaic overcome this drawback
of the ELCP method.

*A shortened version of this report is published in the Proceedings oFth@ Conference on System Structure and
Control, July 8-10 1998, Nantes, France, pp. 587-592



In conventional system theory it is always possible to find a state sparsdraation between
two different minimal realizations of the same impulse response. It is invedtigdtether a similar
statement holds true in the max-algebraic system theory of DES. It carola shat in some cases
state space transformations exist in the max-algebra, see e.g. [6] in vameh Bossible transfor-
mations are discussed. A problem in finding transformations for more glecases is that in the
max-algebra the inverse of a matrix only exists for a small class of matricesrefbine, we extend
the search for state space transformations to the symmetrized max-algeistaisthe linear closure
of the max-algebra. The symmetrized max-algebra structure was firstuotrddn [10], see also [1]
and [9].

This paper is organized as follows. In Section 2 we will discuss the maki@gnd its linear
closure, the symmetrized max-algebra. Furthermore we will briefly demonbwata class of sys-
tems can be described by linear relations in the max-algebra. In Section 3 timeahiealization
problem is discussed and some known results are summarized. We shothevsiynilarity trans-
formation problem is of interest. This problem will be discussed in Section 4firéferecall some
results from conventional system theory. Then we will introduce possibi#arity transformations
for max-algebraic systems. Finally, in Section 5 we will make some concludingrkes and state
some questions which have remained unanswered.

2 Max-algebra and extensions

In this section we will give a brief overview of the max-algebra and of theragtrized max-algebra.
For a more extensive discussion we refer to [1] or [4].
Let ¢ = —c0 and denote bR, the sefRU{e}. Fora,b € R, the operationss and® are defined

by
a®b=maxa,b),
a®b=a+b.
The setR, together with the operatiors and® will be denoted byRmax and is called the max-
algebra or max-plus algebra. Rmax, € is the neutral element for the operatignand an absorbing

element forx. The neutral element fap is 0.
We can extend the max-algebra operations to matrices in the following wayB K RT™" then

(A®B)ij = & © by fori=1,....mandj=1,...,n.

If Ac RI™P andB e R2*" then

p
(A®B)ij = P ai @ by fori=1,...,mandj=1,...,n.
k=1

We will denote byE, or just byE then x n max-algebraic unit matrix. For this matrix we have
Eij=¢ fori,j=1,....,nwithi# ]
Ei=0 fori=1,...,n.

A problem withRpmax is that it is not a ring since an equation of the foam x = b does not
necessarily have a solution. &> b no solution exists. The reason for this is that o€ R we
cannot find an elemett€ R, such thaa® b = . A solution to overcome this problem, at least in
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some ways, is presented in [10], see also [1] and [9]. In these nefesea symmetrization & max
is introduced, which results in the closureRyax denoted bySmax. This structure will be called the
symmetrized max-plus algebra. In this section we will give the basic notioasdiegSmax. For a
formal derivation and proofs we refer to [10], [1] and [9].

The sefS consists of the three subsé&ts S andS* defined by

S*={alacRs}
S"={calacR:}
S*={a*=acalacR¢}.
The elements i will be called max-positive, the elementsSn max-negative and the elements in

S* will be called balanced. The elements in the $et)S” will be called signed. The set of signed
elements is denoted 8. For elements,y € R, we have

X® (Oy) =X if x>y,
X® (oY) = ey if x<vy,
X® (ey) =x° if x=y.

Furthermore, for any,y € S we have

o(xay) = (ex) & (oY)

x® (ey) = e(x®y),
(6X) @ (2y) =X®Y,
O(6X) =X.

These properties allow us to wrigeb (cb) = ac b. Note that the>-sign shares many properties with
the minus sign in ordinary algebra.

Leta e S. Define its max-positive pag” and its max-negative paat’ as follows. Ifa e S” then
a® =aanda” =¢. If ae S thena” = € anda” = a. Finally, if a € S*® then there existb € R such
thata® = a® = b. With these definitions any elemeat S can then be written as= a® © a°.

In Smax We still cannot find an elemehbtsuch that for an elemenate R we have thahd b= €. But
with the introduction of a new relation, the so-called balance relation, we eatlgse. Foa,b € S
the balance relation, denoted by is defined as

allb & a”@b” =a @b”.
From this definition we can derive the following rules:
1. Va,b,ceS:allbdce acblc,
2. VabeSV:alb<a=h.

The first rule implies, witlt = ¢, that:al0b < ac bOe. Whena = b we conclude from rules 1 and
2thatacalls ora®[e.

The introduction of the max-negative numbers, the balanced numbers ehdltince operator
allows us to manipulate with max-algebraic numbers almost in the same way as witkensuimthe
conventional algebra. One exception is that we do not have cancelldtgual terms with opposite
signs, sinca© a becomes® which is unequal t& for a # €. But we do have tha® [ e.
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Rule 2 is only valid for signed elements. Let, for instange; 4* andb = 3. Thenallb since
4*03< 46403 < 40304 < 404 & 4 =4, buta+# b. This implies that equality is a stronger
property than balance.

