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Chapter 1

Convex optimization and linear
matrix inequalities

1.1 Introduction

Optimization questions and decision making processes are abundant in daily life and invariably
involve the selection of the best decision from a number of options or a set of candidate decisions.
Many examples of this theme can be found in technical sciences such as electrical, mechanical and
chemical engineering, in architecture and in economics, but also in the social sciences, in biological
and ecological processes and organizational questions. For example, important economical benefits
can be realized by making proper decisionsin production processes. the waste of resources hasto be
minimized, flexibility of production methods has to be maximized, the supply of products hasto be
adapted to demand, etc. Due to increasing requirements on the safety and flexibility of production
processes, environmental measures and economic trade agreements there is a constant need for a
further optimization and improvement of production processes.

Casting an optimization problem in mathematicsinvolves the specification of the candidate decisions
and, most importantly, the formalization of the concept of best or optimal decision. If the (finite or
infinite) set of candidate decisions is denoted by 4§, then one approach to quantify the performance
of adecision x € 4 isto expressits value in terms of asingle real quantity f(x) where f is some
real valued function f : 4§ — R. The value of decision x € § isthen given by f(x). Depending on
the interpretation of f, we may wish to minimize or maximize f over all possible candidatesin 4.
An optimal decision isthen simply an element of § that minimizes or maximizes f over all possible
alternatives.

The optimization problem to minimize the criterion f over § involves various specific questions:
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2 Convex optimization and linear matrix inequalities

1. How to determine the optimal value (or optimal performance)

Vopt 1= im; fx) =inf{f(x)|x € 8}
X€E

2. How to determine an almost optimal solution, i.e., for arbitrary ¢ > 0, how to determinex, € §
such that

fxe) < Vopt + €.

3. Doesthere exist an optimal solution xept € 4 such that f (xopt) = Vopt?
4. If such an optimal solution xqpt exists, how can it be computed?

5. Finally, isthe optimal solution xqpt UNique?

1.2 Factsfrom convex analysis

In view of the optimization problems just formulated, we are interested in finding conditions for
optimal solutionsto exist. It istherefore natural to resort to a branch of analysiswhich provides such
conditions: convex analysis. The results and definitions in this subsection are mainly basic, but they
have important applications as we will see later.

We start with summarizing some definitions and elementary properties from linear algebra and func-
tional analysis. We assume the reader to be familiar with the basic concepts of vector spaces and
normed linear spaces.

1.2.1 Convexity

Definition 1.1 (Continuity) A function f mapping a normed space 4 into a normed space 7 is
continuous at xo € 4 if for every ¢ > 0 there exist § > 0 such that ||x — xg|| < § implies that
Il f(x) — f(xo)| < €. Thefunction f iscaled continuous if it is continuous at each xg € 4.

Obviously, continuity depends on the definition of the norm in the normed spaces § and 7. We
remark that afunction f : § — 7 iscontinuousat xo € 4 if and only if for every sequence {x,,}° ;,
x, € 4, which convergesto xg asn — oo, there holdsthat f(x,) — f(xo0).

Definition 1.2 (Compactness) A set § in a normed linear space X is called compact if for every
sequence {x,, };° ; in 4 there exists a subsequence {x,,, }>~_; which converges to an element xo € 4.

If thenormed linear space X isfinitedimensional then compactnesshasan equival ent characterization
asfollows.
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Proposition 1.3 If X is finite dimensional then 8 C X is compact if and only if § is closed and
bounded?.

The well-known Weierstrass theorem provides a useful tool to determine whether an optimization
problem admitsasolution. It providesan answer to thethird question raised inthe previous subsection
for special sets 8 and special performance functions 1.

Proposition 1.4 (Weierstrass) If f : 4 — R isa continuous function defined on a compact subset
4 of anormed linear space X, then there exists xmin, Xmax € - such that

)'CQ]; f(x) = fxmin) < f(x) < f(xmax) =Sup f(x)

xXes

for all x € 4.

Proof. Define Vimin := infycs f(x). Then there exists a sequence {x,}>° ; in 4 such that f(x,) —
Vmin @n — oo. As 4§ iscompact, there must exist asubsequence {x,,, },_; of {x,} which converges
to an element xmin € 8. Then f(x,,,) — Vmin and the continuity of f impliesthat f(xmin) <
lim,, — oo f(xn,) = Vmin. By definition of Viin, it then follows that f (xmin) = Vmin. The proof of
the existence of a maximizing element is similar. [

Note that proposition 1.4 does not give a constructive method to find the extremizing solutions xmin
and xmax. It only guarantees the existence of these elements for continuous functions defined on
compact sets. For many optimization problems these conditions (continuity and compactness) turn
out to be overly restrictive. We will therefore resort to convex sets.

Definition 1.5 (Convex sets) A set § in alinear vector space is said to be convex if

{x1,x20€ 48} = x:=ax1+ L —a)xp e §forala e (0,1)}.

In geometric terms, this statesthat for any two points of aconvex set a so the line segment connecting
these two points belongs to the set. In general, the empty set is considered to be convex. The point
ax1 + (1 — a)xp witha € (0, 1) is caled a convex combination of the two points x1 and x2. More
generally, convex combinations are defined for any finite set of points as follows.

Definition 1.6 (Convex combinations) Let $ beasubset of anormedvector spaceandletxs, ... , x, €
$.Ifaq, ..., ap, isaset of non-negative real numberswith >""_; o; = 1then
n
X = ZO(,‘X,’
i=1
is called aconvex combination of xq, ... , x,.

1A setis § isbounded if there exists anumber B such that for all x € 4, | x| < B.
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If x1,...x, € 8, thenitiseasy to see that the set of all convex combinations of x1, ... , x, isitsalf
convex, i.e.,

C := {x | x isaconvex combination of x1, ... , x,}

is convex. We next define the notion of interior points and closure points of sets.

Definition 1.7 (Interior points) Let 8 be a subset of a normed space X. The point x € § iscalled
an interior point of § if there existsan ¢ > 0 such that al points y € X with |[x — y|| < € aso
belong the 8. Theinterior of 4§ isthe collection of al interior points of .

Definition 1.8 (Closure points) Let $ be a subset of anormed space X. The point x € X iscalled
aclosure point of 4§ if, for al € > 0, there existsapoint y € 8 with ||x — y|| < €. The closure of §
isthe collection of all closure pointsof 8. § issaid to be closed if it isequal to its closure.

We summarize some elementary properties pertaining to convex setsin the following proposition.

Proposition 1.9 Let 8 and 7 be convex setsin a normed vector space X. Then

1. thesetad ;= {x | x = as, s € 8} isconvex for any scalar «.
2. thesumd8 + 7T :={x|x=s+1,5 € $,t e T}isconvex
3. the closure and theinterior of 4 (and 77) are convex.
4. theintersection 8 NJ :={x | x € § and x € T} isconvex.
The last property actually holds for the intersection of an arbitrary collection of convex sets, i.g, if

84, a € A isafamily of convex setsthen Nyc448, IS convex. This property turns out to be useful
when we wish to consider the smallest convex set that contains a given set.

Definition 1.10 (Convex hull) The convex hull co($) of aset § istheintersection of all convex sets
containing 4.

Convex hulls have the following property.

Proposition 1.11 (Convex hulls) For any subset § of alinear vector space X, the convex hull co(4$)
is convex and consists precisely of all convex combinations of the elements of 4.

Definition 1.12 (Convex functions) A function f : § — R iscalled convex if

1. 8 isconvex and

2. foradl x1, x20 € $ anda € (0, 1) there holds that

flaxy+ (1 —a)x2) <of(x) + (1 —a)f(x2). (12.1)



1.2. FACTSFROM CONVEX ANALYSIS 5

f iscalled strictly convex if the inequality in (1.2.1) isstrict for x1 # x».

Note that in our definition the domain of a convex function is by definition a convex set. Simple
examples of convex functionsare f(x) = x2onR, f(x) = sinx on [, 2r] and f(x) = |x| onR.

Instead of minimizing thefunction f : § — R we can set our aimsalittle|lower and be satisfied with
considering all possible x € 4§ that give a guaranteed upper bound of f. For this, we introduce, for
any number o € R, the sublevel sets associated with f asfollows

o :={x e8| fx) <a}

Obvioudly, 8, = @ if @ < infycs f(x) and 8, coincides with the set of global minimizers of f if
a = inf,es f(x). Note also that 8, € 85 whenever « < B. Asyou could have guessed, convex
functions and convex sublevel sets are related to each other:

Proposition 1.13 If f : § — R isconvex then the sublevel set 4§, isconvex for all « € R.

Proof. Suppose f is convex, let « € R and consider 4,. If $, is empty then the statement is
trivial. Suppose therefore that 8, # @ and let x1, x2 € 84, A € [0,1]. Then, as § is convex,
Ax1+ (1 — A)x2 € 4 and by definition of 8, we havethat f(x1) < «, f(x2) < «. Convexity of f
now implies that

fAxi+ A -Mx2) SAfxD)+ Q-2 f(x2) Sra+(1-Ha =«

i.e, Ax1+ (1 —Ax2 € 8,. [ |

We emphasize that it is not true that convexity of the sublevel sets $,, « € R implies convexity of
f. However, the class of functions for which all sublevel sets are convex are that important that they
deserve their own name. The following concept is probably the most important generalization of
convex functions.

Definition 1.14 (Quasi-convex functions) A function f : 4 — R is caled quasi-convex if the
sublevel set 8, isconvex for all @ € R.

Itiseasy to seethat f isquasi-convex if and only if
flaxi+ (1—a)xz) < max[f(x1), f(x2)]

foral o € [0, 1] and for all x1, x2 € 4. In particular, every convex function is also quasi-convex.

1.2.2 Convex optimization

We hope that the following propositions will convince the most sceptical reader why the convexity
of sets and functions is such a desirable property. Anyone who gained experience with numerical
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optimization methods got familiar with the pitfalls of local minima and local maxima. One reason
for studying convex functions is related to the absence of local minima.

Definition 1.15 (L ocal and global minima) Let 8 be a subset of a normed space X. The function
f 4 — Rissaid to havealocal minimumat xg € 4§ if thereexistse > 0 such that

fxo) < f(x) (122
for al x € 8 with ||x — xg|| < €. Itisaglobal minimumof f if (1.2.2) holdsfor al x € 4.
In other words, f has alocal minimum at xg € 4§ if there exists a neighborhood & of xg such that
f(x0) < f(x)foral pointsx € §N N. Notethat according to this definition every global minimum
isaloca minimum as well. The notions of local maximum and global maximum of a function f

are similarly defined. Here is a simple result which provides one of our main interests in convex
functions.

Proposition 1.16 Supposethat f : § — R isconvex. If f hasa local minimum at xg € 4 then
f(xp) isalso the global minimumof f. If f isstricly convex, then xg is moreover unique.

Proof. Let f beconvex and suppose that f hasalocal minimum at xo € §. Thenfor al x € § and
a € (0, 1) sufficiently small,

f(x0) < f((L—a)xo+ax) = f(xo+a(x —xg) < (1—a)f(x0) +af(x). (1233
Thisimplies that
0 < a(f(x) — f(xo)) (124

or f(xp) < f(x). SO f(xp) isagloba minimum. If f isstrictly convex, then the second inequality
in (1.2.3) isstrict so that (1.2.4) becomes strict for al x € §. Hence, xg is unique. [ |

Interpretation 1.17 It is very important to emphasize that proposition 1.16 does not make any
statement about existence of optimal solutions xo € § which minimize f. It merely says that all
local minimaof f arealso global minima. It therefore suffices to compute local minima of a convex
function f to actually determine its global minimum.

Remark 1.18 Proposition 1.16 does not hold for quasi-convex functions.

Let 8o be aset and suppose that the domain § of aconvex function f : 8 — R isgenerated by g as
follows

§ = {x | x isaconvex combination of x1, ... ,x, € 80, n > 0} = co(4p).

As we have seen before 4 is then convex and we have the following simple property.
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Proposition 1.19 Let f : § — R be a convex function where 8§ = co(4p). Then f(x) < y for all
x e Sifandonlyif f(x) <y for all x € 4o

Proof. Every x € § can be written as aconvex combinationx = ) 7_; o;x; wheren > 0, o; > 0,
xi € 80,i =1,...,nand ) ] ;o = 1. Then, using convexity of f and non-negativity of the o;’s
we obtain

fO)=fOQ aix) <Y aifxi) <Y aiy=y.
i=1 i=1 i=1
which yields the result. [ |

Interpretation 1.20 Proposition 1.19 states that the uniform bound f(x) < y on 4§ can equivalenty
be verified on the set 8g. Thisisof great practical relevance especially when $g contains only afinite
number of elements. It then requires a finite number of tests to conclude whether or not f(x) < y
for all x € 4. In addition, the supremal value yp := sup,.4 f(x) can then be determined from
Y0 = MaXycs, f(x).

Our next characterization of convex functions is motivated by the geometric idea that through any
point on the graph of a convex function we can draw a line such that the entire graph lies above or
ontheline. For functions f : 4 — R with § C R, thisideais pretty intuitive and is formalized as
follows.

Proposition 1.21 Supposethat § ¢ R isopen. Then f : § — R is convex if and only if for all
xo € 4 thereexists g € R such that

f(x) = f(xo0) + gx — xo0) (1.2.5)

for all x € 8.

Proof. Let f beconvex and xo € 4. Choose g € [ f (x0), fi (x0)] where
im f(x) — f(xo0)
Txo0 X — X0

fi(xo) := Iiim f&) = fxo)

xxo X — X0

fl(xo0) := l

These limits actually exist asfor any triple x_1, xo, x of pointsin 8 withx_1 < xg < x we have that

fxo) — f(x-1) - f) = fx-1) P fx) — f(XO)'

X0 —X_1 X —Xx_1 X —XxQ

Hence, (f(x) — f(x0))/(x — xo) is adecreasing function of x which is bounded from below by
(f (x0)— f(x-1))/(xo—x_1). Thelimit f (xo) thereforeexists. asimilar argument proves existence
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of thelimit f” (xo). Now the existence of thelimits has been proved, it follows that £&0=L00) js > ¢
or < g dependingonwhether x > xpor x < xg. Ineither caseweobtain (1.2.5). Conversely, suppose
that for al xg € 8 thereexists g € R such that (1.2.5) holdsfor al x € 8. Let x1,x2 € 8, «a € [0, 1]
andputxg = ax1+(1—a)x2. By asssumptionthereexistsg € R suchthat f(xg) < f(x;)+g(x;i—x0),
i =1, 2. But thenalso

f(x0) = af (x0) + (1 — @) f(x0)
<oaf(xy) + (1 —a)fx2) + glax: + (1 — a)xz — xol
=oaf(x1) + (1L —a)f(x2)

which showsthat f is convex. [ |
Remark 1.22 Theright-hand sideof (1.2.5) issometimescalled asupport functional for f at xgp € 4.

As can be deduced from the above proof, if f happens to be differentiable at xg then g is uniquely
given by thederivative f’(xp). Weturn now to the more general situationwhere § C R”". The natural
extension of the right hand side of (1.2.5) involves the introduction of an affine function through the

point (xg, f (xp)) onthe graph of f.

Definition 1.23 (Affine functions) A function f : 8§ — 7 isaffineif f(x) = T(x) + fo where
foe T andT: 48— T isalinear map, i.e,

T (o1x1 + a2x2) = 1T (x1) + a2T (x2)
foral x1,x2 € $ and ag, ao € R.
Note that afunction f : R” — R isaffineif and only if there exist xo € R" such that the mapping

x — f(x)— f(xo) islinear. Thismeansthat al affine functions f : R” — R can be represented as
f(x) = f(xo) + g (x — x0) Where g is some vector in R".

Proposition 1.24 Let 8§ C R". If f : § — R isconvexthen for all xo € § there exists a subgradient
g € R" such that

f@) = fxo) +g' (x — x0) (1.2.6)
forall x € 4.

Remark 1.25 Proposition 1.24 gives a necessary condition for convexity of a function f. If the
gradient of f

r [ af
=g ]

exists and is continuous at xop € 4 then g = f/(xp) isthe only subgradient of f at xg. In that case
one can provethat f isconvex if and only if the gradient f” is monotone non-decreasing in the sense
that for all x1, x2 € 8 thereholdsthat [ f'(x1) — f'(x2)](x1 — x2) > 0.
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Interpretation 1.26 If we consider the right hand side of (1.2.6), then trivialy g" (x — xg) > 0
impliesthat f(x) > f(xo). Thusall pointsinthe half space {x € 8 | g (x — x¢) > 0} lead to larger
values of f than f(xg). In particular, in searching the global minimum of f we can disregard this
entire half-space.

The observation in interpretation 1.26 leads to a simple and straightforward recursive algorithm for
the computation of optimal solutions.

Algorithm 1.27 (Ellipsoid algorithm (conceptual)) Let xo € R" and Pp € R"*" be a positive
definite matrix. Consider the problem of minimizing the convex function f : R” — R over x € R”"
subject to the constraint

(x —x0) " Py t(x —x0) < L.

Step 0 Set & := {x € R" | (x — x0) T Py H(x — x0) < 1.
Stepk Fork € Z
e Compute one subgradient g, € R” for f at x; and put
R ={xeR" | x €& andg,;r(x—xk) < 0}
e Compute xx+1 € R" and P, > 0 with minimal determinant det(P;,1) such that the
ellipsoid
Eir1i={x e R" | (x — xp31) | Py(x — xesn) < 1)
contains Ry.
e Setktok + 1 and return to Step k.

The sequence of ellipsoids &; and the sets R have the property that they contain an optimal solution.
Thesubgradients g; € R” divideR” inthetwo halfspaces{x | gx(x —xz) < O}and {x | gr(x —x%) >
0} while the cutting plane {x | gx(x — xx) = 0} passes through the center of the ellipsid &; for each
k. In particular f(x;) convergesto aminimizer of f. The agorithm therefore does not calculate a
solution but only theminimal valueof f. convergence of theagorithmisin‘polynomial time' dueto
the fact that the volume of the ellipsoids decreases geometrically. However, in practice convergence
israther slow.

1.3 Linear matrix inequalities

1.3.1 What arethey?

A linear matrix inequality is an expression of the form
F&x)=Fp+x1tFi+...+xuF,; >0 (1.3.1)
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where
e x = (x1,...,x,) isavector of real numbers.
e Fo, ..., F, arereal symmetric matrices, i.e., F; = FiT e R | =0,...,m for some
n e Z+.

« the inequality > 0 in (1.3.1) means ‘positive definite’, i.e, u' F(x)u > 0 for al u € R”,
u # 0. Equivaently, the smallest eigenvalue of F(x) is positive.

Stated slightly more general,
Definition 1.28 (Linear Matrix Inequality) A linear matrix inequality (LMI) is an inequality
F(x)>0 (1.3.2)

where F isan affine function mapping afinite dimensional vector spaceV tothesetS" := {M | M =
MT e RV} n > 0, of real symmetric matrices.

Remark 1.29 The term ‘linear matrix inequality’ is now common use in the literature on systems
and control, but the terminology is not consistent with the expression F(x) > 0 as F does not need
to be alinear function. ‘Affine matrix inequality’ would definitely be a better name.

Remark 1.30 Recall from definition 1.23 that an affine mapping F : V — S" necessarily takes the
form F(x) = Fo+ T(x) where Fp € S" and T : V — S" isalinear transformation. Thusif V is
finite dimensional, say of dimensionm, and {e, ... , ¢, } constitutes abasisfor V, then we can write

m
T(x) =) x;F
j=1

where the elements {x1, ... , x,,} aresuchthat x = 37" xje; and Fj = T(ej) for j =1,... . m.
Hence we obtain (1.3.1) as a specia case.

Remark 1.31 The same remark applies to mappings F : R"™1*"2 — §" where m1,mp € Z4. A
simple example where m1 = m> isthe Lyapunov inequality F(X) = ATX + XA + Q > 0. Here,
A, Q € R™" are assumed to be given and X € R™*™ isthe unknown. The unknown variable is
therefore amatrix. Note that this definesan LMI only if Q issymmetric. In this case, the domain V
of F indefinition 1.28 isequal to S™. We can view thisLMI as a special case of (1.3.1) by defining
abasisEq, ..., Ey of S and writing X = Zyzlijj. Indeed,

M M M
F@pﬁ(ik@):%+2}ﬁ@p:%+2@ﬂ
j=1

j=1 j=1

which is of theform (1.3.1).
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Remark 1.32 A non-strict LMI isalinear matrix inequality where > in (1.3.1) and (1.3.2) isreplaced
by >. Thematrixinequalities F(x) < 0,and F(x) > G(x) with F and G affinefunctionsareobtained
as special cases of definition 1.28 asthey can be rewritten as the linear matrix inequality —F(x) > 0
and F(x) — G(x) > 0.

1.3.2 Why arethey interesting?

The linear matrix inequality (1.28) defines a convex constraint on x. That is, the set ¥ = {x |
F(x) > 0} isconvex. Indeed, if x1, x2 € F and« € (0, 1) then

Flaxi+ Q1 —a)x2) =aF(x1)+ (1 —a)F(x2) >0

wherein the first equality we used that F is affine and the last inequality follows from the fact that
a>0and(1—a) > 0.

Although the convex constraint F(x) > 0onx may seem rather special, it turnsout that many convex
sets can be represented in thisway. In this subsection we discuss some seemingly trivial properties
of linear matrix inequalities which turn out to be of eminent help to reduce multiple constraints on
an unknown variable to an equivalent constraint involving asingle linear matrix inequality.

Definition 1.33 (System of LM1's) A system of linear matrix inequalities is a finite set of linear
matrix inequalities

Fi(x)>0,..., Fr(x) > 0. (2.33)

It isasimple but essential property that every system of LMI’s can be rewritten as one single LMI.
Precisely, F1(x) > 0, ..., Fx(x) > Oif and only if

F1(x) 0 - 0
0 Fkx) ... 0
F(x) := : . : > 0.
(:.) 0 - Fk.(x)

The last inequality indeed makes sense as F'(x) is symmetric. Further, since the set of eigenvalues
of F(x) issimply the union of the eigenvalues of Fi(x), ..., Fx(x), any x that satisfies F(x) > 0
also satisfies the system of LMI’s (1.3.3) and vice versa.

A second trivial but important property amounts to incorporating affine constraints in linear matrix
inequalities. By this, we mean that combined constraints (in the unknown x) of the form

F(x)>0
Ax=b
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or

F(x)>0
x = Ay + b for some y

wheretheaffinefunction F : R — §" and matricesA € R"*"™ andb € R" are given can belumped
in one linear matrix inequality F(x) > 0. More generally, the combined equations

F(x)>0 (1.3.4)
X eEM -

where M is an affine subset of R”, i.e.,
M = x0+ Mo = {xo+m | m € Mo}

with xo € R" and Mo alinear subspace of R", can be rewritten in the form of one single linear
matrix inequality F(x) > 0. To actually do this, let eq,...,er € R" be a basis of Mg and let
F(x) = Fo+ T (x) be decomposed as in remark 1.30. Then (1.3.4) can be rewritten as

k k
O<F = F T iei) = F T iT(e;
(x) = Fo+ (xo+Zx,e,) 0+ (xo)+Zx, (€))
j=1 constant part j=1
— e ——
linear part
=F0+X1F1+...+xkﬁk
=: F(X)
where Fo = Fo + T'(x0), Fj = T(ej) and X = (x1....,x;). Thisimpliesthat x € R" satisfies
(1.3.4) if and only if F(x) > 0. Note that the dimension of x is smaller than the dimension of x.

A third property of LMI’sis obtained from a simple algebraic observation. It turns out to be useful
in converting non-linear inequalities to linear inequalities. Suppose that we partition amatrix M €

RHXVL as
Mi1 M1
M =
(le M22>
where M1 has dimension r x r. Assume that M11 is non-singular. The matrix S := M —
MglMl‘llMlz is called the Schur complement of M11 in M. If M is symmetric then we have that

M >0 (Moll g)>0

M1 >0
S>0
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For the interested reader, the result is obtained by observing that M > 0 if and only if u ' Mu > O for all
non-zerou € R". Let F € R"*(=7") Then M > 0if and only if for all u; € R” and up € R"~"

0< [ul + FM2:|T |:M11 M:LZ] |:u1 + Fuz]
up M1 Mz u

-
_|m My M1y F + Mo ui
up| Mo+ FTMyy Mo+ FTMyF + FTMip+ MyF | [up

The result then follows by taking F = —Ml_llMlz-
An immediate consequence of this observation is the following proposition.
Proposition 1.34 (Schur complement) Let F : V — §" be an affine function which is partitioned

according to

Fo1(x) F(x)

where F11(x) issquare. Then F(x) > 0if and only if

Flx) = <F11(X) F12(X)>

{F 1) >0 (135)

F2o(x) — Fio(x) Fp*(x) F21(x) > 0

Note that the second inequality in (1.3.5) is a non-linear matrix inequality in x. Using this result,
it follows that non-linear matrix inequalities of the form (1.3.5) can be converted to linear matrix
inequalities. In particular, it followsthat the non-linear inequalities (1.3.5) define aconvex constraint
on the varable x in the sense that all x satisfying (1.3.5) define a convex set.

1.3.3 What arethey good for?

Aswe will see, many optimization problems in control design, identification and signal processing
can be formulated (or reformulated) using linear matrix inequalities. Clearly, it only makes sense
to cast these problems in terms of LMI’s if these inequalities can be solved efficiently and in a
reliable way. Sincethelinear matrix inequality F(x) > 0 defines aconvex constraint on the variable
x, optimization problems involving the minimization (or maximization) of a performance function
f 48— Rwith 8 :={x | F(x) > 0} belong to the class of convex optimization problems. Casting
thisin the setting of the previous section, it may be apparent that the full power of convex optimization
theory can be employed if the performance function f is known to be convex.

Supposethat F,G : V — S and H : V — §"2 are affine functions. There are three generic
problems related to the study of linear matrix inequalities:

1. Feasibility: Thetest whether or not there exist solutions x of F(x) > 0iscalled afeasibility
problem. The LMI iscalled non-feasible if no solutions exist.
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2. Optimization: Let f : 8 — R and suppose that § = {x | F(x) > 0}. The problem to
determine

Vopt = )Icre]f{{ S

iscalled an optimization problem with an LM constraint. This problem involvesthe determin-
ation of the infimum Vo and for arbitrary ¢ > 0 the calculation of an almost optimal solution
x which satisfiesx € 8 and Vopt < f(x) < Vopt + €.

3. Generalized eigenvalueproblem: Thisproblemamountstominimizingascalar A € R subject
to

AMFP(x) —G(x) >0
F(x)>0
H(x)>0

Let us give some simple examples to motivate the study of these problems.

Example 1

Consider the problem to determine asymptotic stability of the linear autonomous system
X = Ax (1.3.6)

where A € R"*", By this, we mean the problem to decide whether or not al functionsx : R — R”
which satisfy (1.3.6) have the property that lim;_, o, x () = 0. Lyapunov taught usthat thissystemis
asymtotically stable if and only if there exists X € " suchthat X > 0and AT X + XA < 0. Thus,
asymptotic stability of the system (1.3.6) is equivalent to feasibility of the LMI

X 0 0
0 —ATx—x4a) "

Example 2

Expertsin p-analysis (but other people aswell!) regularly face the problem to determine a diagonal
matrix D suchthat || DM D~1|| < 1 where M is some given matrix. Since

IDMD™ Y| <1< D "M'D'DMD <1
< M'D'DM<D'D
— X-M'XM>0

where X := DD > 0 we see that the existence of such amatrix isan LM feasibility problem.
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Example 3

Let F : V — S" be an affine function and consider the problem to minimize f(x) := Amax(F (x))
over x. Clearly,

Amax(FT(X)F(x)) <y <= yI —F'(x)F(x) >0

vl FT(x)
— (F(x) I )>0

where the second inequality follows by taking Schur complements. If we define

- sy (VI FT) Feey
x.—(y>, F(x).—<F(x) / ) fx) =y

then F is an affine function of x and the problem to minimize the maximum egenvalue of F(x) is
equivalent to determining inf f(x) subject to the LMI F(x) > 0. Hence, thisis an optimization
problem with alinear objective function f and an LMI constraint.

Example 4

Consider the linear time-invariant system
X = A;x + Bju

whereA; e R™"and B; € R"*™ i =1, ..., k. Thisrepresentsk linear time-invariant systemswith
n dimensional state space and m-dimensional input space. The question of simultaneous stabilization
amountstofinding astatefeedback lavu = Fx with F € R™*" suchthat theeigenvaluesi(A;+B; F)
belong to the lef-half complex planefor all i = 1, ... , k. Using example 1 above, this problem is
solved when we can find matrices F and X;,i = 1, ... , k, such that for all of thesei's

(1.3.7)

X,‘ >0
(Ai + BiF)TX; + X;(A; + B;)) <0

Note that thisis not a system of LMI’sin the variables X; and F. A simplification of this problem
is obtained by assuming the existence of a joint Lyapunov function, i.e. X3 = ... = X; =: X.
Moreover, if we introduce new variables Y = X1 and K = FY then (1.3.7) reads

Y>0
AiY +YA! +BK+KT'B] <0

fori = 1,...,k. Thelatter isasystem of LMI'sin the variables Y and K. The joint stabilization
problem therefore has a solution if this system of LMI’sisfeasible.
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Example5

Consider the linear autonomous system
X = Ax (1.3.8)
together with an arbitrary (but fixed) initial value x (0) = xo and the criterion function
o
J = / x (1) Ox(r)dt
0
where 0 = QT e R™*" is non-negative definite. Assume that the system is asymptotically stable.

Then al solutions x of (1.3.8) are square integrable so that J < oco. Now consider the non-strict
linear matrix inequality

ATX 4+ XA+ Q<0 (1.3.9)

For any solution X = X T of this LMI we can differentiate the function x  (r) X x () along solutions
x of (1.3.8) to get

%[ﬂ(z)Xx(r)] = x OIATX + XAlx(r) < —x"(1)Qx(1)

If we assume in addition that X > 0 then integrating the latter inequality from r = 0 till oo yields
the upper bound

J =/ x (1) Qx(r)dr < xg Xxo.
0

Here, we used that lim,_, o x(t) = 0. Moreover, the smallest upperbound of J is obtained by
minimizing xOTXxo over X subject to the system of LMI’s

X>0
ATX+XA+0<0

1.3.4 How arethey solved?

The three problems defined in the previous subsection can be solved in a numerically efficient way.
In this section we discuss the basic theoretical ideas behind the ‘LMI-solvers'.

Ellipsoid method for LM1’s

We first give a solution which is based on the ellipsoidal algorithm as explained in the previous
section. This solution isasimple but not avery efficient one. Let F : § — S" be an affine function
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with 8 ¢ R™. Recal that F(x) < 0if and only if AmaxF(x) < 0. Define f(x) := Amax(F(x))
and consider the problem to minimize f. If inf f(x) < 0 thenthe LMI F(x) < 0isfeasble, if
inf f(x) > O0thenthe LMI F(x) < Oisnot feasible.

There are afew observations to make to apply Proposition 1.24. The first oneisto establish that f
isaconvex function. Indeed, thiswe showed in Example 3 of the previous subsection. Secondly, for
any xo we need to determine a subgradient g on the point (xg, f (xo)) of the graph of f. To do this,
we will use the fact that

J ) = Amac(F(x)) = max u' F(x)u.

u'u=1

Thismeansthat for an arbitrary xo € § we can determine avector ug € R” with uguo = 1 such that
Amax (F (x0)) = ug F (xo)uo. But then

F@&) = fxo) = max u' F(xu—ug F(xouo
> ugF(x)uo — ugF(xo)uo

= ug (F(x) — F(x0)) uo.
The last expression is an affine functional that vanishesin xg. This means that the right-hand side of

this expresson must be of the form g T (x — xq) for some vector g € R”. To obtain g, we can write

m
T T T
ug F(x)ug = ug Fouo+ij ug Fjuo
— —

j=1

80 8j

=go+g x.
Here g isthe vector with components g1, . .. , g, In particular, we obtain that
fx) = f(x0) = g (x = x0).
The ellipsoid agorithm is now as follows.

Algorithm 1.35 (Ellipsoid algorithm)

Step O Let xg € 4 and Py € S" be a positive definite matrix. Define the ellipsoid
Eo:={x e8| (x—x0) Pylx —x0) <1
from the initialization step of the ellipsoid algorithm.
Step k Fork € Zy:

1. Compute asubgradient g, € R” for f at xx and put

Ry = {xeélxe&kandg;(x—xk)SO}.
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2. Compute x;4+1 € 4 and Pxy1 > 0 such that the ellipsoid
Eir1i={x e R" | (x —xp410) | Py(x — ;1) < 1)

entirely contains R;. One such x41 and P41 are given by

) Prgr
Xjyl 1= Xk —
(m 4+ 1),/g Pgr
P m(p 2 Pegigy P
k+1 = k — k8k8k Tk
m? —1 (m + g} Pcgk

3. Setktok + 1and repeat Step k.

As noticed earlier, this recursive scheme generates a sequence of ellipsoids that are guaranteed to
contain a minimizer of f in 4. The algorithm needs an initialization step in which Py and xg are
determined. Notethat thisisthe only ‘ non-automated’ step in the algorithm. If 8 isabounded subset
in R™ then the safest choice of theinitia ellipsoid &y would be to guarantee that 8 C &.

Interior point methods

A major breakthroughin convex optimizationliesin theintroduction of interior-point methods. These
methods were developed in a series of papers[12] and became of true interest in the context of LMI
problemsin the work of Yrii Nesterov and Arkadii Nemirovskii [20].

The mainideaisrather smple. To solve a convex optimization problem
min £ (x)
over all x which satisfy the linear matrix inequality F(x) > 0, it is first necessary to introduce a
barrier function. Thisisasmooth function ¢ which is required to
1. bestricly convex on the interior of the feasibility set
F={x|Fkx) >0}
and
2. approach infinity along each sequence of points x,, in the interior of ¥ that converge to a
boundary point of #.
Given such abarrier function ¢, the constraint optimization problemtominimize f (x) overal x € ¥

isreplaced by the unconstrained optimization problem to minimize the functional

fi(x) :=tf(x) + ¢ (x) (1.3.10)
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wherer > Oisaso called penalty parameter. Themainideaisto determineaminimizer x(¢) of f; and
to consider the behavior of x (r) asfunction of the penalty parameter ¢ > 0. Inalmost all interior point
methods the |atter unconstrained optimization problem is solved with the classical Newton-Raphson
iteration technique to approximate the minimum of f;. Under mild assumptions and for a suitably
defined sequence of penalty parameterst, withz, — oo asn — oo, the sequence x (t,,) withn € Z,
will then converge to a point x which is a solution of the original convex optimization problem.

A small modification of this theme is obtained by replacing the the original constraint optimization
problem by the unconstrained optimization problem to minimize

81 (x) :=¢o(t — f(x)) + ¢ (x) (1.3.11)

wheret > 1o := inf p(y)~0 f (x) and ¢o isabarrier function for the non-negativereal half-axis. Again,
theideaisto calculate aminimizer x(¢) of g; (typicaly using the classical Newton algorithm) and to
consider the ‘path’ x(¢) as function of the penalty parameter . The curve given by x(¢) witht > 1o
is called the path of centers for the optimization problem. Under suitable conditions the solutions
x(t) areanalytic and have alimit ast | g, Say xopt. The point xqpt isoptimal since for ¢ > 1g, x (1)
isfeasible and satisfies f(x (1)) < t.

Interior point methods can be applied to each of the three problems as defined in the previous section.
If we consider the feasibility problem associated with the LMI F (x) > Othen (f doesnot play arole
and) one candidate barrier function is the logarithmic function

S0) e logdet F(x)™1 ifxe¥F
0

otherwise ’

Under the assumption that the feasible set # is bounded and non-empty, it follows that ¢ is strictly
convex and henceit defines abarrier function for the feasibility set #. By invoking proposition 1.16,
we know that there exists a uniquely defined xo € F such that ¢ (xopt) is the global minimum of ¢.
This point xopt Obviously belongsto # and is called the analytic center of the feasibility set #. Itis
usually obtained in a very efficient way from the classical Newton iteration

X1 =X — (¢ () 1 (). (1312
Here ¢’ and ¢” denote the gradient and the Hessian of ¢, respectively.

The convergence of this algorithm can be analyzed as follows. Since ¢ is strongly convex and
sufficiently smooth, there exist numbers L and M such that for all vectorsu with norm ||u| = 1there
holds

u'd"u=M
l¢" (x)u — ¢" (Mull < Ljx —yl.

In that case,

L
[PHETSENERS m”d’/(xk)uz
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so that whenever the initial value xg is such that ﬁllqﬁ/(xo)u < 1 the method is guaranteed to
converge quadratically.

The idea will be to implement this algorithm in such a way that quadratic convergence can be
guaranteed for the largest possible set of initial values xg. For this reason the iteration (1.3.12) is
modified as follows

X1 = X — ap (A (x0))@” (o) " (xx)
where

() = 1 ifa<2—43
RYZ1 2 dfa>2-3

1+a

and A(x) = \/¢’(x)T¢)”(x)¢’(x) is the so called Newton decrement associated with ¢. It is this
damping factor that guarantees that x;, will converge to the analytic center xopt, the unique minimizer
of ¢. Itisimportant to note that the step-sizeis variablein magnitude. The algorithm guaranteesthat
x isalwaysfeasiblein the sensethat F(x;) > 0 and that x; converges globally to an optimum xop.
It can be shown that ¢ (xi) — ¢ (xopt) < € Whenever

k > c1+4 cz2loglog(1/e) + c3 (¢ (x0) — ¢ (xopt))

where c1, ¢2 and ¢3 are constants. Thefirst and second terms on the right-hand side do not dependent
ontheoptimization criterion and the specific LMI constraint. Thesecond term cana most be neglected
for small values of €.

The optimization problem to minimize f(x) subject to the LMI F(x) > 0 can be viewed as a
feasibility problem for the LMI

F(x) := <t _(J;(x) F(()x)) > 0.

wherer > t* = inf p(y)~0 f(x) is a penalty parameter. Using the same barrier function for this
linear matrix inequality yields the unconstrained optimization problem to minimize

g:(x) := logdet F,(x)"* = log +logdet F(x)~t
t— f(xX)  ——

— ¢ (x)
$o(1—f(x))

which is of the form (1.3.11). Due to the strict convexity of g; the minimizer x(¢) of g; is unique
for al ¢+ > ¢*. It can be shown that the sequence x(¢) isfeasible for al + > ¢* and approaches the
infimum inf g()>0 f(x) ast $ t*.

1.3.5 How to compute solutions?

The LMI toolbox in Matlab provides various routines for the computation of solutions to the
three generic problems that were formulated in subsection 1.3.3. The manual [6] is a well written
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introduction for the usage of this software and provides plenty of examples. Since nobody likes to
read software manuals we give a ‘nutshell summary’ of the relevant routines and their purposes in
this section.

The best introduction to the LM toolbox (and in particular the L MI-lab which comprisesthe routines
for LMI solvers) isto run and study the tutorial 1midem of the LMI toolbox. We recommend every
‘beginner’ to try thistutorial at least once.

Specification of LMI’s
In Matlab, the datafor the description of alinear matrix inequality isinternally represented in one
vector. The LMI-lab can handle any system of LMI’s of the form

NTL(X1,...,Xk)N <MTR(X1,...,Xx)M (1.3.13)

where the X; are the unknown matrix variables, possibly with some prescribed structure, N and M
are given matriceswith identical dimensionsand L(-) and R(-) are symmetrical block matriceswith
identical block structures. Each block in L(-) and R(-) definesan affinefunction of X1, ..., Xx and
their transposes.

An LMI of thistypeisinternally specified in Mat1ab with help of the routines

e lmiedit aninteractive graphical interface.

e Imivar to specify unknown variables and their structure
* 1miterm to specify the term content of an LMI

* setlmis usedinconnection with Imiterm

* getlmis getstheinternal representation of an LMI

The specification of an LMI should begin with the command set1mis and should be ended with
getlmis. The command

lmisys = getlmis;

returns the internal Mat 1ab description of an LMI in the variable 1misys (Don't forget the semi-
colon as you do not want to see or understand the entries of this variable). The latter variable
subsequently serves asinput to the LMI solver routines.

The simplest way to specify an LMI isby typing

Imiedit
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at the Mat 1ab prompt. Thiswill give you a graphical user interface all data for the specification of
an LMI can be entered in symbolic terms. Just try it!

LMI solvers

The basic routines for numerically solving the three generic problemsformulated in section 1.3.3 are
the following

« feasp to compute a solution to the feasibility problem
* mincx to compute a solution to the optimization problem

* gevp to compute a solution to the generalized eigenval ue problem.

Each of theseroutinesisimplemented asa.mex filein Mat 1 ab and takes a variable which represents
the data of an LMI asitsinput.

Information retrieval

Theroutine 1miinfo canbeusedtointeractively retrieve information about alinear matrix inequal-
ity. It provides information about the linear matrix inequality (1.3.13) and the specific structure and
the number of variables and blocks appearing in the affine functions L(-) and R(-).

Validation

A solution X1, ... , Xk of (1.3.13) can bevalidated with theroutinesevallmi and showlmi. We
refer to the corresponding help information of these routines for more detalls.

