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w>0=2z=0 and z>0=w=0

Abstract fori=1,2,...,n,i.e., the zero patterns of andz are comple-
mentary. Therefore, condition (3) is called ttemplementar-
First we introduce the Extended Linear Complementaritity conditionof the LCP.
Problem, which is a kind of mathematical programming probthe LCP has numerous applications such as quadratic pro-
lem. Next we show how this problem arises when we want tgramming problems, determination of the Nash equilibridm o
compute stationary points of linear complementary-slaskn a bimatrix game problem, the market equilibrium problere, th
systems or when we want to determine the uniqueness gftimal invariant capital stock problem, the optimal stiogp
smooth continuations and the associated mode selectibr pr@roblem, etc. [1]. This makes the LCP one of the fundamental
lem for linear complementary-slackness systems. We algooblems of mathematical programming. For more informa-
briefly discuss the role of the Extended Linear Complementation on the LCP and its applications the interested reader is
ity Problem in the analysis of other classes of hybrid systemeferred to [1, 8].
such as discrete event systems and traffic signal contrioled

tersections. 1.2 The Extended Linear Complementarity
Problem
1 The Extended Linear Complemen— The Extended Linear Complementarity Problem (ELCP) is an
tarity Problem extension of the LCP and is defined as follows [3, 4]:
GivenP e RPN Q e R¥" r € RP, se RYandm

subsetsp, @, ..., @nof {1,2,...,p}, findze R"
One of the possible formulations of the Linear Complementar ~ such that

1.1 TheLinear Complementarity Problem

ity Problem (LCP) is the following [1]: i I—l (Pz—r1); =0 (6)
GivenM € R™M andq € R", find w, z< R" such J=1ice,
that subject toPz>r andQz=s.
w = gq+Mz 1) Condition (6) is called the complementarity condition of th
wz > 0 (2) ELCP. Since this condition is equivalent to
T —
zw = 0. (3) Vi€ {1,2,...,m},3i € ¢ suchtha(Pz—r); =0,

Note that ifw andz are solutions_ of the LCP then it follows i, £ CP can be considered as a system of linear equations
from (2) and (3) thagwi =0 fori=1,2,...,n. Soforeach ,nqinequalitiesRz> r, Qz= s), where there aren groups of
indexi € {1,2,...,n} at least one of the following conditions |inear inequalities (one group for each index @gtsuch that
should hold: in each group at least one inequality should hold with etyali
z=0 and wi >0 (4) In [3, 4] we have developed an algorithm to compute the
or complete solution set of an ELCP. In [3, 4] we have also
z>0 and wj=0. (5) shown that the general ELCP with rational data is NP-hard.



2 The ELCP and complementary- 22 TheELCP and the Linear Dynamic Com-

slackness Wsterns plementarity Problem
Let us first introduce some definitions.
2.1 Complementary-slackness systems We say that a vecta € R" is lexicographically nonnegative,

. . denoted bya > 0, if eithera; = O for all i or the first nonzero
In general the behavior of a linear complementary-slaczknegomponent ofa is positive. So we havél —1]T = 0 and
system (CSS) can be described by a model of the foIIowian 02T = 0but[0 -1 Z]T' %0 o

form [10]: The sign decompositioa™,a~ of a vectora € R" is defined
as follows:a™,a~ ¢ R", a=a"™ —a~ with
X(t) = Axt)+Bu(t)
y(t) = Cx(t)+Du(t) at>0,a >0 and (a")Ta =0 . (10)
subiect to Soifa=[2 —3 0 —4]T then we hava* =[2 0 0 0]" and
) a =[0 3 0 4]". Note the resemblance between the condi-
y(t) >0, u(t) >0, Y ())u(t)=0 . (7) tons(2)~(3), (7) and (10).

The Linear Dynamic Complementarity Problem (LDCP) is de-

Typical examples of CSS are linear mechanical systems sJHled as follows [10, 12]:

ject to geometric inequality constraints, or electricalvarks Given matricesA € R™" B € R™kK C ¢ Rkxn
consisting of linear resistors, capacitors, inductoes)sform- andD € R¥*K find for a givenxg € R" sequences
ers, gyrators and ideal diodes. {yi e, {w}=g with y;,u € R for all | such that
Let m be the number of inputs and outputs of the CSS.
Note that condition (7) implies that at each time instathiere Yo = Cxo+Duo (11)
exists an index sdtC {1,2,...,m} such that y1 = CAx%-+CBuw+Du; (12)
yi(t)=0 for iel (8) :
u(t)=0 for i¢l . (9) Vo1 = CA"Lx+CA"2Buy+...

. +CBuw_2+Dun—1 (13)
Each index set C {1,2,...,m} corresponds to emodeof the

system. So in principle there ar8 gifferent possible modes, and such that for each index {1,2, ... k} at least
but note that some of them may not be feasible (due to the one of the following statements holds:
other constraints on andy).