A major difficulty with the balance relation is that it is not transitive, e.gl12 < 1°0 S 1 but
NARSK

The extension ofax t0 matrices is similar to the extensionRf,ax to matrices.

In Smax We can define the determinant of a matrix, see [1]. First, we define thetwigraf a
permutationo as
0 if o is even

©0 otherwise.

o)~ |

Then the determinant of anx n matrix A is defined (as usual) as
n
det(A) = P sgn(0) ® Q) Ao (i)-
o i=1

Next, we can define the transpose of the matrix of cofactors, denotad by Al-”j = cofji(A), where
cofji (A) is equal to the determinant of the matrix obtained frArby deleting itsj-th row andi-th
column. This matrix satisfie&® A’ ] detA) ® E,, according to Theorem 3.76 of [1]. The ‘inverse’
of a matrixA, denoted byA# since itis not the real inverse in max-algebra sense, could then bedlefine
asA? @ def{A) = A’ provided that déi) [e.

The determinant can be used to characterize linear dependency of satuenmatrix. In the sym-
metrized max-algebra vectorg vo, . . ., vy, are said to be linearly dependent if scalagsas, ..., am €

m
SY which are not all equal t@, exist such tha@ ai®v;de. Let A be ann x n matrix. Then its
i=1
columns are linearly dependent if and only if @&tC . Since detA) = det(AT) a similar statement
is valid for the rows of the matriA.
Within the max-algebra structure, a class of discrete event systems castribdd by linear
(in max-algebra sense) equations. Such relations were first desamitpfgdand [2], see also [1].
Consider for instance a production network which consists mbdes (machines). Nodecan only
become active for th&k@® 1)-th time when previous nodes have finished tkeir activity and supplied
nodei. Letx;(k) denote the time instant nod&ecomes active for theth time and let;; denote the
production time of nodg¢ and the transportation time from nogl¢o nodei. Then we have that

X (k1) = max(x; (k) + &)
wherej ranges over all nodes preceding nodin max-algebra notation this relation becomes

xi(k+1) = Px;(k) @ aj,
j

or, in matrix-vector form
x(k+1) = A x(k).
A more general model is the following
X(k+1) = Aex(k) B u(k) (1)
y(k) = Cex(k). )



In this modelu(k) denotes the time instants outside resources become availabjékamgnotes the
time instants at which thlke-th production cycle is finished. In the following we shall characterize a
model of the form (1)—(2) by the tripleA, B,C) of system matrices.

When we assume thaf0) = xp then the input/output behavior of the system (1)—(2) is given by

k—1
y(k) =CoA@x & PCaA T @Bau). 3)
i=0
If we apply a unitimpulse, defined hyk) = ¢ for k # 0 andu(0) = 0, to the system and if we assume
thatxg = &, then the output of the system becorgélg = Co A< 1@Bfork=1,2,... One could view
the application of the unit impulse to the system as the starting of the proces® ivis assumed that
all the resources are immediately available. Define

k=CoA“leB k=1,2,... (4)

These values are called the Markov parameters and the seq{gnfe, is the impulse response of
the system. In this paper we will only consider single input, single outpudB$gstems. For multi
input, multi output (MIMO) systems the Markov parameters become matrices.

3 Theminimal realization problem

The minimal realization problem can be formulated as follows. Given a sequanMarkov pa-
rameters{gx}y_;, find matricesA, B,C of appropriate dimensions such th@ A1 @B = g for
k=1,2,... and such that the dimension Afis as small as possible.

A starting point is the construction of the semi-infinite Hankel maktixcorresponding with a
sequence of Markov paramet€igk } ;. This matrix is given by

01 02 O3
02 03 O4
03 04 Os

We will denote byH, g the truncated Hankel matrix consisting of the fiestrows and the firsp
columns ofH.

The following theorem is an immediate translation from a similar theorem fromecnional
linear system theory (see e.g. [14]).

Theorem 1 Given an impulse responge}y._, such that for the corresponding Hankel matrix
i-th column® a3 ® (i — 1)-th columna® ... ® an ® (i — n)-th column ¢, (5)

fori=n+1n+2 ..., 8 €S andwhere nis the smallest integer for which this or another dependency
of this form is possible. Then the discrete event system characterized by

£ 0 £ £
. . . . . gl
: . . ) : 9
A= : . .. ¢ |.B= : ,C=(0 ¢ ... €) (6)
€ £ £ 0 9
n
©an Oan-1 ... ... ©Oa



is a minimal realization. In general we will have
CoAloBOg, i=12... (7)

Proof : Direct calculation shows that the impulse response of the given systemcbalthe given
impulse response. If there would exist a lower dimensional realizationthieee would be a smaller
number of successive columns of the Hankel matrix which would be lineapamtent. This follows
from the fact that the resulting-matrix satisfies its own characteristic equation (see [13]). Hence, we
obtain a contradiction with the statement of the theorem. O

Remark: Since we will have in general a relation of the form (7) in which we havalarized relation
instead of (4) in which equality holds, the realization given by (6) will be dadleninimal balancing
realization. We will refer to the realization given by (6) as the realization mgamion form.