1.3.6 When werethey invented?

Contrary to what many authors nowadays seem to suggest, the study of linear matrix inequalitiesin
the context of dynamical systemsand control goesback along way in history and probably startswith
thefundamental work of Aleksandr Mikhailovich Lyapunov on the stability of motion. Lyapunov was
aschool friend of Markov (yes, the one of the Markov parameters) and later a student of Chebyshev.
Around 1890, Lyapunov made a systematic study of the local expansion and contraction properties
of motions of dynamical systems around an attractor. He worked out the idea that an invariant set of
adifferential equation is stable in the sense that it attracts all solutions if one can find a function that
is bounded from below and decreases along all solutions outside the invariant set.
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Aleksandr Mikhailovich Lyapunov was born on May 25, 1857 and published in 1892 his work
‘The Genera Problem of the Stability of Motion’ in which he analyzed the question of stability of
equilibrium motions of mechanical systems. Thiswork served as his doctoral dissertation and was
defended on September 1892 in Moscow University. Put into modern jargon, he studied stability of
differential equations of the form

X =AXx)

where A : R" — R" issomeanalytic function and x isavector of positionsand velocities of material
taking values in afinite dimensiona state space XX = R". As Theorem | in Chapter 1, section 16 it
contains the statement? that

if the differential equation of the disturbed motion is such that it is possible to find a
definitefunction V of which thederivative V' isa function of fixed sign which is opposite
to that of V, or reduces identically to zero, the undisturbed motion is stable.

Thesimpleandintuitiveideabehind thisresult isthat the so called Lyapunov function V can beviewed
as a generalized ‘energy function’ (in the context of mechanical systems the kinetic and potential
energies aways served astypical Lyapunov functions). A systemisthen stableif itis‘dissipative’ in
the sense that the Lyapunov function decreases. Because of the importance of this result we devote
the next section to the subject of Lyapunov stability.

1.4 Lyapunov stability

Translated in modern jargon, Lyapunov considered the differential equation
X = f(x) (2.4.2)

with finite dimensional state space XX = R” and f : R” — R" an analytic function. For system
theoriststhisisan example of an autonomous dynamical system. Assumethat for al initial conditions
xo € X there existsaunique solution x : R — X of (1.4.1) which passes through xo at theinitial
timer = 0. With some abuse of notation this solution will be denoted as x (¢, xg) to explicitly display
the dependence of theinitia value. In particular, x (0, xg) = xo.

A set 8 C X iscaled an invariant set of (1.4.1) if xo € 4 impliesthat x(¢, xo) € § for al r € R.
The idea of an invariant set is therefore that a solution remains in the set once it started there. A
point x* in X is called an equilibrium point of the flow if the singleton § = {x*} isan invariant set.
Obviously, every equilibrium point definesaconstant solution x (7, x*) = x*, ¢t > 0 of thedifferential
equation (1.4.1). In particular, an equilibrium point x* of (1.4.1) satisfies0 = f(x*). To investigate
the issue of stability, we will be interested in the behavior of solutions x (¢, xo) with¢ > 0 and initial
condition xg in the neighborhood of an equilibrium point x*. To do this, we equip the state space X
with its natural (Euclidean) norm || - ||

2Translation by A.T. Fuller as published in the special issue of the International Journal of Control in March 1992 and in
[16].
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Definition 1.36 (Lyapunov stability) Consider the differential equation (1.4.1).

1. Anequilibrium point x* € X is called stable (in the sense of Lyapunov) if given any € > 0,
there exists § > 0 (only depending on ¢ and not on ¢) such that

[x* —xoll <8 == |lx(t,x0) —x"|| <eforalsr>0

2. Theequilibrium point x* € X iscalled an attractor if thereexistse > 0 with the property that

[x* —xoll <e = lim x(z, x0) = x*
11— 00

3. Itiscalled asymptotically stable (in the sense of Lyapunov) if x* is both stable (in the sense of
Lyapunov) and an attractor.

4. Theequilibrium pointx* € X issaid tobeunstableif itisnot stable (in the sense of Lyapunov).

There are many variations to these concepts. The region of attraction associated with an equilibrium
point x* is defined to be set of al initial statesxg € X for which x(z, xg) — x* ast — oo. If this
region coincideswith X then x* issaid to be aglobal attractor. We will say that an equilibrium x* is
globally asymptotically stableif it is stable and globally attractive. Lyapunov functions are defined
asfollows.

Definition 1.37 (Lyapunov functions) A function V : XX — R is called a Lyapunov function in a
neighborhood W (x*) X of an equilibrium point x* if

1. V iscontinuous at x*,

2. V dtains a strong local mimimum at x*, i.e,, there exists afunction « : R — Ry whichis
continuous, strictly increasing, with «(0) = 0, such that

V(x) = V™) = a(llx —x*|)
foral x € N (x*).

3. V is monotone non-increasing along all solutions x(z, xg) of (1.4.1) with xo € N (x¥), i.e,
V (x(z, x0)) ismonotone non-increasing as a function of ¢ for al xg € N (x™).

If aLyapunov function V is differentiable, the last item states that V (x) := Z’}Zl gT‘;fj (x) isless
than or equal to zero for solutions x (¢, xg) of (1.4.1) withinitial condition xo nearby the equilibrium
x*. The main stability results for autonomous systems of the form (1.4.1) are summarized in the

following proposition.

Proposition 1.38 (Lyapunov theorem) Consider the differential equation (1.4.1) and let x* € X
be an equilibrium point.
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1. x*isastableequilibriumif there exists a Lyapunov function V in aneigborhood N (x*) of x*.

2. x* isan aymptotically stable equilibriumif there exists a Lyapunov function V' in a neighbor-
hood  (x*) of x* such that the only solution x of (1.4.1) in & (x*) for which V (x(¢)) = Qs
x(t) = x*.

Proof. 1. Suppose that V is aLyapunov function. Let ¢ > 0 be given. AsV is continuous and
V(0) = 0, thereexists§ > Osuchthat V (xg) — V(x*) < a(e) for every xg € X with ||x —x*|| < §.
Now, for al ¢+ > 0and xg € N (x*) we have that

0 < a(llx(t, x0) — x™[) < V(x(t, x0)) — V(x*) < V(x0) = V(x*) < a(e)

Since « is strictly increasing, it followsthat || x (¢, xo) — x*|| < e foral ¢ > 0.

2. Similarly proven. [ |

Together with the flow (1.4.1) let us also consider the linear autonomous system
X = Ax (1.4.2)

where A : R" — R”" is alinear map obtained as the linearization of f : R” — R around an
equilibrium point x* € X of (1.4.1). Precisely, for x* € X wewrite

e e Of .
f(x)=f(x)+;Ej(x)[x—x]+....

The linearization of f around x* is defined by the system (1.4.2) with A defined by therea n x n
matrix

It is well known that the origin of the linear flow (1.4.2) is asymptotically stable if and only if all
the eigenvalues of A have negative rea parts. Equivalently, the origin of the linear flow (1.4.2) is
asymptotically stableif and only if there exists an ellipsoid

E={xreX|x Xx=1, X>0

with center in the origin such that the velocity vector Ax is directed inward at any point x of the
ellipsoid &. The positive definite quadratic function vV : X — R defined by

Vix)= x ' Xx

isan example of aLyapunov function. The derivative of V (x) in the direction of the vector field Ax
isgiven by

x [ATX + XAlx

and should be negative to guarantee that the origin isan asymptotic stable equilibrium point of (1.4.2).
We thus obtain the following result
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Proposition 1.39 In the notation of the foregoing, the following statements are equivalent.

1. Theoriginisan asymptotic stable equilibrium point of (1.4.2).
2. All eigenvalues A(A) of A have strictly negative real part.
3. Thelinear matrix inequality
ATX+XA<0
admits a positive definite solution X = X T > 0.

Moreover, if one of these statements hold, then the equilibrium x* of the flow (1.4.1) isasymptotically
stable.

The most important conclusion of Proposition 1.39 is that asymptotic stability of the equilibrium x*
of the nonlinear flow (1.4.1) can be concluded from the asymptotic stability of the linearized system.
It is evident that this result has important consequences for systems and control.

1.5 Somesimpleapplications and examples

In this section we collected various examples and illustrations of the theory treated in this chapter.

151 A Leontief economy

A manufacturer may be able to produce n different products from m different resources. Assume
that the selling price of product j is p; and that it takes the manufacturer a;; units of resource i to
produce one unit of product j. Let x; denote the amount of product j that is to be produced and
let a; denote the amount of available units of resourcei, i = 1, ..., m. The manufacturer probably
wishes to maximize his profit

p(x1, ..., Xp) = p1x1+ p2x2+ ...+ puXn
subject to the production constraints

alix1 + apx2 + ...+ amx, <a
axxi+axpx2 + ...+ axyx, <az

am1x1 + amax2 + ... + ampxy < ap
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andx; >0, j =1,...,n. Notethat thisisan optimization problem subject to a system of non-strict
linear matrix inequalities.

(Wassily Leontief was born in 1906 in St. Petersburg and is winner of the 1973 Nobel Prize of
Economics. Among many things, he used input-output analysis to study the characteristics of trade
flow between the U.S. and other countries).

1.5.2 Noisedescriptionsfor system identification

Suppose that input-output data has been collected for the purpose of system identification. That is,
let

(ur, yr), t=1...,N

denote a finite set of scalar valued input-output samples that were obtained from some unknown
dynamical system. In many applications, the time domain data is supposed to be generated by a
system with transfer function

o
H(z) =) mz*
k=0

and it is assumed that the observed output is corrupted by additive noise. That is, it is assumed that

t—1
Ve = Z hiu,—x +n;
k=0

wherer =1, ..., N and n, issome noise sequence. To define the a-priori noise setsit is sometimes
useful to consider LMI regions. That is, the noise set can be definied as the feasibility region of a set
of LMI's:

N
N :={neR" | F(n):=Fo+ Y Fim > 0) (15.1)
k=1

where Fj are given real matrices. for example, the set

loo(e) :={n:[LN]>R| sup [n] < ¢}
te[LN]

of bounded amplitude disturbances is often used in this context and is just obtained as a special case
of 1.5.1 by taking F € R2V*N asfollows
-
e 8) ifk=0
T .
1 -1)  if1<k<N

- diag(
(

diag
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An identification problem can now be formalized which amounts to determining the set of consistent
models

N
M= H(2) =thz_k |Y — HU € N}.
k=0

Here, Y = (y1, ... ,yN)T, U= (u1,... ,uN)T represent the data, and

ho o ... 0
h1 ho ... O
H:= . .
: : .0
hy-1 ... h1 ho

Stated otherwise, the set of consistent models are those linear, time-invariant systems for which the
output error belongs to the feasible set of alinear matrix inequality. The datais said to be consistent
with the noise NV if M # @.

1.5.3 Convex combinations of linear systems

In definition 1.6 we introduced the notion of a convex combination of a finite set of points. This
notion gets considerable relevance in the context of dynamical systemsif ‘points’ become systems.
Consider atime-varying dynamical system
d
20 = A0 + BOu)
y() = C(0)x() + D()u(r)

with input «, output y and state x. Suppose that its system matrix

_ (A@) B(@)
S0 = <c<r> D(r))
isatime varying object which for any timeinstant r € R can be written as a convex combination of

then systemmatrices S, ... , S,. Thismeansthat for any timeinstant r € R there exist real numbers
a; (1) > 0, (real numbers that are possibly depending on ¢), with >, @; (r) = 1 such that

NOESIAON:

i=1

Here,

o A; B; -
S’_(Ci D,-)’ i=1...,n
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are constant system matrices of equal dimension. In particular, thisimplies that the system matrices
S(t), t € R belong to the convex hull of S, ..., S,,i.e,

S(t) € co(S1, ..., Sy).

Such modelsare called polytopic linear differential inclusionsand arisein awide variety of modeling
problems. The LMI toolbox in Mat1ab provides interesting software to represent such models and
to perform simulations with them. See the routines

ltisys toconvert astate space model to a system matrix
ltiss  toconvert asystem matrix to a state space model
1titf  tocompute thetransfer function (SISO only)
sinfo  toextract inquiries about system matrices
splot  toplot characteristic responses of systems

psys to define a polytopic model

psinfo toextract inquiries about polytopic models

See the help information of these routines for more specific details on their usage.

1.5.4 Affine combinationsof linear systems

Models of physical systems are often expressed in terms of state space systems in which the com-
ponents of the state variable represent a physical quantity. In these models uncertainty about specific
parameters is therefore often reflected as uncertainty in specific entries of the state space matrices
A,B,C,D. Let p = (p1,..., pn) denote the parameter vector which expresses the uncertain
quantities in the system and suppose that this parameter vector belongs to some subset » c R”.
Then the uncertain model can be thought of as being parametrized by p € £ through its state space
representation

x = A(p)x + B(p)u
y=C(p)x + D(p)u.

One way to think of equations of this sort isto view them as a set of linear time-invariant systems as
parametrized by p € . However, if p istime, then (1.5.2) defines alinear time-varying dynamical
system and it can therefore also be viewed as such. If components of p aretime varying and coincide
with state components then (1.5.2) is better viewed as a non-linear system.

(15.2)

Of particular interest will be those systems in which the system matrices affinely depend on p. This
means that

A(p) = Ao+ p1A1+ ...+ ppAn

B(p) = Bo+ p1Bi+ ...+ puBy

C(p) =Co+ p1C1+ ...+ puCy

D(p) =Do+ piD1+ ...+ p.D,
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or, written in more compact form
S(p)=So+ p1S1+ ...+ puSau

where

_ (A(p) B(p)
S(”)‘(ap) D(p))

isthe system matrix associated with (1.5.2). We call these model s affine parameter dependent models.

In Matlab such a system is represented with the routines psys and pvec. Forn = 2 and a
parameter box
min

P ={(p1, p2) | p1 € [p"", P11, p2 € [p3"", p3 =1}

the syntax is

affsys = psys( p, [s0, s1, s2] )
p = pvec( 'box’, [plmin plmax ; p2min p2max])

where p is the parameter vector whose i -th component ranges between p{“i” and p"™™. Seeadso the
routines

pdsimul for time simulations of affine parameter models
aff2pol to convert an affine model to an equivalent polytopic model.
pvinfo  toinquire about the parameter vector.

155 Stability regionsfor LTI systems

As we have seen, the autonomous dynamical system
X = Ax
isasymptotically stableif and only if all eigenvaluesof A liein C_, the open |eft half complex plane.

For many applications in control and engineering we may be interested in more general stability
regions. Let us define a stability region as a subset Cgq, € C with the following two properties

Property 1: A € Cgay = A € Cgap
Property 2:  Cggqp iS CONVEX .
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Typical examples of common stability setsinclude

Cgap =C_ open left half complex plane
Cgap =C no stability requirement

Cgan = {s € C | R(s) < —a} guaranteed damping

Caap ={s € C|N(s) < —a, |s| <r} maximal damping and oscillation
Cgan={s € C| a1 < N(s) < a2} vertical strip

Ceab={s € C||3(s)] < a} horizontal strip

Caap = {s € C | N(s)tand < —|I(s)|} conic stability region.

Here, 6 € (0,7/2) and r, o, a1, 2 are real numbers. We consider the question whether we can
derive afeasibility test to verify whether the eigenmodes of the system x = Ax belong to either of
these sets. This can indeed be done in the case of the given examples. To see this, we observe that

N(s) <0 & s+5<0
N(s) < —a = s+i+20<0
|S|<r <~ <_§r _sr)<0
(s +35)— 202 0
<
a1 < R(s) < az — < 0 —(s+§)+2a1> =0

R(s) tan(®) < —|3(s)| = ((s+§)sin9 (s —E)cos@) -0

(s —5)cosf (s+5)sind

Here we used that |s| < r if and only if s§ < 2 whichin turn is equivalent to r — sr~15 > 0. The
latter expression can then be recognized as a Schur complement of r.

In any case, each of these regions can be expressed in the form
(seC|P+Qs+0Q'5<0) (1.5.3)

where P = P and Q arereal matrices. As P+ Qs+ Q "5 isHermitianforal s e Ctheset (1.5.3)is
convex and coincideswith the feasibility set of alinear matrix inequality. The matrix valued function

f(s):=P+0s+0Q'5

is called the characteristic function of the stability region (1.5.3). This set includes the examples
given above and regions bounded by circles, ellipses, strips, parabolas and hyperbolas. Since finite
intersections of such regions can be obtained by systems of LMI’sone can virtually approximate any
convex region in the complex plane by an LMI of the form

PL 0O ... O o1 0 ... O o1 0 ... O
0o P ... O 0 Q0 ... O 0 Q0 ... O
. . . + . . . s+ : . :
0 ... 0 P 0O ... 0 O 0O ... 0 O
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which is again of the form (1.5.3). Stability regions Cggp Of the form (1.5.3) lead to the following
interesting generalization of the Lyapunov inequality. The result can befound as Theorem 2.2in[3].

Proposition 1.40 (M. Chilali and P. Gahinet) Let P = P, 0 and A bereal matrices. Then A has
all its eigenvalues in the stability region

Ceab:={s€C|P+0s+0Q'5 <0}
if and only if there exists a real symmetric matrix X = X T > Owith

p1X + quAX +quXAT .. puX +quAX + g XAT
: : <0 (15.4)
piaX + griAX +quXAT .. puX + quAX + qu X AT

where p;; and ¢;; aretheij-th entry of P and Q, respectively.
Stated otherwise, A has all its eigenvalues in the stability region Cgap With characteristic function
P + Qs + Q5 if and only if there exists a positive definite matrix X such that

(pijX +qij XA+ qjl‘ATX) < 0.

forall i, j. Notethat thisisan LMI in X and that the classical Lyapunov theorem corresponds to the
characteristicfunction f(s) = s+5. Notealsothat thecondition (1.5.4) isrelated to the characteristic
function of the stability region by the substitution (A, AX, XAT) < (1, 5, 5).

1.6 Further reading

Optimization: [15]

Convex function analysis: [25], [43]
Lyapunov theory: [7, 16, 27, 49]
Interior point methods: [20]
Software issues: [6]

1.7 Exercises

Exercise 1

In section 1.2 we defined sublevel sets and related them to the convexity of functions f : § — R.
Define a suitable notion of suplevel sets (yes, thisis a “p”) and formulate and prove a sufficient
condition (in the spirit of proposition 1.13) for suplevel setsto be compact.
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Exercise 2

Give an example of a non-convex function f : § — R whose sublevel sets 4§, are convex for al
o € R.

Exercise 3

Let f: 8 — R beaconvex function.

1. Show the so called Jensen’s inequality which states that for a convex combination x =
Y _jaixi of x1,...x, € § there holds that

FO aix) <Y i f ().
i=1 i=1
Hint: A proof by induction on n may be the easiest.
2. Show that co(8) is equal to the set of all convex combinations of §

Exercise 4

Run the Mat1ab demo 1midem.

Exercise 5

Use a feasibility test of the LMI toolbox to verify the asymptotic stability of the system x = Ax,

where
0O 1 O
A=|10 0 1.
-2 -3 -4

To do this, use the routine 1tisys to convert a state space model to an internal format which is
used for the LTI toolbox. Use the routine feasp to compute a solution to the corresponding LM
feasibility problem. (Seethe Matlab help information for these routines).

Exercise 6

In this exercise we investigate the stability of the linear time-varying system

X = A()x (1.7.2)
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wherefor all + € R thematrix A(¢) isaconvex combination of the triple

-1 1 -1 1 -2 1
Ar= <—1 —0.2)’ Az:= (—2 —0.7)’ As = <—1.2 o.4>'

That is,
A(t) € CO(A1, Az, A3)

for al values of r € R;. Thisis referred to as a polytopic model. (See subsection 1.5.3). It
is an interesting fact that the time-varying system (1.7.1) is asymptotically stable if there exists a
X = X" > Osuchthat

A]X +XA1 <0

AJX + XAz <0

AJX + XAz <.

If such an X exists then (1.7.1) is stable irrespective of how fast the time variations of A(z) take
place!

1. Reformulate the question of asymptotic stability of (1.7.1) as afeasibility problem.

2. TheMat1lab function quadstab teststhe (quadratic) stability of polytopic models. Toinvoke
thisroutine, first use 1tisys to represent the state space systemsx = A;x fori = 1,2,3in
internal LMI format. Then define the polytopic model (1.7.1) by using psys.

3. Give aLyapunov function for this model.

A second approach to solvethefeasi bility problemamountsto using thegraphical interface Imiedit
to enter the relevant linear matrix inequalities in the unknown X. The procedure feasp of the LMI
toolbox solves the feasibility problem and thus checks whether (1.7.1) is asymptotically stable. We
leave this alter native approach as an option.

Exercise 7

Consider the active suspension system of a transport vehicle as depicted in Figure 1.2. The system
is modeled by the equations

magz + ba(g2 — q1) + ka(g2 —q1) — F =0
m1g1 + ba(g1 — g2) + ka(q1 — g2) + ki(qgr —qo) + F =0

where F (resp. —F) is aforce acting on the chassis mass m» (the axle mass m1). Here, g2 — g1 is
the distance between chassis and axle, and g2 denotes the acceleration of the chassis mass my. b2
is a damping coefficient and k1 and k2 are spring coefficients. The variable go represents the road
profile. A ‘red life' set of system parametersisgivenin Table 1.1.
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mi mo k1 ko by
15x10% | 1.0x 10 | 5.0 x 105 | 5.0 x 10° | 50 x 10°

Table 1.1: Physical parameters

1. Consider the casewhere F = 0 and go = 0 (thus no active force between chassis and axle and
‘flat’ road characteristic) and compute the eigenmodes of this autonomous system.

2. Determine aLyapunov function V (g1, g2, 41, ¢2) of this system (with F = 0 and go = 0) and
show that its derivative is negative along solutions of the autonomous behavior of the system
(i.e. F=0andgg=D0).

3. Design your favorite road profile go in Mat 1ab and simulate the response of the system to this
road profile (the force F iskept 0). Plot the variables ¢ and ¢g2. What are your conclusions?

4. Depending on the load of the truck, the chassis mass my is a major source of uncertainty.
Simulate the response of the system to theroad profile go when the mass m, varies between its
minimum value ma min = 1.5 x 108 (unloaded) and its maximum value mymax = 1.0 x 10*
(fully loaded). Moreover, it isreasonableto assumethat the air spring stiffness , isinfluenced
by the load according to

m2 X k2 max

ko =

m?2 max

where k2 max = 5.0 x 10°. Introduce an arbitrary, non-constant function m(t) reflecting the
time-varying changesin the chassis massm and let the air spring stiffness k2 depend on m2 as
above. Use the routines introduced in Subsection 1.5.4 for a time simulation of this situation
and plot the variables g1 and g».
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Figure 1.1: Aleksandr Mikhailovich Lyapunov
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Figure 1.2: Model for suspension system
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Chapter 2

Dissipativity and robustness analysis

2.1 Dissipative dynamical systemsand LMI’s

2.1.1 Introduction

The notion of dissipativity isamost important concept in systems theory both for theoretical consid-
erations as well as from a practical point of view. Especially in the physical sciences, dissipativity
is closely related to the notion of energy. Roughly speaking, a dissipative system is characterized
by the property that at any time the amount of energy which the system can conceivably supply to
its environment can not exceed the amount of energy that has been supplied to it. Stated otherwise,
when time evolves a dissipative system absorbs afraction of its supplied energy and transformsit for
example into heat, an increase of entropy, mass, electromagnetic radiation, or other kinds of energy
‘losses’. In many applications, the question whether a system is dissipative or not can be answered
from physical considerations on the way the system interacts with its environment. For example, by
observing that the system is an interconnection of dissi pative components, or by considering systems
inwhich aloss of energy isinherent to the behavior of the system (dueto friction, optical dispersion,
evaporation losses, etc.).

In this section we will formalize the notion of a dissipative dynamical system for a very genera
class of systems. It will be shown that linear matrix inequalities occur in a very natural way in
the study of linear dissipative systems. Perhaps the most appealing framework for studying LMI’s
in system and control theory is within the framework of dissipative dynamical systems. It will be
shown that solutions of LMI’s have a natural interpretation as storage functions associated with a
dissipative system. Thisinterpretation will play akey role in understanding the importance of LMI’s
in questionsrelated to stability, robustness, and H,, and H» controller design problems. More details
on the theory of this section can be found in [45, 47, 48].

39
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2.1.2 Dissipativity

Consider a continuous time, time-invariant dynamical system X described by the equations

X = f(x,u) (2.1.19)
y=g(x,u) (2.1.1b)

Here, x is the state which takes its values in a state space X, u is the input taking its values in an
input space U and y denotes the output of the system which assumes its values in the output space
Y. Throughout this section, the precise representation of the systemswill not be relevant. What we
need, though, isthat for any initial condition x(0) = xg of (2.1.1a) and for any input u belonging to
aninput class U, the state x and the output y are uniquely defined and depend on « in a causal way.
The system (2.1.1) therefore generates outputs from inputs and initial conditions. Let

s:UxY—-R

be a mapping and assume that for all 1, 11 € R and for all input-output pairs u, y satisfying (2.1.1)
the composite function

s(t) == s(u(t), y())

islocally integrable, i.e., f;;l ls(1)|dt < oco. (Wedorealizethat we abuse notation here). Themapping
s will be referred to as the supply function.

Definition 2.1 (Dissipativity) Thesystem X with supply rate s issaid to be dissipativeif there exists
anon-negative function V : X — R such that

n
V(X(to))+/ su(), y@)dr = V(x(r)) (21.2)

fo

for al 1o < 11 and al trajectories (u, x, y) which satisfy (2.1.1).

Interpretation 2.2 The supply function (or supply rate) s should be interpreted as the supply de-
livered to the system. This means that in a time interval [0, #] work has been done on the system
whenever fé s(7)dt is positive, while work is done by the system if this integral is negative. The
non-negative function V is called a storage function and generalizes the notion of an energy func-
tion for a dissipative system. With this interpretation, inequality (2.1.2) formalizes the intuitive
idea that a dissipative system is characterized by the property that the change of internal storage
V(x(r1)) — V(x(t0)) in any time interval [#g, 1] will never exceed the amount of supply that flows
into the system (or the ‘work done on the system’). This means that part of what is supplied to the
systemisstored, while the remaining part is dissipated. |nequality (2.1.2) isknown asthe dissipation
inequality.

Remark 2.3 Since the system communicates with its environment through the variables # and vy,
it islogical to assume that the supply function s is a function defined on the external signal space
U x Y. Moreover, since storage is a concept related to the status of internal variables of the system,
itislogical to define storage functions as state functions.
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Remark 2.4 Note that whenever the composite function V (x(-)) with V a storage function and
x : R — X adtate trgjectory satisfying(2.1.1a), is differentiable as a function of time, then (2.1.2)
can be equivalently written as

V(t) < su(), y(©)). (2.1.3)

Remark 2.5 Thereare afew refinementsto Definition 2.1 which are worth mentioning. The system
¥ issaid to be conservative (or lossless) if there exists anon-negative function V : X — R such that
equality holdsin (2.1.2) for al #op < 71 and al (u, x, y) which satisfy (2.1.1). Also, Definition 2.1
can be generalized to time-varying systems by letting the supply rate s depend on time. We will not
need such ageneralization for our purposes. Many authors have proposed adefinition of dissipativity
for discrete time systems, but since we can not think of any physical example of such asystem, there
seems little point in doing this. Another refinement consists of the idea that a system ¥ may be
dissipative with respect to more than one supply function. See Example 2.8 below.

The notion of strict dissipativity is arefinement of Definition 2.1 which we will use in the sequel. 1t
is defined as follows.

Definition 2.6 (Strict dissipativity) Thesystem X with supply rates issaid to bestrictly dissipative
if thereexistsane > Oandanon-negativefunctionV : X — R whichattainsastrong globa minimum
(see Chapter 1) such that the dissipation inequality

141
Vet + [ (s, @) = ) dr > Ve (214

fo

holdsfor all 7o < #1 and all trajectories (u, x, y) which satisfy (2.1.1).

Clearly, asystem is strictly dissipative only if a strict inequality holdsin (2.1.2). Note that storage
functions of strictly dissipative systems are assumed to have a strong global minimum at some point
x* € X. This means that for any state x in a neighborhood of x* the storage V (x) is strictly larger
than V (x*).

Example 2.7 The classical motivation for the study of dissipativity comes from circuit theory. In
the analysis of electrical networks the product of voltages and currents at the external branches of a
network, i.e. the power, is an obvious supply function. Similarly, the product of forces and vel ocities
is a candidate supply function in mechanical systems. For those familiar with the theory of bond-
graphswe remark that every bond-graph can be viewed as arepresentation of adissipative dynamical
system where input and output variables are taken to be effort and flow variables and the supply
function s is invariably taken to be the product of these two variables. A bond-graph is therefore a
special case of adissipative system (and not the other way around!).

Example 2.8 Consider a thermodynamic system at uniform temperature 7 on which mechanical
work is being done at rate W and which is being heated at rate Q. Let (T, Q, W) be the external
variables of such a system and assume that —either by physical or chemical principles or through
experimentation— the mathematical model of the thermodynamic system has been decided upon and
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isgiven by the timeinvariant system (2.1.1). The first and second law of thermodynamics may then
beformulated in the sense of Definition 2.1 by saying that the system X isconservative with respect to
the supply function s1 := (W + Q) and dissipative with respect to the supply function s, := —Q/T.
Indeed, the two basic laws of thermodynamics state that for all system trajectories (T, Q, W) and all
timeinstantsrg < 11

n
E(x(t0)) +/ Q@)+ W(r) dt = E(x(11))
fo

(which is conservation of thermodynamical energy) and the second law of thermodynamics states
that the system trajectories satisfy

" 0w
steton + = F ar > sy

for a storage function S. Here, E is caled the internal energy and S the entropy. The first law
promises that the change of internal energy is equal to the heat absorbed by the system and the
mechanical work which is done on the system. The second law states that the entropy decreases at a
higher rate than the quotient of absorbed heat and temperature. Note that thermodynamical systems
are dissipative with respect to more than one supply function!

Example 2.9 Typical examples of supply functionss : U x Y — R are
s, y)=u'y,
s, y) = IylI7 = flul?
s, y) = [IyI1% + flul®
s, y) = [lylI?

which arise in network theory, bondgraph theory, scattering theory, H., theory, game theory and
LQ-optimal control and H2-optimal control theory.

If ¥ is dissipative with storage function V then we will assume that there exists a reference point
x* € X of minimal storage, i.e. there exists x* € X such that V(x*) = min,cx V(x). Given a
storage function V, its normalization (with respect to x*) is defined as V (x) := V(x) — V(x*).
Obviously, V (x*) = 0 and V isastorage function of = whenever V is.

Instead of considering the set of all possible storage functions associated with adynamical system X
we will restrict attention to the set of normalized storage functions. Formally, the set of normalized
storage functions (associated with (Z, s)) is defined by

Va*) :={V:X —> Ry | V(x*) = 0and (2.1.2) holds}.

The existence of areference point x* of minimal storage implies that for a dissipative system

t
/lswaxya»dr>o
0
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forany r1 > Oandany (u, x, y) satisfying (2.1.1) with x (0) = x™*. Stated otherwise, any tragjectory of
the system which emanates from x* has the property that the net flow of supply isinto the system. In
many treatments of dissipativity this property is often taken as definition of passivity. We introduce
two mappings Va, : X — R Uoo and Vieq : X — R U {—oo} which will play acrucial rolein the
sequel. They are defined by

'
Vav(x0) := sup {— / ls(t) dt | 11 > 0; (u,x,y) satisfy (2.1.1) with x(0) = xo} (2.1.59)
0

0
Vieq(xo0) := inf [/ st)dr | t—1 <0; (u,x,y) satisfy (2.1.1) with (2.1.5b)
3

-1

x(0) = xgand x(t_1) = x*}

Then Vg, (x) denotes the maximal amount of internal storage that may be recovered from the sys-
tem over all state trgjectories starting from x. Similarly, Vieq(x) reflects the minimal supply the
environment has to deliver to the system in order to excite the state x via any trgectory in the state
space originating in x*. We refer to Va and Vieq as the available storage and the required supply,
respectively. Notethat in (2.1.5b) it isassumed that the point xo € X isreachablefrom the reference
pont x*, i.e. it is assumed that there exist a control input u which brings the state trajectory x from
x*attimer =r_1toxg attimer = 0. Thisisthe case when the system X is controllable.

Proposition 2.10 (Willems) Let the system & be described by (2.1.1) and let s be a supply function.
Then

1. Y isdissipativeif and only if Vg (x) isfinitefor all x € X.
2. If ¥ isdissipative and controllable then

(a.) Vav, Vreq S V(x*)
(b) {V e V(x")} = {Forallx € X thereholds 0 < Vay(x) < V(x) < Vieq(x)}.
(c) V(x*)isaconvexset. Inparticular, Vy := aVay+(1—a) Vieg € V(x*) for all o € (0, 1).

Interpretation 2.11 Proposition 2.10 gives a necessary and sufficient condition for a system to be
dissipative. It shows that both the available storage and the required supply are possible storage
functions. Moreover, statement (b) shows that the available storage and the required supply are the
extremal storage functionsin V(x*). In particular, for any state of a dissipative system, the available
storage is at most equal to the required supply. In addition, convex combinations of the available
storage and the required supply are candidate storage functions for a dissipative system.

Proof. 1. Let X bedissipative, V astorage function and xo € X. From (2.1.2) it then follows that
foralr, > Oandall (u, x, y) satisfing (2.1.1) with x(0) = xq,

I
—/ 1S(u(l),y(t))dt < Vixo) < oo.
0
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Taking the supremum over al 1, > 0 and al such trgjectories (u, x, y) (with x(0) = xg) yields that
Vav(x0) < V(x0) < oo. To prove the converse implication it suffices to show that Vy, is a storage
function. To seethis, first notethat Vg (x) > Ofor dl x € X (taker; = 0in (2.1.58)). To prove that
Vo satisfies (2.1.2), let 1o < 11 < 12 and (u, x, y) satisfy (2.1.1). Then
1 2
Vav(x(f0)) = —/ S(u(t),y(t))dt—/ s(u(t), y(1))dr.
i) 141
Since the second term in the right hand side of thisinequality holdsfor arbitrary r» > 1 and arbitrary
(u, X, Y .10) (With x(z1) fixed), we can take the supremum over &l such trgjectories to conclude
that
1

Vav(x(t0)) = —/ s(u (), y())dt — Vay(x(11)).

10
which showsthat V,, satisfies (2.1.2).

2a. Supposethat ¥ is dissipative and let V be a storage function. Then V(x) := V(x) — V(x*) €
V(x*) sothat V(x*) # . Observethat Va (x*) > 0and Viegq(x*) < O(taker; =1_1 = 0in(2.1.5)).
Suppose that the latter inequalities are strict. Then, using controllability of the system, there exists
t—1 < 0 < rp andastatetrgjectory x withx (r—1) = x(0) = x(#1) = x™ suchthat — fél s(t)dt > 0and
[fl s(t)dt < 0. Butthisyieldsacontradictionwith (2.1.2)asb0thféls(t)dt > Oandffl s(t)dt > 0.
Thus, Vay(x*) = Vieq(x™*) = 0. Wealready proved that V, isastoragefunctionsothat Vay € V(x*).
Along the same lines one shows that also Vieq € V(x™).

2b. If V € V(x*) then

11 0
- /O s@u(t), y(0)dt < V(x0) < / sCu(n). y(1))dr

1

foralr_1 <0<t and(u,x,y) saisfying (2.1.1) with x(z_1) = x* and x(0) = xo. Now take the
supremum and infimum over all such trgjectoriesto obtain that Vo < V < Vieg.

2c. Followstrividly from (2.1.2). [ |

If the system X is dissipative with respect to the supply function s then

41

V(x(10)) +/ s(u(r), y(t)) dt — V(x(11))

fo
is a non-negative quantity that can be interpreted as the amount of supply that is dissipated in the
system in thetime interval [z, t1].

Definition 2.12 (Dissipation functions) A functiond : X x U — R iscalled adissipation function
for (X, s) if there existsa storage function V : X — R such that

141
V(x(to)) +[ [s(u(), y(@)) — d(x(1), u®))]dt = V(x(11))
1o

hold for al 7o < t1 and al trajectories (u, x, y) which satisfy (2.1.1).
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Obviously, thesystem ¥ isdissipative with respect to the supply function s if and only if thedissipation
function d is non-negative in the sense that d(x, u) > 0 for al x, u. Notethat if d is adissipation
function then the system is conservative with respect to the supply function s — d.

2.1.3 Storagefunctionsand Lyapunov functions

Storage functions and Lyapunov functions (introduced in the previous chapter) are closely related.
Indeed, if u(¢) = u* withu™ € U istakenasaconstant input in (2.1.1) then we obtain the autonomous
system

X = f(x,u")
y = gx,u®).

Let x* be an equilibrium point of this system and suppose that the system defined by (2.1.1) is
dissipative with supply

s(u*,y) =s@*, g(x,u®) <0

for all x in aneigborhood of x*. From Remark 2.4 we then infer that any (differentiable) storage
function V of this system is non-negative and monotone non-increasing along solutions in a neigh-
borhood of x*. Consequently, by Lyapunov’s theorem, x* is a stable equilibrium if the storage
function V attainsastrong local minimum at x*. In that case, the storage function V' is nothing else
than a Lyapunov function defined in a neighborhood of x*. (See the corresponding definitionsin the
previous chapter).

2.2 Linear dissipative systemswith quadratic supply rates

In this section we will apply the above theory of dissipative dynamical systemsto linear input-output
systems = described by the equations

X = Ax + Bu

221
y=Cx+ Du ( )

with state space X = R”, input space U = R™ and output space Y = R”.

Consider ageneral quadratic supply functions : U x Y — R defined by

.
s y) = (i) (g}; gy> (Lyt ) (2.2.2)

o ny Qyu
Q= (Quy QW>

Here,
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isarea symmetric matrix which is partitioned conformally with « and y. We emphasize that no a
priori definiteness assumptions are made on Q.

Note that the supply functions given in Example 2.9 can all be written in the form (2.2.2) for an
appropriate partitioned real symmetric matrix Q.

Remark 2.13 Substituting the output equation y = Cx + Du in the supply function (2.2.2) shows
that (2.2.2) can equivalently be viewed as a quadratic function in the variablesu and x. Indeed,

-
s(u,y) =s(u,Cx + Du) = <i> <gxx gx:,l) <z>

(62 6:)-(67) (5 &) )
Oux Quu 0 I Ouy Quu 0 I1)°

The following proposition is the main result of this section. It provides necessary and sufficient
conditions for dissipativeness of the pair (£, s) and it shows that linear dissipative systems with
quadratic supply functions have at |east one quadratic storage function.

where

Proposition 2.14 Suppose that the system X described by (2.2.1) is controllable and et the supply
function s be defined by (2.2.2). Then the following statements are equivalent.

=

. (2, s) isdissipative.

N

. (¥, s) admits a quadratic storage function V(x) := x ' KxwithK = KT > 0.

3. Thereexists K = K ' > 0 such that
ATK+KA KB c D\' (Qy 0,\(C D
— >
e (TEIKA KDY (S D) (90 0)(€ D) Lo g
4. Thereexists K_ = K > Osuchthat Vay(x) = x " K_x.

5. Thereexists K4 = K[ > Osuchthat Vieq(x) = x T Kx.

Moreover, if one of the above equival ent statements holds, then V (x) := x T K x isaquadratic storage
functionin V(0) ifand only if K > Oand F(K) > 0.

Proof. (1=24). If (¥,s) is dissipative then we infer from Proposition 2.10 that the available
storage Vg (x) is finite for any x € R”. We claim that Vg (x) is a quadratic function of x. This
follows from [46] upon noting that the supply function s is quadratic and that

11 1
Va(x) = sup—/ s(t)dt = —inf / s(t)dt
0 0
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denotesthe optimal cost of alinear quadratic optimization problem. Itiswell known that thisinfimum
isaquadratic formin x.

(4=-1). Obvious from Proposition (2.10).

(2=3). If V(x) = xTKx with K > 0 is a storage function then the dissipation inequality can be
rewritten as

15
/ 1 <_%x<zﬁ<x<z)+s(u<t),y(t)>) dt > 0,
1

0

Substituting the system equations (2.2.1), thisis equivaent to

nx(1) ’ ATK+KA KB c D\ 0,y 0y (C D) (x
[ () - (AR KB (S DY (20 0) (6 PY(0)

F(K)

(2.2.4)

Since (2.2.4) holdsfor al #g < #1 and al inputsu thisreducesto the requirement that K > 0 satisfies
theLMI F(K) > 0.

(3=2). Conversely, if thereexist K > 0 such that F(K) > 0 then (2.2.4) holds and it follows that
V(x) = x " Kx isastorage function which satisfies the dissipation inequality.

(1&5). If (2, 5) is dissipative then by Proposition (2.10), Vieq is a storage function. Since Vyeq is
defined asan optimal cost corresponding to alinear quadratic optimization problem, Vieq isquadratic.
Hence, if the reference point x* = 0, Vieq(x) is of the form x T K x for some K, > 0. Conversely,
if Vieg= xT K x, K, >0, thenitiseasily seen that Vieq Setisfies the dissipation inequality (2.1.2)
which impliesthat (X, s) is dissipative. [ |

We recognize in (2.2.3) anon-strict linear matrix inequality. The matrix F(K) isusually called the
dissipation matrix. Observe that in the above proposition the set of quadratic storage functions in
V(0) is completely characterized by the inequalities K > 0 and F(K) > 0. In other words, the
set of normalized quadratic storage functions associated with (%, s) coincides with the feasibility
set of the system of LMI'sK = KT > Oand F(K) > 0. In particular, the available storage and
the required supply are quadratic storage functions and hence K _ and K also satisfy F(K_) > 0
and F(K,) > 0. Using Proposition 2.10 it moreover follows that any solution K = K ' > 0 of
F(K) > 0 hasthe property that

0< K_ <K <Kj.