Now assume that we have a CSS that is driven by a con- (y0)f (UO)f
stant but yet unknown inpuwt In order to compute the station- (yo): —0 and (u)i -0 (14)
ary points of this CSS, we have to add the conditi¢t) = 0. : : -
If we eliminate the outpuy, this leads to: | (Yn-1)i | | (Un-1)i |
Ax+Bu=0 or
Cx+Du >0 [ (Yo)i ] [ (w)i |
(Y1)i (un)i
u>o0 ,' > 0 and _I =0. (15)
(Cx+Du)Tu=0. - :
L (Yn—1)i ] L (Un—1)i |

It is easy to verify that this problem is an ELCP with - ) )
Conditions (14)—(15) are called the complementarity condi

X C D tions of the LDCP.
Z= { u } , P= { o | ] , Q=[A BJ, In [10, 12] the LDCP has been used to determine the exis-

tence and uniqueness of smooth continuations for linear CSS

r=0,s=0andg = {j,j+m}for j=1,2,...,mwheremis for a given initial pointxg, and to solve the associated mode

the number of inputs and outputs of the system. selection problem (i.e., determining an index ketuch that

It is easy to verify that if we replace (7) by more generth_e condition; (8) and (Q) hpld). The r_node selection problem

conditions of the fornw (t) > 0, Wi (t) > 0, wi (t) Wi (t) = 0 for Wil have_a unique §0Iut|on if and only if the LDCP (14)—(15)

i € I, wherew; andwi; are components af, y or x and where Nas & unique solution.

| is a set of indices, then we also get an ELCP if we want t§ [10] it has been shown that under fairly mild assumptions

compute the stationary points of the system when it is driven 1 ¢_ it for somej € N we haveD — CB= ... — CAI"1B = O and the

by a constant input. principal minors ofCAIB are positive.




the LDCP can be reduced to a series of LCPs. Let us nogealt with in a similar way.

show that the LDCP is a special case of the ELCP. Consider condition (14) far= 1. Now we show that the con-
dition
Lemma 2.1 Composing complementarity conditions of an (Yo)1 (up)1
L . =0 and =0 (29)
ELCP by nested combinations of logical operators such as (y1)1 (u1)1

logical “and” (1), logical “or” ('V), negation, implication |g44s to a logical combination of a number of complemen-
(=) or equivalence £) results again in a complementarity (4rity conditions. Clearly, the first part of this conditids

condition of the form (6). equivalent to(yd)1 = (Yg)1 = (¥{)1 = (y;)1 = 0. Since
Proof : See [6]. - ()1, (Yo )1, (¥7 )1, (¥7 )1 > 0O, this condition is equivalent to
(¥o)1+ o)1+ (yi)1+(yp)1=0. (20)

The second part of condition (19) is equivalent to
Proof : Consider the LDCP defined by (11)—-(15). If we de-

Theorem 2.2 The LDCP is a special case of the ELCP.

fine ((Uo)1=0) A (((u)1=0) = ((u1)1>0)) ,
Yo Ug Cxo which can be rewritten as
Y1 U CA% _
y= . , U= . , 0= ) ((Up)1=0) A
" " CA-1xg ((()2=0) A ()1 =0)) = ((U)1=0)) .
and Since this condition is a logical combination of elementary
complementarity conditions, it can be rewritten as one com-
D O o) .. O plementarity condition of the form (6) by Proposition 2.4.4
5 CB D 0 O similar way we can show that condition (15) also leads to one

: : . ) complementarity condition of the form (6). If we now take
CAV2B CAV3B CA™4B . D the logical “or” of the complementarity c_qndmons that mr .
spond to (14) and (15) then by Proposition 2.1 we get again

then we havg = Pu+q. Consider the sign decomposition of one complementarity condition of the form (6).

y andu: This implies that the complementarity conditions of the LBDC
together with condition (18) lead to one large complemétytar
y=y" -y~ condition of the form (6). If we combine this condition with
U=ut —u- (16) and (17), we finally get an ELCP. Any solution of this
ELCP will — after extraction of the vectosg, v1, ..., Yn-1,
yhy ,ut,um >0 Ug, Us, ..., Un_1 — Yield a solution of the LDCP. So we can
(y")Ty~ =0 and (u")Tu==0. say that the LDCP is a special case of the ELCP. O

The last condition is equivalent tgH)Ty~ + (u™)Tu~ =0
since we havéy" )Ty~ > 0 and(ut) u~ > 0. Soifwe define 3 A worked example

yt Let
x=| Y| and z—[| P -1 P} 4 -1 2 -3 2 2
; e R ]
. -2 -1 -5
then the system (11) —(13) can be rewritten as D= 5 _3 | %= 3
ZxX=q (16) and consider the following LDCP:
x=0 (7) Find Yo, y1, Up, Us € R? such that
2nk
ZXiXi+2nk=0 , (18) Yo = Cx+Dug
i= yi = CAx%+CBw+Du

which is (a special case of) an ELCP.