Example 1 Consider the following sequence of Markov parameters
{Ok}k-1 =3,5,8,9,14,15 20,21, 26,27,32,33, ... (8)

A relation between those parameters which holds for any four conseddtivkov parameters, is
given by

01302®01206®01®8®g e, i=12,... (9)

There is no relation of the form (5) which holds for any three conseeyiarameters. A similar
relation holds for the columns of the corresponding Hankel matrix. Adegto Theorem 1 a minimal

balancing realization is given by
3
,B=[5],C=(0 ¢ €). (10)

8

0
A= €
6

O M M
N O M

S
The sequence of Markov parameters generated by this triple is equal to
{0 }k-1=3,5,8,11°,14/17°,20,23, ...

This sequence also satisfies the relation given by (9), but it is not egubk original sequence
{ok}p_;- We have that fok=1,2,...

Ok Dg,2ka
O2k-1= 0o 1.
Note that fork > 3 we have botlgy > = 6® gk andg;, , = 6@ g;.

The system description in state space form, characterized by the matrieadrg(10), can also
be written in the following way

x1(k+1) = x2(k) ® 32 u(k)
X2(k+1) = x3(k) @52 u(k)
X3(k+1) ©8® X1 (K) = 6@ x%2(K) ®2® x3(K) ®8® u(k)
y(K) = x1 (k).



In matrix-vector form these relations read
x(k+1) & A” @x(k) = A” @ x(k) ® Bu(k) (11)
where the matriA from (10) is written as
A=A"S A",
It is not clear yet how to interpret a system of the form (11). O

The use of Theorem 1 seems to be rather limited since the entries of the Aair(%) are not
necessarily inRg. A special case of Theorem 1 is given in [11] and in [12]. It is repediere as
Theorem 2.

Theorem 2 Suppose that the columns in the Hankel matrix satisfy the following relation
i-th column= ¢; ® (i — 1)-th column& ... @ ¢y ® (i —n)-th column

fori=n+1,n+2,... with ¢j € R, for j =1,...,n, and suppose n is the smallest integer for which
this or another dependency of the same form is possible. Then the dieeestesystem characterized

by

€ 0 £ ... £
01
2
: . . £
£ e ... ... € 0 On
Cn Cnfl Cl

is a minimal realization.

So, in this case we have thgt= ©a; for j = 1,...,n. Note that all the entries of the matrices are
in Rg.
In [12] also the following theorem is proved.

Theorem 3 Given a seriedg«}y_; such that for the corresponding Hankel matrix any three succes-
sive columns are linearly dependent. Then a realization, representix igiple (A, B,C), of at most
state dimension 2 exists for which the given series is the impulse responsedinithat all entries of
the matrices A, B and C are iR;.

In the work by Cuninghame-Green al. (see e.g. [5], [15] and [16]) a sufficient condition for the
existence of a minimal realization is derived for a certain behavior of the ipelponse. These
results are summarized in [6] as follows.

Theorem 4 A minimal realization exists if the impulse response- Gy}, of a SISO DES exhibits
a ‘uniformly up-terrace’ behavior, i.e. if the sequence G consists of bksguences with lengths
Ny, Ny,..., Ny and incrementscy,...,Cy respectively such that

Ok+1 =0k +GCi fori=1,2,....Mand k=t;,... tj+n — 1,

withny = 4,11 =0, ;1 =ti+nand g1 >cfori=212,.... M—1
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The results which we mentioned above all deal with specific cases. Naajeheory exists
yet. In [7] and [6] it is shown that the realization problem can be formulatedn Extended Linear
Complementarity Problem (ELCP). In this reference a lower and upperdbion the system order is
used. The lower bound is equal to the smallest valsigch thar consecutive columns of the Hankel
matrix are linearly dependent. Note that the order of the realization giveheéorém 1 is equal to
this lower bound. With the ELCP approach it is also possible to find realizafiioMdIMO systems,
while the other results which we mentioned in this section all deal with SISO systemhawback
of this approach is that up until now no efficient algorithms have beenlajes@ which solve the
problem in all cases.

The problem now becomes whether we can derive from (6) a realizatitre @iven impulse
response such that the entries of the resulting matrices areigll iim conventional system theory the
approach would be to look for a state space or similarity transformation whachdwransform the
realization in companion form to a desired form. Therefore, we will study siityilaansformations
in the max-algebraic system theory in the next section and we will try to findbtiare between a
triple (A, B,C) given by (6) and a yet unknown trip{@’, B',C’) such that the entries of the latter triple
are inR;.