In other words, among the set of positive semi-definite solutions K of theLMI F(K) > Othereexists
asmallest and alargest element.

For conservative and strictly dissipative systemswith quadratic supply functionsasimilar characteriz-
ation can begiven. The precizeformulationfor conservative systemsisevident from Proposition 2.14
and is left to the reader. For strictly dissipative system the result is worth mentioning.
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Proposition 2.15 Suppose that the system X described by (2.2.1) is controllable and let the supply
function s be defined by (2.2.2). Then the following statements are equivalent.
1. (%, s) isdtrictly dissipative.

2. Thereexists K = K T > O such that
_ (ATK+KA KB c D\' (0, 0.\ (C D
e (TKAKA KB) (€ D) (00 0)(€ D) gz

Moreover, if one of the above equival ent statements holds, then V (x) := x T K x isaquadratic storage
functionin V(0) ifand only if K > Oand F(K) > 0.

Proof. The proof proceeds along the same lines as the proof of Proposition 2.14. We only prove
theimplication (2= 1) here. Let K > 0 be suchthat F(K) > 0. Then obviously, there existse > 0

such that
0 O
F(K) - (O 62[> >0.

But then

IO x(0) ) (0 0N (x®\ [T 5 o
[, Gio) roo ()= [7 () (0 &) (o) ar= [ e
from which it follows that V(x) = x " Kx is a storage function with a strong global minimum at

x = 0 which satisfies the dissipation inequality (2.1.4). Hence, the pair (X, s) is strictly dissipative.
|

Thereisasimple relation between the dissipation matrix F (K) and dissipation functions. Indeed, if
K =KT" >0(or> 0)issuchthat F(K) > 0 then the dissipation matrix can be factorized as

F(K)= (Mg Nk)' (Mg Ng).

where (MK NK) isarea matrix withn 4+ m columnsand r > rx := rank(F(K)) rows. For any
triple (u, x, y) satisfying (2.2.1) we then obtain that

f1 1\ " X
/ ||MKx(t)+NKu(t)||2dt :/ < ) F(K)( ) dt
o o \U u
41

=x(to)TKx(to)—x(tl)TKx(t1)+f s(r)drt.

fo

In other words the function

d(x,u) == |Mgx + Ngu|?
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isadissipation function of the system (2.2.1).

We concludethissubsectionwith afrequency domain characterization of dissipativeness. Let G (s) :=
C(Is — A)"1B + D denote the transfer function associated with (2.2.1).

Proposition 2.16 (Yakubovich-Kalman) Under the same conditions as Proposition 2.14, the fol-
lowing statements are equivalent.

1. (2, s) isdissipative.
2. For all w € Rwithdet(iwl — A) # 0, there holds

Giw)\" Oyy Oy (Gliw)
( ! ) <Quy Quu)( I )2 0 (2.2.6)

Proof. Because of the simplicity of the argument, we only prove the implication (1=2) here.
Let v € R be such that det(iwl — A) # 0 and consider the (complex) input u(z) = exp(iwt)ug
with ug € R™. Define x(r) := exp(iowt)(iwl — A)"1Bug and y(r) := Cx(t) + Du(r). Then
y(t) = exp(iwt) G (iw)ug and the triple (u, x, y) satisfies (2.2.1). Moreover,

o =i (“7) (G G2 (75

which is a constant for al time s € R. Now suppose that (X, s) is dissipative. For non-zero
frequencies w thetriple (u, x, y) is periodic with period P = 27 /w. In particular, there must exist a
time instant 79 such that x (rg) = x(to + kP) = 0, k € Z. Since V (0) = 0, the dissipation inequality
(2.1.2) reads

n _ n —x G(za)))* <ny Qyu) (G(lw))
fto s(u(t),y(t))dt_/t0 u0< ] Ouy Oun It uo

=i (757) (G Ge) (75w = 0

foral r1 > t9. Sinceug and 11 > g are arbitrary thisyields that statement 2 holds.

The converse implication is much more involved and will be omitted here. [ |

The frequency domain characterization of strictly dissipative systemsis similar and involves a strict
inequality in (2.2.6). Proposition 2.16 has along history in system theory. The result goes back to
V.A. Yakubovich (1962) and R. Kalman (1963).

221 Thepostivereal lemma

Consider the system (2.2.1) together with the quadratic supply function s(u, y) = y " u asdefined in
2.2.2. Thefollowing is then an immediate consequence of Proposition 2.14.
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Corollary 2.17 Suppose that the system % described by (2.2.1) is controllable and has transfer
function G. Let s(u, y) = y ' u be a supply function. Then equivalent statements are

1. (X, s) isdissipative.

2. the systemof LMI's

K=K'>0

—-ATK —KA —KB+CT 0
—-BTK+C D+ DT z

isfeasible
3. Forall w e Rwithdet(iwl — A) # 0G(iw)* + G(iw) > 0.

Moreover, V (x) = x| Kx defines a quadratic storage function if and only if K satisfies the above
system of LMI’s.

Remark 2.18 Corollary 2.17 isknown as the Kalman-Yacubovich-Popov or the positive real lemma
and has played a crucial role in questions related to the stability of control systems and synthesis of
passive electrical networks. Transfer functions which satisfy the third statement are generally called
positive real.

2.2.2 Thebounded real lemma

Consider the quadratic supply function
s, ) =y%uu—y'y (2.2.7)

where y > 0. In asimilar fashion we obtain the following result as an immediate consequence of
Proposition 2.14.

Corollary 2.19 Suppose that the system ¥ described by (2.2.1) is controllable and has transfer
function G. Let s(u, y) = y2u'u — yy be a supply function. Then equivalent statements are

1. (X, s) isdissipative.

2. Thesystemof LMI’s

K=KT">0
ATK+KA+C'C KB+C'D
T T T 2,) <0
B'K+D'C DD —y2I

isfeasible.
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3. For all w € Rwithdet(iol — A) #0G(iw)*G(iw) < y2I.

Moreover, V (x) = x| Kx defines a quadratic storage function if and only if K satisfies the above
system of LMI’s.

Let us analyze the importance of this result for control. If X is dissipative with respect to the supply
function (2.2.7) then weinfer from Remark 2.4 that for any quadratic storagefunction vV (x) = x ' K x,
V<yiulu—yly (2.2.8)

along solutions (u, x, y) of (2.2.1). Suppose that x(0) = 0, A has al its eigenvalues in the open
left-half complex plane and the input u is taken from the set £ of square integrable functions, i.e.,
u is such that

llull3 := /OOMT(t)u(t)dt < oo.
0

Then both the state x and the output y of (2.2.1) are squareintegrablefunctionsand lim, . o, x(¢) = 0.
We can therefore integrate (2.2.8) from r = 0till oo to obtain that for al u € «£2

y2llull3 = lIyl5 > 0.
Equivalently,

llyll2 <
ue Ly llull2

(2.2.9)

The left-hand side of (2.2.9) isthe so called L2-induced normor L£2-gain of the system (2.2.1). The
L2-gain istherefore obtained as the smallest » > 0 for which (2.2.9) holds.

Translated intermsof LMI’s, wetherefore obtain that the upperbound (2.2.9) holdsif and only if there
exists K that satisfies the linear matrix inequalities of Corollary (2.19). This provides a feasibility
test, parametrized in y > 0, to determine £»-gain of the system.

2.3 Nominal performanceand LMI’s

In this section we will use the previous results on dissipative systems to characterize a number of
relevant performance criteria for dynamical systems. In view of forthcoming chapters we consider
the system (2.2.1) and assume throughout this section that the system is asymptotically stable (i.e.
the eigenvalues of A are in the open left-half complex plane). The following lemmais asimple but
useful variation on one of the implications of Proposition 2.15.

Lemma 2.20 Consider the following statements.
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1. (X, s) isstrictly dissipative
2. Thereexists K = K > Osuchthat F(K) > 0

3. Thereexistse > 0 such that

*(yO)' (O Qyu> <y(t)) /oo Lo
/o <u<t>) <Quy 0u) \uay) 412 € | w0 udi =20 Kx(©. — (23.1)

Then statements 1. and 2. are equivalent and each of these statementsimplies 3.

Proof. If K = KT > Oissuchthat K(K) > 0 then we can choose ¢ > 0 such that
0 O
G(K):= F(K) — (0 621) > 0.

Viewing this as a dissipation inequality for a dissipative system yields that for al u € £

© @\ x(1)
/0 (u([)) G(K) (u(t)> dt
/ T (%x(t)TKx(t) —€2u®) Tu() + su), y(t))) dt
0

where s (u, y) isthe quadratic supply function givenin (2.2.2). Stability of the system yields that for
al u € £, the state x(r) vanishesfor r+ — oo. Theinequality (2.3.1) then follows. [ |

2.3.1 H,, nominal performance

A popular performance measure of astablelinear time-invariant systemisthe H,, norm of itstransfer
function. It is defined as follows. The transfer function associated with (2.2.1) is defined by

G(s):=Cs— A B+D

where s € C. Since the system is assumed to be stable, G (s) is bounded for al s € C with positive
real part. By this, we mean that the largest singular value omax (G (s)) is finite for al s € C with
s > 0. The space Ho, consists of al complex valued functions which are analytic in %s > 0 and
for which

[Glloo := SUP omax(G(s)) < oo.
NRs>0
The left hand side of this expression satisfies the axioms of a norm and defines the H,, norm of G.
It can be shown that each function in H,, has a unique extension to the imaginary axis and that in
fact the Hy, normisgiven by

[Glleo = SUP omax (G (j))-

welR
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In words, the Hy, norm of atransfer function is the supremum of the maximum singular value of the
frequency response of the system.

Remark 2.21 Variousgraphical representations of frequency responsesareillustrative to investigate
system propertieslike bandwidth, gains, etc. Probably the most important oneisaplot of the singular
vaueso; (G(jw)) (i =1,...,min(m, p)) viewed as function of frequency o € R. For single-input
single-output systemsthereisonly onesingular valueand o (G (jw)) = |G(jw)|. A Bodediagramis
aplot of thelatter and providesinformation to what extent the system amplifies purely harmonicinput
signals with frequencies w € R. In order to interpret these diagrams one usually takes logarithmic
scaleson thew axisand plots 2010 log(G (jw)) to get unitsind B. The Hy, norm of atransfer function
is then nothing else than the highest peak value occuring in the Bode plot.

The connection between time-domain and frequency-domain normsis most clearly expressed in the
following standard result.

Proposition 2.22 Let G € Hy bethe transfer function of the asymptotically stable system (2.2.1).
Then for all initial conditions x(0) = xg, u € L2 impliesy € £ and with x(0) = 0 there holds that

Gl sup 1212

uedy llull2

Interpretation 2.23 For a stable system, the H,, norm of its transfer function is the .£2-induced
norm of the input-output operator associated with the system.

Thisyieldsasimplerelation between the Bounded Real Lemma, Lemma2.20 and bounds on the Ho,
norm of transfer functions:

Proposition 2.24 Ifthesystem (2.2.1) isasymptotically stablethen ||G|loo < y whenever thereexists
asolution K = KT > 0tothe LMI

<ATK+KA+CTC KB—i—CTD) -0

B'K+D'C D™D —y?1 (232)

Proof. Apply Lemma2.20 withxo =0, Qyy = I, Qy, = 0, O,y = 0and Q,, = —y?I toinfer
that the existence of asolution K > 0tothe LMI impliesthat for all u € L2
2 * 2 *
113 = /0 YO y(0di < (2 —e) /O u () Tu(tydr
2 [ 20112
<y /o u(®) "u(nde = y?||ull3.
Proposition 2.22 thenyieldsthat |G|l < y asdesired. [ |

Interpretation 2.25 We can compute the smallest possible upperbound of the L2-induced gain of
the system (which isthe H,, norm of the transfer function) by minimizing y > 0 over al variables
y and K > O that satisfy the LMI (2.3.2).
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2.3.2 H> nominal performance

Consider the system (2.2.1) and suppose that we are interested only in the impul se responses of this
system. This means, that we take impulsive inputs® of the form

u(t) = 6(t)e;

with e; the i — rh basis vector in the standard basis of the input space R™. (i runs from 1 till m).
With zero initial conditions, the corresponding output y* belongsto £ and is given by

Cexp(At)Be; fort >0
yi(t) = { De;s(1) fort=0.
0 fort <0

Only if D = 0, the sum of the squared norms of all such impulse responsesiswell defined and given
by

m 00
> oIy'iE= tracef B exp(ATt)C T C exp(At)B dt
i=1 0

o
= trace/ Cexp(An)BB exp(ATt)CT dt
0
Long ago, Parseval taught us that the latter is equal to

1 o0
—trace/ G(jw)G(jw)* dw (2.3.3)
2 oo

where G isthetransfer function of the system. The square root of this expression satisfies the axioms
of anorm of the transfer function G and we will refer to the square root of (2.3.3) asthe H> norm of
G.

Precisely, H> isthe class of complex valued functions which are analytic at %s > 0 and for which

1 o
G2 := \/— suptrace/ G+ jo)Glo + jo)*dw
2n >0 —00

isfinite. This definesthe H, norm of G. Asin H., it can be shown that each function in H» has
a unigque extension to the imaginary axis and that in fact the H»> norm is given by the square root
of (2.3.3). We have the following characterization of the H> norm atransfer function.

Proposition 2.26 Suppose that the system (2.2.1) is asymptotically stable and let G(s) = C(Is —
A)~1B + D denoteitstransfer function. Then

1Forma||y, the impulse § is not a function and for this reason it is neither asignal. It requires a complete introduction to
distribution theory to make these statements more precise, but we will not do this at this place.
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1. |Gl2 < xifandonlyif D = 0.
2. Thefollowing statements are equivalent

@ IGll2 < v
(b) thereexists K = KT > 0 and Z such that

T T
(A I;TJ;(K A If 119 ) <0 (Ié CZ ) >0; trace(Z) < y? (2.3.4)
(c) thereexists K = KT > Oand Z such that
AK +KAT KCT K B 2
CK 7)< (03 BT 7)> 0; trace(Z) < y“. (2.3.5)

Proof. Thefirst claim isimmediate from the definition of the H, norm. To prove the second part,
notethat ||G|l2 < y isequivalent to requiring that the controllability gramian

o0
w :=/ exp(Ar)BB T exp(A 1) dt
0

satisfiestrace(CWCT) < y2. Sincethecontrollability gramianistheuniquepositivedefinitesolution
tothe Lyapunov equation AW +WAT + BB = Othisisequivalent to saying that thereexists X > 0
such that

AX+XAT +BBT <0 trace(CXC") < y2.
With achange of variables K := X1, thisis equivalent to the existence of K > 0 and Z such that
ATK+KA+KBB'K <0; CK'Cc'" <Z; trace(Z) < y°.

Now, using Schur complements for the first two inequalities yields that | G|l2 < y isequivalent to
the existence of K > 0 and Z such that

ATK+KA KB (K CT . 2
( BTK —I) 0; (C Z)>0, trace(Z2) < y
which is (2.3.4) asdesired. The equivalence with (2.3.5) is obtained by a direct dualization and the
observationthat |G|z = [|G " ||2. ]

Interpretation 2.27 The smallest possible upperbound of the H>-norm of the transfer function can
be calculated by minimizing the criterion trace(Z) over the variables K > 0 and Z that satisfy the
LMI’s defined by the first two inequalitiesin (2.3.4) or (2.3.5).
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2.3.3 Generalized H> nominal performance

Consider again the system (2.2.1) and suppose that D = 0. Assuming that the system is stable, any
input u € £ yields an output y which hasfinite infinity (or amplitude) norm

[¥lloo := max sup|ly;(0)].
i=1,..,p >0

For fixed initial condition x(0) = O this system defines a mapping from inputs u € L2 to outputs
y € Lo and wewill beinterested in the induced (or ‘energy to peak’ or ‘generalized H>' ) norm

[V lloo
uedy llull2

The following result characterizes an upperbound on this quantity.

Proposition 2.28 Suppose that the system (2.2.1) is asymptotically stableand D = 0. Then the £L2-
L~ induced norm (or generalized H, norm) is smaller than y if and only if there exists a solution
K =K' >0totheLMI's

ATK+ KA KB . K CT
< BTK _1> <0 ( y ) >0 (2.3.6)
Proof. Firstly, infer from Proposition 2.14 that the existence of K > 0 with

ATK+ KA KB
BTK ;) <0

is equivalent to the dissipativity of the system (2.2.1) with respect to the supply function s(u, y) =
u'u. Equivalently, for al u e £, there holds

t
x() T Kx(1) g/ u(r) "u(r)dr.
0
Secondly, using Schur complements, the LMI
K CT
is equivalent to the existence of ane > O suchthat CTC < (y2 — €2)K. Together, this yields that
foralr >0

t
YO Ty@) =x®)TCTCx(1) < (v —e)x() ' Kx(t) < (v — €9) / u(®) u(r)dr.
0
Taking the supremum over ¢ > 0 yields the existence of € > 0 such that for al u € «£»

2 2 2 2
lzlI5 < (r" =€) llull.

Dividing by ||u||§ and taking the supremum over al u € £ then yields the resullt. [ |

Interpretation 2.29 The smallest possible upperbound of the £2-.L£+, gain of a system can be cal-
culated by minimizing y over all variables y and K > 0 for which the LMI’s (2.3.6) are feasible.
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2.3.4 L1 or peak-to-peak nominal performance

Consider the system (2.2.1) and assume again that the system is stable. For fixed initial condition
x(0) = O this system defines a mapping from bounded amplitude inputs ¥ € £~ to bounded
amplitude outputs y € L, and arelevant performance criterionisthe‘ peak-to-peak’ or £ -induced
norm of this mapping

Y1l oo

uedL oo ||”||oo

We just remark that thisinduced norm isequal to the L1 norm of the impulse response of the system.
Thefollowing result gives a sufficient condition for an upperbound y of the peak-to-peak gain of the
system.

Proposition 2.30 If thereexists K > 0, A > O and . > 0 such that

- LK 0 c’
(A K }’_(I? +AK f’i) <o 0 (y—wiI DT|>0 2.37)
H* C D yI

then the peak-to-peak (or £+, induced) norm of the systemis smaller than y .

Proof. Thefirst inequality in (2.3.7) implies that
%x(z)TKx(t)Jr,\x(t)Kx(t)—W(z)Tu(r) < 0.

for al u and x for which x = Ax + Bu. Now assumethat x(0) = 0 and u € L With |Ju]ec < 1.
Then, since K > 0 we obtain (pointwiseinz > 0) that

x()TKx(t) < %

Taking a Schur complement of the second inequality in (2.3.7) yields that

LK 0 1 /cT
(0 (y—u)1>_y—e<DT>(C D) >0

so that, pointwiseint > 0 and for al |u]. < 1 we canwrite
YOy < (y —e)lx@) T Kx(@) + (v — wu@) "u(®)]
Syly —e)
Consequently, the peak-to-peak gain of the system is smaller than y . [ |

Remark 2.31 Weemphasizethat Proposition 2.30 givesonly asufficient condition for an upperbound
y of the peak-to-peak gain of the system. Theminimal y > Ofor whichthethereexist K > 0, A > 0
and . > O such that (2.3.7) is satisfied is usually only an upperbound of the real peak-to-peak gain
of the system.
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2.4 Quadratic Lyapunov functions

Animportant issue in the design of control systemsinvolves the question to what extent the stability
and performance of the controlled system is robust against perturbations and uncertainties in the
parameters of the system. In this section we consider the linear system defined by

%= A@S)x (2.4.1)

where the state matrix A(§) isafunction of areal valued parameter vector § = (81, e, (Sk) € Rk,
Let X = R” be the state space of this system. If you like, you can think of this (autonomous)
system as a feedback interconnection of a plant and a control system. We will analyze the robust
stability of the equilibrium point x* = 0 of this system. More precisely, we analyze to what extent
the equilibrium point x* = 0 is asymptotically stable when § varies in a prescribed set, say A, of
uncertain parameters.

There are two particular cases of this robust stability problem that are of special interest.

1. the parameter vector § is afixed but unknown element of a parameter set A C R¥.

2. the parameter vector § is atime varying function § : R — R* which belongs to some set A
of functions in (RF)R. The differential equation (2.4.1) is then to be interpreted as ‘fl—’,‘(t) =
AS())x(t).

The first case typically appears in models in which the physical parameters are fixed but only ap-
proximately known up to some accuracy. Note that for these parameters (2.4.1) defines a linear
time-invariant system. The second case involves time-varying uncertain parameters. For this case
one can in addition distinguish between the situations where A consists of one element only (known
time varying perturbations) and the situation where A is a higher dimensional set of time functions
(arbitrary timevarying perturbations). Robust stability against time-varying perturbationsisgenerally
amore demanding requirement for the system than robust stability against time-invariant parameter
uncertainties. This, because 1 is obviously a special case of 2. We will mainly consider the general
case of time-varying parametric uncertainties in the sequel.

Remark 2.32 Weemphasizethat inthe case of constant uncertain parameters, thesystemx = A(8)x
isasymptotically stableif and only if the eigenvalues of A(5) liein the open left-half complex plane
for al admissible perturbations. However, we emphasize that such atest of stability doesnot hold for
time varying systems. In particular, for time-varying perturbations it is not true that the asymptotic
stability of x(r) = A(8(¢))x(¢) is equivalent to the condition that the (time-varying) eigenvalues
A(A(S(1))) belong to the stability region C_ for al admissible perturbations §(-).



24. QUADRATICLYAPUNQV FUNCTIONS 59

24.1 Quadratic stability

A sufficient condition for x* = 0 to be an asymptotically stable equilibrium point of (2.4.1) isthe
existence of a quadratic Lyapunov function

Vix)=x"Kx
with K = K T > 0 such that

. dV(x(®)
V=4 S

along state trajectories x of (2.4.1) that originate in a neighborhood of the equilibrium x* = 0.

0

Definition 2.33 (Quadratic stability) The system (2.4.1) is said to be quadratically stable for per-
turbations A if there existsamatrix K = K > 0 such that

AGB@) K + KA®G() <0

for al perturbations s € A.

Interpretation 2.34 If the system (2.4.1) is quadratically stable for perturbations A then V(x) =
x T Kx isaquadratic Lyapunov function for (2.4.1) for all § € A. By Proposition 1.38 the existence
of aquadratic Lyapunov function implies that the equilibrium point x* = 0 isasymptotically stable.
Quadratic stahility for perturbations A istherefore equivalent to the existence of aquadratic Lyapunov
function V(x) = x " Kx, K > 0 such that

dve) _

T [AG) K + KAGB(®1)]x <0

foradl § € A.

Note that in general quadratic stability of the system for an uncertainty class A places an infinite
number of constraints on the symmetric matrix K. Itisthe purpose of this section to make additional
assumptions on the way the uncertainty entersthe system, so asto convert the robust stability problem
into a numerically tractable problem.

2.4.2 Quadratic stability of affine models

Suppose that the state matrix A(8) is an affine function of the parameter vector §. That is, suppose
that there exist real matrices Ao, ... Ay al of dimension n x n such that

A1) = Ao+ 81()A1+ ... + 8t Ax

for al § € A. Thisis refered to as an affine parameter dependent model. Note that these do not
impose restrictions on the rate of changesin the parameters, i.e., arbitrary fast time variations in the
parameters are allowed.
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Suppose that the uncertain parameters§;(t), j = 1, ... , k, t € R assumetheir valuesin an interval

8;(1) €18, 8;].

This means that the uncertainty of each independent parameter is assumed to be bounded between
two extremal values. Define the set of corners of the uncertainty region as

Ao:=1{8=(81,....8) | §j €{8;,8;}j=1,....k) (2.4.2)
and observe that this set has afinite number of elements.

Proposition 2.35 If (2.4.1) isan affine parameter dependent model then it is quadratically stable if
and only if thereexists K = K T > 0 such that

A®)TK +KA®) <0
for all § € Ag.

Proof. The proof of thisresult isan application of Proposition 1.19 in Chapter 1. Indeed, fix x € R”
and consider the mapping f, : A — R defined by

fx () :=xT[AG@) K + KAGB(1))]x.

Thedomain A of thismapping isaconvex set and by definition of Ag, itistheconvex hull of Ag,i.e.,
A = co(Ap). Further, since A(8) isan affine function of § it followsthat £ (8) isaconvex function
of 8. In particular, Proposition 1.19 yields that £, (§) < Oforal § € A if and only if f(8) < Ofor
al 8§ € Ag. Since x isarbitrary it follows that

ABM)TK + KAB(1)) <0, seA
if and only if
AB1) K 4+ KA@()) <0, 3 € Ao

which yields the result. [ |

Obviously, theimportance of thisresult liesin the fact that quadratic stability can be concluded from
afinite test of matrix inequalities. Note that the condition stated in Proposition 2.35 is a feasibility
test of a (finite) system of LMI’s.

2.4.3 Quadratic stability of polytopic models

A second case of interest amounts to considering uncertainty defined by convex combinations of the
form

A(S(1)) = a1 (1) A1 + ok (1) Ak (2.4.3)
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where o () > 0 and Z’j‘.zlaj(t) = 1foral+ e R. Here, Ay, ..., Ay are fixed real matrices of
dimension n x n and the «; are to be interpreted as coefficients of a convex decomposition of the
uncertain time-varying matrix A(8(¢)) over the set of vertices (A1, ..., Ay), thatisforal § € A

andt € R we assume the existence of coefficientso; () > 0 with Z’;zl o (t) = 1suchthat (2.4.3)
holds. We refer to such a model as a polytopic model. The state matrix of a polytopic model is
therefore equivalently specified as

A(8(t)) € CO(Ax, ..., Ay)

for all time-varying perturbations s € A. In particular, these polytopic models do not impose restric-
tionson therate of changesin the parameters, i.e., arbitrarily fast time variationsin the parametersare
allowed. The main result concerning quadratic stabilization of a class of uncertain polytopic models
isasfollows.

Proposition 2.36 If (2.4.1) isapolytopic parameter dependent model where A(§(r)) € co(Ax, ... , Ak)
for all § € A thenitisquadratically stableif and only if there exists K > I such that

A'K+KA; <0
foralli =1,... k.
Instead of proving Proposition 2.36 (See exercise 6 below) it is useful to understand the relation
between Proposition 2.35 and Proposition 2.36. In fact, the class of affine models as introduced in

the previous subsection can be converted to aclass of polytopic models. To seethis, suppose that the
map A : A — R"*" with

Ai=A{(61,...,8) | 8;€l8;,8;], j=1,... .k} (2.4.4)

is affine. Let Ag be the set of corners as defined in (2.4.2). Then Ag has 2 elements and since
A = co(Agp) we have

A(Cco(Ap)) = A(A) ={A(d) | 6 € A} =co{A(d) | & € Ao} = CO(A(Ap)).

The ‘corner elements’ § € Ag in the parameter space are mapped by A onto a set of vertices A(S),
8 € Ap of apolytopic model. In other words, the affine model x = A(8)x withd € A = co(Ag) can
equivalently be viewed as a polytopic model where A(8) € co(A(Ap)).

2.5 Parameter dependent Lyapunov functions

Themain disadvantagein searching one quadratic Lyapunov functionfor aclassof uncertain modelsis
the conservatism of thetest to prove stability of aclassof models. Indeed, thetest of quadratic stability
does not discriminate between systems that have slow time-varying parameters and systems whose
dynamical characteristics quickly vary intime. To reduce conservatism of the quadratic stability test
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wewill consider quadratic Lyapunov functionsfor the system (2.4.1) which are parameter dependent,
i.e., Lyapunov functions of the form

V(x) =x'K(@)x

where the Lyapunov matrix K (8) is alowed to dependent on the uncertain parameter 5. More
specifically, we will be interested in Lyapunov functions that are affine in the parameter 8, i.e.,

K@) =Ko+ 61K1+...4+ 6Ky
where Ko, . .. , K; arereal matricesof dimensionn x nandé = (81 ... &). Clearly, with
Ki=Ky=...=K; =0

we are back to the case of parameter independent quadratic Lyapunov functions as discussed in the
previous section.

Definition 2.37 (Affine quadratic stability) Thesystem (2.4.1) iscalled affinely quadratically stable
if there exists matrices Ko, ... , Kj such that

K@) :=Ko+61K1+...6()Kx > 1 (2.5.19)
A TK () + KOB)A®) + % <0 (2.5.1b)

foral § € A.

Interpretation 2.38 Theaffinefunction K (§) which satisfies(2.5.1) forall § € A definesaquadratic
Lyapunov function

V(x,8) =x"K(©)x

for the system (2.4.1). Indeed, from (2.5.1) weinfer that V (x, §) > Ofor all x # 0 and

@ =x! (A(é)TK((S) + K((S)A(S)J> <0

for all non-zero x so that the equilibrium point x* = 0 is (globally) asymptotically stable if the
conditions (2.5.1) are satisfied.

Remark 2.39 Asinthe previous section, we emphasi ze that the conditions (2.5.1) imposein general
an infinite number of constraints on the matrices Ko, ... , K.

Given asystem (2.4.1) with aset A of uncertain parameters the affine quadratic stabilization problem
therefore amounts to finding matrices Kj, . .. K such that the conditions (2.5.1) are satisfied. In
solving this problem we will distinguish between the two cases of time-invariant and time-varying
uncertainty descriptions asintroduced in section 2.4.
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25.1 Time-invariant uncertainty

If the uncertainty set A ¢ R* contains constant uncertain parameters then obviously the Lyapunov
matrix K (§) does not vary in time, so that for any § € A we have that
dK($
(%) -0
dt

in (2.5.1b). We can therefore guarantee affine quadratic stability of thesystem x = A(§)x withé € A
if we can find matrices Ko, . .. , Kx such that (2.5.1a) and

AB) K6+ K(S)AGB) <0

hold for all § € A. Let theuncertainty set A again be a convex set asdefined in (2.4.4) and let Ag be
the corresponding set of vertices as defined in (2.4.2). Note that the expression

L8 := AS)TK(5) + K(8)A(S)

isin general not affine in § not even when A is an affine mapping. As a conseguence, for fixed
x € R?, thefunction f, : A — R defined by

fe(®) == x"L(®)x (2.5.2)

isin general not convex so that the negativity of the function f, at A isnot equivalent to its negativity
at the vertices Ag of A.

To achieve that f, is a convex function (for any x € R") we will impose additional constraints.
Suppose that both the system matrix A(8) and the Lyapunov matrix K (8) are affinein §. Expanding
L(5) thenyields

k k k k
L) =[Ao+ ) 8;A;1T[Ko+ Y 8;Kjl+[Ko+ Y 8;K;l[Ao+ Y 8;A;]
j=1 j=1 j=1 j=1
k
= Ag Ko+ KoAo+ Y _8;[A] Ko+ KoA; + Ag K + K Aol

j=1
Kk oj—1 k

+Y D 8i8IA K+ KA+ AJKi + KiAj1+ ) 83[ATK; + KjAjl.
j=li=1 j=1

Now, let x € R" befixed and consider the function f, asdefinedin (2.5.2). Thenfor any § € A this
function takes the form

k koj-1 k
f@®) =co+ ) Sjci+ DY 8idjcij+ Y 6%d
j=1 j=1li=1 j=1
where co, cj, ¢;; and d; are constants. A sufficient condition for the implication

{fx(8) < Oforadlé e Ag} = {f+(8) < Oforals e A}
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isthat fy(81,...,8;,...,8;) isconvex in each of itsarguments6;, j = 1,... , k. Thisisthe case
when
32fx TraT
dij=—%5@) =x"[A;K;+K;jAjlx >0
95° J
for j =1,..., k. Sincex isarbitrary, we obtain that

T .
AjKj—i-KjAj}O, ]=1,...,k

isasufficient condition to infer the negativity of f, over the uncertainty set A from the negativity of
fx athevertices Ag of A. Thisleadsto the following main result.

Proposition 2.40 If (2.4.1) is an affine parameter dependent model and A c R* is the uncertainty
set defined in (2.4.4) then the system x = A(§)x, § € A isaffinely quadratically stable if there exist
real matrices Ko, . .. , K such that

A)TK ) + K©B)A®) < Oforall § € Ag (2.5.3a)
K@) > Iforall§ e Ag (2.5.3b)
A'Ki + KiA; >0fori=1,... k (2.5.3c)

Here, A(§) = Ag + Z’;zl 8jA; and K (8) = Ko+ Z'jzl 8;K ;. Moreover, inthat case V (x, §) :=
x T K (8)x isa quadratic parameter-dependent Lyapunov function of the system.

Proof. It sufficesto prove that (2.5.3) implies (2.5.1) for all § € A. Let x be anon-zero fixed but
arbitrary element of R”. Since K (8) isaffinein §, the mapping
§ — xTK(S)x

with$ e A isconvex. Consequently, x ' [K (8) — I']x islarger than zerofor all § € A if itislarger than
zerofor al § € Ag. Asx isarbitrary, thisyieldsthat (2.5.1a) holdsfor @l § € A whenever (2.5.3b)
holds. Since for time-invariant perturbations d K (8)/dt = 0 it now suffices to prove that (2.5.3q)
and (2.5.3c) imply that (2.5.1b) holds for al § € A. This however, we showed in the arguments
preceding the proposition. [ |

Interpretation 2.41 Proposition 2.40 reduces the problem to verify affine quadratic stability of the
system (2.4.1) to afeasibility problem of a(finite) set of linear matrix inequalities. Thelatter problem
isanumerically tractable one and is readily implemented in the LMI toolbox.

25.2 Timevarying uncertainty
We conclude this section with a result on robust stability of the system (2.4.1) for time-varying
parameters. Let the uncertainty set A be defined as
A:={(81,...,8) | wherefor j =1... k:8;: R — Risdifferentiableand for all r € R,
5(1) € 18,,8)), and ;) € [, 3,1} . (254)
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This means that we assume the uncertain parameters to have bounded variation and bounded rate of
variation. We further introduce the vertex sets

Ag = {(51,... k) 18 € {éj’gj}}
Ag = {(Al,... AR A€ {&j’)_‘j}]'

Thus Ag representsthe vertices of the convex hull in which the uncertain parameterstaketheir values,
whereas Ag isaset of vertices whose convex hull represents the admissible rates of variation of the
parameters.

Remark 2.42 There are two extreme cases of uncertainty sets (2.5.4) worth mentioning. Firstly, if
therate of variation of the uncertain parameter §; isset to zero, §; representsaconstant, time-invariant
perturbation as treated in the previous section. If al perturbations are known to be time-invariant
thenx; = ij =0forj =1,...,kinwhichcase Ag becomesasingleton. Secondly, arbitrarily fast
perturbations of §; are obtained by putting A ; = —oc and Lj = o0.

] The reason for considering this type of uncertainty sets lies in the fact that the last term in the
left-hand side of (2.5.1b) can be evaluated exactly whenever the Lyapunov matrix K () is affinein
8. Specifically, if K (8) isaffinein § we infer that

dK (8 . : :
%:31[(14—...—%8/{1@:1{(5)—[(0

which is an affine function in §. The main result is now as follows.
Proposition 2.43 If (2.4.1) isan affine parameter dependent model and A is the uncertainty set as

defined in (2.5.4) then the systemx = A(8)x, § € A isaffinely quadratically stableif there exist real
symmetric matrices Ko, ... , K; such that

A)TK () + K(B)AGB) + K(1) < Koforall § € Agand A € Ag (2.5.5a)
K(8) > Iforall § € Ag (2.5.5h)
A'Ki+ KiA; >0fori=1,... k (2.5.5¢)

Here, A(§) = Ag + Z’;Zl 8jA; and K (8) = Ko + Z’;zl 8;K ;. Moreover, inthat case V (x, §) :=
x T K (8)x isa quadratic parameter-dependent Lyapunov function of the system.

Proof. The proof of this proposition is basically ageneralization of the proof of Proposition 2.40 to
the time-varying case. First fix » € RX. Then asimilar argument as in the proof of Proposition 2.40
yields that (2.5.5) implies
K@©) > 1
A TK(©)+ KGB)AG)+ K(L) — Ko <0
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foral § € A. Since K () is affinein A and this last inequality holds for any A € A we conclude
from the definition of A that (2.5.5) implies

K@®) >1
AS)TK(©) + KGB)AGB)+ K(5) — Ko <0

forall 5 € A. Now usethat K (§) — Ko = dK (8)/dr to conclude that (2.5.1) holdsfor all § € A

which implies the affine quadratic stability of the system. [ |

Interpretation 2.44 Proposition 2.43 reduces the problem to verify affine quadratic stability of the
system x(t) = A(8(¢))x(¢) with time-varying perturbations (2.5.4) to afeasibility test of afinite set
of LMI's.

Remark 2.45 It is interesting to compare the numerical complexity of the conditions of Propos-
ition 2.40 with the conditions mentioned in Proposition 2.43. If the uncertainty vector § is k-
dimensional then the vertex set A has dimension 2¢ so that the verification of conditions (2.5.3)
requires afeasibility test of

25+ 25 +k

linear matrix inequalities. In this case, also the vertex set Ag has dimension 2 which implies that
(2.5.5) requires afeasibility test of

2%y p k=44 2k 4k
linear matrix inequalities.
2.5.3 Some softwar e aspects

In Mat 1ab both affine and polytopic models are implemented with the routine psys. Withk = 2
the syntax is

e affmodel

psys( pv, [S0, S1, s2] ) forthespecification of affine modelsand

e polmodel = psys( [S1, S2] ) forthe specification of polytopic models.

Here, pv isaparameter vector which is supposed to be specified by the routine pvec, i.e.,

pv = pvec('box’, [ dlmin dlmax; d2min d2max]) ;

which implements the ranges of the uncertain parameters. S0, S1 and S2 are system matrices which
are supposed to be defined by expressions of the form
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SO ltisys (A0, BO, CO, DO, EO);
S1 ltisys(Al, B1, C1, D1, E1);
S2 = ltisys (A2, B2, C2, D2, E2);

where (4;, Bi, Ci, D;, E;) define the state space parameters of the model?
Eix = Ajx + Bju; y = Cix + Dju. (2.5.6)

Remark 2.46 The presence of the E matrix in the system representations of the LMI toolbox can be
pretty disturbing. In particular, an affine combination of models of theform (2.5.6) withi =0, ... , k
resultsin a model

Ex = Ax + Bu; y=Cx+ Du

where

k
E=Eo+) 8Ei
i=1

k k
A=Ao+ ) 8iA:  B=Bo+) 8B

i=1 i=1

k k
C=Co+) 8Ci  D=Do+ Yy 8D;.

i=1 i=1

If E issupposed to beindependent of parameter variationsthen you needto explicitly set E1 = ... =
E, =0.

Information concerning the implemented models and parameter vectors can be retrieved via the
routinespsinfo and pvinfo, respectively. Theroutine

aff2pol
converts affine model s to polytopic ones and the routine
quadstab

tests the quadratic stability of the affine or polytopic models. With model denoting either the affine
system af fmodel or the polytopic system polmodel, the syntax is

e quadstab (model) to verify the quadratic stability of model

2The matrix E; inthe state space descriptions was introduced to handle descriptor systemsin the LMI toolbox. By default
the E-entries are put to the identity matrix if you omit the last argument.
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e [t,K] = quadstab (model) tocalculateaquadratic Lyapunov function V(x) = x " K x
for the class of models specified in model.

Parameter dependent Lyapunov functions can be cal culated with the procedurepdlstab. Fork = 2
the syntax is

[£,00,01,02]=pdlstab (affmodel)

where af fmodel isas an affine model as specified above. This resultsin the parameter dependent
function

Q(8) := Qo+ 0101+ 8202
which defines the Lyapunov function
Vix,8) :=x" Q) x
for the uncertain system af fmodel. Note that the LMI toolbox therefore computes the inverses of

our Lyapunov function K (§). For more details on the software we refer to the corresponding help
filesin the LMI toolbox.

2.6 Further reading

The material on dissipative systems originates from [47, 48] and has been further developed in [42]
and [44, 45]. The material on quadratic stability and parameter dependent Lyapunov functions has
been documented in the papers[5, 6].

2.7 Exercises

Exercise 1

Show that for conservative controllable systemsthe set of normalized storage functions vV (x*) consist
of one element only. (Conseguently, storage functions of conservative or |ossless systems are unique
up to normalization!).

Exercise 2

Show that the set of dissipation functions associated with a dissipative system is convex.
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Exercise 3

Suppose that

X = Ax + Bu
y=Cx+ Du

isaminimal (i.e. controllable and observable) representation of a linear time-invariant dynamical
system ¥. Show that X is stable (in the sense that x = Ax is Lyapunov stable) whenever X is
dissipative with respect to the supply function s (u, y) = y "u.

Exercise 4

Consider the suspension system X of Exercise 7 in Chapter 1 with the nominal system parameters as
givenin Table 1.1.

1. Derive a state space model of the form 2.2.1 of the system which assumes

_ (40). _ |«
‘= (F ) ' .
asitsinput and output, respectively.

2. Defineasupply functions : U x Y — R suchthat (2, s) isdissipative. (Base your definition
on physical insight).

3. Characterize the set of all quadratic storage functions of the system as the feasibility set of a
linear matrix inequality.

4. Use the Mat 1ab routine feasp to compute a quadratic storage function V (x) = x " Kx of
thissystem. (Usetheroutine 1miedit toimplement the linear matrix inequality in Matlab.

5. UseMatlab to determine adissipation functiond : X x U — R for this system.

Exercise 5

Consider the transfer functions

1 Gi(s)=1/(s+ 1)
2. Gs)=(—-D/(s+D
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3. G3(s) = <(S +2(s =D/ +D? (s +3)/(s +4)>.