Now we show that combining condition (18) with the com-
plementarity conditions (14)-(15) of the LDCP results in a
complementarity condition of the form (6). We shall do this (Yo)i | 0 q (Uo)i |, 0
for the case witm = 2 andk = 1. The general case can be { (y1)i } =9 an [ ] =

(up)i

and such that at least one of the following state-
ments is true for each indéx {1,2}:



or transitions are initiated by events) and continuous végigys-
tems (i.e., systems that can be modeled using difference or
{ (Yo)i } =0 and [ (L) ] =0. differential equations). In general we could say that a taybr
(ya)i (U system can be in one of several modes whereby in each mode

. . ) . the behavior of the system can be described by a system of dif-
Using the reasoning given in the proof of Theorem 2.2 anﬁi)rence or differentia)lll equations, and that the >s/ysttz.-/rrci;rtriiit

:cnrt:wedpirr?fft?]f LEe[nCn;a ?1% E)Sleel [V?/]izhthls LDCP can be transﬁom one mode to another due to the occurrence of events. For
orme othe ot fable a CSS a mode corresponds to a particular choice of the index

o] setl such that the conditions (8) and (9) hold.

(¥o )2 In [3, 5] we have shown that the ELCP can be used to

(¥8)2 solve many problems that arise in the system theory for max-

i) linear time-invariant discrete event systems, i.e., digcevent

ih systems that can be described by a time-invariant model that

(¥1)2 is linear in the max-plus algebra [2], which has maximizatio

(U and addition as its basic operations. In [14] it has been show

0 that the Generalized LCP (which is also a special case of the

(Ug)2 ELCP) plays a role in the modeling and analysis of piecewise-

(Uf)1 linear resistive electrical circuits. In [7] we have usee th
ELCP in a model that describes the evolution of the queue

(uy)2 lengths at a traffic signal controlled intersection.

X= (Yo )1 Since all these systems can be considered as special cases

of hybrid systems, this seems to indicate that the ELCP will

(Yo )2 play an important role in many analysis problems for hybrid

(Y1 systems.

(¥1)2 . .

(U )1 5 Conclusions and topics for further

(U5)2 research

(up)1 In this paper we have discussed how the Extended Linear

(U )2 Complementarity Problem (ELCP) can be used to compute

e stationary points of linear complementary-slacknessesyst

We have also shown that the Linear Dynamic Complementar-
ity Problem, which can be used to determine uniqueness of
smooth continuations and the associated mode selectibr pro
eItiem for linear complementary-slackness systems, is a @peci
case of the ELCP. We have also given some other classes of

and wherex’is a vector of “mirror variables”x;"is equal to O
if and only if x; is different from 0. If we solve the ELCP of
Table 1 using the algorithm of [3, 4] we obtain a solution s
that consists of two solutions:

4 20 1 0 0 hybrid systems that can be analyzed using an ELCP. As a con-
Yo= [ 11 } v Y1 = { 49 |» W= [ 0 ] » W= { 0 }  sequence, ELCP can be considered as a general framework for
i the analysis of many classes of hybrid systems.
and It is obvious that each class of hybrid systems that can
~ 0 N ol . 2 N 6 be analyzed using the ELCP will lead to a special case of the
Yo = [ 21 } y Y11= { 99 |» W= [ 0 ] , Ur= { 0 } ELCP that is especially suited for the class of systems under

consideration. The computational complexity of these E& CP
Since the LDCP considered here has more than one soluti@md the development of efficient algorithms to solve thenoor t
the associated mode selection problem for the given initigletermine whether their solution set is non-empty or wirethe
pointxo will not have a unique solution either. For more infor-their solution is a unique solution are still open proble@gse
mation on the connection between the mode selection problgmssible approach to tackle the complexity problem is to use
for CSS and the LDCP and for some worked examples the inpproximations and/or to develop procedures to efficiestily
terested reader is referred to [9, 10, 11, 13]. tain suboptimal solutions (see, e.g., [7]).

4 TheELCP and other hybrid systems References

Hybrid systems arise from the interaction between discretgl] R.W. Cottle, J.S. Pang, and R.E. Stombg Linear Com-
event systems (i.e., asynchronous systems in which the stat plementarity Problem Boston, Massachusetts: Aca-



Findx, X € R6 such that

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

X > 0

Xi+% >
1000 2 1 00-1 0
0100 -5 3 00 0-1
0010 4-8 21 0 0-1
0001-10-1-53 0 0

0 -1

1 fori=1212...,16

0 -2 -1 0 0 4
0 5-3 0 of |11
0 -4 8 —2 -1 "] 20

0 1 5 -3 49

X1 X5 + X1 X7 4+ X1 X15 + X1 X1 + XoXe + XoXg + X2 X16 + X2 X2 + X3 X5 + X3X7 + X3X11 + XaX15 + X3¥X1 Xo +
X3X3 + XaXs + XaXg + XaX12 + XaX16 + XaKo K10 + XaXg + X5X11 + X5 X5 + XeX12 + X6 X6 + X7X11 +
X7X15 + X7X7 + XgX12 + XgX16 + XgXg + Xg + X10 + X11X15 + X11X1 X9 + X112 %11 + X12X16 +

X12%2X10 + X12X12 + X13 + X14 + X15¥X65X13 + X15¥15 + X16%6X14 + X656 = O,

Table 1: The ELCP of the example of Section 3.
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