Before we will discuss state space transformations we conclude this sedtiothe following
proposition which we will use in the following section. The proposition prosideother similarity
between conventional system theory and the max-algebraic system thebiygS.

Proposition 5 Let the triple(A,B,C) be a minimal balancing realization of order n of a given se-
quence of Markov parametefsy },_,. Define the matrices O and R as follows

C

CoA
O= , andR=( B A®B ... A"1@B ). (12)

C®An71
ThendetO) [l ¢ anddetR) /1.
Proof : Suppose déR) e (When detO) O € the proof is analogous.) This implies that the columns

of R are linearly dependent. From (12) it follows that thth column ofR is equal toA~1® B
(i=1,...,n). So, there exist scalatg (i = 1,...,n) not all equal tce such that

n
PaicAteBIE.
i—1

If we multiply this relation withC® A, k= 0,1, ..., we obtain

n
PaicCoATteBOs,  fork=0,1,...
i—1

or, from the definition of the Markov parameters (see (4)),

n
EBai@ngDe, fork=0,1,...
i=1
This implies that there is a relation between angonsecutive Markov parameters and according to

Theorem 1 a realization of dimension lower thawould exist. This contradicts the assumption that
the triple(A, B,C) is a minimal balancing realization of order O
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Remarks:

¢ Recall that in conventional system theory a minimal realization is both rekchiath observable
(see e.g. [14]). For SISO systems this means that the determinant of ribgherachability
matrix nor the observability matrix is equal to zero. A similar statement is made iro§itimm
5 for max-algebraic systems. However, there is no interpretation in termeaohability or
observability of the system yet.

e Proposition 5 is valid for general matricesSpax. FOr matrices with entries iR this propo-
sition only holds if the minimal balancing realization and a minimal realization for which
entries of the system matrices arelip, are of the same order.

The opposite of Proposition 5 is not necessarily true. Let the t(#IB,C) be ann-dimensional
realization of a given impulse response which is not minimal andllee the corresponding Han-
kel matrix. Then according to Proposition 6.3.3 from [6] we have thatHigt) Ce. According to
Proposition 2.1.7 from [9] there holds

detHnn) = def O® R) = defO) @ defR) & a* with ae€ Rg (13)

in which O andR are as defined in (12). From (13) it follows that dét,) O € does not necessarily
imply that either deO) O € or de{R) O €. To illustrate this consider the system given by the following

matrices
-1 1 -3
A:( 03>,B:< 2>,C:(3 2). (14)

3 2 -3 3
O:<2 5>andR:< 5 5).

We have d€iO) = 8[J¢ and detR) = ©5[Je. But the system given by (14) is not minimal. The
sequence of Markov paramet€igk };_; associated with (14) is given by

Then

{o}2, =4,7,10,13/16,19,22,. .. (15)

From this sequence we conclude that; = 3® gk for k=1,2,... and detH, ) = 14* O¢. Hence,
a one-dimensional realization of (15) exists. An example of a system whil{1b) as its Markov
parameters is given by the tripl&/,B’,C") with A =3,B'=2,C' = 2.

We will encounter the matrice8 andR defined in (12) again in the next section in which we will
discuss similarity transformations.

4 Similarity transformations

In this section we will first recall some results on similarity transformations ftonventional system
theory. Then we will show that when a certain transformation exists betiweerealizations, these
realizations exhibit the same behavior. Unfortunately, such a transfommddies not always exists
between two minimal realizations of the same impulse response. Thereford] lwek for similarity
transformations under less restrictive constraints. We will show that aftranation between the
realization in companion form and a realization with elemenfR rexists under certain conditions.
It is conjectured that a similar result is valid for more general realizations.

9



4.1 Resultsfrom conventional system theory

An important question is whether we are able to find state space transforatatioveen two different
realizations of a given impulse response. In conventional system tresm\e.g. [14], the following
results are known:

1. When a similarity transformation is applied to the system, represented by the€AipB;,C;),
then the resulting syste(#\,, B,,C,) will have the same behavior as the original system.

2. Between any two minimal realizatio(&s,B;,C;) and(Az, By, Cy) of a given impulse response
a similarity transformation exists.

If we represent the similarity transformation by an invertible matrithen the relation between the
two systems is in both cases given by

Al=TATL B;=TByandC; =C, T L. (16)

In the max-algebra the inverse of a matrix only exists for a small class of mgtnvze matrices
which can be written as the product of a diagonal matrix and a permutation m@nity. for such

matrices state space transformations can be defined in a similar way as in Weatomral system
theory. Therefore, we will look for a more general formulation of (16hich we do not need
inverse matrices.

4.2 A similarity transformation in the max-algebra

In [6] two transformations are proposed, the so-called L- and M-toamsdtions, which make it pos-
sible to derive system equivalence for a broader class of triples tdraymatrices. But in the same
reference it is also shown that such transformations may not exist betwedifferent realizations

of the same impulse response. Here we introduce a different transfonmété T-transformation,

which is more general than the L- and M-transformations.