(s —1)/(s +0.5) (s+1)/(s +2)
Determine for each of these transfer functions

1. whether or not they are positive real

2. their L£2-induced norm

Reformulate this problem as a feasibility test involving a suitably defined LMI (See Corollary 2.17
and Corollary 2.19 of this chapter).

Exercise 6

Give aproof of Proposition 2.36.

Exercise 7

Time-invariant perturbations and arbitrary fast perturbations can be viewed as two extreme cases of
time-varying uncertainty sets of the type (2.5.4). (See Remark 2.42). These two extreme manifesta-
tions of time-varying perturbations reduce Proposition 2.43 to two special cases.

1. Show that the result of Proposition 2.40 is obtained as a special case of Proposition 2.43 if

Aj=2;=0 j=1.. k
2. Show that if

=—00, Aj=00; j=1... k

then the matrices Ko, . . . , K satisfying the conditions of Proposition 2.43 necessarily satisfy
Ki=...=K¢=0.

Thelatter property impliesthat with arbitrary fast perturbationsthe only affine parameter-dependent
Lyapunov matrices K (§) = Ko + Z’;:l ;K ; are the constant (parameter-independent) ones. It is
in this sense that Propostion 2.43 reduces to Proposition 2.35 for arbitrarily fast perturbations.

Exercise 8

Consider the suspension system X of Figure 2.1. and suppose that the road profile go = 0 and the
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TR
Figure 2.1: Model for suspension system

active suspension force F = 0. Here, b1 and b, denote the tire damping and the suspension damping
and k; and k» denote the tire stiffness and the suspension stiffness, respectively. This system is
modeled by the equations

mag2 + ba(g2 — 41) + k2(g2 — q1) =0
m1g1 + ba(g1 — §2) + k2(q1 — q2) + k1g1 +b1g1 =0

The nominal values of the parameters defining this system are given in Table 2.1. The tire damping

m1 [Kg] m2 [Kg] k1 N/m k2 N/m b1 Ns/m bz Ns/m

15x10° [ 1.0x 10% [ 5.0x 105 | 75 x 10* =50 x 10* | 0.5 x 10° — 1.0 x 10% | 5.0 x 10%

Table 2.1: Physical parameters

b1 and the suspension stiffness k» are supposed to be uncertain parameters with ranges indicated in
Table2.1. Let

be the vector containing the uncertain physical parameters.

1 Letx=(q1 g2 ¢1 c}z)T denote the state of this system and write this system in the form
(2.4.1). Verify whether A(8) is affine in the uncertainty parameter §.

2. UseProposition 2.35to verify whether thissystemisquadratically stable. If so, giveaquadratic
Lyapunov function for this system.

3. Cadculate vertex matrices Ay, ... , Ax such that
A(8) € CO(A1, ..., Ap)

for all § satisfying the specifications of Table 2.1.
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4. Suppose that b1 and k> are time-varying and that their rates of variations satisfy

B (2.7.1a)
K (2.7.1b)
where 8 = 1 and x = 3.7. Use Proposition 2.43 to verify whether there exists a parameter

dependent Lyapunov function that proves affine quadratic stability of the uncertain system. If
so, give such a Lyapunov function.

. Suppose that

b1(t) = IO (1 4 5o(1)) (2.7.2a)
ka(t) = k5PN (1 4+ 50(1)) (2.7.2b)

where p1oMMd — 5250 Ng/m and k3°™"¥ = 28.75 x 10* N/m (the average values of by and
ko, respectively).

The parameter margin is defined as the largest number Smagin > 0 such that the system
x(t) = A(5(1))x(¢) isaffinely quadratically stable for al perturbations

5 € A:={(b1,kp) : R — R? | (2.7.1) and (2.7.2) hold for all [39()| < Smargin}-

Our aimisto eval uate the parameter margin Smargin asfunction of g and «. Supposethat g = 0
and make a plot of the function

K —> Smargin

where the rate of variation of the stiffness « ranges from 102 till 102.

. Similarly, assume that x = 0 and make a plot of the function

B — Smargin

where the rate of variation of the tire damping g ranges from 101 till 10. What are your
conclusions?



Chapter 3

Analysis of I nput-Output Behavior

3.1 Basic Notions

The main concern in control theory isto study how signals are processed by dynamical systems and
how this processing can be influenced to achieve a certain desired behavior.

For that purpose one has to specify the signals (time series, trgjectories) which are of interest. This
is done by deciding on the set of values which the signals can take (such as R") and on the time set
on which they are considered (such asthe full time axis R, the half axis [0, co) or the corresponding
discrete time versions Z and N).

A dynamical system is then nothing but a mapping that assigns to a certain input signal an output
signal (sorry, Jan!). Very often, such amappingisdefined by adifferential equationwith afixedinitial
condition or by an integral equation, such that one considers systems or mappings with a specific
description or representation.

The first purpose of this section isto discuss stability properties of systemsin the general setting. In
asecond step we specify the system representations and investigate in how far one can obtain refined
results which are amenable to computational techniques.

Note that we take a specialized point of view by considering a system as a mapping of signals. It
is not very difficult to extend our results to a more general setting by viewing a system as a subset
of signals or, in the modern language, as a behavior. Note that this point of view has been adopted
also inthe older literature on input-output stability where systems are relationsinstead of mappings.
Obvioudly, if thereisno clear cause-effect between signals, this latter viewpoint is more appropriate.

To be concrete let us now specify the signal class. We denote by L" the set of all mappings x :
[0, c0) — IR" that are L ebesgue-measurable. Without bothering too much about the exact definition,
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one should recall that all piece-wise continuous signals are contained in L”.

For any x € L" one can calculate the integral in

o0
llxll2 := 2f0 lx(£) 1|12 dt

of the signal x; ||x||2 is either finite or infinite. If we collect al signals with afinite value, we arrive
at the space
LY :={xelL": ||x|2 < oo}.

It can be shown that L} is a linear space, that ||.||2 is anorm on L%, and that L’ is complete.
Mathematically, L} is aBanach space. | x|z is often called the energy of the signal x.

Remark. If the number of components» of the underlying signalsis understood from the context or
irrelevant, we simply write Lo instead of L5.

Thereis an additional structure. Indeed, define the bilinear form
o0
(x,y) = /0 x0T y(1) dt

on L% x L%. Bilinearity just meansthat (., y) islinear for each y € L% and (x, .) islinear for each
x € L%. Itisnot difficult to seethat (., .) defines an inner product. Moreover, the norm on L% results
from thisinner product as ||x||§ = (x, x). Therefore, LY isin fact a Hilbert space.

For any x € L% one can calculate the Fourier transform x which is afunction mapping theimaginary

axis CO into C" such that o

X(iw)*X(iw) do isfinite.
—00
Indeed, afundamental resultsin the theory of the Fourier transformation on L,-spaces, the so-called
Parseval theorem, states that

/oox(t)Ty(t) dt = 1 /Oo o) i) do.
0 21 J -

(Notethat the Fourier transformx has, infact, auniquecontinuationinto C°UC™ thatisanalyticinC+.
Hence, X isnot just an element of L»(CP, C") but even of the subspace H>(C*, C"), one of the Hardy
spaces. Indeed, one has L»(C°, C") = Ho(C~, C") + Ho(Ct, C"), the sum on theright is direct,
and the two spaces are orthogonal to each other. This corresponds viathe Payley-Wiener theorem to
the orthogonal direct sum decomposition La(R, C*) = La((—o0, 0], C*) 4+ L2([0, c0), C™"). This
isonly mentioned for clarification and not required later. The beautiful mathematical background is
excellently exposed in [28].)

Stability of systems will be, roughly speaking, related to the property that it maps any signal in Lo
intoasignal that isalso containedin L». Sincewe also need to deal with unstable systems, we cannot
confine ourselves to signals with finite Lo-norm. Hence we introduce a larger class of signals that
have finite energy over finite intervals only.
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For that purpose it is convenient to introduce for each T > 0 the so-called truncation operator Py :
It assigns to any signal x € L" the signal Prx that isidentical to x on [0, T] and that vanishes
identically on (T, 00):

x(t) for re]0,T]

Pr:L"— L", (Prx)(t) := { 0 for te(T,)

Note that L" is a linear space and that Py is a linear operator on that space with the property
Pr Py = Pr. Hence Pr isaprojection.

Now it is easy to define the space LY. It just consists of all signals x € L" such that Prx hasfinite
energy foral 7 > 0:
5% ={xelL": Prx e L, foral T > 0}.

Hence any x € L%, hasthe property that

T
I Prll2 =/0 llx(0)1|% dt

is finite for every T. (Thisis nothing but an integrability condition.) Note that || Prx||2 does not
decrease if T increases. Therefore, || Prx||2 viewed as a function of T either stays bounded for
T — oo, such that it converges, or it is unbounded, such that it diverges to co. We conclude for
x € Lo, ||Prx|2 isbounded (i.e. there existsa K such that | Prx|2 < K foral T > 0) iff x is
contained in L. Moreover,

x € L5 implies |lx[l2 = lim || Prx]|>.
T—o0

A dynamical system S isamapping
S: Lge — lee.

The system S is causal if
PrS(u) = PrS(Pru) fordl T >0, uc Lk,

Itiseasily seenthat Py S = PrSPr isequivalent to the following more intuitive fact: If u1 and u2
aretwo input signalsthat areidentical on [0, T'], Pru1 = Pru2, then Su; and Suz are also identical
on [0, T, PrS(u1) = PrS(uz). In other words, the future values of the inputs do not have an effect
on the past outputs. This matches the intuitive notion of causality.

Our main interest in this abstract setting is to characterize invertibility and stability of a system.
Among the many possibilities to define stability of a system, two concepts have turned out to be of
prominent importance: the finite gain and finite incremental gain property of a system.

Definition 3.1 The L-gain of the system S : L%, — LY isdefined as

PrS(u)|2
ISl = SUD{u luelLh,, T>0, |Prul2#0} =
| Prull2

= infly eR|Vue Lk, T>0: |PrSwlz<ylPrulz).
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If ||S]l2 < o0, S issaid to havefinite L-gain.

(Why does the equality in the definition of ||S||2 hold?) Clearly, S hasfinite Lo-gain iff there exists
areal y > 0 such that

| PrS@)ll2 < vl Prullz foral T >0, u e L,. (3.12)
If S hasfinite Lo-gain, we conclude
IS@)ll2 < ylull2 foral u e L. (312

Hence, if theinput hasfinite energy, then the output hasfinite energy and the output energy isbounded
by aconstant times the input energy. If S iscausal, the converseistrue: then (3.1.2) implies (3.1.1).
Indeed, causality implies | Py S(u)|l2 = | PrS(Pru)|2 < [|S(Pru)|2 and (3.1.2) shows (since Pru
isin L’g) that |S(Pru)|l2 < y |l Prull2. Combining both inequalities gives (3.1.1).

If S iscausal, we hence infer
IS@la

[1Sll2 =
uely, llullz>0 Null2

The L»-gain of S is the worst amplification of the system if measuring the size of the input- and
output-signals by their L-norm.

For nonlinear systemsit is often more relevant to investigate how theincrement S(u1) — S(u2) relates
to the increment of the input signals u; — u2. Indeed, one wishes to have the outputs close to each
other if the inputs are close what amounts to a certain continuity property. We arrive at the notion of
incremental Lo-gain.

Definition 3.2 Theincremental Lo-gain of thesystem S : L% — L), isdefined as

IPrS(u1) — PrS(u2)|2
ISll2i = supl = lusuz € L5, T >0, ||Pruy— Pruzllz # 0} =

=inf{y e R|VYuy,up € L5,, T >0: ||PrS(u1) — PrSu2)ll2 < vl Pruy — Pruzliz).
If |S]l2 < oo, S issaid to have finite incremental L,-gain.
Similarly as before, the system S hasfiniteincremental L»-gain if thereexistsareal y > 0 such that
IPrS (1) — PrSwa)ll2 <yl Prus — Pruzllz foral T >0, us, uz € L%, (313)
Thisreveds
IS(u1) — Swp)ll2 < ylluz — uzllz foral uy,up € L. (3.1.4)
If Siscausa, (3.1.4) implies (3.1.3). Moreover, for causal S, we have

S —-S
IS]l0s = ap [1S(u1) — Su2)ll2

ug,upeLly, |lur—uzl2>0 lug — uzll2
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If Sislinear, it is obvious that

[1Sll2 = ISz

and, hence, S hasfinite Ly-gainiff it hasfiniteincremental Ly-gain. Only for nonlinear systems, the
two notions are different. Even for nonlinear S, on can related both concepts if §(0) = 0; then one
has

I1Sl2 < 1S 1l2i;

hence S hasfinite Ly-gain if it hasfinite incremental Lo-gain. The converse s, in general, not true.
(Construct an example!)

In the remainder, stability of S will be mostly related to the property that S hasfinite L»-gain or finite
incremental Lo-gain.

All these concepts can be extended in literally the same fashion to al L ,-spacesfor 1 < p < oc.
Let us briefly comment on p = oo since it will emerge later. The space L%, is constructed on the
basis of

x[loo = €SSSUP, >0 [lX(1)|| for x € L".

(We don't discuss the exact definition of the essential supremum. For piece-wise continuous and
right-continuous signals x € L", the essential supremum is nothing but sup, > [|lx(¢)]|.) Contrary to
what is often done in the literature, we use the Euclidean norm ||x(7)||2 = x(7)” x (¢) to measure the
size of the real vector x(r) € R". Now L% is defined as

Ll :={xeL"||xlloc < 00.}

It is well-known that L%, with the norm ||.|| defines a Banach space. The space L” , and the
Loo-gain or incremental Loo-gain ||S||eo OF [|Sloc; fOrasystem s : L%, — LL_, aredefined literally
as before, and similar properties hold true.

Let us mention a few modifications or generalizations in various respects. As said before, the
extension to all L ,-spacesfor 1 < p < oo is straightforward. The time-axis can be chosen as all
nonnegative integers to discuss discrete-time systems. A mixture of continuous- and discrete-time
allows to consider hybrid systems or systems with jumps. Finally, the set on which the signals take
their values can be an arbitrary normed space; this allows to discuss infinite dimensional systems.

In addition, the stability concept used hereis one out of amultitude of possibilities. Often, itisonly
required that S maps L into L, without necessarily having afinite L>-gain. Indeed, thetheory can be
extended to general designer chosen stability properties that only obey certain (technical) axiomatic
hypotheses. We just include these remarks to stress that we somehow artificially confine ourselves
to pretty specific cases for reasons of space.
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<0 <

Figure 3.1: Uncertainty Feedback Configuration

3.2 Robust Input-Output Stability

3.2.1 A Specific Feedback Interconnection

In robust control, one encounters systems that are affected by uncertainties (parametric variations,
unmodeled dynamics). In order to study the effects of uncertainties, one has to start with a structure
that captures how variations in the uncertainties affect the system to be investigated. Although one
could think of abroad range of such structures, the technique of ‘ pulling out the uncertainties’ allows
to reduce many of these variants to one common setup that is represented in Figure 3.1.

Here, M isviewed asthe nominal model and A capturesthe (varying) uncertainties. Both the nominal
system and the uncertainty are interconnected viafeedback. M is usually viewed as a fixed system,
whereas A isallowed to vary in acertain class A.

Typical examples include the case of linear time-invariant systems that are affected by additive or
multiplicative uncertainties. If looking at alargeinterconnection of such small uncertain components,
one arrives at structured uncertainties as they are considered in p-theory. The set A should hence
be seen as capturing both the nature of the uncertainty (linear/nonlinear, time-invariant/time-varying,
static/dynamic), their size (bounds on norm, gain or incremental gain) and their structure (block-
diagonal, full-block). We will not repeat how to pull out the uncertainties in specific feedback
interconnections what should have been presented in a basic course on robust control.

Having specified M and the class A, one of the central tasksis to characterize whether the feedback
interconnection of the stable systems M and A remains stable for all A € A. Let us now be more
specific by introducing the mathematical setup.

Here are the standing hypotheses.
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Assumption 3.3 The mapping
M : L%, — L., iscausal, of finite Lo-gain, and linear.
The uncertainty set A isaset of systems
A LL, — L, that are causal and of finite Lo-gain.
Moreover, it is star-shaped with star center 0:

Ae A= 1tA €A foral 7t €]0,1].

Note that the third property impliesO € A; thisis consistent with viewing A as an uncertainty where
A = Oisrelated to the unperturbed or nominal system. Recall that r — 7 A just definesalinein
the set of all causal and stable systems connecting 0 with A what justifies the terminology that A is
star-shaped with center O.

Let usfinaly stressthat linearity of M isnot crucial at al for the resultsto follow; they can be easily
extended with minor variations to nonlinear systems M.

For any A € A, we investigate the feedback interconnection in Figure 3.1 that is defined by the

)

0

Here, the signals ( 1;0 are viewed as external inputs or disturbances, and ( 1;) ) constitutes the

response of the interconnection.

A first important property of the feedback interconnection is well-posedness: Does there exists for
each wo, zg aunique response w, z satisfying (3.2.1) such that the mapping

( ';’;’ ) - ( l;’ ) (32.2)

Secondly, one is interested in the stability of the feedback interconnection: If the interconnection
is well-posed, does the mapping (3.2.2) have finite Lo-gain or finite incremental L-gain? If the
interconnection is stablefor all A € A, itissaid to be robustly stable.

is causal?

Thirdly, one might look at uniform robust stability: The interconnection is well-posed and robustly
stable, and the L»-gain or the incremental L2-gain of the mapping (3.2.2) is bounded by a constant
forall A € A. (Thelatter property just means that the (incremental) L»-gain is uniformly bounded
inA € A)
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It simplifies notations if we introduce the abbreviations

Kkt k- _ (1 —-A
X, = L& x =Lk, lM(A)._<M _1).

Consequently, any signal x € X, is partitioned as x = lg ) and we note that the system £,(A)

captures both the subsystems M and A and the specific interconnection structure that we are con-
sidering. (M and A are asymmetrically entering the notation £, (A) in order to stressthe fact M is
fixed whereas A isallowed tovary in A.)

Recall that the loop is required to have a a unique response x to any externa input xg: For each
x0 € X, thereexistsaunique x € X, with 4,/(A)(x) = xo. Mathematically, this simply amountsto
the mapping 4y (A) : X, — X, having aninverse 4,,(A)~L. If thisinverseis, in addition, causal,
Ly (A) issaid to be well-posed.

Definition 3.4 4 (A) : X, — X, iswell-posed if it has a causal inverse.

Well-posedness can be often assured by standard results about the existence of solutionsof differential
equations. However, we will also provide simple explicit conditionson M and A that imply well-
posedness.

If we impose a certain stability property on M and A, the composed system Jf,,(A) shares this
stability property, whereas this is usually not true for the inverse £,,(A)~1. In stability theory, it
is hence of fundamental interest to find additional conditions to guarantee that this inverse indeed
sharesits stability propertieswith M, A, and 4, (A).

In these notes we obtain sufficient conditions for the following facts:

« Under the hypothesis that £, (A)~1 exists and is causal, we characterize that there exists a ¢
with [ (A)~Y < cforal A € A;inparticular, any 4, (A)~1 then has finite Lo-gain.

 If al systemsin A have finite incremental L»-gain, we characterize that Jf,,(A) does have a
causal inverse and that there exists a ¢ with |4,/ (A) |lz < ¢ foral A € A; in particular,
any 4y (A)~! has afiniteincremental L,-gain.

It isimportant to observe the difference in these two characterizations. In the first scenario one has
to assume that the interconnection is well-posed, whereas in the second situation one can conclude
this property.

Our main god is to summarize many of the results that are available in the literature in two basic
theoremsthat are related to the two differing hypotheses and conclusions sketched above. Let usfirst
turn to avery simple auxiliary observation that simplifies the proofs.
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3.2.2 An Elementary Auxiliary Result

Suppose W and Z are arbitrary subset of the normed space X. Our goal isto characterize that

lwll® + llz)1®
llw — |2
remains bounded for all w € W, z € Z such that w # z. Thisimpliesthat W and Z can have at
most the vector 0 in common, and that the squared distance of any two vectorsis at least as large as
a constant times the sum of the squared norms of these vectors. If W and Z are subspaces, there are
very close relations to the gap or angle of these subspaces.

The desired characterization is provided in terms of a mapping ¥ : X — R that is quadratically
continuous [24].

Definition 3.5  : X — R isquadratically continuousif for every § > O thereexistsaos > 0 with

|Z(x1) — Z(x2)| < asllx1 — x2l1? + 8l|x2]? foral x1,x2 € X.

Asatypical important example, let (., .) : X x X — R beany biadditive form that isbounded: there
existsao > 0 such that

(x+y, 2=+ {2, xy+z)= &y +&2, [kl <alx|lyl (323)

Then (x) := (x, x) isquadratically continuous. Indeed, we have

IZ(x +y) = 2| = 8lIx)1% = [{y, ) + (x, ¥) + (p, x)| = 8llx]12 <
<olylZ+ 20 xlllyll — 8Ixl? < asllylI?

with o5 := max{o + 201 — 812 : t € R} suchthat o +ZGH —8% < o for |ly|| # 0.

Lemma 3.6 Suppose T : X — R isquadratically continuous. If
Y(z)=>0foral ze€Z
and if there existsan € > 0 such that
T(w) < —ellw||? foral we W,
then one can find a ¢ > 0O (that only depends on X and ¢) with

lwl? + IzlI> < Alw —z||* forall we W, z € Z. (3.2.4)
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Proof. The proof istrivial: Wehave e|w|? < (z) — S(w) — 3e|lw|? < o¢/2llz — w||? and hence

O¢)2

2
<
el < 52

2
Iz —wll*.

In addition, we infer

O¢/2
€/2

Hence (3.2.4) holdswith ¢ = /2 + 377. o

Note that the choice of the square of the norms in all these definitions is completely arbitrary and
only made for |ater, more concrete, applications. One can replace ||.||2 everywhere by «(|.||) where
a : [0, 00) — [0, oco) isany function that is monotone and for which there exists a constant «g > 0
with a(t1 + 12) < ag(a(t1) + a(t2)). The proof remains unchanged.

2112 < (lz — wil + lwl)? < 2(1z — wl? + lw]?) < 2L+ =)z — w2

3.2.3 An Abstract Stability Characterization

In this section we assume that £, (A) iswell-posed for all A € A. Hence, 1,,(A)~! existsand is
causal. We intend to get criteria that this inverse admits a uniform bound on its Lo-gain. It is not
difficult to provide an abstract criterion on the basis of Lemma 3.6.

Theorem 3.7 Let ¥ : L5™ — R be quadratically continuous. Suppose that for all A € A

13 (A) iswell-posed and = ( AS) ) >0 forall ze Ll (3.2.5)
If there existsan € > 0 with
w
z ( Muw ) < —¢|wl|3 forall w e L%, (3.2.6)

there exists a constant ¢ such that || £ (A) Y2 < ¢ for all A € A.

Proof. Fixany A € A. Recall that all T A areasocontainedin A if T € [0, 1]. For any such t define

W::{(A;”w>: we LY}, z:={<TAZ(Z)>:zeL12}.

w
Muw

w
Dueto || Muw
to apply Lemma3.6. Then (3.2.4) implies

(a0 (T )<, ) - (A9 )08

2 2 2 2
12 < @+ [IM[D)]Iw]; wehave —€|lw|l; < — =l
1+(M5

> 13 what allows
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foral w e L% and z € L),. Sincetheleft-hand side bounds | ( 121 ) || from above, we arrive at

Ixll2 < clldm(zA)YX)|2 foral x e X. (3.2.7)

If we pick xo € X and we know that x = 4,;(t A)~L(x0) iscontained in X (and not only in X,), we
can conclude

4 (zA) "2 (x0) 12 < cllxoll2. (3.2.8)

Consequently, if 4,/(tA)~1 has finite L,-gain (such that it maps any vector xg € X into a vector
x € X), weinfer (3.2.8) for all xo € X. Thisimpliesthat the Lo-gain of £,;(t A)~! is bounded by
the constant c:

Mm@ a) 2 <e.

Note that ¢ only dependson X, €, || M ||2; it isindependent of the particular A or !

Let us now prove the following statement:

431 (t0A) Y2 < 00 = Iy (zA) L2 < e for |t — 10| < te€[0,1. (3.29

1
cllalz’

Indeed, if 43 (toA) ™1 hasfinite Lo-gain, we get || 4y (toA) 1|2 < c. Let usnow take any xo € X
and set x = £ (tA) " L(xo). Weinfer

Lu(roA)(x) = ( 0o ) () + L (1) () = ( 0o ) () ~ xo.
Thisleadsto
1Prxly = ||PT1M(roA)1[< 0o ) (Prx) — Praolllz <
<l ( o (T goa ) (Pra)ll2 +cll Prxolla <

< clt — ol [All [ Prxl2 + ¢l Prxoll2

and hence
(1 —clt —wolllAll2 I Prxll2 < cllPrxoll2 < cllxoll2.

Since the factor on the left is positive for al t that satisfy the hypothesis in (3.2.9), we infer that
|| Prx|l2 is bounded what implies x € X. As argued above, we obtain (3.2.8), and since xo was
arbitrary, we get [ 5 (tA) Y2 < c.

Let usnow set §; := min{l, j/(2c||A|l2)} suchthat §; € [0, 1] and [§; — §;—1] < 1/(cl|A[l2). For
8o = 0,wehave || 47 (80A) |2 < oosuchthat || £ (81A) |2 < c. Inthisway we can successively
conclude that ||1M(8jA)‘1||2 < cforal j. Since; = 1for some j, the proof is finished. [ ]

Theorem 3.7 is applied as follows. For the given system M and for the set of uncertainties A, one
triesto find a quadratically continuous X that guarantees (3.2.5) and (3.2.6). Then we can conclude
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that £ ,7(A)~1 admits a uniform bound on its L»-gain. In more concrete situation, we will later see
how the search of such amapping X can be performed by solving an LMI problem.

However, one can also changetheviewpoint: Given aquadratically continuous mapping 3, definethe
class of uncertainties A asthose that satisfy (3.2.5). Then all systems that have the property (3.2.6)
cannot be destabilized by this class of uncertainties. Classical small-gain and passivity theoremsfall
inthis class as will be discussed Section 3.3.

Remarks.

+ To characterizethat 1, (A)~* hasfinite L,-gain for afixed A requiresthe stronger hypotheses

=(Pr ( Af’) )) >0 foral zelLh, T>0
and, with somee > 0,
w 2
X(Pr < Muw )) < —€||Prw]© foral w e L’ée, T >0.

Thisresult is very easy to prove and, in fact, closer to what is usually found in the literature.

« Theproof of thetheorem proceedsviaahomotopy argument: The Lo-gain of 4, (0)~Lisfinite.
Then oneprovesthat £, (A)~1 hasfinite L»-gain by showing that thegain || 44 (z A)~1||» stays
below a constant ¢ and, hence, does not blow up if ¢ variesfrom 0 to 1.

Theline [0,1] > © — A can be replaced without difficulty by any continuous curve y
[0, 1] — A connectingOand A asy (0) = 0, y (1) = A. Hence, instead of being star-shaped,
it sufficesto require that A contains 0 and is path-wise connected.

Note that all thisis very similar to proving the usual Nyquist-based stability results for LTI
systems.

3.2.4 A Characterization of Well-Posedness and Stability

In the last section we required {,(A) to have acausal inverse. In this section we intend to get rid of

this hypothesis. Asapriceto be paid, we have to assume that al A have finiteincremental L»-gain,

A(2)
Z

and we have to replace the second condition in (3.2.5) on ( ) by the same on the increment

72
Instead of a bound on the L,-gain of 1,,(A)~1 we then obtain a bound on the incremental L»-gain
of this mapping.

( Alzy) ) - ( AZZ) ) (If M is nonlinear, the same holds for (3.2.6) what is not pursued here.)

If both M and A arelinear but otherwise still general, both criteriacoincide. Hence, only for nonlinear
uncertainties A we require a stronger hypotheses to get to the desired stronger conclusions.

Technically, we exploit the fact that X = L5 is a Banach space and we apply Banach’s fixed point
theorem to derive well-posedness.
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Theorem 3.8 Let X : L’;“’ — IR be quadratically continuous. Suppose that all A € A have finite
incremental Lo-gain and satisfy

5 ( A(zzli - ZAz(zz) ) >0 forall 23,2 € Lb. (3.2.10)

If there exists an ¢ > 0 with (3.2.6), then 1,,(A) does have a causal inverse and there exists a
constant ¢ with || 47 (A) 1|2 < ¢ for all A € A.

Proof. Similarly as in the proof of Theorem 3.7 we pick A € A, t € [0, 1] and define W :=
w ) k o TAGD) —TA(z2)

{ Muw cw e Ly}, Z = 21—

3.6 and to infer from (3.2.4) that

w 2 TA(Z1) —TA(2) \,2_ 2 w TA(z1) —TA(22) \ 2
||<Mw)||2+||( 71— 2 >||2<C|I<Mw)—< 71— 2 )Ilz

forall w e L& and z1, z2 € LS. Thisrelation leadsto

> : 71,72 € LL}. Again, we can apply Lemma

lx1 — x2ll3 < A (T A)(x1) — Iy (TA)(x2)]|3 foral x1,x € X.

Let ustemporarily assumethat £, (7pA) : X — X with g € [0, 1] hasaninverse. Thenweconclude

10 (7o) "2 (1) — I (r0A) "2 (2113 < Pllyr — y2ll3 foral yi, y2 € X. (3.2.12)

It is essential to observe that ¢ on the right does does neither depend on A nor on 7!

Now we take another T € [0, 1] that is close (we will specify how close) to 7g. To verify that
Iy (tA) : X — X hasan inverse amounts to checking that for al y € X thereisaunique x € X
satisfying £ (t A)(x) = y. Let usnow bring in the mapping of which weknow that it hasan inverse;
we rewrite the equation to

Inm(TA)(x) — Iy (10A) (x) + Ly (10A)(x) = y.
Thisis easily rearranged to the fixed-point equation

x = Iy (t0A) Ly — Iy (T A + Ly (1oA) (x)). (3.2.12)

Let us abbreviate
F(x) := JlM(ToA)fl(y — Iy (TA)(x) + Ly (t0A)(x)).

Note that F maps X into X. We have reduced the original problem to the question of whether there
existsauniquex € X with F(x) = x, i.e.,, whether F hasauniquefixed pointin X. If X isaBanach
space, and if thereexistsa f < 1 with

[ F(x1) — F(x2)ll2 < fllx1 —x2| forall x1,x2 € X, (3213
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Banach’s fixed point theorem leads to the desired conclusion; it isthen guaranteed that F indeed has
exactly one fixed point. In our case, X is Banach. The only thing to be assured is (3.2.13). Using
(3.2.11), we arrive at

IF(x1) — F(x2)[13 <
<Ay — dm(TA)(x1) + I (T0A) (x1)] — [y — dp(TA)(x2) + lM(TOA)(XZ)]”% <
< A (A (x1) — I (T A (xD)] + [y (10A) (x2) — Ly (T A) (x)]1I5 <

<& ( 0o ) (1) + ( 0 o ) ()13 < At — w0 IAGD) ~ AGIE <

2 20 A 112 2 _ 2 21 A2 2
<t =7l Al llze — z2ll5 < ¢t — ol T All%; 11 — X2l

Hence

lto — 7] <
cllAllzi

implies (3.2.13) with f = c?|t — wo/2||Al|3 < 1. Then F hasaunique fixed point in X. Therefore,
Iy (tA) : X — X hasaninversethat satisfies, aposteriori, (3.2.11).

Obviously, £4/(0) : X — X does have an inverse. Therefore, we can successively conclude that
Iy (t;A) : X — X hasaninversesatisfying (3.2.8) for t; = min{1, j/(2c||All2)}, j =0,1,2, ...,
and hencealsofor r = 1.

Sofar, wehaveshownthat £/ (A) : X — X hastheinverse £3,(A)~1: X — X withbound ¢ onits
incremental Ly-gain. Itisasimpleexerciseto provethat the causal mapping £,,(A) : X, — X, then
asohasacausal inverse £,,(A)~1 : X, — X, with the same bound ¢ onitsincremental L-gain. m

Even if dealing with nonlinear uncertainties A, they often have the property A(0) = 0. Then we
infer that 4,/ (A)(0) = 0 such that the same must hold for itsinverse. Therefore, we have

1 (A) 2 < 1 (A) 72

and Theorem 3.8 aso provides a bound on the L»-gain of the inverse.

Since Theorem 3.8 also guarantees the existence of the inverse of {,(A) and, therefore (Exercise
1),asoof I — MA, wewill mainly build in the sequel on this result under under the additional

Assumption 3.9 All A € A havefiniteincremental L»-gain and satisfy A(0) = 0.

We stress again that these properties are trivially satisfied if the uncertainties are linear.
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3.3 Small-Gain and Passivity Tests

Asan illustration, let us consider for a symmetric matrix IT the bilinear mapping
o
(x,y) = / x(0 My @) d (331
0

on L’E*’. Sincethismapping satisfies (3.2.3), X (x) := (x, x) isquadratically continuous. We assume
[T to be partitioned as

= ( SQT 2 ) ¢ RUHDx(k+) (332)

according to the size of the signals w and z.

L et us make the specific choice

= ( _OI ?) x < LZU > = fOOOZ(T)TZ(t) —w®) T w(r)dr.

Obviously, the set of all causal uncertainties that satisfy (3.2.5) is given by all
causal A : Ly, — Lo, with |All2 < 1. (3.3.3)

We immediately arrive at the following classical small L-gain result.

Corollary 3.10 Suppose that, for all A with (3.3.3), 4(A) has a causal inverse. If |M|2 < 1,
there exists a ¢ such that || 4, (A) 71|z < ¢ for all A asin (3.3.3).

Similarly, the set of al causal uncertainties with (3.2.10) is nothing but all
causal A : Ly, — Lo, With ||Allz < 1. (334

Thisleads us to the following standard small incremental L»-gain result.

Corollary 3.11 Suppose that |M||2 < 1. Then {3,(A) has a causal inverse, and there exists a ¢
with [ 44 (A) Y2 < ¢ for all A satisfying (3.3.4).

The choice

(O i w\ > T
“—<%, 5 > 2( . )—/0 z(t) w(r)dt (3.35)

leads to the standard passivity tests for robust stability.
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Corollary 3.12 Suppose there existsan € > 0 with

/OO w(n)! (Mw)(1)dr < —e||w||3.
0

* Let 44(A) have a causal inversefor all causal A : Ly, — Lo, With
oo
/ 2" A1) dt > 0.
0

Then there exists a ¢ such that || 4, (A) 1|2 < ¢ holds for all these uncertainties.

« Themapping 4 (A) has a causal inverse, and there exists a ¢ with || 47 (A) |l < ¢ for all
causal uncertainties A : Lo, — Lo, that satisfy

/O (2100 — 20T [AGD () — A2 (1)]dt > 0.

We have obtain with ease four classical resultsthat are usually formulated and proved independently.
Even better, the approach taken here allows much further reaching generalizations that can only be
partially addressed in these notes.

Remark. The small-gain theorem for L, spaces can be recovered with the mapping

5 < . ) =/ 1z = w1 di
0

and with a(r) = ¢ instead of a(r) = 12 in Section 3.2.2. The details are only variations of what has
been presented and can be left as an exercise.

3.4 Integral Quadratic Constraints

3.4.1 Stability Testswith Integral Quadratic Constraints

In this section we assume that the uncertainties A are general but that z = Mw is defined with a
proper stable rational matrix M as

Ziw) = M(io)i(iv), ioe CO.
Recall that x denotes the Fourier transform of the signal x € Lo.

Instead of general quadratically continuous mappings, let us consider so-called integral quadratic
forms. Suppose IT : iw — Il(iw) is any (measurable) mapping that assigns to every iw € C° a
Hermitian matrix IT(iw) of dimension (k + /) x (k + [) that is bounded:

IMGiw)| < p fordl iwe CP.
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(Note that we will consider in most cases mappings that are defined with a rational matrix valued
function T1(s); then it is just required that this rational matrix is Hermitian on the imaginary axis,
and that it has neither apolein C° nor at infinity such that it is proper.)

For any x, y € L5t we can define with their Fourier transforms X, 3 the mapping

(x,y) = /00 X(iw) TIiw)y(iw)dow

—00

which satisfies (3.2.3) with bound o = p.

Condition (3.2.6) then amounts to
o *H. R i de < € A 4
» w(iw) V(i) (iw) V(i) wliw)dw < “on » wliw) " wiw)dw

foral w e L’;. Thisisobviously implied by the frequency domain inequality (FDI)

1 . 1 € . 0
(M(ia))) H(zw)(M(iw) > < —Zl foral iw e C".

It is not required for our arguments and not difficult to see that the converse holds as well; both
characterization are in fact equivalent.

Lemma 3.13 Suppose I1 is a (measurable) bounded Hermitian valued mapping on C°. Then the
following two statements are equivalent:

[o)e] o0
. / Tiw) ' TIiw)x(iow)do < —a/ Y(iw)*x(iw)dow for all x € Lo.

—0oQ —0Q
e M(iw) < —al for all iw € CO.
The reason for this re-formulation: the frequency domain inequality is easier to check.

Now we get as immediate corollaries to Theorems 3.7 and 3.8 the following stability results using
integral quadratic constraints (IQC’s).

Theorem 3.14 Supposethat, for all A € A, 43,(A) iswell-posed and that

/Oo ( AR)(w) > M(iw) ( AR)(w) ) do >0 forall ze L. (34.1)
o0 z(iw) Z(iw)

If there existsan € > 0 with

! o I
< M(ia)) ) IMiw) ( M(ia)) ) < —€l foral welR, (34.2)

then the L,-gain of 1&1(A) is bounded uniformly in A € A.
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Theorem 3.15 Supposethat any A € A hasfiniteincremental Lo-gain and satisfies

/oo ( Az (o) - Az () ) M(iw) ( Az (o) - Az i) ) do>0 (343
NS 21(w) — 22(iw) 21(iw) — 22(iw)

forall z1, z2 € L’z. Ifthereexistsane > Owith (3.4.2),then £, (A) iswell-posed, and theincremental
Ly-gain of itsinverse is uniformly bounded in A € A.

Remarks.

 One should read X(z\)(iw) correctly: Take z, let it pass through A to get the signal A(z),
take its Fourier transform A/(z\) and evaluate this Fourier transform at i  to obtain Z(z\)(i ).
Therefore, the signal z with power distribution Z is mapped into the signal A(z) with power
distribution Z(z\) (In general, of course, thereisno nice operation - such asthe multiplication
by atransfer matrix - that mapsz directly into Z(z\) However, sincewe only transform signals,
no complication arises.)

The inequality (3.4.1) defined via IT hence restricts how the power distribution of z can and

cannot be rearranged in A(z); (3.4.1) could be called a power distribution constraint. The
constraint (3.4.3) admits the same interpretation for increments.

* Inprincipal, theinequality (3.4.2) iseasy to verify: onejust needsto plot the largest eigenvalue
of the left-hand side over frequency and read of the maximum that this curve takes. Thiscould
be viewed as ageneralization of plotting the largest singular values of a certain transfer matrix
to apply the small-gain theorem.

If IT isreal-rational and proper, the Kalman-Yakubovich-Popov Lemma allows to reduce this
condition to the solvability of alinear matrix inequality; thisisthe reason why |QC’splay such
prominent role in the LMI approach to robust control. We will elaborate on these points in
Section 3.6.

3.4.2 The Philosophy for Applying IQC’s

So far we have considered one quadratically continuous mapping ~ and one 1QC to characterize
stability. For small-gain and passivity conditions, this was sufficient to arrive at standard stability
results. However, if one has a more detailed picture about the uncertainty, one can often find more
than one 1QC that are satisfied by the uncertainties.

For the purpose of illustration let us look at a simple example. Consider the structured nonlinear
uncertainties A : L, — L% that are defined for fixed partitions
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(where the signals z/ and w/ can have different sizes) with the causal mappings A; : Ly, — Lo,
A;j(0) =0,as
! A1(zh
w=A(@), A(|] : D= :
M Am(Zm)
Furthermore, it is assumed that || A ;||; < 1 such that, aswell, [|Aj2 < 1.

Note that the set of all these uncertaintiesis star-shaped. Dueto ||All2; < 1, the incremental small-
gain theorem applies. Then |M|lo < 1 implies that £,;(A)~1 exists, is causal, and uniformly
incrementally bounded. However, thisalso holdsfor the much larger class of all uncertainties A with
IAll2; < 1, evenif they do not have the specific structure considered here.

Hencewe should find more |QC’ sthat provide away to capturethisstructure. Motivated by j.-theory,
we consider the 1QC’s defined with the constant matrices IT given as

H:(SQT IS;)’ §=0, Q =diag(—r1l,...,—ryl), R=diag(r11,... ,r,I), r; >0
(34.4)

where the sizes of the identity blocksin Q and R correspond to the sizes of the signals w/ and z/
respectively. We infer

/‘” < A (1) — Az2)(0) >T - ( A1) — A1) ) i —
0 z1(t) — z2(1) z1(t) — z2(1)

=f0 D —rillAj DO — Aj @O+ rjllza(t) — z2(n) |2 di =
j=1

o

- Z/o rillza() = 22017 = 14,00 = ;2O 1dr > 0
j=1

such that the incremental 1QC’s (3.4.3) hold for all uncertainties and for al IT.

We have found awhole family of 1QC’sfor our class of uncertainties, parameterized by the numbers
r;. If we just find among these infinitely many 1QC’s one for which, in addition, the FDI (3.4.2)
holds, we conclude exactly the same stability properties of {,;(A) as before.

Again, we stress that all 1QC'’s (3.4.3) must be satisfied by the uncertainties, but only for one IQC
we need to assure (3.4.2)! Hence, the more IQC’s we find for the uncertainties, the more freedom
we have if trying to fulfill the FDI and the better the chances are to verify robust stability.

L et usnow have amore detailed ook at (3.4.2) for the specific scalings (3.4.4). Theinequality simply
reads as

M@iw)*RM(iw) — R <0 foral e RU {oo}. (34.5)
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(Since we have replaced < —el by < 0, we have to include w = oo in the condition. Why?) The
goal isto find some R (structured asin (3.4.4)) that satisfies this FDI. It will turn out that the search
for R can be cast into an LMI problem.

In order to relate to w-theory, re-parameterize
R=D'D

with D inthesameclassasR. Then M (iw)* DT DM (iw)—DT D < Oisequivalentto|| DM (iw)D 1| <
1if ||.|| denotes the maximal singular value for complex matrices. Therefore, (3.4.5) is nothing but

IDMD Y0 < 1 (3.4.6)

which isascaled Hy condition. Such conditions - possibly with frequency dependent scalings D
- appear in u-theory. Note, however, that the conclusions made in p-theory are usually only valid
for linear time-invariant uncertainties that admit a Fourier transform with suitable properties. Our
conclusions hold for amuch larger class of uncertainties since our proof was not based on a Nyquist
type argument in the frequency domain.

We have shown that we can replace ||A71 lleo < 1 by the scaled small-gain condition (3.4.6) to come
to the same robust stability conclusions. The scalings D capture the knowledge about the structure
of the uncertainties and provide us extra freedom to satisfy (3.4.5). Hence, the scalings reduce the
conservatism that isinvolved in the simple but rough condition ||1\7 lo < 1.

Let us introduce a terminology: We will call the matrices IT that define the IQC's scalings or
multipliers. The first name is motivated by the above mentioned relation to p-theory. The second
name reminds of the relation to classical multipliers that have been used in loop transformation
arguments.

The example revealsthe philosophy in applying the robust stability results discussed here: Try tofind
asmany multipliers IT as possible such that the IQC’s (3.4.1) (or (3.4.3)) hold for the considered class
of uncertainties. Then find, among all these multipliers, one that also satisfiesthe FDI (3.4.2). If this
is possible, one can conclude (existence and) uniform boundedness of the (incremental) Lo-gain of
Iy (AL

A simpletrick often allows to increase the number of multipliers. Indeed, if T4, ... , I1; are multi-
pliersthat satisfy (3.4.1) (or (3.4.3)), the same is true of all

k
> My if 7 > 0. (34.7)
j=1

One can hence easily construct out of finitely many multipliers an infinite family of multipliers
parameterized by ;. The same trick applies to an infinite set of multipliers. (Those familiar with
the corresponding concepts will recognize that we just need to take the convex conic hull; any set of
multipliers can, therefore, always assumed to be a convex cone.)

Finding multipliers such that a specific class of uncertainties satisfies the corresponding IQC is
not really supported by theory; this is indeed the hard part in concrete applications. For suitable
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parameterizations of the family of considered multipliers (such as (3.4.7) or more general versions),
the second step of finding one multiplier that also rendersthe FDI (3.4.2) satisfied will turn out to be
an LMI problem.

3.4.3 Examplesof IQC’s

In what follows we provide a non-exhaustive list of uncertainties and suitable multipliers. We recall
that one needs to always verify Assumption 3.3, in particular star-shapeness with center O, in order
to apply Theorem 3.7, Theorem 3.8 or their IQC counterparts.

¢ The structured nonlinear uncertainties

7t A1(zh)

Al 2 P = : (3.4.8)
with causal A ; that satisfy [|A;ll2 < 1or [|A;ll2 < 1fulfill (3.4.1) or (3.4.3) for the class of
multipliers

00 , )
m:={ L Q =diag(—r1l, ... ,—ryl), R =diag(ril, ... ,r,I1) > 0}. (3.4.9)

* In(3.4.8) we can confine the attention to linear causal mappings A ; only. Beautiful results by
Shamma and Megretsky [19, 40] show that, then, the resulting scaled H.,-condition (3.4.2) is
not only sufficient for robust stability (as we have proved) but even necessary (what is harder
to show).

» We can specialize further and use (3.4.9) also for the block-diagonal time-varying parametric
uncertainties ‘ _
w’ (1) = Aj(t)z’ (1)

with (measurable) matrix valued functions satisfying
IA;O| <1 fordl ¢ > 0.
Equivalently, we have
w(t) = A@)z(t), A@) =diag(A1(t), ..., An®), |A@®)] <1 fort>0.

Inthiscase, for any I intheclass(3.4.9), the uncertainties even satisfy the quadratic constraint

T
< A}” ) n < A}’) ) >0. (3.4.10)

(Wewill seein Section 3.7 that thisimplies exponential stability.) The quadratic constraint still
holdsif using atime-varying multiplier. Let P : [0, o) — I be (measurable and essentially)
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bounded. Note that P(¢) admits exactly the same structure as the constant multipliers above.
For any such time-varying scaling we infer

T
( A® ) P@) ( A > >0 forall 1 >0,

With the quadratically continuous mapping (why?)
[o,0]
T(x) = / x(O)T P()x(t) dt
0

on L5™, weinfer (3.2.10) by linearity. Hence, if there existsan e > 0 with

00 T
/0 ( Mlé)u()t))(t) ) P ( Mlé)lff))(,) ) dt < —elwl, (3.4.11)

we can apply the more abstract Theorem 3.8 to infer that £, (A) ™! exists and has auniformly
bounded L>-gain. Again, (3.4.11) amounts to a scaled small-gain condition with time-varying
scalings. If M can be described by

%= A@)x + B()w, z=C(t)x + D)w, x(©0) =0,

where x = A(t)x is exponentially stable, the validity of (3.4.11) can be characterized by a
differential linear matrix inequality.

The so-called repeated structured uncertainties are defined as
w(t) = A)z(t), A) =diag@é1()1, ..., u(t)1), [5;()] <1 fort>0.

Here the blocks on the diagonal of A(r) are repeated scalar valued functions. If we choose the
multipliers IT in the partition (3.3.2) as

R =diag(Ry.... . Ry) >0, Q= —R, S =diag(S1.....Sn). S;+ 5] =0,

we infer
T m m
A(t A(t
( 1( ) ) I ( ; ) ) =Y =8;(O?R;+8;(1)(S;+ ST+ R =) (1-8;(1)")R; > 0.
j=1 j=1
Again, we have found a class of multipliers for which (3.4.1) or (3.4.3) hold, and we could
generalize to time-varying scalings.

Note that there exists a 8(¢) with [§(7)] < 1and w(r) = 8(t)z(t) iff wOw ()T < z()z()T.
This leads to the notion of structured repeated nonlinear uncertainties. They are defined asin
(3.4.8) where the diagonal maps A ; satisfy

/ AN dr < / 2 )T dr.
0 0
The same scalings as in the previous item can be used to infer (3.4.1). If we ask the property

to hold for the increments, we obtain (3.4.3). Then we arrive at robust stability results against
repeated nonlinear uncertainties.
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« In the above examples we have used for parametric uncertainties and the corresponding non-
linear uncertainties the same class of scalings. However, for parametric uncertainties, one can
work with a class of scalings that is only indirectly described but larger than that considered
so far; since thisresultsin more 1QC's, it reduces the conservatism in the stability results.

L et us assume that the uncertainty is defined as
w(t) = A(t)z(t)
where (the measurable) A : [0, co) — R¥*/ satisfies
A(r) € co{A1, ..., Ay} foral r > 0.

Here, A ; arefixed matrices which generate the convex hull that defines the set of valueswhich
can be taken by the time-varying uncertainties; these generators capture the structure and the
size of the parametric uncertainty. Obviously, the repeated diagonal structure is a special case
of thismore general setup (Why?). Thegoal isto definethe scalingsin order to assure (3.4.10).
We just ask the condition (3.4.10) to hold at the generators of the convex hull:

T
<Alf> H(Al-f)20fora||j=1,...,1v. (34.12)
If we impose an additional constraint on IT such that these finitely many inequalities imply
(3.4.10), we are done. The simplest possible condition is to require the left-upper block of IT
being negative definite; this leads to the class

T
H::{l‘[:(SQT fe): Q<0,<Alj> n(AIf)> for j=1,...,N}.

A very simple convexity argument revealsthat any IT € IT indeed satisfies (3.4.10). Instead of
what we have done previously, the multipliersare now only indirectly described. Sincewe have
strengthened the non-strict inequality to a strict inequality, however, one can easily implement
this indirect description as constraints in an LMI solver. That alows to reduce, again, the
search for amultiplier satisfying (3.4.1) to an LMI problem. As a considerable advantage of
thislatter technique we observe that we do not need to bother at all about the specific structure
of the uncertainties and theoretically derive the corresponding structure of the multipliers - the
numerical algorithm does thejob for us.

3.5 Guaranteeing Robust Performance

So far we have considered robust stability. However, the techniques presented so far allow asimple
extension to provide sufficient conditions for robust performance.
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Figure 3.2: Uncertain System with Performance Channel
351 An Abstract Condition for Robust Performance

Let us consider the uncertain system in Figure 3.2 where the blocks M and A € A satisfy the
Assumptions 3.3 and 3.9.

Asindicated we assume that M is partitioned as

Zu My Mup ) ( Wy )
- . (35.1)
( Zp ) < Mpu Mpp Wp

Thesignalsw, and z,, form the uncertainty channel w, — z, andw, — z,, denotesthe performance
channel. Thereason for thisterminology issimple. The uncertain system is described by (3.5.1) and
by closing the upper loop with any uncertainty A € A as

Wy = A(zy). (35.2)

Thisleads to z, = My, A(zy) + Mypw,. If I — M, A has acausal inverse, we arrive at z, =
I - MuuA)*l(Mupwp). The perturbed system hence admits the description

2p = Mppw, + My, Al — My A) X (Mypw)y). (35.3)

The performance specification under considerationsisthen specifiedintermsof thechannel w, — z,,.

As atypical performance specification, the Lo-gain from w), to z,, should not exceed one (or any
other number what can be always brought back to one by scaling); this specification amounts to

o0 o0
/ 2,07 7, (t) dt </ w, () wy(1)dr foral w, € L.
0 0
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For technical reasons (to arrive at necessary and sufficient conditions) one often triesto characterize
that the Ly-gain is strictly smaller than one. Contrary to what is often stated in the literature, we
cannot just replacethe < by < intheaboveinequality! (Why?) The correct formulationisasfollows:
there existsan € > 0 such that

o]

o
/ 2p T 2,(0) —w, ) w, (1) dt < —e/ w,() w,(t)dt foral w, e L.
0 0

Similarly, alternative performance specifications are passivity

o
/ 2,1 w,(t)dt <0 foral w, € L

0

or strict passivity: there existsan ¢ > 0 with

o0 o0
/ 2, w, (1) dt < —e/ w,( wy(t)dt foral w, e L.
0 0

These cases are easily seen to be specialization of the following general performance specification:
there existsan € > 0 such that

zp < l;;: ) < —6||wp||% foral w, € Lo. (3.5.4)

Here, =, isan arbitrary mapping
E,,:L29<w1’>—>2,,<w”>eRsatisfyingZ,,(O))O. (35.5)
Zp Zp Zp

(The second condition is of technical nature - it isrequired in the proof of the next theorem.)

The goal is to characterize robust stability and robust performance. For the precise definition of
robust stability, we need to introduce (as earlier) the auxiliary signals wg and zg asin Figure 3.3.

The interconnection (3.2) is said to be uniformly robustly stable if the relations

z w
(ZZ)=M<w;Z>, wy, = A(z) +wo, Z=2zu—20

that correspond to Figure 3.3 define, for each A € A, acausal mapping

wo Wy
L3> | z0 | — z € Lo,
Wp Zp

and if the incremental L»-gain of this mapping is bounded uniformly in A € A.

Since M and A have finite (incremental) L»-gain, it is very simple to verify that robust stability is
equivalentto £, (A) or (Exercise1) I — M, A having acausal inverse whose incremental L»-gain
isbounded uniformly in A € A.



98 Analysis of Input-Output Behavior

<0 <

Figure 3.3: Setup for Robust Performance

Theorem 3.16 Suppose X : L, — Lo is quadratically continuous and that all A € A satisfy
(3.2.10). Moreover, suppose there existsan € > 0 such that

Wy wp 2 2
by )y < - 3.5.6
(e st )+ 5 (g v, ) < B+ gl @59

for all w, € Lp, w, € Lp. Then I — M, A has a causal inverse whose incremental Ly-gain is
bounded uniformly in A € A, and the uncertain system (3.5.3) satisfies (3.5.4).

Proof. The proof is extremely simple. We can set w,, = 0to infer by the second property in (3.5.5)
from (3.5.6) that

w 2
) " < —€llw
(Muuwu ) < —€llwyll5

forall w, € Lo. Hencewecanapply Theorem 3.8to concludethat £, (A) or, equivalently (Exercise
1), I — M, A have causal inverses with uniformly bounded incremental L»-gain.

Note that, in particular, the uncertain system system (3.5.3) then defines a mapping with uniformly
bounded incremental L»-gain. Even more, for any w, € Lp, we use w, = A(z,) and (3.2.10) to

infer
wy Wy A(Zu)
= = >
> ( Myywy + Mypwp ) > ( Zu ) = ( Zu ) >0
(where we require Assumption 3.9). Then (3.5.6) leadsto (3.5.4). [

It is straightforward to generalize Theorem 3.7 along the same lines. One needs to assume that
I, (A) or I — M, A have acausal inverses, and one can work with the weaker hypothesis (3.2.5)

uu
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to conclude in a similar fashion robust stahility and robust performance. The details can be left to
the reader and are omitted.

3.5.2 Guaranteeing Robust Quadratic Performancewith IQC’s

After this abstract motivating introduction, we turn our attention to the case that (3.5.1) is described
by afinite dimensional stable LTI system; the corresponding transfer matrix is again denoted as M.

Let uslook at the quadratic performance index
w o w(t))T <w(t)>
5, ()= / PO p, (U ® ) 4
p( Zp ) 0 ( z2p(t) "\ 2@

where P, isafixed symmetric matrix that satisfies

Oy, S

P,,:(Sé R’;), R,>0 (35.7)

to guarantee (3.5.5).

If X isdefined by an 1QC based on I, (3.5.6) amounts to

N Wy, ((w)
[w ( * ) M(iw) < Moy i), (iw) + Mup(iw)@p(iw) ) do +
% Wp(iw)
* /;oo ( * ) Pp ( Mpu(iw)wu(iw) + Mpp(iw)wp(iw) do <
€ * Wy (iw) * Wy (iw)
< —— ~ . PO .
Y < Wy (iw) ) < W (iw) do
We can apply Lemma 3.13 to arrive at the equivalent condition

I 0o \" I 0 0 I \" 0 I €
( My, My, ) ( My My ) * ( Mpy Mpp ) r < Mpy Mpp ) 2n ( )

on C°. Again, this amounts to a simple frequency domain condition for which we provide an
alternative formulain the following result.

Theorem 3.17 Suppose that any A € A satisfies the incremental 1QC (3.4.3) for the multiplier
M= ( 0 ; ) Moreover, suppose there exists an € > 0 with

S*
I 0\/0 0]s 0 I 0
0 I 0 0,/0 5, 0 I € 0
<—=—1onC 3.59
Muu %up s* 0|R O Aﬁuu J%up T ( )
My, My, 0 S/|0 R, My, Mp),
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Then the interconnection (3.2) is robustly stable, and for any w, € L, one has
00 T
wp(t) wp(t) . 2
() e ) s et
3.5.3 Guaranteeing Robust H» Performancewith IQC’s

For a strictly proper stable rational matrix M, the squared Hp-norm is defined as

o0

1M)3 = trace(M (iw)* M (i) do.

21 Jooo

We have mentioned that there are many interpretations and motivations why to consider thisnormin
design problems. Therefore, there are different manners to define the robust H» analysis problem.

In these notes we concentrate on one of these possible generalizations. For that purpose we charac-
terize || M||2 < y by requiring the existence of a symmetric matrix Q such that

% /OO Miw)*M(iw)do < Q, trace(Q) < y2.

Thefirst of these two inequalities admits a simple signal based interpretation; indeed it is equivalent
to

o0
/ 20720y dt — w Qu < —ellw]?
0
for all real vectors w andZ(iw) = M(iw)w. (Why?)

We intend to generalize this characterization to uncertain systems that are again described using a

linear mapping
Zu _ My Mup ) ( Wy ) 3.5.10
(ZP) (Mpu M) Wp (35.10)

. I
w, € Lg‘;, w, € R* into z, € le”e, zp € Ly,

that takes

We assume that M,,,,, M,,, are causal and of finite L»-gain, and that M,,,, M, have finite gain as
mappings from R¥» to L,; this means that there exists a constant m with

M, ,w k

||( p=p ) l2 <m|w,| fordl w, € R*.
Mppwp g !

(The theory presented so far does not directly encompass this case since we considered time-signals

asinputs. Although one could easily extend the setup - by simply admitting the time-set {0} for some

components of the signals, - we view, instead, M,,w, and M,,w, as L» disturbances and directly

apply the techniques devel oped up to now.)
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Robust stability is defined analogously as earlier, and the uncertainty system is said to have a robust
Hy-level y > 0if there exists asymmetric Q with

trace(Q) < y? (3.5.11)

such that, for somee > 0,

[e¢)
—w) Qu, +/0 2,07 z,(1) dt < —€llw,||? foral w, e R, (35.12)

It is now straightforward to arrive at the following |QC test for robust H> performance.

Theorem 3.18 Suppose that every A € A satisfies (3.4.3) and that Q is a symmetric matrix.
Moreover, suppose there exists an € > 0 such that

/ ( %((fﬁ)) ) Miw) ( %‘((,-if)) ) +5p(i0) (i) do — w] Quy < ——(lwall3 + 1w, )
(35.13)

for all w, € Lg”, w, € R*» and the corresponding outputs as defined in (3.5.10). Then I — M,,, A
has a causal inverse with uniformly bounded incremental L2-gain, and the uncertain system (3.5.3)
satisfies (3.5.12).

Proof. Asfor robust quadratic performance, the proof is asimple exercise and left to thereader. |

In aconcrete test we haveto view Q as an extravariable (besides IT) with (3.5.11) in order to satisfy
(3.5.13). Hence Q can be viewed as a varying performance multiplier.

Allthiscanbeappliedif M isan LTI system; thenitisdefined withreal rational proper stable matrices
My, Mpuy Mup, Mpp where MM[,(OO) = Ou Mp[,(OO) = 0! as

(?u(ia» ) _ ( M) Myp(io) ) ( Dy (i) )
’z},(iw) - My, (iv) Mpy(iw) wp '
Remarks.

« Obviously, our robust H> property isan immediate extension of robust quadratic performance
if equipping the space R%» x Lg“ with the norm ,/|jw, 12 + [Jw, ||§ and defining the quadratic
foms, : Rk x LY — Ras

%, < Wp > = —wIT,pr +/ zp(t)sz(t)dt.
0

<p

As earlier, one can also consider ageneral mapping X, that satisfies X, ( ZO ) > 0.
P
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e Suppose M isLTI. Paganini [22] hasobserved that the H>-norm can beapproximated by thegain
of theunderlying systemfor acertain class of finite power signal sthat approximate white noise.
He shows that this concept can be then extended to uncertain systems similarly as done here,
and derives necessary and sufficient conditions for robust H»-performance against arbitrarily
fast and arbitrarily slow time-varying uncertainties (similarly as Shamma[40], Megretsky [19],
Poolla, Tikku [23] did for therobust L»-gain problem). The conditions of [22] can be extended
to the more general setting considered here and then read as follows: There existsane > 0
and ameasurable Hermitian valued & on C°

o
— trace(® (iw)) dw < y?
27 J_oo
such that
I 0 \"/0o 01]soO I 0
0 I 0 —®|0 0 0o I —£1 0
< 2r 0
Mys My, S 0 |R 0 || My M, \( 0 0) on €7,
My M), 0 0|01 My, My,

where I1 is again partitioned as in Theorem 3.17. (Note that the latter inequality implies
M, M, < @ such that @ is positive semi-definite. If the (2,2) block of the matrix on the

right-hand side was negative definite, the L»(C%)-norm of & could not be finite!) Again, the
proof of sufficiency of these conditionsis straightforward and |eft to the reader.

* Intherobust quadratic performance problem, onecanview P, asan extraparameter that varies
in a certain given class of matrices. D’ Andrea [4] has worked out interesting variations of the
Hoo-performance criterion that are amenable to this technique.

3.6 1QC’sinthe State-Space

Let usnow look at multipliersI1 that arereal-rational. Thenwe can assumeIT to begiveninaspecific
form.

Lemma3.19 If IT isreal rational and bounded on CP, there exists a P and a real rational proper
stable ¥ with
Hiw) =Y(iw)*PV¥(iw).

Proof. Since IT isbounded, itisproper and thereexistssomea > Osuchthat IT(iw) +al > Oforal
o € RU{oo}. Hencethereexistsaproper stablerational matrix 7 withTT(iw) + ol = T (iw)*T (iw).

Thisimplies [T (iw) = ( T(;"”) > ( é _21 ) < T(;'w) ) .

TheQC

* [ Bw) \F W(iw) Y A% R . . D(iw)
KOO < 2iw) ) IMiw) < Fiw) ) dw = /;OO ( Fiw) ) Y(iw)*PV¥(iw) ( 2iw) ) dow >0



3.6. IQC'SIN THE STATE-SPACE 103

can, therefore, be rewritten as a static quadratic constraint

/ T Py di > 0 (36.1)
0

on the output of

=V ( v ) . (3.6.2)

Z

The system W can be interpreted as a filter which encompasses the dynamics in the multiplier TT.
Non-dynamic multipliers are simply obtained with & = 7 such that the only possibly freedom is|eft

in P. With aminimal realization
v — A\y B\y
" | Cy|D ’

we arrive at yet another parameterization of the multiplier IT in the state-space. Indeed, the system
(3.6.2) now admits the description

Xy _ Ay By w —
()& (B)(2): o

36.1 Robugt Stability

In order to apply Theorems 3.15 or 3.14 to guarantee robust stability, we need to check the FDI

I\ . 1 I\, I 0
(M) n(zw)(ﬂ>_[w<ﬁ>] P[\Il(ﬁ>]<00n(c U {oo}. (3.6.3)
For a state-space characterization, we choose a realization of

w\ 1
)7\ m )"
X = Ax + Bw, (?):Cx+Dw

such that A is Hurwitz. (Note that C and D have a specific structure due to the fact that the first
component of the output equals the input w.) Then we infer

A 0 B <=
q’(}ﬁ)z ByC Ay | ByD :I:ggil
DyC C\p‘D\yD

The Kaman-Yakubovich-Popov Lemma reveals that the FDI (3.6.3) is equivalent to the solvability
of alinear matrix inequality.

Lemma 3.20 The FDI (3.6.3) holds iff there exists a symmetric solution X of the LMI
< ATX + XA XB

BT x O>+(é p)Y pP(¢é b)<o.
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3.6.2 Robust Quadratic Performance

The FDI (3.5.8) that characterizes robust quadratic performance is treated similarly. Indeed, it is
equivalent to

o I \" 0 I 0 I \" 0 I
Py P U py Py P + ~ ~ P ~ ~ <0 3.6.4
( Myy My ) ( My Myp ) < Mpu Mpp > r < Mpu Mpp ) (364

on CO U {oo}.

Introduce the minimal realization

o = (3.6.5)
M[m M[’[’
with an A that is Hurwitz to arrive at
1 0 A 0 B B ~ ~ -
v < ~ u P A | B B
< My Myp > _ ByC, Ay | ByDy, By D, _ |7z ‘ 5 u 5 P
AO AI D\IJCu C\IJ D\I/ Duu D\IJ Dup é‘lj D\Pu qup
Mpy Mp)p Cp 0 Dy, Dy, p pu rp
(3.6.6)

Again, the Kalman-Yakubovich-Popov Lemma allows to characterize this FDI in terms of the solv-
ability of an LMI.

Lemma 3.21 The FDI (3.6.4) holds iff there exits an X satisfying

ATX+ XA XB, XB - - T S ~
BTy ou Op +<C~\y Dy, Qw) <P 0 )(C:\y Dy, Qw) -0
B”T X 0 0 Cp Dpu Dpp 0 Py Cp Dpu Dpp
p

3.6.3 Robust H, Performance

For robust H» performance we have to guarantee (3.5.13). We introduce the realization (3.6.5) (with
stable A) and recall that M,,, and M,, are strictly proper such that D, = 0 and D,, = 0. This
implies D,, = 0 and D,, = O for the redlization (3.6.6) that incorporates the dynamics of the
multiplier. Let usintroduce the abbreviation

00
P”::(o 1)
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such that

T
T w w
Zp Zp = p Pp p .
Zp p

Then (3.5.13) is equivalent to the existence of some e > 0 with

X(EON (P00 r 2 2

foral w, € Lg“, w, € Rk and for the output of
i A B, . )
2| =] Co Dus < . ) . x(0) = Byw,. (3.6.8)
Zp C, D !

Again, by the Kalman-Yakubovich-Popov Lemma, this condition turns out to be equivalent to the
solvability of an LMI.

Lemma 3.22 Theconditions(3.5.13) for robust H»-performance holdsiff thereexistsan X satisfying
~ ~ ~ ~ ~ T ~ ~
“r o= ATX + XA XB Cy Dy P O Cy Dy
BLXxB - " v s 0.
P p<Q’ ( BuTX 0 >+<CP DPM 0 PI’ CP DP“ b

One should compare with robust quadratic performance.

3.7 A Summary and Extensions

In this section we intend to merge robust quadratic performance and the robust Hy specification into
oneresult. Furthermore, we summarize the required hypotheses, we provide alternative proofs based
on Lyapunov arguments whenever possible, and we discuss the consequences of strengthening the
IQC hypotheses on the uncertainties.

With aset A of systems A : L, — L% that are causal and of finite L,-gain, we consider the
uncertain system

X A| B, B, X
2w | =1 Cu|Dyu Dyp wy |, x(0)=x0, w, = A(zy), A€A. 3.7.1)
Zp Cp|Dpu Dpp Wp

P, isthe performance index matrix that satisfies

(?)TPP<(I)> >0 3.7.2)
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The dynamics of the considered IQC is given as

<§$>:(é$)”+(g\£><f)’w(O)zo (3.7.3)

and P istheindex matrix of the IQC.

Let us now interconnect (3.7.1) with (3.7.2) as

(1)-(2)

The dynamics of the resulting system admits the state-space description

Zp

0
<§;> - D‘”(cou>c‘” D“’(D{,M)D‘”(D?,p) z e
(0,) )

Finally, suppose that the symmetric matrix X satisfiesthe LMI

I 0 0\'/o0 x 1.0 0\,
A B, B, X 0 A B, B,

~ ~ ~ T ~ ~
Cy Dy, Dy, > < P 0 > ( Cy Dy, Dy )
+( = Z ~ ~ - - <0. (3.7.6

( Cp Dpu Dpp 0 P Cp Dpu Dpp (3.7.6)

Note that the first term in this LMI just equals

BI'x 0 o0

(ATX+XA XB, Xép)
nT
BI'x 0 o0

but the formula given above is slightly more illustrative for our purposes.

Thislist of ingredients is motivated by the discussion in Section 3.6. At this point we have not yet
specified the exact relation of the uncertainties and the IQC dynamics what will be done in the next
subsections. We first proceed with some preparatory remarks.
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For somesmall € > 0, we can replacethe matrix P, in(3.7.6) by P, + €1 andtheright-hand side 0 by
—e I without violating the LMI (3.7.6). For any trgjectory of (3.7.5), we right-multiply the resulting

inequality with
(x « >
\If(t)

wy (1)
wp(t)

and left-multiply with its transpose. We obtain

d (x@)\ [ x0 r INORY w, (1)
o < xo (1) ) X < xu(t) ) +zw ()" Pzy(t) + ( 2p(1) ) (Pp +€1)( Z(0) <

< —e||< x(®) )||2—e|| ( wu (1) ) I foral 1 >0 (3.7.7)

xy (1) wp (1)

and, after integration on [0, 7],

x(1) \' NORWETRY <x(0))
<xxp(T)) X<xw(T)) (w(@) N wo )T

T T T
T wp (1) wp (1)
+/O 2w (1) Pz\p(t)dt+/o < (D) > (Pp—i-el)( ) ) dt <

T
< —e/ ||< *(® >||2+|| ( wull) ) I2dt fordl T>0. (37.8)
0

xy (1) wp (1)

We further exploit (3.7.2) tofind aé > 0 with

81 0
< 0 O)+(Pp+61)>0

(why?) such that we can conclude

T
- ( wp(0) ) (Py+ ) ( wp(®) ) < 8llwp ]2 (37.9)

Zp(t) Zp(t)

All new (Lyapunov based) argumentsin this section are based on these three relations.

3.7.1 Wéll-Posedness with Soft Incremental 1QC’s

We assume that A and Ay are Hurwitz and that A is star-shaped with star center 0. Moreover, for
each A € A and z1, z2 € Lo, the output of (3.7.3) for

w\ _ ( Alzy) — Alz2)
z ) 71— 22



108 Analysis of Input-Output Behavior

satisfies
o0
f 20T Pzy(t)dt > 0. (3.7.10)
0

Then a suitable adaption of the proof of Theorem 3.8 reveals that the solvability of (3.7.6) implies

Well-posedness: For each xg € R" and w, € Ly, the system (3.7.1) admits a unique response
X, Wy € L.

Recall that this proof heavily relies on the fact that L, is a Banach space. However, for al the
remaining statements in this section, this property will not be exploited. Hence, one could e.g.
guarantee well-posedness by standard results on the existence of solutions of differential equations
(suchasLipschitz conditions pluslinear boundedness properties) that are derived by other techniques.
Itisthen no problemto adapt the considered classof signal s- such asto the set of piece-wisecontinuous
(and continuous/piecewise continuously differentiable x) or continuous signals of finite energy - to
the result that has been applied. Hence, the ‘smoothness properties of the trajectories is mainly
dictated by those results that are available to show well-posedness. Once well-posedness has been
established (by whatsoever technique), one can often restrict the attention to signal subspaces that
are technically easier to handle.

Let us mention a situation in which well-posedness is easy to verify. Suppose that the uncertainty
w = A(z) isdescribed by an LTI system

XA = AAXA + Baz, <1§>=<COA>XA+<DIA)Z, xa(0) =0.

Then (3.7.1) iswell-posed if

I Dj . .
is nonsingular. 3.7.11
(o, 5 ) g (37.11)

(Why?)

The soft 1QC condition on A now reads as (3.7.10) on the output of

XA X
xv |, (xi)(0)=o.
Z

Ap 0
XA Ca Da
() [ofi) M)

C D
Zw D\p< OA) Co Dq;( IA)

On the one hand, taking the resulting FDI at w = oo reveals

B

Dy < DIA )]TPD\I, ( DIA ) >0 (3.7.12)
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On the other hand, (3.7.6) implies
(5:) (5 2)(52)
0> ~ ~
Dpu 0 PP Dpu

Dueto (3.7.2), weinfer

[Dy ( DIW )]TP[D\;, ( DIW )] <0. (3.7.13)

The two inequalities (3.7.12) and (3.7.13) imply that

1 D
(2e( ) 2 (%))
has full column rank what leads to well-posedness (3.7.11).

Similar arguments apply for time-varying uncertainties if one can assure (3.7.12) to hold. Note that
we used afrequency domain argument to infer (3.7.12) from the soft | QC; this argument breaks down
for time-varying uncertainties.

From now on we assume that well-posedness has been verified.

372 Soft1QC'’s

Again, suppose A and Ay are Hurwitz, that the LMI (3.7.6) holds, and that A is star-shaped with
center 0. For each A € A andfor any z, w € Lp suchthat w = A(z), the output of (3.7.3) satisfies
(3.7.10). Similarly as Theorem 3.7 one proves

Robust Stability: For al xo € R" and w, € L, the unique system response of (3.7.1) satisfies
X, w, € Lo.

For the remaining properties of uniform robust stability and robust performance we provide inde-
pendent (very elementary) proofs.

Uniform Robust Stability: There exist constants K1, K2 such that for every xo € R" and every
wp € L2
€113 + w3 < K1llwp 3 + Kllxoll® and lim x() = 0.

We could add (after possibly modifying K1, K2) llzul13, llz,l15 and [lxw I3, llzw |3 on the left-hand
side and the inequality still remainstrue. (Why?)

Proof. For xo € R", w, € L2, we conclude for the unique system response that w,, x € L, and
hence (with the system’s differential equation and since L; is alinear space) x, z,, z, € Lo; this
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implies lim;_, oo x(#) = 0. For the interconnection of (3.7.1) and (3.7.3) according to (3.7.4), we

Xy _ Ay By A(zy) _
()= (e)we(B)(5) wo-o

Since Ay is stable, we infer xy, Xy, zy € Ly and lim,_ o xy(#) = 0. Moreover, (3.7.10) holds
true. If wetakethelimit T — oo in (3.7.8), and if we combine with (3.7.10), we get

)\ wp (1)
P P
f, (2 ) een () )ais
T 00
X0 X0 x(1) 2 wy (1) 2
(o) x (o) [T (0 e (e Y ear. @70
Exploiting (3.7.9) leads, asrequired, to

* o x0  2 wa(®) Y 2 > 2 ORI ()
[T Y (e V< [T iwpoars (K0 ) x (7).
|

Robust Performance: The system is (uniformly) robustly stable, and for al xo € R and w, € L»

one has , ;
o
wp (1) wp () X0 X0
/o(zpm) P"(zpm “<{o) * o)
Proof. Thisimmediately follows from (3.7.14). [ |

For somegiven symmetric Q € R"*"* and some subspace X of R", we canimposethe extraconstraint
T
1 1
(0) X<0)<Q0nx
w0\ w (1)
r p < 7
(e ) e () ar< g

for every w, € Lo and every xo € X; this reveals that we have indeed merged the previous robust
H> and robust quadratic performance specification into one resullt.

to infer

3.73 HardIQC's

Recall that we assume well-posedness of (3.7.1). Supposethat, foreach A € A and z, w € Ly, with
w = A(z), the output of (3.7.3) satisfies

T
/ 2o Pzy(t)dr >0 foral T > 0. (3.7.15)
0
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We say that A satisfiesahard IQC. In addition, we include the hypothesis that the LMI (3.7.6) hasa
solution

X >0.

Remark. Notethat the set A isnot necessarily star-shaped; it can even bejust asingleton. Moreover,
note that A and Ay are not necessarily stable. Whether positivity of X impliesor isimplied by the
stability of A, Ay depends on the specific matrices P and P, and no general claim is possible.

Now we can provide a direct proof of robust stability and we can strengthen the uniform robust
stability and robust performance conclusions.

Robust Stability: For xo € R", w, € Ly, the unique response of (3.7.1) satisfies x, w, € Lo.

Proof. The proof isdirectly based on (3.7.8) and (3.7.9). Indeed, weinfer from (3.7.8) that

xT) \' o [ x(T) ETNORY w, (1)
(wh ) ¥ (26 )+ (o ) rwren (20 ) ar<
T T
X0 X0 x(1) 2 wy (1) 2
<< o> x( 5 >—e/0 ||<xw))|| +||<wp(t))|| dt (37.16)

and combining with (3.7.9) gives

T\ x(T) T xt) \ ws®) \
<X\P(T)> X(xw(T))JFE/O ”(x\p(t)>” +||<wp(t))ll dr <
T T
<<)§)°> X(%")H/ lw,(O|2dt  (3.7.17)
0

foral T > 0. Since the right-hand side is bounded for T — oo, we infer the same (dueto X > 0)
for [ Ix()l2dt, [y e @)2de, and [ [|w, ()% dt; thisshows x, xg, w, € Lo.

Uniform Robust Stability: The systemisrobustly stable, and there exist constants K1, K» such that
for every xo € R" and every w, € L>
T T
||x(T>||2+f0 @1+ llwa ()% dt < Klfo lwp()1?dt + Kallxoll* foral 7 >0
and lim,_, o x(¢) = 0. Again we could add (for possibly other constants) fOT lzu ()12 + ||zp(t)||2 +
lxw ()12 + llzw (0)]|2 dr and ||xy (T)|| on the left-hand side. (Why?)
Proof. Thisisimmediate from (3.7.17). [ |

Robust Performance: The system is (uniformly) robustly stable, and for @l xo € R and w, € Lo
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one has
x™ \' ([ x(T) fT ( w, (1) )T <wp(t>>
(m,m) X(xwm)* Lo ) U )9S
T
X0 X0
<<O> X< 0) foral T > 0.
Proof. Immediate with (3.7.16). [ |

374 QC's
Again, we assume well-posedness of (3.7.1). Furthermore, suppose that for each A € A and
w, z € Lo, Withw = A(z), the output of (3.7.3) satisfies

zo()T Pzy(t) >0 fordl ¢ > 0. (3.7.18)

Thisis aquadratic constraint (QC) in time. Moreover, let us suppose that the LMI (3.7.6) has the
solution X > 0.

Notethat this QC impliesthe hard IQC (3.7.15) such that all conclusionsfrom the previous subsection
aredtill true. However, dueto the constraint point-wiseintime, we can now arguedirectly with (3.7.7);
this leads to uniform exponential stability.

Uniform Exponential Stability: There exist constantsa > 0, K3, K4 such that

T
Ix(T)12 < K3l|x(t0)||2e T 0 + Ky / lw,(0)3dr foral T =19 > 0.

Io

If w, = 0, thisimpliesthat the system state.x (T') converges exponentially to zerofor T — oo. Since
the constants K3 and « do not depend on the specific A, the exponentia stability is uniform in the
uncertainty.

Proof. Let usintroduce the abbreviations

o x \" x(1) __ €

Then (3.7.7) clearly implies

d TNORY wp(t)>
dtv(t) +<xv(t)+( (1) ) (P +el)< (1) <0 fordl r > 0.

Combining with (3.7.9) gives

d
Ev(r) +av(t) < 8llw,(1)||? foral r > 0.
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For any 1o > 0 we conclude

T
v(T) < v(tg)e @7~ +5/ e T w, (1) dr.

fo

We conclude that there exist constants K3, K4 such that

T
Ix(T) 12 < Kal|x(t0)||2e T 0 + Ky fo lw, (1) 13dr.

Remarks.

» Typical examplesfor thelatter resultsto apply aretime-varying parametric uncertainties, static
non-linearities, or non-linearities defined by differential equations. Often, mild Lipschitz-type
conditions suffice to guarantee that (3.7.1) hasasolution for each initial condition and for each
disturbance. Usually, such solutions are only given locally in time. (Recall that nonlinear
differential equations can have a finite escape time.) The stability results for hard IQC'’s or
QC's might alow, however, to exclude e.g. a finite escape time such that solutions can be
extended to the whole interval [0, co). Hence, apart from stability, also certain aspects of
well-posedness could be shown with the arguments that we presented in this section.

e Further weakening the IQC’s. We have assumed the hard 1QC’s or the QC’s to hold for all
w, z € Ly, withw = A(z). However, it is obvious that al proofs given in this section only
required them to be satisfied if, in addition, (3.7.4) holds for some trgjectory of the uncertain
system (3.7.1).

» We include two exercises about the multi-variable circle criterion and the Popov criterion that
reveal the subtleties discussed here and, nevertheless, allow to re-prove classical results in
a straightforward manner without the need for technical hypotheses that often occur in the
literature [14].

3.8 Other Performance Specificationsin the State-Space

In this section we want to clarify how to extend the results to other performance criteria different
from robust quadratic or H,-performance. Asarule, all those criteriathat can be formulated in terms
of aquadratic Lyapunov function on the system extended with the |QC dynamics can be considered.
In[2, Chapter 5 and 6] one finds many variations of these criteriawhich are not listed since, after an
understanding of the basic 1QC principle, all these results can be easily derived not only for polytopic
and LFT parametric uncertainties, but they can be effectively extended to much larger classes of
uncertainties described by dynamic 1QC's.

We just confine ourselves to the generalized H, and peak-to-peak upper bound specifications; we
employ the same setup asin Section 3.7.
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3.8.1 Robust Generalized H»>-Performance

-1 0 00
PI’1=< 0 0) and PPZZ(O 1)

with a partition according to those of the rows of C‘p in (3.7.5). (This choice will be motivated by
the considerations to follow). Supposethat X > O satisfies

Let us define

_l’_
P 0 é\l/ 5\[}1,{ la\l»’p
~ - - 8.1
<OVP )(Cp Dpy Dpp)<0 (381)

and

o Dpp )< (1 00) x(100). (382)

lw)}

( ép Dpy [)pp ) = 172( ép
Then the conclusions about well-posedness and robust stability remain unchanged.

If the uncertainty satisfies the hard IQC as in Section 3.7.3, we infer for x(0) = 0O and x¢(0) = 0

from (3.7.8) by
T T ,
wp(t) wp(t) B -
/o (zp(t) ) P”( 2p(1) )d’—/o wp (1) wp (1) dt

(what motivates the definition of P,1) that

xT \', ( x(T) oo
(xw(T) ) X ( xg (T) ) < —6)/0 w, () w,(r)dr foral T > 0.

Hence, we have

NGRY x(T) )
<xqf(T) ) X < xu(T) ) <(y —o)|wpll; foradl T >0

such that the state-trajectory is caught in an ellipsoid defined by X. The second inequality implies
1w\ wy() ) _ 1 g x0 \' [ x®
; ( 2(0) Py ) )= ;zp(t) Zp(t) < xo () X ro () foral r >0

(what motivatesthe choice of P,2.) Withthe L -norm definition ||z, [|oo = SUp, >0 Iz, (1) ||, weinfer
by combining both inequalities that

lzpll2 < ¥ (¥ —llw,ll3.