Proposition 6 Let the triples(A;,B1,C1) and (A2, Bz,C;) be such that:

TOA=ART,
T ®By, =By, and
C=C®T,

for some matrix T. Then both triples are equivalent (i.e. they exhibit the Bgragoutput behavior).
Proof: Letke N. Then
CRAS®B =CioTRAS® B,

—CIoARTOAS TR B,

= . =CoAT®B,

= Cl X Ali ® B;. O
In the same way it is shown that two triplé&;, B1,C;1) and(Ay, B2,Cy) are equivalent when a matrix
Sexists such thas®@ A1 = A2 ® S, S®B; =B, andC; =C,® S. The matriceSandT do not have
to be square. It is easily shown that these transformations, which willlkeel ¢the T-transformation
respectively the S-transformation, include the M-transformation respéctihe L-transformation.

But unfortunately, also these transformations may not exist between tieoetif realizations of the
same impulse response. This will be demonstrated in the following example.
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Example 2 Consider the tripléA;, B1,C1) given by

6 9 0
A1=<0 5)7512(_4),(31:(9 15 ), (17)
and the triple(Az, B2,Cy) given by
6 10 0
A2:<_1 5>,Bzz<_4>,C2:(9 15). (18)

Both triples are minimal realizations of the following sequence of Markovmpatars
{Ok}ee1 =11,16,21,27,33,39,45,51,57,.. ., (29)

see Example 6.4.1 in [6]. Between the triplég, B;,C;) and(A, B2,C;) a state space transformation
T exists suchthal @ Ay =A1 T, T ® By, =Bg andC, =C; ® T. The matrixT given by

0 4
T=<6 o) (20)

satisfies these relations. It can be shown that no mStosingX2 exists such thaB A1 = A ® S,
S®B;=ByandC; =C,®S.
In [6] also the following triple is computed as a minimal realization of the sequginea by (19),

A5:<g 12),55:<2>,c5:(8 15). (21)

When we try to solve the equatiois® As = A1 ® T, T ® Bs = B; andCs = C; ® T with the entries
of the matrixT as the unknowns, it turns out that no solution can be found. Hence tloms not
exist a T-transformation between the triplgs, B1,C1) and(As, Bs,Cs). In a similar way it can be
shown that no S-transformation exists between those triples. In [6] it ineedg shown that no M-
or L-transformation exists between these two realizations. O

From the previous examples we conclude that it is not always possiblalta fitate space trans-
formation in the max-algebra. Therefore, we will extend our searchtébe space transformations
between different realizations of a given impulse to the symmetrized maxralgelthe following
sections.

4.3 Transforming the companion form

From conventional system theory it is known (see [14, Theorem 2@})kbtween two minimal re-
alizations(Aq,B1,Cy) and (A2, By,C,) of an impulse response a unigue state space transformation
exists, represented by a matfixwhereT is given by (for SISO system3) = (0;1) 10, = Ry(Rp) 2

in whichO; andR; (i = 1, 2) are the observability respectively the controllability matrices of the given
systems. In the following we will show that similar results are valid, under icecanditions, for
systems in the max-algebra. A drawback however is that we obtain baliastesd of the equalities

as in Proposition 6.
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Proposition 7 Let the triple (A',B,C’) be an n-dimensional realization of a sequence of Markov
parameters{gx }y_, such that all entries of the matrices arelfy. Let(A, B,C) be the n-dimensional
minimal balancing realization of the same sequence according to Thebestd such that the matrix
A’ satisfies the characteristic equation of A. Then a state space transfornmasitix T such that
TOATDART, ToB OBandCOC®T is given by

C/
C/ ®A/
) (22)
c ® (A/)n—l
Proof : Some easy computations show that

CoA
C/® A/ 2
ToN— .( ) 7
C/®(A/)n
while
CoAN
C/®(A/)2
ART = .

caeCeA)"1o--.ca, 10C AN caeC

The characteristic equation Afis equal toA"@a; ® A" 1@ --- @ a, O&. Since we have assumed that
A satisfies the characteristic equation®ft follows immediately thal @ A DA® T.
Furthermore, we have

C®B 01

) CoA®B 02
TeB = . =| . | =8

C,® (A/)n—1® B On

since both triples are realizations of the same sequence of Markov parsinfiételly

C/
C oA
CoT=(0 ¢ ... £)® , =C,
C/®(Al)n—l
which concludes the proof. O

Remarks:

e Note that we even proved thatx B'=BandC® T = C/, i.e. here we have an equality instead
of a balance relation. The equalities follow immediately from the fact that all tixées of
the matrices involved are iR.. For the relation betweeA and A’ it will in general not be
possible to obtain equality instead of a balance relation, since the matriX may contain
signed entries.

12



e One could try to use the result of Proposition 7 as the starting point of &roofisn of a
minimal realization. But it seems that the resulting problem which has to be sislyest the
minimal realization problem.

e The matrixA’ does not necessarily need to have the same characteristic equafiotnathe
proof we only used tha#’ satisfied the characteristic equation/Afsee also Example 6 in
Section 4.4.