Hence, thegain of w, > L, — z, € Ly isrobustly strictly smaller than y .
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Dueto P, > 0, we note that (3.8.2) is equivalent to the relations
. - 1.7 -
PpoDpy =0, PyoDp, =0, ;CP PyCp, < X.

Hence, the non-strict inequality (3.8.2) indeed comprises certain strict properness conditions that are
required to render thegain w, > L, — z, € L finite.

Suppose we know (as for parametric perturbations) that the uncertainties even satisfy a QC as in
Section 3.7.4 for theindices P; and P». Then we can replace (3.8.2) by

~ ~ ~ T ~ ~ ~
(Qxy Dy, pr) <P2 10 )(Qw Dy, D}’p)g([oo)TX(IOO)
Cp Dpu Dpp 0 P2 )\ Cp Dpu Dyp

(383)

and, still, infer that the generalized H,-gain is robustly smaller than y .

Note that we have used different multipliers Py and P> in both inequalities (what will be relevant if
searching for suitable multipliersin awhole family asdiscussed in Section 3.9.) The extramultiplier
P> leads to extrafreedom to render the inequality satisfied; hence it reduces conservatism. Contrary
to what we could conclude previously, theinequality does not necessarily lead to D pu =0, D pp =0
but, still, it implies that the gain w, > L, — z, € L isfinite. Hence, (3.8.3) allows a more
complicated dependence on the uncertainties at the expense of a non-strict inequality that cannot be
easily re-formulated to a strict one.

Remark. The presented techniquesdo not apply for soft IQC’s. Inaddition, it might be more suitable
tolook at uncertainties A that map L., causally into L»; the abstract theory developed earlier can be
easily extended to cope with such situations.

3.8.2 Robust Bound on Peak-to-Peak Gain

Let us assume that the class of uncertainties A consists of causal mappings A : Loge — Loge Of
finite Loo-gain. We assume that, for each A € A, the perturbed system (3.7.1) is

well-posed: For each xg € R" and w), € L., the system (3.7.1) admits aunique response x, w, €

Loce-

Let us now assume that for any z, € Lo, andany A € A, the QC (3.7.18) holds for w, = A(zy)
andfor P = Py, P = P> (similarly asin Section 3.7.4).
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Let X, A > 0, u € R satisfy the inequalities

0 0\ /ix x I 0 0
o (iaa) (Yo)ina)t
T

B~

100\ /xx 0O 100
<<001) (o (y—M)1><001)‘ (384)
This leads to uniform exponential stability, for every w, € L

)\maX(X)ef)\Tx(O)_i_L sup wp(t)Twp(t)v

x(T) <
= Amin(X) Amin(X)A t€[0,T]

and to the robust peak-to-peak norm bound y: for every w, € Lo

lzplloo < vIiwplloo-

o x0 \" ( x®
v(®) = (m(:) ) X ( (1) )

Then thefirst inequality shows

Proof. Again, set

%v(r) +2v(t) < pw, () wy(r) foral 1 >0
and hence

w(T) <e Do) + 2 aup w, () w,(t) foral T > 0.
A 1€[0,T]

This clearly implies the statement on robust stability. Moreover, x(0) = O reveals
A(T) < pllwy||%, foral T > 0.

Now we exploit (3.8.4) to infer
1 2 2
;”Zp(l)” <2 + (v — wllwp @)1~ foral ¢ > 0.

Combining both inequalities implies

2,0 2,(0) < y?wpll%
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what revealsthat y isabound on the peak-to-peak gain of L, 3 w), — 7, € Leo. [ |

Remark. The above inequalities imply well-posedness if A, Ay are Hurwitz, if all A € A are of
finiteincremental L..-gain, if A isstar-shaped with star center O, andif each A € A satisfies(3.7.10)
foral z1,z2 € Looc and z = z1 — z2, w = A(z1) — A(z2). The proof is based Banach’s fixed
point theorem that exploits the completeness of L., and just requires a slight modification of that of
Theorem 3.8.

Remark. Asfor the generalized H> norm, we can reduce (3.8.4) to astrict inequality with algebraic
constraints if setting P, = 0; we can replace (3.8.4) equivaently by

- 1 - = T .~ o~ A X 0
PoD,, =0 — P .
p2D pu , y(cp Dpp) PZ(CP Dpp)<< 0 (V—M)1>

3.9 MultiplelQC’sin the State-Space

Although most of the results provided so far have been given for one 1QC, it is always important to
keep in mind that one usually considers awhole family of 1QC’s that is parameterized in a suitable
fashion.

In the latter sectionswe have considered 1QC’ sthat are described by adynamical part (3.7.3) defined
through Ay, By, Cy, Dy, and an index matrix P. In principle, al of these parameters could be
varied in specific classes to describe a set of IQC’s. However, the final task is to find one of these
parameters and an X (possibly with X > 0) such that the LMI (3.7.6) is satisfied. Hence we will
prefer those parameterizationsfor which the search for X and asuitable |QC turnsout to be astandard
LMI problem.

Obvious cases include those where the dynamic part of the IQC isfixed and only the quadratic index
variesinaclass P. If thisclass P isdescribed by infinitely many LMI's, asemi-infinite LM problem
results; although convex, such problems cannot be directly handled with existing software. However,
if theset P isdescribed by finitely LMI’s, standard software can be used to search for X and asuitable
multiplier.

As asimple example, suppose that
M;(s) =Cj(s] — A)"'Bj + D;

(A; Hurwitz) arefinitely many rational multipliers. Searching inthe set of all multipliers parameter-
ized as (3.4.7) with t; > 0 hasindeed the form asjust described. (Derive the dynamics and the class
of indices P.)
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3.10 Parametric Uncertainties

In thisfinal section we would like to briefly return to the situation that A in (3.7.1) is time-varying
parametric and can vary arbitrarily fast.

3.10.1 LFT Representations

The set of values of the parametric uncertainties is assumed to be given by finitely many generating
points
Ay ={A1, ... Ay}

as
A.=Cc0A; =co{Ay, ..., Ay}

WeassumeO € A.. Theset of uncertaintiesisgiven by all curves A(¢) defined on [0, co) and taking
their valuesin A_:
A:={A|A:[0, 00) — A, iscontinuous}.

Notethat any A € A actsin (3.7.1) asamultiplication operator
w(t) = A(t)z(1).
If, for A € A,

Duu I
the uncertain system (3.7.1) admits the alternative representation

X _ A B B, -1 X —
(5)=((4, o, )+( oy, ) =pwaorite p))( ) ). s0 =0

This motivates to define the functions

Axn Ba\ . ( A+B,AU-DyAN7C,  B,+ B,A(I —DyA) 1Dy,
Ca Dan ) " \ Cp+ DpuAUI = DyyAN)"XCy Dpp + DpyA(I — DyyA)1Dy, |-

< 1 A(t)) isnonsingular for al t > 0,

Note that these functions arerational in the elementsof A, and they are affineif D,, = 0. However,
weareinterested in thisfunction only onthe set A .. Depending on the structure of the matricesin A,
and on D,,,, it might happen that det(/ — D,,, A) vanishesidentically on A.. Even if not vanishing
identically, this function can have zeroson the set A.. We call the LFT well-posed, if

det(l — Dy A) # 0 foral A e A.. (3.10.1)

Then (I — D,,A)~Yand Aa, Ba, Ca, Da are well-defined rational functions that are continuous
on the set A.. (Continuity even implies that these functions are smooth. In fact, the essence is that
they don't have poles on this set.)
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If the well-posedness condition (3.10.1) holds, we arrive at the alternative LFT description
X AA(,) BA(t) ) < X >
= . O =
(Zp ) (CAm Dagy )\ w, ) *O =70
of the uncertain system (3.7.1).

Let usrecall thefollowing conversefact from u-theory: Suppose F (), G(8), H(8), J (§) arerational
functionsof § = (81 --- &, ) that are continuous on the parameter box

8c i =1{8=(81,....8m) | 8; € [-1,1]}.

(Asusual, we can shift and re-scal e the uncertainties to such they take their valuesin [—1, 1] without
without loss of generality.) Then there exist matrices

A B, B,
Cy Dy, Dup
Cp Dpu Dpp

di, ..., dp

and nonnegative integers

such that, with
A) = diag(81lay, -, Smla,), (3.10.2)

we have the following two properties:

_ Are) Baw \ _ ( F©) G©)
det(/ — D,,A(8)) # 0 and (CA(5> D, ) = ( HG) J6) > on §..

Consequently, we can summarize:

e Onevery set A, wheredet(/ — D,,, A) doesnot vanish, Ax, Ba, Ca, D define continuous
rational functions of the elements of A.

 Arbitrary continuous rational functions F(8), G(8), H(8), J(8) without poles on §, admit a
well-posed LFT representation; they can bewritten as A a sy, Bas), Cas). Das) Where A(6)
is ablock-diagonal matrix whose blocks admit the form §; 7.

Remarks. Thisresult shows that choice of ablock-diagonal structure (as usually made in p-theory)
is a specific case of the general formulation we started out with. In concrete applications, the extra
freedom of not being forced to use block-diagonal matrices should be exploited to arrive at more
efficient LFT representations, in particular with respect to the size of A. Note also that one is not
bound to parameter boxes of the form §. but one can aso choose for more general sets that are
described as A...
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3.10.2 Robust Quadratic Performance

L et us now return to robust quadratic performance analysis with anindex P, that satisfies, as earlier,
thecondition (3.5.7). We have given two seemingly different sufficient conditionsto guarantee robust
performance; oneisrelated to finding acommon quadratic Lyapunov function, and the other proceeds
via scalings and quadratic constraints.

Indeed, robust quadratic performance isimplied by the existence of an X such that

T T
X =0, (AAX+XAA XBA)+( 0 1 ) P,,( o 1 ><0fora|IAeAv.

BIXx 0 Ca Da Ca Da
(3.10.3)
Moreover, it is also guaranteed if there exists an X and ascaling
T
P=(SQT ;)sﬂisfying<?> P<?>>0fora||AeAc (3.10.4)

such that
T
I 0 O 0 X I 0 "
A B, B, X 0)\ A B, B,
+< 0 I 0 ) < 0 )+
Cu Duu up C DMM D“P

0 1\ o 0 I
P, 0. (3105
+(CP DI’” DI’[’) (CP D[’“ D[’[’>< ( )

A simple exerciserevealsthat (3.10.4)-(3.10.5) imply the non-singularity of I — D, Aforal A € A,
and thevalidity of (3.10.3) with the same X. (Why?) Itisnot sotrivial to seethat the converse holds
true as well; in fact, both conditions for robust quadratic performance are equivalent.

Theorem 3.23 The matrix I — D, A is nonsingular for all A € A, and there exists an X with
(3.10.3) iff there exist symmetric X and P satisfying (3.10.4)-(3.10.5).

The proof of this theorem is found in [33]. Since based on a more general result about quadratic
forms, similar statements can be obtained with ease for all the other performance criteria (such as
H>, generalized H», and peak-to-peak upper bound performance) that have been considered in these
notes.

Testing the first condition amounts to reducing (3.10.3) to finitely many LMI’s that can be based
on convexity arguments or gridding techniques. In the second characterization, (3.10.5) poses ho
problem and only the parameterization of the scalings as in (3.10.4) has to be given with a finite
number of LMI’s.
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If D,, vanishes, the picture becomesclear. Thenthefunctions Aa, Ba, Ca, Da areaffinein A, and
one just has to solve the inequalities in (3.10.3) for the finitely many generatorsin A,. Similarly,
D,,, = Oimpliesthat any multiplier P that satisfies (3.10.5) has, in fact, the property

0 <O.

(Why? Thealert reader recallsthat the required argument appeared earlier in thetext.) Hencewe can
introduce this extra constraint without conservatism. Under this constraint, however, (3.10.4) holds
iff it holds already for the generators A . Hence, both robust performance characterizations reduce
without conservatism to standard LM problems.

The situation is more complicated for D,,, # 0 such that Ax, Ba, Ca, Da could (depending on
the structure of A) be genuinely nonlinear. Then (3.10.3) offers no clear hint how to perform the
reductionto afinite number of LMI’s. The second characterization, however, allowsto give - possibly
at the expense of conservatism - certain reduction recipes. We provide three possibilities:

« Just introduce the extra constraint Q < 0 and replace A. by A, in (3.10.4). If the resulting
LMI's are feasible, robust performance is guaranteed. Hence thisis a sufficient condition for
the two tests (3.10.3) or (3.10.4)-(3.10.5) that is, generally, stronger due to the extra constraint
for the scaling.

¢ One can take the specific structure of the set A, and of the function

AN /A
A—><1> P(1> (3.10.6)

into account to refine the pretty rough extra constraint O < 0. Just as an example that admits
immediate extensions, suppose that

811 0

Then it sufficesto restrict Q only as

Ou -+ Qim
0= oo , Qj;<0, j=1,....m
le te Qmm
(in the same partition as that of A.) Thisrendersthe function (3.10.6)ins = (81 --- &u )

partially convex on the parameter box §., and it suffices to describe the scalings only through
inequalities on the extreme points

Sg:={8=(01 -+ 6m) |8 €{-11}

of this box. Clearly, this extra constraint on Q is less stringent than 0 < 0 what reduces
conservatism.
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 Finally, we mention avariant that is even more conservativethan Q < 0. Onejust uses, for the
classof uncertaintiesasin the previousitem, the scalings adjusted to the uncertainty structureas
definedin (3.4.3). Thisprovidesasubset of all scalings satisfying (3.10.4) that admit an explicit
(implementable) description. If the diagonal blocks are not repeated, Q = —R are diagonal
and S vanishes; thisisthe casethat reappears throughout the book [2] by applying the so-called
S-procedure. Although the restriction to a smaller class of scalings introduces conservatism,
it also reduces the number of variablesin the LMI test what speeds up the calculations.

This discussion reveals that the introduction of scalings allows to provide guarantees for robust
quadratic performance even if the parameters enter in a rational fashion. Moreover, for the least
conservatism, one should employ scalings that are full and can only be indirectly described. Using
the usual structured scalings as appearing in w-theory introduces extra conservatism that should be
avoided.

Thereis, however, one point that seems not sufficiently stressed in theliterature: No matter by which
technique, solving (3.10.4)-(3.10.5) or (3.10.3) amountsto guaranteeing robust performance not only
for the systems described with matricesin

An Ba
(5 ) sea]

Axr B
co{( Ci Di) | A eAC}. (3.10.7)

(Why?) If Ax, Ba, Ca, D are @ffine on A, both sets coincide since A, is convex. However,
if these functions are nonlinear, taking the convex hull might increase the set considerably such
that the desired spec is guaranteed for systems which are not included in the original description.
Note that this observations suggests another approach to guarantee robust performance: Try to find
a description of (3.10.7) as the convex hull of finitely many generators. The computation of such a
re-parameterization, however, might be very expensive.

but even for those described with

Remarks.

* Ingenera, A entersthe constraints (3.10.3) in arational fashion, whereas (3.10.5) isindepend-
ent of A and (3.10.4) isquadraticin A. Through the auxiliary variable P, the dependence on
A has been simplified. The variable P is closely related to Lagrange-multipliers as appearing
in constraint optimization theory.

¢ In[2] theauthorsapply the so-called S-procedureto derive (3.10.5) from (3.10.3) for the specific
class of scalings described above; the constraint (3.10.4) does not appear explicitly since the
corresponding multipliers satisfy it automatically. In the present notes we have provided two
version of robust performance tests: One directly based on the parameter dependent system
description, and onebased on QC's. Weavoidedto refer to the S-procedure sincethe QC results
allow powerful generalizations and since our approach provides a better insight in the choice
of various classes of scalings and the resulting conservatism. Therefore, the S-procedure only
plays aminor role in our notes.
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e Thediscussion in this section is particularly important for the synthesis of robust controllers.
Controller synthesis seems not directly possible on the basis of (3.10.3), but one can eas-
ily provide variations of the standard D/K-iteration from p-synthesis if characterizing robust
performance by (3.10.4)-(3.10.5).
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3.11 Exercises

Exercise 1

a) Suppose that M (linear) and A are systems that have finite gain. Show that 1 ,,(A) has a causal
inverse with finite gain iff the same is true of the mapping I — M A. Show that the same holds if

‘finite gain’ is replaced with ‘finite incremental gain’.

b) Suppose S : Lo, — Lo, is causal and has finite incremental gain. Moreover, assume that the
restriction S : L, — Lo hasan inverse whose incremental gainisfinite. Then S : Ly, — Lo, itself

has an inverse with finite incremental gain.

Exercise 2

Suppose w and z are two vectorsin R". Prove:
ThereexistsaA € R with Al < landw = Az iff wTw < 77z,

Thereexistsas € R with |§] < 1and w = 8z iff ww? < zz7.

Exercise 3

For given A; € R/ definethe set A := co{A1,..., Ay}. Withfixed 0 = 07, S, R = R

consider the function

r=(5) (& 2)(7)

1. O <Oimpliesthat A — f(A) isconcave.

Prove that

2. if f isconcave then

f(A)>0fordl j=1,..., N= f(A) >0 foral AecA.

3. Find weaker conditions on Q that lead to the the same implication (3.11.1).

Exercise4 (MIMO Circlecriterion)

Consider the system
X = Ax + BA(t,Cx)

(3.11.1)
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where A : R x R/ — R¥ isany continuously differentiable function that satisfies, for two matrices
K, L, the multi-variable sector condition

[A(t,z) — Kz)T[A(r,2) — Lz) <O foral (t,z) € R x R, (3.11.2)

Note that this is nothing but a static QC. Find a multiplier and the corresponding LMI that proves
exponentia stability. With M(s) = C(sI — A)~1B define G(s) = (I + LM (s))(I + KM (s))~ L.
Show that the LMI you found has a solution iff

A+ BKC isgstableand G(iw)* + G(iw) > 0 foral w € R.

(Hence G is dtrictly positive real. Note that this terminology is often used in the literature for a
different property!) Is stability of A required for your arguments?

Exercise 5 (Popov criterion)

Consider the system
% = Ax + BA(Cx) (3.11.3)
with A Hurwitz and A a continuously differentiable nonlinearity A : R — R that satisfies
0< zA(z) < 22 fordl z e R.
Prove the following statements:
1. A satisfiesthe static quadratic constraints

A\ (=2 1\ [ A@)
() (T o))
foralzeRandt > 0.

2. Foranyz e R
Z Z
/0 A@)dE >0, fo ¢~ AQ)dE >0,
If z: [0, 00) — R iscontinuously differentiable, then
T . . 1 T . 1 5
f1/ z()z(t) — A(z()z() dr > _lez(o) , fz/ Az(t)z(t)dt > —tzEZ(O)
0 0

for 71, 7o > 0. (Substitution rule!)

3. Supposethereexist X and z, 71, t2 > 0 such that
1 0\ /o0 x 1.0\ (01 T 2t ¢ 0 I
A B X 0 A B co z 0 cC o0
(¢ o Tro o C 0\, (0 I Tro —n
CA CB 7 0 CA CB CA CB T

T

0
0 1\ [0 wn\(O0 I 0
+<CA CB) (zz 0)<CA CB)< '
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Then the equilibrium xg = 0 of (3.11.3) isglobally asymptotically Lyapunov stable. What can
you say about exponential stability? Hint: Use asimple hard IQC argument. Note that, along
trajectories of (3.11.3), onehasz = Cx, z = CAx + CBw and w = A(2).

Show that the condition in the previous exercise is equivalent to the existence of a symmetric
K,v eR, 7 > 0with

ATK+KAKB+OITO|) 0 1\,
BTK 0 CA CB v 0 CA CB
(o1 Tr _or ¢ 0 I 0
c 0 t o)\co)="
With G(s) = C(sI — A)~1B, the LMI in the last exercise is solvable iff there existsag € R

with

Re((1+ giw)G(iw)) < 1 foral w e RU {oo}.
This reveals the relation to the classical Popov criterion. Note that ¢ is often assumed to be
nonnegative what is, actually, a redundant hypothesis. Show with an example that the extra

constraint ¢ > O (or v > 0 in the LMI) introduces conservatism. (Think of a smart test using
LMI-Lab to find an example.)

Find an LMI condition for global asymptotic stability of

k
i=Ax+) BjA;(Cjx)
j=1

where the continuously differentiable A; : R — R satisfy the sector conditions jZ2 <
7Aj(z) < ajzz foral z e R.



Chapter 4

Controller Synthesis

In this chapter we intend to provide a powerful result that allowsto step in a straightforward manner
from analysis conditions formulated in terms of matrix inequalities to the corresponding matrix in-
equalitiesfor controller synthesis. Wewill observethat thisis achieved by anonlinear and essentially
bijective transformation of the controller parameters.

4.1 The Setup

Suppose an LTI system is described as

X A|B -+ B, B x
21 Ci1| D1 --- D1y Ex w1
Zq Cq Dql e Dq Eq U)q
y C| I F, 0O u

We denote by u the control input, by y the measured output availablefor control, and by w; — z; the
channels on which we want to impose certain robustness and/or performance objectives. Since we
want to extend the design technique to mixed problems with various performance specifications on
various channels, we already start at this point with a multi-channel system description. Sometimes
we collect the signals as

71 w1

2q Wq

127
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Remark. Note that we do not exclude the situation that some of the signals w; or z; are identical.
Therefore, weonly need to consider an equal number of input- and output-signals. Moreover, it might
seem restrictive to only consider the diagonal channels and neglect the channelsw; — zi for j # k.
Thisisnot the case. Asatypica example, supposewe intend toimposefor z = T w specificationson
L;TR; where L;, R; are arbitrary matrices that pick out certain linear combinations of the signals
z, w (or of the rows/columns of the transfer matrix if 7 is described by an LTI system). If we set
w = Rjwj, z; = L;z, we are hence interested in specifications on the diagonal channels of

21 Ly w1
2 | =| L2 T(R]_ R> ) w2

If T isLTI, the selection matrices L ; and R; can be easily incorporated into the realization to arrive
at the description (4.1.1).
A controller is any finite dimensional linear time invariant system described as
Xe _ A: B Xe
()= (& 5)(%) 412

that has y asitsinput and u asitsoutput. Controllers are hence simply parameterized by the matrices
AC! BC! CC! DC'

The controlled or closed-loop system then admits the description

£ A\O‘B’l S By £

£ (A B £ a | C| D1 -+ Dy w1
()=(eo)C) e[ T|=| 0 ] e

2 Cy|Dy1 -+ Dy Wy

The corresponding input-output mappings (or transfer matrices) are denoted as

Z1 71 * w1
w=7z or =
Zq * Tq Wq

respectively.

One can easily calculate arealization of T; as

(5)=(&2)() @14

A+ BD.C BC. | Bj+ BD_.F;
) = B.C Ac B.F;
Ci+E;jD.C EijC.|Dj+ E;D.F;

where
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21 w1
e -
72 w2
-~ | -~
Zj wj
-— -~
Tk P Wk
-— | -~
y u
- K

Figure 4.1: Multi-channel Closed-Loop System
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It simplifies some calculations if we use the equivalent aternative formula

A 0| B; 0 B
<@""_ %); 0 0/o |+[r 0 (é gﬁ(gg}g) (4.15)
s C; 0[D; 0 E; ¢ e /

J

Note that the |eft-hand side depends affinely on the controller parameters what is not made explicit
by our notation.

4.2 From Analysisto Synthesis- A General Procedure

L et us consider as a paradigm example the design of a controller that achieves stability and quadratic
performancein the channel w; — z;. For that purpose we suppose that we have given aperformance
index

S ,
fz(SjT Rj> with R; > 0.

In Chapter 2 we have revealed that the following conditions are equivalent: The controller (4.1.2)
renders (4.1.4) internally stable and leads to

*Cwin\ o, ((wi® ~ /oo o
/0 <Zj(f)) PJ(ZJ'(t))dt< I wj(t) w;(n)de
for somee > 0if and only if
_ I * I
5 (A) C C™ and ('T,-(iw)) Pj(‘fj(i

if and only if there exists a symmetric X satisfying

ATX + XA XB; o 1)\ 0 I
oo (VEEIATEY (0 IV (8 LYo way

><0 foral w e RU {oo}
)

The corresponding quadratic performance synthesis problem reads as follows: Search controller

Ac B ) and an X > O that render (4.2.1) satisfied.

parameters< c. D,

Recall that 4 depends on the controller parameters; since X is also avariable, we observe that X A4
depends non-linearly on the variables to be found.

It has been observed only quite recently [18, 38] that one can find a nonlinear transformation

(2 (2 5 ))wom(nn (5 E)) w22
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and a Y such that, with the functions

X() = (II/ )I(>

AY+BM A+ BNC | Bj + BNF, (4.2.3)
(CA-((U)> 11;]?}%) - K AX+LC | XB,+LF,
it st C;Y+E;M Cj+EjNC‘Dj+EjNFj
one has
YXY = X
(yTxAy ysz,») B (A(v) Bj(v)> (4.2.4)
Ci¥ D; ~ \Cj(v) Dj()

Hence, under congruence transformations with the matrices

Yy 0
Y and ( 0 1 ) (4.2.5)
the blocks transform as

X - X(0), <XA xza,-)_) ( A(v) Bj(v)>.

C; D Ci(v) Dj(v)

Therefore, the original blocks that depend non-linearly on the decision variables X and ( ‘2,” gc )

are transformed into blocks that are affine functions of the new variables v.

If Y is nonsingular, we can perform a congruence transformation on the two inequalitiesin (4.2.1)
with the nonsingular matrices (4.2.5) to obtain

T YT AT X + XA]Y yTX£,~) ( 0 I )T ( 0 I )
Yyt xy > 0, < !BJTX}( 0 + ;Y D P; €Yy D; <0
(4.2.6)

what is nothing but

AT + A®v) Bj(v)> ( 0 I )T ( 0 I )
X@) >0, ( B;(v)” o )T\ c;m pjw Pj C;(v) Dj(v) <0
4.2.7)

For R; = 0 (asit happensin the positive real performance index), weinfer P; = ( ?T] %’ ) what
J

implies that the inequalities (4.2.7) are affine in v. For a general performance index with R; > 0,
the second inequality in (4.2.7) is non-linear but convex in v. It is straightforward to transform it
to agenuine LMI with a Schur complement argument. Since it is more convenient to stay with the
inequalities in the form (4.2.7), we rather formulate a general auxiliary result that displays how to
perform the linearization whenever it is required for computational purposes.
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Lemma4.1l (Linearization Lemma) Suppose that A, S are constant matrices, that B(v), Q(v) =
Q)T depend affinely on some parameter v, and that R (v) can be decomposed as TU (v) 177 with
U (v) being affine. Then the non-linear matrix inequalities

AN (ow S A
U@ >0, (B(v)) ( s’ R(v))(B(v)><O

are equivalent to the linear matrix inequality

ATQW)A + ATSB(v) + Bw)TSTA Bw)'T 0
77T B(v) U )=

In order to apply thislemma we rewrite the second inequality of (4.2.7) as

I o \'/01]0 O I 0

A() B;(v) /1 00 O A(v) Bj(v)

5 i 00(0 S 5 i <0 (4.2.8)
C;i(v) D;(v) 00 sz R; Ci(v) D)

what is, after a simple permutation, nothing but

I o \'/0 0|1 O I 0

0 I 0 0;|0 &; 0 I

A() B;(v) 7 0/0 0 A() B;() <0 (4.2.9)
C;(v) D;j(v) 0 SjT 0 R; C;i(v) D)

Thisinequality can be linearized according to Lemma 4.1 with an arbitrary factorization
T . 00\ [0 T
R; = ;7] leadingto <0 g )=\1, (o).

So far we have discussed how to derive the synthesis inequalities (4.2.7). Let us now suppose that
we have verified that these inequalities do have a solution, and that we have computed some solution
A: B¢
C. D,
nonsingular Y for which (4.2.4) holds, then we can simply reverse all the steps performed above to
reved that (4.2.7) is equivalent to (4.2.1). Therefore, the controller defined by ‘éc gc
(4.2.1) satisfied and, hence, leadsto the desired quadratic performance specification for the controlled
system.

v. If we can find a preimage | X, of v under the transformation (4.2.2) and a

renders

Before we comment on the resulting design procedure, let us first provide a proof of the following
result that summarizes the discussion.

Theorem 4.2 There exists a controller /C‘C IB)“’ and an X satisfying (4.2.1) iff there existsan v
c c

that solves the inequalities (4.2.7). If v satisfies (4.2.7), then I — XY isnonsingular and there exist
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nonsingular U, V with I — XY = UVT. The unique X and ( Ac B ) with

Cc D,
Y v I 0
(1 o)x=<x U>a”d
(MN>_<0 1 )(Cc DC><CY 1>+< 0 0) (4.2.10)

satisfy the LMI's (4.2.1).

Note that U and V are square and nonsingular so that (4.2.10) leads to the formulas

-1
Y v I 0
xz(l o) (X U)a”d
Ac B\ _ (U XB\ ' K—xAy L[Vl o\ "
c. o.)=\o 1 mMm ~N)\er 1) -

Due to the zero blocks in the inverses, the formulas can be rendered even more explicit. Of course,
numerically it is better to directly solve the equations (4.2.10) by a stable technique.

Proof. Suppose a controller and some X satisfy (4.2.1). Let us partition

(X U 1 (Y V
x_<UT ) and X _(VT )
according to . Define
. Y 1 (1 O Tor
y_<VT 0) andz_<XU>togetyx_Z. (4.2.11)

Without loss of generality we can assume that the dimension of A islarger than that of A. Hence, U
has more columns than rows, and we can perturb this block (since we work with strict inequalities)
such that it has full row rank. Then Z has full row rank and, hence, % has full column rank.

Dueto XY + UVT = I, weinfer
Y I
%Txy=(, X)=X<v>

what leads to the first relation in (4.2.4). Let us now consider

Yy 0\’ [ XA X Bj Y 0\ _ [ YIxAY YT XB;
0 I C;, D 01)" C;Y D; :
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Using (4.1.5), avery brief calculation (do it!) reveals that

YT XAY YT XB; ZAY ZB; AY A1 By
o o =( & 57 )=|_0 _xa|xs; |+
i ! ¥ D CiY C;| D

N TE A [P e (CF

) asin (4.2.10), weinfer

0
F; )

. K L
If we introduce the new parameters( M N

( YT XAY YT XB; ) _
C;Y D B

AY A | B; 0 B
= 0 XxA|xB; |+|1 O <A§§><ég
C;Y C;| D 0 E;

( AY +BM A+ BNC | Bj+ BNF; )

0 —_—
Fj -

_ ( A(w) Bj) )
Cj(v) Dj(v) ’

K AX+LC | XBj+LF,
C;Y+E;jM C;+E;NC|Dj+E;NF;

Hence the relations (4.2.4) are valid. Since Y has full column rank, (4.2.1) implies (4.2.6), and by
(4.2.4), (4.2.6) isidentical to (4.2.7). This proves necessity.

To reverse the arguments we assume that v is a solution of (4.2.7). Dueto X (v) > 0O, we infer that
I — XY isnonsingular. Hence we can factorize I — XY = UV with square and nonsingular U,
V. Then Y and Z defined in (4.2.11) are, as well, square and nonsingular. Hence we can choose
X, é“ lB)C such that (4.2.10) hold true; this implies that, again, the relations (4.2.4) are valid.
Therefore, (4.2.7) and (4.2.6) areidentical. Since ¥ isnonsingular, acongruence transformation with
Y~1and diag(y 1, I) leads from (4.2.6) back to (4.2.1) and the proof is finished. |

We have obtained a general procedure for deriving from analysis inequalities the corresponding
synthesis inequalities and for construction corresponding controllers as follows:

* Rewrite the analysis inequalities in the blocks X, X4, X8;, C;, D; in order to be able to
find a(formal) congruence transformation involving % which leadsto inequalitiesin the blocks
YIxXY, Yy xAY, Y X8;, C;Y, D;.

 Perform the substitution (4.2.4) to arrive at matrix inequalities in the variables v.
» After having solved the synthesis inequalities for v, one factorizes I — XY into non-singular

blocks U VT and solves the equations (4.2.10) to obtain the controller parameters A, B, Ce,
D, and a Lyapunov matrix X which render the analysis inequalities satisfied.
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The power of this procedure lies in its simplicity and its generality. Virtually all controller design
methods that are based on matrix inequality analysis results can be converted with ease into the
corresponding synthesis result. In the subsequent section we will include an extensive discussion
of how to apply this technique to the various analysis results that have been obtained in the present
notes.

Remark on the controller order. In Theorem 4.2 we have not restricted the order of the controller.
In proving necessity of the solvability of the synthesisinequalities, the size of A, was arbitrary. The
specific construction of a controller in proving sufficiency leads to an A, that has the same size as
A. Hence Theorem 4.2 also include the side result that controllers of order larger than that of the
plant offer no advantage over controllers that have the same order as the plant. The story is very
different in reduced order control: Thentheintentionistoincludeaconstraint dim(A.) < k for some
k that issmaller than the dimension of A. It isnot very difficult to derive the corresponding synthesis
inequalities; however, they include rank constraints that are hard if not impossible to treat by current
optimization techniques. We will only briefly comment on a concrete result | ater.

Remark on strictly proper controllers. Note that the direct feed-through of the controller D, is
actually not transformed; we simply have D, = N. If weintend to design a strictly proper controller
(i.,e. D, = 0), wecan just set N = 0 to arrive at the corresponding synthesis inequalities. The
construction of the other controller parameters remains the same. Clearly, the same holds if one
wishes to impose an arbitrary more refined structural constraint on the direct feed-through term as
long asit can be expressed in terms of LMI's.

Remarks on numerical aspects. After having verified the solvability of the synthesis inequalities,
werecommend to take some precautionsto improve the conditioning of the cal cul ationsto reconstruct
the controller out of the decision variable v. In particular, one should avoid that the parameters v
get too large, and that 7 — XY is close to singular what might render the controller computation
ill-conditioned.

We have observed good results with the following two-step procedure:

K L
M N
as extraconstraints and minimize «. Note that these bounds are equivalently rewrittenin LMI

form as

» Add to the feasibility inequalities the bounds

X < e, Y] <a, <a

ol 0 |K L
0O ol | M N
KT MT]al O
LT NT| 0 «f

X<al, Y <al, > 0.

Hence they can be easily included in the feasibility test, and one can directly minimize « to
compute the smallest bound «,.

« |In a second step, one adds to the feasibility inequalities and to the bounding inequalities for
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some enlarged but fixed @ > «, the extra constraint

Y BI
<ﬂ1 X)>0.

Of course, theresulting LMI systemisfeasiblefor 8 = 1. One can hence maximize g to obtain
asuprema B, > 1. The vaue B, gives an indication of the conditioning of the controller
reconstruction procedure. Infact, the extrainequality isequivalentto X — 82Y —1 > 0. Hence,
maximizing 8 amounts to ‘pushing X away from Y1, Therefore, this step is expected to
push the smallest singular value of I — XY away from zero. The larger the smaller singular
valueof I — XY, thelarger one can choose the smallest singular values of both U and V inthe
factorization I — XY = UVT. Thisimproves the conditioning of U and V, and renders the
calculation of the controller parameters more reliable.

4.3 Other Performance Specifications

431 Hs Design

The optimal value of the H,, problem is defined as

y; 175 loc.

= inf

A¢,B.,C¢, D, such that o (A)CC—
Clearly, the number y; islarger than y]i* iff there exists a controller which renders
o(4) CC™ and [|Tjlloc <)

satisfied. These two properties are equivalent to stability and quadratic performance for the index

(9 Si\_{(-vil O
n=(5 R )=(78" o)

The corresponding synthesisinequalities (4.2.7) are rewritten with Lemma 4.1 to

AWT +A@) B;jv) C;w)T
X(v) >0, B;j(w)’ —y;I D! | <O.

Ci() D;(v) -yl

Notethat thethe optimal H,, valuey j?“ isthenjust given by theminimal y; for which theseinequalities
are feasible; one can directly compute yj?“ by a standard LMI algorithm.

For the controller reconstruction, one should improve the conditioning (as described in the previous
section) by an additional LMI optimization. We recommend not to perform this step with the optimal
value y]?k itself but with aslightly increased value y; > y]’.“. Thisismotivated by the observation that,
at optimality, the matrix X (v) is often (but not always!) close to singular; then I/ — XY iscloseto
singular and it is expected to be difficult to render it better conditioned if y; istoo closeto the optimal
valuey;.
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4.3.2 Positive Real Design

In this problem the goal is to test whether there exists a controller which renders the following two
conditions satisfied:

o(A)CC, Tj(iw) "+ Tj(iw) >0 foral o e R U {oc}.

Thisis equivalent to stability and quadratic performance for

P — Q; S; _ 0 -1
TS R;)) -1 0 )
and the corresponding synthesisinequalities read as

X(v) > 0, ( AW +A@w)  Bjw) —C;w)T ) o

B! -Cjw) —D;j)—D;wT

4.3.3 H»-Problems

Let us define the linear functional
[i(Z) .= trace(Z).

Then werecall that 4 isstableand || 7|2 < y; iff there exists asymmetric X with

ATX + XA XB;

) <0, fj(@jx_lejT) <y (4.3.2)

The latter inequality is rendered affinein X and €; by introducing the auxiliary variable (or slack
variable) Z;. Indeed, the analysis test is equivalent to

ATX + XA XB; x eT
D; =0, ( 87X _yj;)<o, (ej ij)>o, fi(Zj) <yj. (4.32)
This version of theinequalitiesis suited to simply read-off the corresponding synthesis inequalities.

Corollary 4.3 There existsa controller that renders (4.3.2) for some X, Z; satisfied iff there exist v
and Z; with

o AWT +A@W) Bj@) X(w) C;wT’ o ‘
Dj(v) =0, ( Bj(v)T _])/jl ) <0, (Cj(v) IZj )>0, fi(Zj) <vj.

(4.3.3)

The proof of this statement and the controller construction are literally the same as for quadratic
performance.
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For the generalized Hz-norm || 77 || 2, we recall that 4 is stable and || 7112, < y; iff

ATX + XA XB;

A coy—1eT )
D; =0, X>0, ( {BJTX —Vj1)<0’ C; X Gj < y;l.

These conditions are nothing but

ATX + XA x:3~) (x @.T)
Di =0, / ) i 1>0
! ( BiX =yl e; vl

and it is straightforward to derive the synthesisLMI’s.

Note that the corresponding inequalities are equivalent to (4.3.3) for the function
fi(Z)=Z.

In contrast to the genuine Ho-problem, there is no need for the extra variable Z; to render the
inequalities affine.

Remarks.

e If f assignsto Z itsdiagonal diag(zs, ... , zm) (Where m isthe dimension of Z), one char-
acterizes a bound on the gain of L, > w; — z; € Lo if equipping Ly, with the norm
Ixlloo := €ssSUp,>o mMaxy |xx (1) [26,30]. Note that the three concrete Hp-like analysis res-
ultsfor f;(Z) =trace(2), fj(Z2) = Z, fj(Z) = diag(z1, . .. , z,) areexact characterizations,
and that the corresponding synthesis results do not involve any conservatism.

« Infact, Corollary 4.3 holdsfor any affinefunction f that maps symmetric matricesinto symmet-
ric matrices (of possibly different dimension) and that has the property Z > 0 = f(Z) > 0.
Hence, Corollary 4.3 admits many other specializations.

» Similarly asin the Hy, problem, we can directly minimize the bound y; to find the optimal
H>-value or the optimal generalized H»-value that can be achieved by stabilizing controllers.

* Weobservethat it causesno troublein our general procedureto derivethe synthesisinequalities
if the underlying analysisinequalitiesinvolve certain auxiliary parameters(suchas Z ;) asextra
decision variables.

* Itisinstructiveto equivalently rewrite (4.3.2) as X > 0, Z; >0, f;(Z;) <y; and
1 o\ /o1l o I o
XA XB; 1 0/ 0 XA XB; | <0,
0 1 0 0] -yl 0 1
1 0\ I 0
0 I 0 I |<o0.
C; Dj C; Dj
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Note that the last inequality is non-strict and includes the algebraic constraint £; = 0. It can
be equivalently replaced by

T
I -X 0 I
<@./> ( 0 Zjl)(@j><0’ D;=0.

The synthesisrelationsthenreadas X (v) > 0, Z; >0, f;(Z;) < y; and

1o \' /o1l o I 0
AW B, I 0] 0O A@) B;w) | <0, (4.3.4)
0 1 0 0| -y 0 1
I \'/-Xw) O© I
< Cj) > < o z* ) < C;(v) > <0, Dj(w)=0. (4.35)

The first inequality is affine in v, whereas the second one can be rendered affine in v and Z; with
Lemmad4.1.

4.3.4 Upper Bound on Peak-to-Peak Norm

The controller (4.1.2) renders 4 stable and the bound
lwillo < ¥jllzjlle foral z; € Lo

satisfied if there exist a symmetric X and real parameters A, u with

ATX + XA +21X XB; 0 I\ (-ul 0O\/O I
A>0’< BT o )Tle o 0 0 (e, D; ) <°

(o 1>Tolo (o 1><<Ax 0 )
C; D, 0 )/_jl C; D, 0 (yj—wi )°
(Notethat X > Oisbuiltin. Where?) The inequalities are obviously equivalent to

AX 0 e’
ATX + XA +LX XB; I
! e Dyl

and the corresponding synthesis inequalities thus read as

T _ AX (v) 0 cwT
A >0, (A(”) +AQ) +2X (@) BJ(U)><O, ( 0 (j—-—w! D;(v)T)>0

ONT _
B (v) wl C;() D;(v) vil

If these inequalities are feasible, one can construct a stabilizing controller which bounds the peak-
to-peak norm of z; = 7;z; by y;. We would like to stress that the converse of this statement is not
true since the analysis result involves conservatism.
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Note that the synthesis inequalities are formulated in terms of the variables v, A, and w; hence they
are non-linear since A X (v) depends quadratically on A and v. This problem can be overcome as
follows: For fixed 1 > 0, test whether the resulting linear matrix inequalities arefeasible; if yes, one
can stop since the bound y; on the peak-to-peak norm has been assured, if the LMI's areinfeasible,
one has to pick another A > 0 and repeat the test.