A question is whether we can transform the minimal balancing realization obtainEheorem
1, with entries which are not necessarilylt, to a triple for which the entries are iR, and such
that the dimension of both systems are equal. In [12] it was shown that thheninimal balancing
realization is two-dimensional, always a two-dimensional realization canurelfof which all the
entries of the system matrices areRip, see also Theorem 3. For higher dimensional systems this will
not always be the case as is shown in the following example.

Example 3 Consider the following sequence of Markov parameters
{ak}_; = 14,20,30,33,44,47,58,61,72,75,86,89, ...
A relation between the Markov parameters is the following
013P4®0i4+2014®011©18®g U,

fori=1,23,... According to Theorem 1 a minimal balancing realization is given by

e 0 ¢ 14
A= e € 0],B=|20|,C=(0 ¢ ¢).
18 14 ©4 30

For this realization we have
{CoA“ @B}y, = 14,20,30,34°,44,48°,58,62°,72,76",... 0{g}p.-

It turns out, for instance with the ELCP approach from [6], that no rabn of dimension 3 of
the sequencé¢gy}y_, exists with all its entries ifiRs. A minimal realization inR; is given by the
following 4-dimensional system

-3 2 -6 -1 0
| -2 -3 4 9| L | 8 (o _
A=l 10 1 .6 1| B=| 4 ¢=(-2-210-5)
-1 5 -4 -1 —4

The reason why it is not possible to transform the three-dimensional {#pB,C) to a three-
dimensional triple with entries iiR; could be the following. The characteristic polynomial of the
matrix A does not satisfy the necessary and sufficient conditions given Br@position 5.3.3], for
being the characteristic polynomial of &3 matrix with entries ifR.. To conclude this example we
note that deR’) = 65° [ ¢ and so according to Proposition 5 the syst@hB’,C’) is not minimal in
Smax- O

13



4.4 A balancing similarity transformation

Next, we will give a proposition in which we describe a possible similarity tamsétion between
two minimal realizations of a given impulse response. For a part of this pitigpowe do not have
a proof yet and the result is only conjectured. We will illustrate this conjecivith some small
examples.

Conjecture 8 Let the triples(A1,B1,C1) and (Az,B2,Cz) be two minimal realizations of the same
sequence of Markov parameters and (8tB,C) be a minimal balancing realization of the same
sequence. If the matrices And A are of the same order as A and satisfy the characteristic equation
of A, then a state space transformation matrix T exists such tlxaBFT1B; and GOC; ® T. Under
certain conditions (to be derived in the proof) T also satisfiesA, JA; @ T. One matrix T is given
by T =T, = Of ® O, with

G
CGoA _
: M I - 17 2’ (23)
Ci ® .Ain71

and where the matrix Dis as defined in Section 2. Another transformation matrix is given by T
T; = R1 ® (Ro)* with

R=(B A®B .. A'®B ), i=12

Proof: We first note that, since the triples are minimal realizations, according to §itigmo5
det(Oy) e and detR,) 1€ and hence the matricé®; )* and(Ry)* exist.

Since both triples are realizations of the same sequence of Markov paraih&itows immedi-
ately thatO; ® B; = O, ® B, and hencéO;)* ® O; ® B; = (01)# ® O, ® B,. Since(01)* ® O, 0E,
we conclude thaB; T, ® By. In a similar way it can be shown th@ 0C; ® T,.

Let (A,B,C) be the realization of the same Markov parameters according to Theoremtfie In
proof of Proposition 7, we concluded tl@t = C® O; andCy; = C® Oy. If we multiply both sides of
the former equality witf{O)* ® O, we obtain

Ci® (Ol)#® 0, =C01® (01)#® )
HUC®0,
=Cs.
In an analogous way it can be shown tBat] T, & Bo.

The relationsT ® A, 0A; ® T with T = T, respectivelyT = T, remain to be shown. A major
problem in this case is the fact that the balance relation is not necessargititte. In the following
we derive which conditions should be satisfied.

If we assume that both; and A, satisfy the characteristic equation Af then we know from
Proposition 7 (withT = O3 respectivelylT = O,) that the following relations hold

O10AI0A® O (24)
O, @A AR Os. (25)

If we multiply both sides of (24) witfO;)* we obtain
01 9A;® (01)*0A® 01 ® (01)*. (26)

14



SinceO; ® (0O1)# D E we have that the right-hand side of (26) balanged he first question now is
whether also the left-hand side of (26) balandeso whether

01 @A ® (01)*0A. (27)
If (27) is true, then also, after right-multiplication wiy,
01 0A1® (01)* @0, 0A® 0,. (28)
The second question now becomes, from (28) and (25), whether
O12AL®(01)*® 0,00, ® A (29)
If (29) holds, then we also have, after multiplication from the left with ), that
(012010 A ®(01)*©0,0(01)* 2 0@ Ap. (30)