In practice, it might be advantageous to find the best possible upper bound on the peak-to-peak norm
that can be assured with the present analysis result. Thiswould lead to the problem of minimizing y;
under the synthesis inequality constraints as follows: Perform aline-search over A > 0 to minimize
yj’.k()»), the minimal value of y; if A > 0 is held fixed, note that the calculation of y]f“(A) indeed
amountsto solving agenuine LMI problem. Theline-search leadsto the best achievable upper bound

u __ *
Vi = )'2% Vi ).

To estimate the conservatism, let us recall that || 7 ||« isalower bound on the peak-to-peak norm of
T;. If wecalculate the minimal achievable Hy.-norm, say y]l., of 7, we know that the actual optimal
peak-to-peak gain must be contained in the interval

[y}, 1.

If the length of thisinterval issmall, we have agood estimate of the actual optimal peak-to-peak gain
that is achievable by control, and if the interval islarge, this estimate is poor.

4.4 Multi-Objective and Mixed Controller Design

In aredistic design problem one is usualy not just confronted with a single-objective problem but
one has to render various objectives satisfied. As a typical example, one might wish to keep the
Ho, norm of 73 = T3w1 below a bound y; to ensure robust stability against uncertainties entering
as w1 = Az where the stable mapping A has L»-gain smaller than 1/y4, and render, at the same
time, the H>-norm of zo = Tow> as small as possible to ensure good performance measured in the
H>-norm (such as guaranteeing small asymptotic variance of z; against white noise inputs w; or
small energy of the output z; against pulses asinputs w;.)

Such a problem would lead to minimizing y» over al controllers which render
o(A) CC™, [[Tillc < y1. 7202 <2 (4.4.1)
satisfied. Thisisamulti-objective H,/H,, control problem with two performance specifications.

Note that it is often interesting to investigate the trade-off between the H,,-norm and the Hz-norm
constraint. For that purpose one plots the curve of optimal values if varying y1 in some interval
[v{, yi] where the lower bound y! could be taken close to the smallest achievable Hoo-norm of 7.
Note that the optimal value will be non-increasing if increasing y;. The actua curve will provide
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insight in how far one can improve performance by giving up robustness. In practice, it might be
numerically advantageous to give up the hard constraints and proceed, alternatively, asfollows. For
fixed real weights @y and a2, minimize

a1y1 + a2y2

over al controllers that satisfy (4.4.1). The larger «;, the more weight is put on penalizing large
values of y;, the more the optimization procedure is expected to reduce the corresponding bound ;.

Muulti-objective control problems as formulated here are hard to solve. Let us briefly sketch oneline
of approach. The Youla parameterization [17] reveals that the set of all 7 that can be obtained by
internally stabilizing controllers can be parameterized as

7] + T QT with Q varying freely in RHL?.

HereT], T;, T{ arereal-rational proper and stabletransfer matriceswhich can be easily computed in
termsof the system description (4.1.1) and an arbitrary stabilizing controller. Recall alsothat R HZ,
denotesthe algebra of real-rational proper and stable transfer matrices of dimension p x ¢g. With this
re-parameterization, the multi-objective control problem then amountsto findinga Q € RHL 7 that
minimizes y, under the constraints

ITE 4+ T2 0T o < y1, 1T+ TEOTE|2 < v2. (442

After thisre-formulation, we are hence faced with a convex optimization problem in the parameter QO
which variesin theinfinite-dimensional space R Hy,. A pretty standard Ritz-Gal erkin approximation
scheme leads to finite-dimensional problems. In fact, consider for afixed real parameter ¢ > 0 the
sequence of finite-dimensional subspaces

(s —a)? (s —a)"

S —a
S+a+Q2(S+a)2+.“+Qv(s+a)v

5\):{Q0+Ql : Q05-~-7QV€RPX[]}
of the space RHL?. Let us now denote the infimum of all y» satisfying the constraint (4.4.2) for
0 € RHL " by y5, and that for Q € 8, by y2(v). Since 8, C RHL?, we clearly have

vy <y2(v+1) < y2(v) foral v=0,1,2....

Hence solving the optimization problems for increasing v leads to a non-increasing segquence of
values y (v) that are all upper bounds on the actual optimum ;. If we now note that any element of
Q can be approximated in the Hu,-norm with arbitrary accuracy by an element in 4, if v is chosen
sufficiently large, it is not surprising that y,(v) actually convergesto y; for v — oo. To be more
precise, we need to assume that the strict constraint || 7 + 7} 0T}« < y1 isfeasiblefor Q € 4,
and some v, and that 7;* and 7.2 or 733 are strictly proper such that || 72 + T2 QT2 isfinitefor all

Q € RHE. Thenitisnot difficult to show that
lim y2(v) = y5.
V—>00

Finally, we observe that computing y»2(v) isin fact an LMI problem. For more information on this
and related problems the reader isreferred to [9, 31, 41].
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We observe that the approach that is sketched above suffers from two severe disadvantages: First,
if improving the approximation accuracy by letting v grow, the size of the LMI’s and the number
of variables that are involved grow drastically what renders the corresponding computations slow.
Second, increasing v amounts to a potential increase of the McMillan degree of Q € 4§, what leads
to controllers whose McMillan degree cannot be bounded a priori.

In view of these difficulties, it has been proposed to replace the multi-objective control problem by
the mixed control problem. To prepareits definition, recall that the conditions (4.4.1) are guaranteed
by the existence of symmetric matrices X1, X2, Z2 satisfying

ATX1+ X1A X181 CF
X1 >0, X181 -l :DlT <0
C1 D1 —nl

AT X + XA x2£2> -0 <x2 e

Do =0,
2 ( £2TX2 —y2l Co Zo

) > 0, trace(Z2) < y».

If trying to apply the general procedureto derivethe synthesisinequalities, thereis sometroublesince
the controller parameter transformation depends on the closed-loop Lyapunov matrix; here two such
matrices X1, X2 do appear such that the technique breaks down. This observation itself motivates a
remedy: Just force the two Lyapunov matrices to be equal. This certainly introduces conservatism
that is, in general, hard to quantify. On the positive side, if one can find a common matrix

X =X1=X2

that satisfies the analysis relations, we can still guarantee (4.4.1) to hold. However, the converse is
not true, since (4.4.1) does not imply the existence of common Lyapunov matrix to satisfy the above
inequalities.

This discussion leads to the definition of the mixed H»/H, control problem: Minimize y» subject
to the existence of X, Z, satisfying

ATX + XA XBy €]

B/X —ynl D | <0
C1 D1 —nd
_ ATX + XA XB2 X €]
Dy =0, ( O(Béfx ol <0, Cr Zs > 0, trace(Zz) < yo.

This problem is amenable to our general procedure. One proves as before that the corresponding
synthesisLMI's are
AT +A@w) Biw) C1(v)"
Biw)”  —nl Diw)" | <0
Ci(v) Di(v) -yl
AW +A@) Ba(v) ) -0 ( X(v) Ca(w)"
Bo(v)" —v2l T\ C2(v) 22

and the controller construction remains unchanged.

D3(v) =0, ( ) > 0, trace(Zz) < y»,

Let us conclude this section with some important remarks.
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» After having solved the synthesis inequalities corresponding to the mixed problem for v and
Z», one can construct a controller which satisfies (4.4.1) and which has a McMillan degree
(sizeof A.) that isnot larger than (equal to) the size of A.

« For the controller resulting from mixed synthesis one can perform an analysis with different
Lyapunov matrices X1 and X2 without any conservatism. In general, the actual Hn,-norm of
71 will be strictly smaller than y1, and the Hz-norm will be strictly smaller than the optimal
value obtained from solving the mixed problem. Judging a mixed controller should, hence,
rather be based on an additional non-conservative and direct analysis.

« Performing synthesis by searching for a common Lyapunov matrix introduces conservatism.
Littleisknown about how to estimate this conservatism apriori. However, the optimal value of
the mixed problem is always an upper bound of the optimal value of the actual multi-objective
problem.

« Starting from amixed controller, it has been suggestedin [35, 36] how to compute sequences of
upper and lower bounds, on the basis of solving LMI problems, that approach the actual optimal
value. Thisallowsto provide an aposteriori estimate of the conservatism that isintroduced by
setting X1 equal to Xo.

« |If starting from different versions of the analysis inequalities (e.g. through scaling the Lya
punov matrix), the artificial constraint X1 = X2 might lead to a different mixed control
problem. Therefore, it isrecommended to choose those analysis tests that are expected to lead
to Lyapunov matrices which are close to each other. However, thereis no general rule how to
guarantee this property.

 In view of the previous remark, let us sketch one possibility to reduce the conservatism in
mixed design. If we multiply the analysis inequalities for stability of 4 and for ||71(lcc < 11
by an arbitrary real parameter « > 0, we obtain

AT (@X) + @XD)A @X1)B1 aCf
aXq >0, ( G‘BlT(axl) —ayrl ota’DlT ) <0
aCy a1 —ayrl
If we multiply the last row and the last column of the second inequality with al (what is
a congruence transformation) and if we introduce Y1 := a1, we arrive at the following
equivalent version of the analysis inequality for the H..-norm constraint:

ATY1+Y1A Y1B1  Cf
Y1>0, B8IY, -yl D] <0.
C1 D1 —yi/al

Performing mixed synthesis with this analysis inequality leads to optimal values of the mixed
H>/ H, problem that depend on «. Each of these values form an upper bound on the actual
optimal value of the multi-objective problem such that the best bound is found by performing
aline-search over o > 0.
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« Contrary to previous approachesto the mixed problem, the one presented here does not require

identical input- or output-signals of the Hy, or H, channel. In view of their interpretation
(uncertainty for H., and performance for Hy), such arestriction is, in general, very unnatural.
However, dueto thisflexibility, it is even more crucial to suitably scale the Lyapunov matrices.

We can incorporate with ease various other performance or robustness specifications (formu-
lated in terms of linear matrix inequalities) on other channels. Under the constraint of using
for al desired specifications the same Lyapunov matrix, the design of a mixed controller is
straightforward. Hence, one could conceivably consider amixture of Hy,, H2, generalized H>,
and peak-to-peak upper bound requirements on more than one channel. In its flexibility and
generality, this approach is unique; however, one should never forget the conservatism that is
involved.

Using the same Lyapunov function might appear lessrestrictiveif viewing the resulting proced-
ureasaLlyapunov shapingtechnique. Indeed, onecan start withthemost important specification
to be imposed on the controller. This amounts to solving a single-objective problem without
conservatism. Then one keepsthe aready achieved property asaconstraint and systematically
imposes other specifications on other channels of the system to exploit possible additional
freedom that is left in designing the controller. Hence, the Lyapunov function is shaped to
realize additional specifications.

Finally, constraintsthat are not necessarily related to input- output-specifications can beincor-
porated as well. As a nice example we mention the possibility to place the eigenvalues of 4
into an arbitrary LM region {z : Q + Pz+ P77 < 0}. For that purpose onejust hasto include

p11X (V) + q11AW) + quAW)T ... puX©®) +quA®) + graA@)’
<0
PiiX (V) + gr1A@) + qu AT .. puX () + g AW) + g A)T

in the set of synthesis LMI (see Chapter 2).

4.5 Elimination of Parameters

Thegeneral procedureto derivedescribed in Section 4.2 |leadsto synthesisinequalitiesinthevariables
K,L,M,N and X, Y aswell assomeauxiliary variables. For specific problemsit isoften possible to
eliminate some of these variablesin order to reduce the computation time. For example, since K has
thesamesize as A, eliminating K for a system with McMillan degree 20 would save 400 variables.
In view of the fact that, in our experience, present-day solvers are practical for solving problems up
to about one thousand variables, parameter elimination might be of paramount importance to be able
to solve realistic design problems.

Ingeneral, one cannot eliminate any variablethat appearsin at least two synthesisinequalities. Hence,
in mixed design problems, parameter elimination is typically only possible under specific circum-
stances. In single-objective design problems one has to distinguish various information structures.
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In output-feedback design problems, it is in general not possible to eliminate X, Y but it might be
possible to eliminate some of the variables K, L, M, N if they only appear in one inequality. For
example, in quadratic performance problems one can eliminate all the variables K, L, M, N. In
state-feedback design, one can typically eliminate in addition X, and for estimation problems one
can eliminate Y.

To understand which variables can be eliminated and how thisis performed, we turn to a discussion
of two topics that will be of relevance, namely the dualization of matrix inequalities and explicit
solvability tests for specifically structured LM1’s[10, 32].

45.1 Dualization

The synthesisinequalities for quadratic performance can be written in the form (4.2.9). The second
inequality has the structure

T
(1{4) <§z><ﬁl4><0andze>o. (45.1)

Let us re-formulate these conditions in geometric terms. For that purpose we abbreviate

_( 2 S (k+) x (k-+1)
P_<ST R eR

Since the direct sum of im AI/I and im < (1) ) spans the whole R&Dx&+D e can apply the

following dudization lemmaif P isnon-singular.

Lemma4.4 (Dualization Lemma) Let P be a non-singular symmetric matrix in R”*", and let U,
V be two complementary subspaces whose sum equals R”. Then

xTPx<0foral xeU\{0} and x"Px>0foral xeV (45.2)
isequivalent to

xI'P~tx>0foral xeUt\{0} and x"P~1x <O forall x € V' (4.5.3)

Proof. Since U @ V = R” isequivalent to U+ @ V- = R”, it suffices to prove that (4.5.2)
implies (4.5.3); the converse implication follows by symmetry. Let us assume that (4.5.2) is true.
Moreover, let us assume that U and 'V have dimension k and [ respectively. We infer from (4.5.2)
that P has at least k negative eigenvalues and at least / non-negative eigenvalues. Sincek +1 =n
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and since P is non-singular, we infer that P has exactly k negative and [ positive eigenvalues. We
first prove that P~ is positive definite on U-L. We assume, to the contrary, that there exists a vector
y € UL\ {0} with yT P~1y > 0. Define the non-zero vector z = P~1y. Then z is not contained
in U since, otherwise, we would conclude from (4.5.2) on the one hand z” Pz < 0, and on the other
hand z Ly = Pz what impliesz” Pz = 0. Therefore, the space U, := span(z) + U has dimension
k + 1. Moreover, P is positive semi-definite on this space: for any x € U we have

C+0TP+x)=yTP Yy +yTx+xTy+xTPx=yTPty+xTPx > 0.

This implies that P has at least ¥ + 1 non-negative eigenvalues, a contradiction to the already
established fact that P has exactly k positive eigenvalues and that 0 is not an eigenvalue of P.

Let us now prove that P~ is negative semi-definite on V1. For that purpose we just observe that
P + eI satisfies

xT(P+elhx <0 foral x e U\{0} and x"(P+el)x >0 foral x € V\ {0}
for al small ¢ > 0. Dueto what has been aready proved, thisimplies
xI(P+el)™tx >0foralx e Ut \ {0} and x"(P+el)"tx <Oforalx € v\ {0}

for al small €. Since P isnon-singular, (P + €1)~* convergesto P~ for ¢ — 0. After taking the
limit, we end up with

xTP x>0 foradl xe Ut\ {0} and x"P1x <O foral x e v\ {0}.

Since we aready know that the first inequality must be strict, the proof is finished. [ |

L et us hence introduce

Pfl — ( g ) c R(k+l)><(k+l)
S

=9 Lt

and observe that

im<AI/I>l:ker(1 MT):im<_]yT> aswell as im(?)L:im(é)

Hence Lemma 4.4 impliesthat (4.5.1) isequivalent to
“M'\" /0 § —MmT -
( M ) (SQT ;)( M )>0andQ<o. (4.5.4)

As an immediate consequence, we arrive at the following dual version of the quadratic performance
synthesis inequalities.
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Q S ) ) B . S
Corollary 4.5 Let P; SJT RJJ )benon-smgular, and abbrewatepj L. ( SJTJ Rjj ) Then
1 0710 O I 0
A(v) B](v) I 0|0 O A(v) Bj(v) _
0 00[0Q; S 0 1 <0 R;j20
Cj() D;(v) 0 0|S] Ry C;(v) Dj(v)
is equivalent to
—-Aw)7T C(U)T -Aw)T —cw)T
1 I 0 -
<
“B)T —D(v)T By’ —pyT | 7% iSO
0 0 1
. . M .
Remark. Any non-singular performance index P; = ( gf’ R/- ) can be inverted to ijl =
j J

( grf 1%, . Recall that werequired P; tosatisfy R; > 0since, otherwise, thesynthesisinequalities
J

may not be convex. The above discussion reveals that any non-singular performance index has to
setisfy aswell Q; < 0 since, otherwise, we are sure that the synthesis inequalities are not feasible.
We stress this point since, in general, R; > 0 doesnotimply 0; < 0. (Takeeg. P; > 0 such that
Pt 0.)

J

Similarly, we can dualize the H»-type synthesis inequalities as formulated in (4.3.4)-(4.3.5).

Corollary 4.6 For y; > 0,

I o \'/oi1| o
A(v) B;(v) 1 0| O
0 1 0 0] —y,I

if and only if

I 0
A(w) B;(v) | <0
0 I

For X(v) > 0and Z; > 0,

I \'[/-Xw) O I 0

C;(v) o z')\cwm)~
—Cc;T\ (=X 0\ [ -C;wT
() (R 2 ) (T )=e

if and only if
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Again, Lemma 4.1 allows to render the first and the second dual inequalities affinein y; and X (v)
respectively.

45.2 Special Linear Matrix I nequalities

L et usnow turnto specific linear matrix inequalitiesfor which onecan easily derive explicit solvability
tests.

We start by atrivial examplethat is cited for later reference.

Lemma4.7 Theinequality
P11 P2 Pi3
Py Po+X Px | <0
P31 P32 P33

in the symmetric unknown X has a solution if and only if
P11 P13
< 0.
( P31 P33

Proof. Thedirection‘only if” isobviousby cancelling the second row/column. To provethe converse
implication, we just need to observe that any X with

-1
P11 P13 P12
X<—Pp+(Pa P 0
<—Pzt(Pu l3)<P31 P33> <P32><
(suchas X = —a for sufficiently large @ > 0) isasolution (Schur). [ |

Remark. This result extends to finding a common solution to a whole system of LMI’s, due to
the following simple fact: For finitely matrices Q1, ..., O, there exists an X with X < Q;,
j=1...,m.

Thefirst of three more advanced resultsin thisvainisjust asimple consequence of aSchur complement
argument and it can beviewed asapowerful variant of what isoften call ed thetechniqueof ‘ completing
the squares'.

Lemma 4.8 (Projection Lemma) Let P be a symmetric matrix partitioned into three rows/columns
and consider the LMI
P P+ XT P
Por 4+ X P P | <0 (4.5.5)
P31 P32 P33

in the unstructured matrix X. There exists a solution X of this LMI iff

P11 P13 Py Pp3
0 and 0. 45.6
<P31 P33)< <P32 P33)< (456)
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If (4.5.6) hold, one particular solution is given by
X = PLPZ Pa — Pau. (45.7)

Proof. If (4.5.5) has a solution then (4.5.6) just follow from (4.5.5) by canceling the first or second
block row/column.

Now suppose that (4.5.6) holdswhat implies P33 < 0. We observethat (4.5.5) isequivalent to (Schur
complement)
Pi1 P+ X7 P13 -1
<P21+X P2 >_<P23>P33(P3l Pz ) <0,
Due to (4.5.6), the diagonal blocks are negative definite. X defined in (4.5.7) just renders the off-
diagonal block zero such that it is a solution of the latter matrix inequality. [ |
An even more powerful generalization is the so-called projection lemma

Lemma4.9 (Projection Lemma) For arbitrary A, B and a symmetric P, the LMI
ATXB+BTXTA+P <0 (4.5.8)
in the unstructured X has a solution if and only if
Ax =00r Bx =0 imply x” Px <Oorx =0. (4.5.9)

If A, and B, denote arbitrary matrices whose columns form a basis of ker(A) and ker(B) respect-
ively, (4.5.9) isequivalent to

ATPA; <0 and BTPB, <. (4.5.10)

We give afull proof of the Projection Lemma since it provides a scheme for constructing a solution
X if it exists. It also reveals that, in suitable coordinates, Lemma 4.9 reduces to Lemma 4.8 if the
kernels of A and B together span the whole space.

Proof. The proof of ‘only if” istrivial. Indeed, let us assume that there exists some X with AT X B +
BTXTA+ P < 0. Then Ax = 0 or Bx = 0 with x # O imply the desired inequality 0 >
xT(ATXB+ BT"XTA + P)x = xT Px.

For proving ‘if’, let § = (S1 S2 S3 S4) be a nonsingular matrix such that the columns of S3 span
ker(A) Nker(B), those of (S1 S3) span ker(A), and those of (S2 S3) span ker(B). Instead of (4.5.8),
we consider the equivalent inequality S” (4.5.8)S < 0 which reads as

(ASYTX(BS) + (BS)TXxT(AS) + ST PS < 0. (4.5.11)

Now notethat AS and BS havethe structure (0 A2 0 A4) and (B1 00 Bs) where (A2 As) and (B1 By)
have full column rank respectively. The rank propertiesimply that the equation
0 0 00 O

AT Z»21 0 0 Zxu
2 —
0 X( B1 0 0 Bs ) B 0O 00 O

A‘{ Zy1 0 0 Zg

(AS)TX(BS) =
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hasasolution X for arbitrary Zo1, Zoa, Za1, Zas. With Q := ST P S partitioned accordingly, (4.5.11)
hence reads as

On  Qu+Zi 01| Qu+7zj
Oxn+2Zn 02 023 Q24+ Z2a

031 Oz 033 Oz
Om+Zm Qm+21, Os \ Qua+ Zan+ Z1,

<0 (45.12)

with free blocks Z21, Zoa, Za1, Zaa. Since

ker(AS) =im and ker(BS) =1im

OO O~
O~ OO
OO ~O
O~ OO

the hypothesis (4.5.9) just amounts to the conditions

O Qi3 Q2 02
(Q31 st) <0 and <Q32 Q33> <0

By Lemma 4.8, we can hence find a matrix Z»1 which renders the marked 3 x 3 block in (4.5.12)
negative definite. The blocks Z41 and Z»4 can be taken arbitrary. After having fixed Z21, Za1, Z2a,
we can choose Zg4 according to Lemma 4.7 such that the whole matrix on the left-hand side of
(4.5.12) is negative definite. [ |

Remark. We can, of course, replace < everywhere by >. It isimportant to recall that the unknown
X isunstructured. If onerequires X to have a certain structure (such as being symmetric), the tests,
if existing at all, are much more complicated. There is, however, a generally valid extension of
the Projection Lemma to block-triangular unknowns X [29]. Note that the results do not hold true
as formulated if just replacing the strict inequalities by non-strict inequalities (as it is sometimes
erroneously claimed in the literature)! Again, it is possible to provide a full generalization of the
Projection Lemmato non-strict inequalities.

Let

) withQ <0  (45.13)

=

(2 Ss i - 1 (0
P_(ST R>WlthR>O havetheinverse P _<ST

and let usfinally consider the quadratic inequality

T
I I
( ATXB+C ) P ( ATXB+C > =0 (45.14)

in the unstructured unknown X. According to Lemma 4.4, we can dualize this inequality to

 pTyT s _ ' \T _pTyvT A _
( BXIA C) P—l( BXIA C>>0. (4.5.15)
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It is pretty straightforward to derive necessary conditions for the solvability of (4.5.14). Indeed, let
us assumethat (4.5.14) holdsfor some X. If A and B, denote basis matrices of ker(A) and ker(B)
respectively, we infer

I I —BTXTA-C —C'
(arxpec)me=(é)mme (77 Ja= (77 )as

Since BT (4.5.14)B, < 0and AT(4.5.15)A, > 0, wearrive at the two easily verifiable inequalities

T _~T\T T
B{(é) P(é)BL<0andA£< ¢ ) P—l( ¢ >AL>0 (4.5.16)

which are necessary for a solution of (4.5.14) to exist. One can constructively prove that they are
sufficient [37].

Lemma4.10 (Elimination Lemma) Under the hypotheses (4.5.13) on P, the inequality (4.5.14)
has a solution if and only if (4.5.16) hold true.

Proof. It remainsto prove that (4.5.16) implies the existence of a solution of (4.5.14).

Let us first reveal that one can assume without loss of generality that R > 0 and QO < 0. For that
purpose we need to have information about theinertiaof P. Dueto R > 0, P and P! havesize(R)
positive eigenval ues (since none of the eigenvalues can vanish). Similarly, O < 0 impliesthat P—1
and P havesize(Q) = size(Q) negative eigenvalues. Let usnow consider (4.5.14) with the perturbed

data
(2 S
Pe._<ST R-|-el> where € > 0

is fixed sufficiently small such that (4.5.16) persist to hold for P, and such that P. and P have the
same number of positive and negative eigenvalues. Trivialy, the right-lower block of P is positive
definite. The Schur complement Q — S(R + I)~1ST of this right-lower block must be negative
definite since P, has size(Q) negative and size(R) positive eigenvalues. Hence the left-upper block
of P~ which equals [Q — S(R + e)~1S7]7! is negative definite as well. If the result is proved
with R > 0and Q0 < 0, we can conclude that (4.5.14) has a solution X for the perturbed data P..
Dueto Py < Pe, the very same X also satisfies the original inequality for Pp.

Let us hence assume from now on R > 0 and O < 0. We observe that the left-hand side of (4.5.14)
equals

T
( é ) P ( é ) +ATXB)T (ST + RC) + (ST + RO)T(ATXB) + (ATXB)" R(AT X B).

Hence (4.5.14) is equivalent to (Schur)

1\ I
( c > P ( c ) + ATXB)T (ST + RO+ ST+ ROT(ATXB) (ATxB)T -0
(ATXB) —R1
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or

T T\T T
+(A(S :RC) ) X (B O)+<Bo )XT(A(ST+RC) A)<0. (4517)

Theinequality (4.5.17) has the structure as required in the Projection Lemma. We need to show that

(B o)();):o, ()y“);éo (4.5.18)
or
( AGST + RC) A)(’y‘):O, (;“);éo (4.5.19)

();)T((éy;(é) _01)(;C):xT(é)TP<é>x_yTy<o. (4.5.20)

In afirst step we show that (4.5.17) and hence (4.5.14) have a solution if A = I. Let us assume
(4.5.18). Then (4.5.20) istrivid if x = 0. For x # 0 weinfer Bx = 0 and the first inequality in

(4.5.16) implies
T
xT<é> P<é>x<0

what shows that (4.5.20) istrue. Let us now assume (4.5.19) with A = I. We infer x # 0 and
y = —(ST + RC)x. Theleft-hand side of (4.5.20) is nothing but

c c
() (2o (1) (2o o)
=xT<é)T[P—<SR;TlST ;)](é)xsz(Q—SR_lST)x

what isindeed negativesince 01 = Q0 — SR™1S7 < 0and x # 0. We conclude that, for A = I,

(4.5.17) and hence
I g I
(XB+C> P(XB+C)<O

T
xT< ! ) P( ! >x —xI'(ST + ROTRYST + RCO)x =
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have a solution.

By symmetry - since one can apply the arguments provided above to the dual inequality (4.5.15) -

we can infer that
I r I
(ATX+C> P(ATX+C) <0

hasasolution X. Thisimpliesthat (4.5.17) hasasolution for B = I. Therefore, with the Projection
Lemma, (4.5.19) implies (4.5.20) for agenera A.

In summary, we have proved for general A and B that (4.5.18) or (4.5.19) imply (4.5.20). We can
infer the solvability of (4.5.17) or that of (4.5.14). [ |

45.3 The Quadratic Performance Problem

For the performance index

i S
R]

~.

Q; S
P_<S, R; ) Rj >0 withinverse P

Lt QO

) 0, <0, (45.21)

we have derived the following synthesis inequalities:

o
10701 (

X() >0, A(()v) Bfl(”) é 8 o S, AQ@) f(“) <0. (4522
Ci(v) D) 0 0|S] R; (of (v) Dj(v)

Due to the specific structure

AY A | B 0 B
(é‘.(”) g{(”)>= o xalxs |+[1 0 (ﬁﬁ)(ég?)
i@ | D@ C;Y C;| D, 0 E, J

(4.5.23)

it is straightforward to apply Lemma4.10 to eliminate all the variables ( A[fl i, ) . For that purpose
it suffices to compute basis matrices
1

P! wi
dy:(q)é)of ker(BT EJT) and %:(\pé) of ker (C Fj).
J

J

Corollary 4.11 For a performance index with (4.5.21), there exists a solution v of (4.5.22) if and
only if there exist symmetric X and Y that satisfy

( IIV )I( ) -0, (4.5.24)
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I o\ /0 Xx|0 O I 0
A B; X 0|0 O A B;
T J J
v 57 0010, S, T (4.5.25)
Cj Dj 0 0|S] Ry Cj D;j
AT _cT\T -AT ¢t
J J
I 0 I 0
of T T 57— | ® >0 (4.5.26)
J J J J
0 I 0 I

Remark. Note that the columns of ( g ) indicate in how far the right-hand side of (4.1.1) can be
J

modified by control, and the rows of ( C F; ) determine those functional s that provide information
about the system state and the disturbancethat isavailablefor control. Roughly speaking, the columns
of & or of W; indicatewhat cannot beinfluenced by control or whichinformation cannot be extracted
from the measured output. Let us hence compare (4.5.24)-(4.5.26) with the synthesis inequalities
that would be obtained for

S A| B By \ (_x

21 Ci1| D1 --- Dy w1
= . .. . . (4.5.27)

Zq Cy|Dg1 -+ Dy Wy

without control input and measurement output. For this system we could choose ® = I and & = [
to arrive at the synthesisinequalities

<§ )I(>>o, (4.5.28)
;1 o\ /0 x|0 O I 0
A B X 0/0 O A B
5 000 S, | <o (4.5.29)
Cj Dj 00 SJT Rj Cj Dj
—AT T v ovlo o —AT T
L0 Y 0/0 0 L0 1.0 (4.5.30)
YR YA 7. Q. YR YA . e
—BT —D! 00 QT, ; —BT D!

Since there is no control and no measured output, these could be viewed as analysis inequalities for
(4.5.27). Hence we have very nicely displayed in how far controls or measurements do influence the
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synthesis inequalities through @ ; and ;. Finaly, we note that (4.5.28)-(4.5.30) are equivalent to
X >0,(4529ortoY > 0, (4.5.30). Moreover, if dualizing X > 0, (4.5.29), wearriveat Y > 0,
(45.30) for Y := X L.

Proof of Corollary 4.11. The first inequality (4.5.24) isjust X (v) > 0. The inequalities (4.5.25)-
(4.5.26) are obtained by simply applying Lemma 4.10 to the second inequality of (4.5.22), viewed

K L ) For that purpose we first observe that

as aquadratic matrix inequality in the unknowns < M N

0 7|0 I 0|0 q)} 0
i i wl
ker(BT OEJT) ker(O CFj> have the basis matrices (q?) (\yg)
J

respectively. Dueto

1 0 0 0 0

1 0 0 0 1 0 0 1 0
A(w) Bj() el | = AY A B; wl | _ A B; w
0 1 (ﬁ) 0 XA|XB; (ﬁ) XA XB; ’

Ci(v) Dj(v) J 0 0 1 J 0 1

Ci;Y C; | Dy C; D;

the solvability condition that corresponds to the first inequality in (4.5.16) reads as

T

0 0 0070/0 O 0 0
I 0 00017/0 O I 0
| A B 1000/0 O A B
Yol xa xB; 07000 o0 || xaxz [¥=0
0 I 0000[Q S 0 1
Cj Dj 00O00O S]T R; Cj Dj
what smplifiesto
I o0 \'/01]0 O I 0
| XA XB; 100 0 XA XB;
YilTo 000, 5 o 1 |V=©
C; D; 0 0|S] R; C; D;
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Thisis clearly nothing but (4.5.25). The very same simple steps lead to (4.5.26). Indeed, we have

A" C;"\ gt
I 0 AN
B;(v)" D;w" B

“H2
0 I ®;
-vaT o0 |-rvcT -YAT —ycT
—AT —ATXx —C}.” ol —AT  —cl
1 0 0 / 1 0
0 I 0 (??f) =1 o o |°®
—-B] —XB]| -D] J -B] -Df
0 0o | I 0 1

such that the solvability condition that corresponds to the second inequality in (4.5.16) is

—YAT —ycT\" /0017 0/0 O —YAT —ycr
—AT T 00017/0 O -AT  —cT
T 1 0 I 0000 O I 0
@ 0 0 07000 0 0 o |®=<0
-BI'  -DI 0000[Q; S Y —Y
0 I 000 0[S R 0 I
what simplifiesto
—vaT —ycl\' —vAT —yc!
r I 0 I 0
) —_BlT _DlT —_B1T _DlT ® <0
0 1 0 1
and we arrive at (4.5.26). [ |
Startingfromthesynth&isinequaliti&e(4.5.22)inthevariabl&eX,Y,<Alfl ]%7 , wehavederivedthe

equivalent inequalities (4.5.24)-(4.5.26) in the variables X, Y only. Testing feasibility of these |atter
inequalities can hence be accomplished much faster. Thisis particularly advantageousif optimizing
an additional parameter, such as minimizing the sup-optimality level y inthe H,, problem.

To concludethissection, let uscomment on how to computethe controller after having found solutions
X, Y of (4.5.24)-(4.5.26). One possibility is to explicitly solve the quadratic inequality (4.5.22) in

M N
earlier. One could aswell proceed directly: Starting from X and Y, we can compute non-singular U
and V withUVT =T — XY, and determine X > 0 by solving the first equation in (4.2.10). Dueto

( K L along the lines of the proof of Lemma 4.10, and reconstruct the controller parameters as



4.5. ELIMINATION OF PARAMETERS 157

(4.1.5), we can apply Lemma 4.10 directly to the analysisinequality

T

I 0 0 x|0 o0 I 0

A B; X 0/0 0 A B 0
0 1 0 0(0; S; o 1 |~
C; D 0 0|S] R, C; D;

if viewing ( 2“ g” ) asvariables. Itisnot difficult (and you should provide the details!) to verify
c C

the solvability conditions for this quadratic inequality, and to construct an explicit solution along
the lines of the proof of Lemma 4.10. Alternatively, one can transform the quadratic inequality
to a linear matrix inequality with Lemma 4.1, and apply the Projection Lemma to reconstruct the
controller parameters. For the latter step the LMI-Lab offers a standard routine. We conclude that

there are many basically equivalent alternative waysto compute acontroller once one has determined
XandY.

454 H>-Problems

If recalling (4.2.3), we observe that both inequalities in the H,-synthesis conditions (4.3.3) involve
the variables M and N, but only thefirst one

( AW +A®@W) B;®) ) -0 (4.5.31)

B;w)" -yl

is affected by K and L. This might suggest that the latter two variables can be eliminated in the
synthesisconditions. Since (4.5.31) isaffinein ( K L ) we canindeed apply the Projection Lemma
to eliminatethesevariables. Itisnot difficult to arrive at the following alternative synthesis conditions
for Ho-type criteria.

Corollary 4.12 There exists a controller that renders (4.3.2) for some X, Z; satisfied iff there exist
X, Y M,N, Zj Withfj(Zj) <V Dj +EjNFj = 0and

Y I (C;Y + E;M)T
1 X (Cj+EjNC)T > 0,

C;Y+EiM C;+E;NC Z;

ATX +XA XB; (AY + BM) + (AY + BM)T B; + BNF;

T J J J

v ( BT X —yj1>‘1’<0’ ( (Bj + BNF)T _— <0
(45.32)
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Proof. We only need to show that the elimination of K and L in (4.5.31) leadsto the two inequalities
(4.5.32). Let usrecal

_ _(AY A | B; 0 B K L 1 0/0Y
(e men = Gl )+ (7 6) O v) (o 2]2 ) -
_( AY+BM A+ BNC|B;+ BNF; 0 1 0|0
—< 0 XA XB; )*(1 (K L) o clr )
Therefore, (4.5.31) is equivaent to

AY + YAT A B; B ! o0l o
AT ATX +XA| XB; |+sym|[| 0 | (M N)(O CF') +
B}T fo \—yj1 0 d
0
—i—wm((l)(K L)(ég£/>)<0
0 .

where sym (M) := M + M7 isjust an abbreviation to shorten the formulas. Now note that
1 0lo o [0 o
ker (0 1]0), ker( 0 C|F ) have the basis matrices (8(1)) (%[[)
J
respectively. Therefore, the Projection Lemma leads to the two inequalities

0\  /AY +YAT A B; 0
wl AT ATX+XA| XB; vl <0
V2 B] B/ X \y]é

j | —vil

("5 D) rem((6) (o 7))o

that are easily rewritten to (4.5.32). [

and

K L .
M N from the synthesis
inequalities. The corresponding results are obtained in a straightforward fashion and their proof is
left as an exercise.

If it happens that E; vanishes, we can also eliminate all variables

Corollary 4.13 Suppose that E; = 0. Then there exists a controller that renders (4.3.2) for some
X, Zj satisfied iff Dj = Oandthereexist X, Y Zj with fj(Zj) <VYj and

Yy 1 @¢n’
I X ch >0,

CjY Cj Zj
ATX + XA XB; d o\ '/ Ay +vAT B; d 0
T J J
v ( BT x —yj1>‘1’<0’ (o I BT~y )\o1)=°
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where ® is a basis matrix of ker(B).

Remarks.

« Oncethesynthesisinequalitieshave been solved, the computation of( K L )or of( Alf[ Il\‘, )
can be performed along the lines of the proof of the Projection Lemma.

« |t was our main concern to perform the variable elimination with as little computations as
possible. They should be read as examples how one can proceed in specific circumstances,
and they can be easily extended to various other performance specifications. As an exercise,
the reader should eliminate variables in the peak-to-peak upper bound synthesisLMI’s.

46 State-Feedback Problems

The state-feedback problem is characterized by

y=xor (C F -~ F;)=(10---0).
Then the formulas (4.2.3) read as

. AY+BM A+ BN | B;
(?%%g§?>= K AX+L |xB; |.

ISR A C,Y +E;M C;+E;N| D;
Note that the variable L only appearsin the (2, 2)-block, and that we can assign an arbitrary matrix
in this position by suitably choosing L. Therefore, by varying L, the (2, 2) block of

<A@f+A@)Bﬂw>:

B;(v) 0

(AY + BM) + (AY + BM)T (A+BN)+ KT B;
K+ (A+BN)T (AX+ L)+ (AX + L)T | XB;
B} B}X \ 0

variesin the set of all symmetric matrices. This allows to apply Lemma 4.7 in order to eliminate L
in synthesis inequalities what leads to a drastic simplification.

Let usillustrate al thisfor the quadratic performance problem. The corresponding synthesisinequal-
ities (4.2.7) read as

v I (AY + BM) + (AY + BM)T (A+BN)+ KT B;
> 0, XB; | +
I X ‘ 3

K+ (A+BN)T (AX +L) + (AX + )T
Bf fo

N 0 0 1\ 0 0 I\ _o
Ci;Y+EiM C;+E;N|D; J CiY+E;M C;+E;N|D;j ’
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These imply, just by cancelling the second block row/column,

T .
vs0 (AY + BM) + (AY + BM)T B; N
B].T 0

T
0 I 0 I
+<CjY+EjM D,») Pf'(ch+E,-M Dj)<°

or
I o\ /01]0 0O I 0
. 100 0 :
y>o, [AY+BM B 0 s AYJBBM l;f <0, (46.1)
. J

0 1 00

S
J
C;Y+E;M D; 0 0|ST R; C;Y+E;M D;

Thisisadrastic simplification since only thevariables Y and M do appear in theresulting inequalities.
It isno problem to reverse the argumentsin order to show that the reduced inequalities are equivalent
to the full synthesisinequalities.

However, proceeding in a different fashion leads to another fundamental insight: With solutions Y
and M of (4.6.1), one can in fact design a static controller which solves the quadratic performance
problem. Indeed, we just choose

D, := My~ !

to infer that the static controller y = D.u leads to a controlled system with the describing matrices

A B;\_( A+BD. B;\_{ (AY+BM)Y™! B,
¢; ;) \C;+Ejp. D; ) \(C;Yy+E;M)Y™* D; )°

We infer that (4.6.1) isidentical to

I o\ /for1/0 o I 0
AY B; 100 O AY B;
=0 —5—7 00[0; 5 o 71 |=%
C;Y D; 0 0|S] R C;Y D,
. . 1 Y_l 0 : : 1
If we perform congruence transformations with Y —+ and 0 7 ,wearivewith X := Y+ at
o0\’ I 0
XA XB; XA XB;
X >0, ) 7 ) 7 < 0.
Ci Dj Ci  Dj

Hence the static gain O indeed defines a controller which solves the quadratic performance problem.
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Corollary 4.14 Under the state-feedback information structure, there exists a dynamic controller

éc gc and some X which satisfy (4.2.1) iff there exist solutions ¥ and M of the inequalities

(4.6.1). If Y and M solve (4.6.1), the static state-feedback controller gain
D.=My 1

and the Lyapunov matrix X := ¥~ render (4.2.1) satisfied.