The left-hand side of (30) balancés ® (O;)* ® O, and hence the third and final question becomes
whether we can conclude that the following holds

A ®(01)*@0,0(01)* 2 0, ® As. (31)

If (31) holds then the matriX, defined byT, = (Ol)#® O, satisfiesA; ® To 0Ty ® Ax. The problem
is that it is not clear under which conditions we can answer the questiaesiprepresented by the
relations (27), (29) and (31), positively. Similar conditions as (27)) &2l (31) can be derived for
the relationT, ® A, 0 A; ® T; to hold. O

Remarks:
¢ Note that we have for the triplgd, B,C) given by (6) in Theorem 1 that

C

CoA
O: . :En.

C®An71

So the transformation in Proposition 7 can be seen as a special case afhfertmation sug-
gested in Conjecture 8.

¢ A different question is the following. Consider the triplé&;,B1,Cy1) and (Az,B2,Cy) and
suppose that a matrik can be found such thate AAO0A R T, T®B, 0B andC, OC, R T.
Are both systems equivalent? This question seems hard to prove becabsdstiice relation is
not transitive. Therefore, we cannot proceed as in the proof qgfdition 6.

In the following examples we will illustrate the given results.

Example 4 Consider the realizations given in Example 2 by (17) and (21). It is shoJ6] that no
M- or L-transformation exists between the two realizations. Also no S- auistormation exists, see
Example 2. But there does exist a transformation mayjwiz.

0 5@5)

oo o 42
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such that
T0®A5 DA1®T0, BlDTo®B5 andC5 DC1®TO (33)

When we use Theorem 1 we find the following realization

A:<@181 %>7B:<12>,C:(0 £). (34)

Between this realization and the realization given by (17) respective)ytii2te exist transformation
matricesT' (i = 1,5) such that

T oADA®T, T'eB OBandCOC®T', i=1,5.

The following matrices satisfy these relations.

1 9 15 : 5 8 15
T _<15 20 respectivelyT> = 15 20 )

between the triplefA, B,C) and(As, B1,C1) respectively between the triplé&, B,C) and(As, Bs, Cs).
Note that indeed for the matricd@s andT> we have

i G .
T‘(Q@A) i=1,5.

If we compute the matrh@Tl)#, see Section 2 for the definition, we obtain

o(-10) 15
(Tl)#:( ~15 &(-21) )

and hence

which supports Conjecture 8.
Another transformation matrix between the triples, B1,C1) and (As,Bs,Cs) is given by the

following matrix T;
o 2z
T = ( o )

Note thatT, O T,. The matrixT; is equal toR; ® Rg‘ whereR; andRs are given by
R=(B A®B),

fori=1,5.
In a similar way we can derive a transformation matri€gandT, between the tripléA;,B1,Cy)
and the tripleg(Az, B2,C;) given by (18). These transformation matrices turn out to be

0o o o 4
To_< & 0 ) andTr_< 5 0 >
Note thatT, O T;. With these matrices we have the following relatidps A, DAL ® To, To ® B2 0By
andC, Cy ® Ty, for Ty and similar relations witd;. Note that in Example 2 we found a matiix

such that we had equalities in these relations. The m@tfrom Example 2, which is given by (20),
satisfies botii 0Ty, andT OT,. O
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Based on the last remarks in Example 4 we have the following conjecture.

Conjecture9 Let T be a transformation matrix between the trip{és, B1,C;) and (A2, B,,Cy) such
that T A OAIRT, T®B, OB and GUOC, @ T. If T’ is another matrix such that these relations
hold, then TOT.

Remark: The matrixT, given in (32) can be written as

T0:Tp@Tn

0 5 e 5

With these matrices the balanced relations given by (33) can be transftottedollowing equalities

with

Tp®A5@A1®Tn:A1®Tp@Tn®A5,
Bl@Tn®B5:Tp®B5,
CoCaTh=Ci®T), (35)

since all entries of the matrices involved aréRip. So, we could say that two triplé#y,B;,C;) and
(As,Bs,Cs) with entries inR, are equivalent if matrice$, and T, with entries inR, can be found
such that (35) holds. It is, however, not clear yet how we can pugiag the relations given by (35),
that the tripleA1,B1,C1) and(As, Bs,Cs) yield the same Markov parameters.

The following example is a continuation of Example 1.

Example 5 In Example 1 it was shown that a balancing realization of the following semueh
Markov parameters
{Ok}k-1 =3,5,8,9,14,15,20,21,26,27,32,33, . ..

was given by

0 ¢

€ 0],B=|5|,C=(0 ¢ ¢). (36)
6 2

A problem with this realization is that not all entriesAfre inR;.
A realization of the sequendgy },_, Which does have all its entries i is given in [6] by the
triple

2 € ¢ 1
A= e 1 3 |,B= & ,C]_:(Z & 2) (37)
0 3 ¢ 0

According to Proposition 7 a similarity transformation exists between the tiipl& C) and(A1,B1,Cy).
Itis given by

C]_ 2 ¢ 2
T=|1 CG®AL | =1| 4 5 ¢
Ci®A? 6 6 8
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With this matrixT we have

£ 4 5 ¢
TRA = 8 | whileART = 6 6 8
9 10 11 10

and hencd @ A{JA®T. Since the matrbA® T contains signed entries we do not have equality in
this relation. Furthermore, we have

0 o b
= O O

1

3
T®B = ( 5) =BandC®T=(2 ¢ 2)=Cy.
8

Another triple which realizes the Markov parameters of (8) and of whickrdlies are irR; is

given by
210 0
A=(113] B=-3]C=(31 3). (38)
0 31 -1

There exists a transformation matTy between the tripléA;,B1,C1) given by (37) and the triple
(Ag, Bz,Cz) given by (38) such thal, @ Ao AL ® To, To® Bo0B1 andC, OCy ® To. This matrix is

given by
1 -1 1°
To = o* 1 0 |,
-1° -1 1
G
As in Example 4 the matriX, is equal toOf@Oz withOi=| CiA |,fori=12.
Ci @ A?

The matrixT, represents the following relation between the state variables associated avith th
systems given by (37) and (38). Lef(k) andx?(k) denote the state variable corresponding to (37)
respectively (38). Then we have

X (k) OTo @ X2(K). (39)

It turns out that when we compute the impulse response of the systemsbyi@d) and (38) the

corresponding state variableyk) andx?(k) indeed satisfy (39) for ak = 1,2,... Furthermore it is

easily shown that! (k) = T ® x(k), wherex(k) denotes the state variable corresponding to (36).
Another transformation matrix between the systems given by (37) and (§Bkis by

1 1° 0
T=| -2 1 -1 |,
oo 0 1

which is equal tqRy @ R with R = ( By A ®@B; A?®B; ), fori =1,2. Also in this example we
have thafl, O T,. O

It is not completely clear under which conditions Conjecture 8 is valid. We wil present an
example for which it does not hold true.
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Example 6 Consider the systems

5 -1 0 -1
A= 3 -3 5 |,B1= 0 ,Clz(—3 0 2)
-3 -3 4 0
and
€ €5 0
A=| -3 ¢ 0 |,B=]| -5 ,C2:(2 7 2).
0 ¢ 5 -5

Both systems are minimal realizations of the sequence
{Ok}k1 = 2,5,7,12,17,22,27,32,37,42, . ..

If we compute a transformation matriy as in Conjecture 8 we obtain

-1 &1 4
To= 2 7 4 |,
0 el 2
and we have
4 £ 9 4 6 9
To® Ay = 5 ¢ 9 while Ay @ Tp = 5 e6 7
2 ¢ 7 1* 4 1°

So, in this casdl, ® A2 [1A1 ® To. A reason could be that between any four consecutive Markov
parameters several relations are possible. In fact, the given segatelarkov parameters satisfies
any relation of the form

0i+305®02¢a®gir1eb®g e, i=12,...,

wherea,b € S with a® 7 =7 andb® 10 = 10. Therefore, it is possible that triplésy,B1,C1)
and (Ag,B,C,) of which A; andA; have different characteristic polynomials, as is the case in this
example, both satisfg; ®A,!‘*1® Bi=gkfori=12andk=1,2,.... Note that we do havé ® B, [1B;
andC, 0C; ®T.

One of the relations between the Markov parameters is the following

0i+305®01262® 01 7° 0e i=12,...

A minimal realization according to Theorem 1 is given by

e 0 ¢ 2
A=| € € 0 |,B=|5],C=(0 ¢ ¢).
7”25 7

Note that, since we have thatw A—1@ B = g; for all i, this realization is not only a minimal balancing
realization. BothA; andA; satisfy the characteristic equationAfalthough their respective charac-
teristic polynomials are different. Lat (i = 1,2) be given by (23). Then we have tHa A AR T;,
B=T®B andG =C®T, (i = 1,2). From these relations we easily derive (see also the proof of
Conjecture 8) thaB; 0T, ® B, andC,0C; ® T whereT, = (T1)* ® T,. We already showed that
To® A [1A; ® To. For the matrices in this example the relations (27) and (29) are true, btibmela
(31) does not hold. O
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5 Concluding remarks

In this paper we have summarized some results on the minimal realization probligm max-
algebraic system theory for discrete event systems. We also tried to findrgintansformations
between different realizations of a given impulse response. In cedaascthe existence of a similar-
ity transformation could be proved. The transformations that we fourainiele the transformations
which exist between two equivalent minimal realizations in the conventios&sytheory. We have
not proved a general result yet. The intransitivity of the balance rel&itme major obstacle. It is
not obvious how to solve this problem, since the intransitivity of the balaragae seems to follow
immediately from its definition.
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