In literally the same fashion as for output-feedback control, we arrive at the following genera pro-
cedure to proceed from analysis inequalities to synthesis inequalities, and to construct a static state-
feedback controller:

* Rewrite the analysis inequalities in the blocks X, X4, X8;, C;, D; in order to be able to
find a(formal) congruence transformation involving % which leadsto inequalitiesin the blocks
YTXY, YT xAY, YT XB;, C;Y, D;.

» Perform the substitutions

T T
, YT xAY YT XB; AY + BM  B;
¥ XY — Y and ( ey D; “\cy+E;M D;

to arrive at matrix inequalitiesin the variables Y and M.

« After having solved the synthesis inequalities for Y and M, the static controller gain and the
Lyapunov matrix
D=My tad x=v"1

render the analysis inequalities satisfied.

As an illustration, starting form the analysis inequalities (4.3.2) for H»-type problems, the corres-
ponding state-feedback synthesis conditions read as

((AY+BM)T+(AY+BM) B ><o

Bj —vil
Y (CjY-{-EjM)T . - o
(CjY+EjM Z; >0, fi(Z;) <y;, D;j=0.

All our previous remarks pertaining to the (more complicated) procedure for the output-feedback
information structure apply without modification.

In general we can conclude that dynamics in the controller do not offer any advantage over static
controllersfor state-feedback problems. Thisisalsotruefor mixed control problems. Thisstatements
requires extra attention since our derivation was based on eliminating the variable L which might
occur in several matrix inequalities. At this point the remark after Lemma 4.7 comes into play:
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This particular elimination result also appliesto systems of matrix inequalities such that, indeed, the
occurrence of L isvarious inequalities will not harm the arguments.

Asearlier, in the single-objective quadratic performance problem by state-feedback, it is possible to
eliminate the variable M in (4.6.1). Alternatively, one could as well exploit the particular structure
of the system description to simplify the conditions in Theorem 4.11. Both approaches lead to the
following result.

Corollary 4.15 For thestate-feedback quadratic performance problemwith index satisfying (4.5.21),
there exists dynamic controller and some X with (4.2.1) iff there exists a symmetric Y which solves

T

—AT -}
i .
0 1

Remarks. All these results should be viewed as illustrations how to proceed for specific system
descriptions. Indeed, another popular choiceisthe so-called full information structure in which both
the state and the disturbance are measurable:

y=(;;).

Similarly, one could consider the corresponding dual versionsthat are typically related to estimation
problems, such as e.g.

B 1
Eq 0
E, 0

We have collected al auxiliary results that allow to handle these specific problems without any
complications.

4.7 Robust Controller Design

So far we have presented techniques to design controllers for nominal stability and nominal per-
formance. Chapters 2 and 3 have been devoted to a thorough discussion of how to analyze, for a
fixed stabilizing controller, robust stability or robust performance. For time-invariant or time-varying
parametric uncertainties, we have seen direct tests formulated as searching for constant or parameter-
dependent quadratic Lyapunov functions. For much larger classes of uncertainties, we have derived
testsin termsof integral quadratic constraintsthat involve additional variableswhich have been called
scalings or multipliers.
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Typically, only those 1QC tests with a class of multipliers that admit a state-space description as
discussed in the Sections 3.6-3.10 are amenable to a systematic output-feedback controller design
procedure which is a reminiscent of the D/K -iteration in u-theory. Thiswill be the subject of the
first section.

In asecond section we consider as a particular information structure the robust state-feedback design
problem. Wewill reveal that the search for static state-feedback gainswhich achieve robust perform-
ance can be transformed into a convex optimization problem.

The discussion is confined to the quadratic performance problem since most results can be extended
in apretty straightforward fashion to the other specifications considered in these notes.

4.7.1 Robust Output-Feedback Controller Design

If characterizing robust performance by an IQC, the goal in robust design is to find a controller and
amultiplier such that, for the closed-loop system, the corresponding 1QC test is satisfied. Hence, the
multiplier appears as an extra unknown what makes the problem hard if not impossible to solve.

However, if the multiplier is held fixed, searching for a controller amounts to a nomina design
problem that can be approached with the techniques described earlier. If the controller is held fixed,
theanalysistechniques presented in Chapter 3 can be used to find asuitable multiplier. Hence, instead
of trying to search for a controller and a multiplier commonly, one iterates between the search for a
controller with fixed multiplier and the search for a multiplier with fixed controller. This procedure
is known from w-theory as scalings/controller iteration or D/K iteration.

To be more concrete, we consider the specific example of achieving robust quadratic performance
against time-varying parametric uncertainties as discussed in Section 3.10.

The uncontrolled unperturbed system is described by (4.1.1). We assume that w1 — z1 is the
uncertainty channel and the uncontrolled uncertain system is described by including
wi(r) = A(0)z1(r)
where A(.) variesin the set of continuous curves satisfying
A(t) € A, :=Co{Aq, ..., Ay} foral r > 0.

We assume (w.l.0.g.) that
0 € co{A1, ..., An}.

The performance channel is assumed to be given by wy — z2, and the performance index

Q, S , _ . 6, § i
P =( T > R, >0 withtheinverse P, = ¢ % ), 0, <0
s SP Rp r p S; Rp )4

is used to define the quadratic performance specification

* (w2 \' , ((w20) ,
/(‘) ( z2(7) ) P,,( 22(1) > dit < —€|lw2]l3.
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Thegoal isto design acontroller that achieves robust stability and robust quadratic performance. We
can guarantee both properties by finding a controller, a Lyapunov matrix X, and amultiplier

T
P=<SQT ;) 0<0, <Alf') (SQT ;)(AI-/>>Oforallj=1,...,N 4.7.1)

that satisfy the inequalities

T

I 0 0 070 0|0 O I 0 0
XA XB1 XBr /1 0,0 O] O O XA XB1 XBr
X =0 0 I 0 00/lQ S| 0 O 0 I 0 -0
’ C1 D1 D 00lST RO O C1 D1 D '
0 0 1 000 0|0, Sp 0 0 1
Co D D2 000 O S[? R, Co D D2

(Recall that the condition on the left-upper block of P can be relaxed in particular cases what could
reduce the conservatism of the test.)

If we apply the controller parameter transformation of Chapter 4, we arrive at the synthesis matrix
inequalities
T

* 070 0|0 O 1 0 0
* I 00 0|0 O A() Bi(v) Ba(v)

X -0 | * 000 5|0 0 0 I 0
i 00(ST R| 0O O C1(v) Di(v) Di2(v)

| |0o0o[0o ofg, s, 0 0 I
* 00/ 0 OS] R, Ca2(v) D21(v) D2(v)

Unfortunately, there is no obvious way how to render these synthesis inequalities convex in all
variablesv, Q, S, R.

Thisisthe reason why we consider, instead, the problem with a scaled uncertainty
wi(t) = [rA@)]z1(), A@) € A, (4.7.2)

where the scaling factor is contained in the interval [0, 1]. Dueto

(7)o ) () =+(3) (5 2)(3):

we conclude that the corresponding analysis or synthesis are given by (4.7.1) and

I 0o o0 \'/o01l0 0]0 O I 0 0
XA XB1 XB> 10,0 0|0 O XA XB1 XB2
X0 0 I 0 00/ Q0 rS|0 O 0 1 0 -0
’ C1 D1 Do 00[rsT ¥2R| 0 O C1 D1 D
0 o0 1 00/ 0 010, S, 0 0 1
Co Dn Do 00/ 0 O0]|S/ R, Co Dn Do

4.7.3)
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or
«\" /010 0|0 O I 0 0
x 1 0|0 0 0 A() Bi(v) Ba()
ko 00/l Q0 rS|O0 O 0 I 0
X =0 [ 1 oolrs™ 28| 0 0 || ciy Drw) Dy | =9 A7
* 00/0 00, S, 0 0 1
* 00[ 0 O0/|S] R, Ca2(v) Dxn(v) D2(v)

For r = 0, we hence have to solve the nominal quadratic performance synthesisinequalities. If they
are not solvable, the robust quadratic performance synthesis problem is not solvable either and we
can stop. If they are solvable, theideaistotry to increase, keeping the synthesisinequalitiesfeasible,
the parameter r from zero to one. Increasing r is achieved by aternatingly maximizing r over v
satisfying (4.7.4) (for fixed P) and by varying X and P in (4.7.3) (for afixed controller).

The maximization of » proceeds along the following steps:

Initialization. Performanominal quadratic performancedesign by solving (4.7.4) for r = 0. Proceed
if these inequalities are feasible and compute a corresponding controller.

After thisinitial phase, theiteration isstarted. The j — 1-st step of the iteration leads to a controller,
a Lyapunov matrix X, and a multiplier P that satisfy the inequalities (4.7.1) and (4.7.3) for the
parameter r = r;_1. Then it proceeds as follows:

First step: Fix the controller and maximize r by varying the Lyapunov matrix X and the scaling such
that such that (4.7.1) and (4.7.3) hold. The maximal radiusis denoted as7; and it satisfiesr;_1 <7;.

Second step: Fix the resulting scaling P and find the largest » by varying the variables v in (4.7.4).
The obtained maximum r; clearly satisfies7; < r;.

The iteration defines a sequence of radii
rMSr2<r3s e

and a corresponding controller that guarantee robust stability and robust quadratic performance for
all uncertainties (4.7.2) with radiusr = r;.

If we are in the lucky situation that there is an index for which »; > 1, the corresponding controller
isrobustly performing for al uncertainties with valuesin A, asdesired, and we are done. However,
if r; < 1for all indices, we cannot guarantee robust performance for » = 1, but we still have a
guarantee of robust performance for r = r;!

Before entering a brief discussion of this procedure, let us include the following remarks on the
start-up and on the computations. If the nominal performance synthesis problem has a solution, the
LMI’s(4.7.1)-(4.7.3) do have asolution X and P for the resulting controller and for some - possibly
small - r > 0; thisjust follows by continuity. Hence the iteration does not get stuck after the first
step. Secondly, for afixed r, the first step of the iteration amounts to solving an analysis problem,
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and finding a solution v of (4.7.4) can be converted to an LMI problem. Therefore, the maximization
of r can be performed by bisection.

Even if the inequalities (4.7.1)-(4.7.4) are solvable for r = 1, it can happen the the limit of r; is
smaller than one. As aremedy, one could consider another parameter to maximize, or one could
modify the iteration scheme that has been sketched above. For example, it is possible to take the
fine structure of the involved functions into account and to suggest other variable combinations that
render the resulting iteration steps convex. Unfortunately, one cannot give general recommendations
for modifications which guarantee success.

Remark. It should be noted that the controller/multiplier iteration can be extended to all robust
performance tests that are based on families of dynamic 1QC’s which are described by real rational
multipliers. Technically, one just requires a parametrization of the multipliers such that the corres-
ponding analysistest (for afixed controller) and the controller synthesis (for afixed multiplier) both
reduce to solving standard LMI problems.

4.7.2 Robust State-Feedback Controller Design

For the same set-up as in the previous section we consider the corresponding synthesis problem if
the state of the underlying system is measurable. According to our discussion in Section 4.6, the
resulting synthesis inequalities read as

T
0 <0, <A1f) (SQT ;)(A/>>0foran i=1....N

and
«\7/01|l0 0l0 O I 0 0
* I 0|0 0|0 O AY+BM B1 B>
- Tk 00[Q0 S|0 O 0 I 0 -0
N oo0/sT RO O C1Y + E1M D1 D1
T 00[0 0[Q, S, 0 0 I
* 00/ 0 0|S] R, CoY + EtM D1 Do

inthevariablesY, M, O, S, R.

Inthisformtheseinequalitiesare not convex. However, we can apply the Dualization Lemma(Section
4.5.1) to arrive at the equivalent inequalities

T ~ o~
- I 0 § 1 .
R >0, (—A?) <§T E)(_AT)<OforaII]=1,...,N
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andY > 0,
07/0 00 0 —(AY + BM)T —(C1Y + EsM)T  —(CoY + EoM)T
1 00 O[O0 O I 0 0
000 S0 O —B! -] -D},
“l 00|57 #] 0 o 0 i 0 >0
00[0 0]|Q, S, —B] -DT, -DJ
00/0 0[S R, 0 0 i

inthevariablesY, M, 0, S, R. It turnsout that these dual inequalities are all affine in the unknowns.
Testing feasibility hence amounts to solving a standard LMI problem. If the LMI’'s are feasible, a
robust static state-feedback gainisgivenby D = MY 1. Thisisoneof the very few lucky instances
in the world of designing robust controllers!

4.7.3 Affine Parameter Dependence
Let usfinally consider the system

x A(A() | Bi(A®) B(A(®1)) x
z | =1 Ci(A@®) | D(A(r)) E(A(1)) w |, A(t) € co{Aq, ..., Ay}
y C(A®) | F(A®@) 0 u

where the describing matrices depend affinely on the time-varying parameters. If designing output-
feedback controllers, there is no systematic aternative to pulling out the uncertainties and applying
the scalings techniques asin Section 4.7.1.

For robust state-feedback design there is an alternative without scalings. One just needs to directly
solve the system of LMI’s

T

* 070 O I 0
* 1 000 O A(A)Y + B(A)M  Bi(A)) o

Y >0, - 000, 5, ) 7 <0, j=1...,N
* 00 S,{ R, C1(A))Y + E(Aj)M D(A))

(4.7.5)

inthevariablesY and M.

For the controller gain D. = MY 1 we obtain

T

* 070 O I 0
* I 00 O (A(Aj) + B(A))D.)Y Bi(A)) .

Y >0, - 000, S, 0 7 <0, j=1...,N
* 0 0|S] R, (C1(Aj) + E(Aj)D.)Y D(Aj)
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A convexity argument leads to
T

A\ /01]0 0 i 0

«| [ 700 o || @aw)+BawDboy Biam)
V=015 o000, s, 0 i <0

«) \oo|st &, )\ cuam)+E@ae)b)y DAM)

for al parameter curves A(r) € co{Ay, ..., Ay}, and we can perform a congruence transformation
asin Section 4.6 to get

«\ /01|l 0 O I 0

* 10/0 0 X(A(A(D)) + B(A()D.) XBi(A®))
x>0 |- 000, S, 0 i <0

* 00 S,f R, (C1(A(1)) + ECA())D:)  D(A(t))

These two inequalities imply, in turn, robust exponentia stability and robust quadratic performance
for the controlled system as seen in Section 3.10.2.

We have proved that it suffices to directly solve the LMI’s (4.7.5) to compute a robust static state-
feedback controller. Hence, if the system’s parameter dependence is affine, we have found two
equivalent sets of synthesisinequalitiesthat differ in the number of the involved variables and in the
sizes of the LMI’'s that are involved. In practice, the correct choice is dictated by whatever system
can be solved faster, more efficiently, or numerically more reliably.

Remark. Hereisthe reason why it is possible to directly solve the robust performance problem by
state-feedback without scalings, and why this technique does, unfortunately, not extend to output-
feedback control: The linearizing controller parameter transformation for state-feedback problems
does not involve the matrices that describe the open-loop system, whereas that for that for ouptut-
feedback problems indeed depends on the matrices A, B, C of the open-loop system description.
(See also Exercise 2.)

L et us conclude this section by stressing, again, that these techniques find straightforward extensions
to other performance specifications. Asan exercise, the reader is asked to work out the details of the
corresponding results for the robust H»-synthesis problem by state- or output-feedback.

4.8 Discrete-Time Systems

Everything what has been said so far can be easily extended to discrete time-design problems. This
is particularly surprising since, in the literature, discrete-time problem solutions often seem much
more involved and harder to master than their continuous-time counterparts.

Our general procedure to step from analysis to synthesis as well as the technique to recover the
controller need no change at al; in particular, the concrete formulas for the block substitutions do
not change. The elimination of transformed controller parameters proceeds in the same fashion on
the basis of the Projection Lemma or the Elimination Lemma and the specialized version thereof.
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Only as a example we consider the problem discussed in [13]: the mixed H»/H,, problem with
different disturbance inputs and controlled outputsin discrete-time.

Itiswell-known [13] that A hasall its eigenvaluesin the unit disk, that the discrete time Hz-norm of
C1(zl — A) ' B1+ D1
issmaller than y1, and that the discrete time Hyo-norm of
Co(zl — A) 1By + D
issmaller than y» iff there exist symmetric matrices X1, X2, and Z with trace(Z) < y; and
T T
X1 X1A X181 X1 0 €f& 982 01 g&z gZT
ATXy X1 0 |>o0| o 1 oF |>o0 val. @22 %2 | s,
BTx1 0 ol CL D1 Z XoA XoBz X2 O
1M1 C D 0y
(4.8.1)

Note that we have transformed these analysis LMI’s such that they are affine in the blocks that will
be transformed for synthesis.

The mixed problem consists of searching for acontroller that rendersthese inequalities satisfied with
a common Lyapunov function X = X1 = X2. The solution is immediate: Perform congruence
transformations of (4.8.1) with

diag(y. Y. 1), diag(y.1.1), diag(¥. 1. Y. 1)

and read off the synthesisLMI’susing (4.2.3). After solving the synthesisLMI’s, we stress again that
the controller construction proceeds along the same steps as in Theorem 4.2. The inclusion of pole
constraints for arbitrary LMI regions (related, of course, to discrete time stability) and other criteria
poses no extra problems.
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49 Exercises

Exercise 1

Derive an LMI solution of the Hy.-problem for the system

X A B1 B X
z1 |=| C1 D1 E w1
y cC F O u

c=(8): #=(3) wawer= ()

(Thisisthe so-called full information problem.)

with

Exercise 2 (Nominal and Robust Estimation)

()-8

and inter-connect it with the estimator

();):(é g)(?) (4.9.)

where both A and A, are Hurwitz. The goal in optimal estimation is to design an estimator which
keeps z — Z as small as possible for all disturbances w in a certain class. Out of the multitude of
possihilities, we choose the Ly-gain of w — z —Z (for zero initial condition of both the system and
the estimator) as the measure of the estimation quality.

Consider the system

Thisleadsto thefollowing problem formulation: Giveny > 0, test whether there exists an estimator
which renders

Iz —Zl2

(4.9.2)
weLy, w#0 lwll2

satisfied. If yes, reveal how to design an estimator that leads to this property.

1. Show that the estimation problem isaspecialization of the general output-feedback H..-design
problem.

2. Due to the specific structure of the open-loop system, show that there exists a linearizing
transformation of the estimator parameters which does not involve any matrices that describe
the open-loop system.
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Hint: To find the transformation, proceed as in the proof of Theorem 4.2 with the factorization
Toe r_ (1 Ytv (rto
yx_ZWherey_<I 0 )’Z_<X U )

and consider as before the blocks Y7 XAY, Y7 X8, CY.

3. Now assume that the system is affected by time-varying uncertain parameters as

i AA®) BiAM)\
e | =| cuaw) puaw) (w)
v C(A®)  F(A®)

A(A)  Bi(A)
C1(A) D1(A) isaffinein A and A(r) € co{A1, ..., Ax}.
C(A) F(A)

where

Derive LMI conditions for the existence of an estimator that guarantees (4.9.2) for all uncer-
tainties, and show how to actually compute such an estimator if the LMI’'s are feasible.

Hint: Recall what we have discussed for the state-feedback problem in Section 4.7.3.

4. Suppose that the uncertainty enters rationally, and that it has been pulled out to arrive at the
LFT representation

X A By B N
Z Ci1 D1 D
N s w1 |, wi(t) = A@)z1(t), A1) € CO{A1, ..., Ay}
z C2 Dn D w
C F1 P

of the uncertain system. Derive synthesis inequalities with full-block scalings that guarantee
the existence of an estimator that guarantees (4.9.2) for all uncertainties and reveal how to
actually compute such an estimator if the LMI’s are feasible. What happens if D1 = 0 such
that the uncertainty enters affinely?

Hint: The results should be formulated analogously to what we have done in Section 4.7.2.
There are two possibilities to proceed: You can either just use the transformation (4.2.10) to
obtain synthesis inequalities that can be rendered convex by an additional congruence trans-
formation, or you can employ the alternative parameter transformation as derived in part 2 of
this exercise to directly obtain a convex test.

Exercise 3

This is an exercise on robust control. To reduce the complexity of programming, we consider a
non-dynamic system only.
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Suppose you have given the algebraic uncertain system

71 0O 1 0 11|10 w1

22 05 0 05 0 (1/01 wy

z3 2¢ 0 a O0(1(00 w3

4 | = 0 -2¢a 0 —a|1/0O0 wa |,

z 1 1 1 110j00 w

v1 1 0 O 0]0j0O ug

v2 0O 1 0 o0|0|00O u

with atime-varying uncertainty
w1 81(7) 0 71
w2 81(¢) 22
= < < 0.7.

w3 82(0) = | [62(0)] < 0.7, 182(2)] < 0.7
w4 0 S2(1) Z4

As the performance measure we choose the L2-gain of the channel w — z.

1. For the uncontrolled system and for each a € [0, 1], find the minimal robust Lo-gain level of

the channel w — z by applying the robust performance analysis test in Chapter 3 with the
following class of scalings P = < SQT IS€ ) :

e Pisasin u-theory: Q, S, R are block-diagonal, O < 0O, R isrelated to QO (how?), and
S is skew-symmetric.

e P isgeneral with O < 0.

» Pisgenerd with Q1 < 0, Q2 < 0, where Q; denote the blocks 0(1: 2,1 : 2) and
Q(3:4,3:4) inMatlab notation.

Draw plots of the corresponding optimal values versus the parameter « and comment!

()=(59)(2)

and perform the analysistest with thelargest class of scalingsfor k € [—1, 1]. Plot theresulting
optimal value over k and comment.

. Fora = 0.9, apply the controller

. Performacontroller/scaling iterationto minimizetheoptimal valuesfor thecontroller structures

u1 00 1 ug k1 ki n
(5)-(o2) () = () -(a i) (52)
Start from gain zero and plot the optimal valuesthat can are reached in each step of theiteration
to reveal how they decrease. Comment on the convergence.

. With the last full controller from the previous exercise for a performance level that is close to

the limit, redo the analysis of thefirst part. Plot the curves and comment.
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Exercise 4

This is a simulation exercise that involves the synthesis of an active controller for the suspension
system in Exercise 7 of Chapter 1. We consider the rear wheel of atractor-trailer combination asis
depictedin Figure 4.2. Herem 1 representstire, wheel and rear axle mass, mo denotesafraction of the

Kz

by|t| k2 F

K
e

b1
TR F4q0

Figure 4.2: Active suspension system

semitrailer mass. The deflection variables ¢; are properly scaled sothat g — g1 = Oand g1 —go = O
in steady state. The system is modeled by the state space equations

fczAx+B<‘§f3>

z:Cx—i—D(i?)

where

0 0 1 0 by 0

1
0 0 1 0 0
A=|_ktke k _bitbp b2 |1 B=\|k bbby _ 1
B b m Tk S
m2 mp m2 my mim? nmy

1 0 0 O -1 0

0O 0 0 O 0 1

C=|k _k b _b|: D=\ wp, 1

2 my my my mim? m

-1 1 0 o0 0 0

. LN T o T -
Here, x = (q1 g2 41— bigo/m1 ¢2) andz=(q1—qo F G2 g2—q1) definethe state and
the to-be-controlled output, respectively. The control input istheforce F, the exogenousinput isthe
road profile go.

Suppose that the masses m1 = 1.5 x 10% and m» = 10 x 103, thetire damping b1 = 1.7 x 10° and
thetire stiffnessky = 5 x 108. The suspension damping is atime-varying uncertain quantity with

bo(t) € [50 x 10 — 5,50 x 10+ b], >0 (4.9.3)
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and the suspension stiffness is a time-varying uncertainty parameter with
ka(t) € [500 x 10% — k, 500 x 10% + k], > 0. (4.9.4)

The aim of the exercise is to design an active suspension control system that generates the force F
as a (causal) function of the variable y = (42 g2 — ql)T.

The main objective of the controller design is to achieve low levels of acceleration throughout the
vehicle (g2), bounded suspension deflection (g2 — g1 and g1 — go) and bounded dynamic tire force

(F).

1. Supposefirst that k = b = 0 (i.e., no uncertainty in the parameters) and let the road profile be
represented by go = W,,Go Where go € £ is equalized in frequency and W, is the transfer
function

reflecting the quality of the road when the vehicle drives at constant speed. Define the to-be-
controlled output z = W,z where W, is aweighting matrix with transfer function

200 O 0 0
W.(s) 0 01 0 0
s) = 0.03185+-0.4
) 0 0 3.16x 10—4s22rO.0314s+l 0
0 0 0 100

The weight on the chassis accel eration reflects the human sensitivity to vertical accelerations.
Usetheroutines 1tisys, smult and sdiag to implement the generalized plant

(5)-

and synthesize with the routine hinf1mi acontroller which minimizes the H,, norm of the
closed-loop transfer function 7 : go +— Z.

2. Construct with this controller the closed-loop system which maps ¢g to z (not go to z!) and
validate the controlled system by plotting the four frequency responses of the closed-loop
system and the four responses to a step with amplitude 0.3 (meter). (Seetheroutines s1ft,
ssub and splot). What are your conclusions about the behavior of this active suspension
system?

3. Partition the output z of the system into

71 q1— qo G2
7= ;o= D = :
<Z2> ! ( F ) ? (qz - 41)

and let the weights on the signal components be as in the first part of this exercise. Suppose
againthat k = b = 0. Let 7;, i = 1, 2 bethe transfer function mapping go — z;. Wewish to
obtain insight in the achievable trade-offs between upper bounds of || 71]|oc and || 72]|2. To do
this,



4.9. EXERCISES 175

() Caculate the minimal achievable H,, norm of 77.
(b) Calculate the minimal achievable H, norm of 7.

(c) Calculatethe minimal achievable H» norm of 7% subject tothebound || 771 || < y1 Where
y1 takes some! valuesin the interval [0.15, 0.30].

Make a plot of the Pareto optimal performances, i.e, plot the minimal achievable H, norm of
T2 asfunction of y1. (Seetheroutine hinfmix for details).

4. (This part is optional). We now incorporate the uncertainty in the parameters k, and b,. Let
k = 50000 and » = 5000. Synthesize again scheduled H,, controller for the uncertain system
such that

« the closed-loop system is stable for al parameter trajectories k2(¢) and bo(¢) satisfying
(4.9.3) and egrefk2unc.

 the worst-case H,, performance from gg to Z does not exceed the level y > 0.

To do this, use the same weighting functions as in part (a) of this exercise. (See the routine
hinfgs). Construct the parameter dependent closed-loop system using s1ft and create
an .m-file which generates a realization of the parameters bo(¢) and k2(¢) according to their
specification. Make a time simulation on the time interval [0, 5] (in seconds) of the step-
response of this system with time-varying parameters. (Use pdsimul for the latter).

1slightly depending on your patience and the length of your coffee breaks, | suggest about 5.
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Chapter 5

Linear Parameterically Varying
Systems

Linear parameterically varying (LPV) systems are linear systems whose describing matrices depend
on atime-varying parameter such that both the parameter itself and its rate of variation are known to
be contained in pre-specified sets.

In robust control, the goal is to find one fixed controller that achieves robust stability and robust
performance for al possible parameter variations, irrespective of which specific parameter curve
does indeed perturb the system.

Instead, in LPV contral, it isassumed that the parameter (and, possibly, itsrate of variation), although
not known apriori, is (are) on-line measurable. Hence the actual parameter value (and its derivative)
can be used as extrainformation to control the system - the controller will turn out to depend on the
parameter as well. We will actually choose also an LPV structure for the controller to be designed.

Wewould liketo stressthe decisive distinction to the control of time-varying systems: Inthe standard
techniquesto controlling time-varying systems, the model description isassumed to be known apriori
over the whole time interval [0, o). In LPV control, the model is assumed to be known, at time
instant z, only over the interval [O, ¢].

Thetechniqueswewould liketo devel op closely resembl ethosefor robust control wehaveinvestigated
earlier. It is possible to apply them

* to control certain classes of nonlinear systems

* to provide a systematic procedure for gain-scheduling

with guarantees for stability and performance.

177
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Before we explore these applications in more detail we would like to start presenting the available
problem setups and solution techniques to LPV control.

5.1 General Parameter Dependence

Suppose that 8., 8. C R™ are two parameter sets such that
8. x 8. iscompact,
and that the matrix valued function

A(p) | Bp(p) B(p)
C,(p) | Dp(p) E(p) iscontinuousin p € §.. (5.1.1)
Cp)| F(p) O

Consider the Linear Parameterically Varying (LPV) system that is described as

£ AG®) | Bp3®) BEW) \ [ x o
zp | = | Cp6@) | Dp8(2)) E6(1)) wy |, 6() € dc, 8(1) €6e. (5.1.2)
y COwW) | F6@) 0 u

We actually mean the family of systemsthat isobtained if letting §(.) vary in the set of continuously
differentiable parameter curves

§: [0, 00) — R™ with §(t) € 8., 8(t) € 8, foral ¢+ > 0.

The signals admit the same interpretations as in Chapter 4: u isthe control input, y isthe measured
output available for control, and w, — z,, denotes the performance channel.

In LPV contral, it is assumed that the parameter §(¢) is on-line measurable. Hence the actual value
of §(¢) can be taken as extrainformation for the controller to achieve the desired design goal.

In view of the specific structure of the system description, we assume that the controller admits a
similar structure. In fact, an LPV controller is defined by functions

(AC(P) B.(p)
Ce(p) Dc(p)

Xe _ Ac(8(1)) Be(8(1)) Xe
< u ) B ( Cc(8(1)) Dc(8(1)) ) ( y )
with the following interpretation: It evolves according to linear dynamics that are defined at time-
instant 7 via the actually measured value of §(r).

) that are continuousin p € §, (5.1.3)

Note that a robust controller would be simply defined with a constant matrix

A. B.
C. D,
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that does not depend on § what clarifiesthe difference between robust controllersand LPV controllers.

The controlled system admits the description

E _ [ AG®) B©®) £ . :
(z,, ) = < CO) DB ) < w, > 5(t) € 8., 8(t) €6, (5.1.4)
where the function

( A(p) B(p)

iscontinuousin p €4,
C(p) @(p)) P

and given as

A(p) + B(p)D:(p)C(p) B(p)Cc(p)| Bp(p) + B(p)D:(p)F(p)
B.(p)C(p) Ac(p) B.(p)F(p)
Cp(p) + E(p)Dc(p)C(p) E(p)Cc(p) | Dy(p) + E(p)De(p)F(p)

A(p) 0| By(p) O B\ 7 Atp) Bu(p) 0 1] 0
0 0] 0 |+ 0 (cc(m Dc(p>><c<p> 0 F(p))‘
Cp(p) 0[D,(p) 0 E(p)

To evaluate performance, we concentrate again on the quadratic specification

(wn) ), ((w® ,
/0 ( z(1) ) P”( 2(1) > dt < —€fwllz (5.1.5)

with an index

Op Sp> : o ( S -
p =< T , R, >0 thathastheinverse P *=( =2 ), 0,<0.
P S, Rp P P ST R, P

In order to abbreviate the formulation of the analysis result we introduce the following differential
operator.

Definition5.1 If X : 6, > p — X(p) € R™ is continuously differentiable, the continuous
mapping

m
: . . X
0X : 8. x 8, — R"" isdefinedas 90X (p, q) := E T(p)qj.
=1

Note that this definition is simply motivated by the fact that, along any continuously differentiable
parameter curve §(.), we have

m

d dX : .
SX6) = ; E‘(5(t))5j (1) = X (8(), 8(1)). (5.1.6)
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(We carefully wrote down the definitions and relations, and one should read al this correctly. X
and 89X are functions of the parameters p € §. and ¢ € &, respectively. In the definition of X, no
time-trajectories are involved. The definition of X isjust tailored to obtain the property (5.1.6) if
plugging in afunction of time.)

In view of the former discussion, the following analysis result comes as no surprise.

Theorem 5.2 Suppose there exists a continuously differentiable X (p) defined for p € §. such that
for all p € §. and g € §. one has

X(p) > 0, < AX(p,q) + A(P)TX(p) + X(p)A(P) X(p)B(p) ) N

BT X(p) 0

o 1\ 0o I
* ( C(p) D(p) ) Pp ( C(p) D(p) ) <0. (517

Then there exists an ¢ > 0 such that, for each parameter curve with §(r) € 8. and §(r) € .,
the system (5.1.4) is exponentially stable and satisfies (5.1.5) if the initial condition is zero and if
w), € La.

In view of our preparations the proof isasimple exercise that is left to the reader.

We can now use the same procedure asfor LTI systemsto arrive at the corresponding synthesis result.
Itisjust required to obey that all the matrices are actualy functionsof p € 8. or of (p, g) € 8. x ..

If partitioning
(X U (Y VvV
= (o 2) = (or D)

we can again assume w.l.o.g. that U, V have full row rank. (Note that this requires the compactness
hypothesison §. and §.. Why?) With

DT

Yy’ =z and 1 — Xy =UVT.

we obtain the identities

If weapply thedifferential operator 3 to thefirst functional identity, wearriveat (3%)” X+Y7 (9 X) =
0Z. (Do the simple calculations. Note that 9 is not the usua differentiation such that you cannot
apply the standard product rule)) If we right-multiply ¥, thisleadsto

) ) rr (0 0 Yy 1 Yy av\ (I X
Y OX)Y = 02)Y ~ 0 Z —<ax au)(vT 0>_<0 0)<°UT>

and hence to ,
T _ —oY —@Y)X — (VU
40Xy = ( @X)Y + @U)vT X ) '
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If we introduce the transformed controller parameters

K L\ (U XB A. B vl 0 XAY O
M N) \o0o I C. D, cy 1)\ o o)t
N @X)Y + @U)vT 0
0 0/

abrief calculation reveals that

T
YT 0% + AT X + XA)Y = < —dY +Sym(AY + BM) (A+BNC)+K )

(A+BNOT +K 39X +sym(AX + LC)
Tere  ( Bp+BNF B _
Y x3_<XBp+LF . CY=(C,Y+EM C,+ENC), D=D,+ENF

where we used again the abbreviation sym (M) = M + M. If compared to aparameter independent
Lyapunov function, we have modified the transformation to K by (3X)Y + (3U)VT in order to
eliminate this extra term that appears from the congruence transformation of . If X is does not
depend on p, X vanishes identically and the original transformation is recovered.

We observe that L, M, N arefunctions of p € 8. only, whereas K also dependson g € §.. Infact,
this function has the structure

K(p,q) = Ko(p) + »_ Ki(p)ai (519
i=1
(why?) and, hence, it isfully described by specifying
Ki(p), i=0,1,... ,m
that depend, aswell, on p € &, only.

Literally asin Theorem 4.2 one can now prove the following synthesis result for LPV systems.

Theorem 5.3 If there exists an LPV controller defined by (5.1.3) and a continuously differentiable
X (.) defined for p € §. that satisfy (5.1.7), then there exist continuoudly differentiable functions
X, Y and continuous functions K;, L, M, N defined on 8. such that, with K given by (5.1.8), the

inequalities
Y 1[I
( I X) >0 (5.1.9)

( —3Y +sym(AY + BM) (A+BNC)+ K" |B,+BNF )
+

and

(A+ BNC)T + K 89X +sym(AX +LC)| XB,+ LF
(B, + BNF)T (XB, +LF)T | 0

T
* 0 0 i
+(*) P”<CpY+EM Cp+ENch+ENF)<0 (5.1.10)
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hold on 8. x §.. Conversely, suppose the continuously differentiable X, ¥ and the continuous
K;, defining K asin (5.1.8), L, M, N satisfy these synthesis inequalities. Then one can factorize
I — XY = UVT with continuously differentiable square and nonsingular U, V, and

1
Y v I 0
x:(l 0) (XU> (5.1.11)
Ac B\ (U XB\ ' [ K—XAY —[0X)Y +@U)VT] L\ [ VT 0\
c. p.)=\o 1 M N)\lcr 1
(5.1.12)

render the analysisinequalities (5.1.7) satisfied.

Remark. Note that the formula (5.1.12) just emerges from the modified controller parameter trans-
formation. We observe that the matrices B., C., D. are functions of p € §. only. Due to the
dependence of K on ¢ and dueto the extraterm U ~1[(d X)Y + (8U)VT]V‘T intheformulafor A,
this latter matrix is afunction that depends both on p € §. and ¢ € §.. It has the same structure as
K and can be written as

m
Ac(p.q) = Ao(p) + Y _ Ai(p)g;.
i=1
A straightforward calculation reveal s that
D¢ oU
A=UYK v T - —yv T =1 i=1..,m.
api api
Hence, to implement this controller, one indeed requires not only to measure 5() but also its rate
of variation §(r). However, one could possibly exploit the freedom in choosing U and V' to render

A; = 0 such that A, does not depend on ¢ any more. Recall that U and V need to be related by
I — XY = UVT; hencelet us choose

vl .=u=tu - xv).
Thisleadsto

. X L AU
A=U YK -y -xy)u-22, i=1... . m.
opi api

Therefore, U should be chosen asanonsingular solution of the system of first order partial differential
equations

aU X -1 .
—(p) =[Ki(p) — —(PYPIU = X(P)Y () "U(p), j=1....m.

api api
Thisleadsto A; = 0 such that the implementation of the LPV controller does not require any on-line

measurements of the rate of the parameter variations. First order partia differential equations can be
solved by the method of characteristics[11]. We cannot go into further details at this point.
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In order to construct a controller that solvesthe LPV problem, one hasto verify the solvability of the
synthesis inequalities in the unknown functions X, Y, K;, L, M, N, and for designing a controller,
one hasto find functions that solve them.

However, standard algorithms do not allow to solve functional inequalities directly. Hence we need
to include a discussion of how to reduce these functional inequalities to finitely many LMI'sin rea
variables.

First step. Sinceq € §. enters the inequality (5.1.10) affinely, we can replace the set §.., if convex,
by itsextreme points. Let us makethe, in practice non-restrictive, assumption that this set hasfinitely
many generators:

5. =cofst, ... 8.

Solving (5.1.9)-(5.1.10) over (p, ¢) € 8. x 8. is equivalent to solving (5.1.9)-(5.1.10) for

Second step. Instead of searching over the set of all continuous functions, we restrict the search to a
finite dimensional subspace thereof, asis standard in Ritz-Gal erkin techniques. Let us hence choose
basis functions

f1(), ..., fi(.) that are continuously differentiable on 4§..

Then all the functions to be found are assumed to belong to the subspace spanned by the functions
fj. Thisleadsto the Ansatz

l l
X(p)=Y_ X;ifi(p), Y(p)=)_ Yifi(p)
j=1

j=1

l
Ki(p) =) Kifi(p). i=0.1....m,
j=1

l l 1
L(p) =) _Lifi(p), M(p)=)_ M;fi(p), N(p)= ) N;fi(p).

j=1 j=1 j=1

We observe

l !
0X(p.q) =Y X;ofj(p.q), Y (p.q) =Y Y;df;(p.q).
j=1 j=1

If we plug these formulas into the inequalities (5.1.9)-(5.1.10), we observe that al the coefficient
matricesenter affinely. After thissubstitution, (5.1.9)-(5.1.10) turnsout to beafamily of linear matrix
inequalitiesin the

matrix variables X, Y;, K, Lj, M, N,

that is parameterized by (5.1.13). The variables of this system of LMI’s are now real numbers;
however, since the parameter p still varies in the infinite set §., we have to solve infinitely many
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LMI's. Thisis, in fact, a so-called semi-infinite (not infinite dimensional as often claimed) convex
optimization problem.

Third step. To reduce the semi-infinite system of LMI’sto finitely many LMI’s, the presently chosen
routeisto just fix afinite subset
Stinite C 8¢

and solvethe LMI system in those points only. Hence the resulting family of LMI’sis parameterized
by

p € iinite and g € (§%,..., 85}
We end up with a finite family of linear matrix inequalities in real valued unknowns that can be
solved by standard algorithms. Since a systematic choice of points &sinite IS Obtained by gridding the
parameter set, this last step is often called the gridding phase, and the whole procedure is said to be
agridding technique.

Remark on the second step. Dueto Weierstrald' approximation theorem, one can choose a sequence
of functions f1, f2, ... oné. such that the union of the subspaces

8, = Span{fl, ey fv}

isdensein the set of al continuously differentiable mappings on . with respect to the norm
If1l = max{|f(p)| | p € 8c} + Zmaxug(pn | p €8}
j=1 !

This implies that, given any continuously differentiable ¢ on §. and any accuracy level € > 0, one
can find an index vg such that there existsan f < 4,,, for which

Vpede, gebe: lg(p)— f(p)l <e 18g(p,q) —df(p,q)| <e.

(Provide the details.) Functionsin the subspace 4, hence approximate any function g and itsimage
dg under the differential operator 9 up to arbitrary accuracy, if theindex v ischosen sufficiently large.

Therefore, if (5.1.9)-(5.1.10) viewed as functional inequalities do have a solution, then they have a
solution if restricting the search over the finite dimensional subspace 4,, for sufficiently largev, i.e., if
incorporating sufficiently many basis functions. However, the number of basis functions determines
the number of variables in the resulting LMI problem. To keep the number of unknowns small
requires an efficient choice of the basis functions what is, in theory and practice, a difficult problem
for which one can hardly give any general recipes.

Remark on thethird step. By compactness of 8. and continuity of al functions, solving the LMI’s
for p € §. or for p € Siinite iS equivalent if only the points are chosen sufficiently dense. A measure
of density is the infimal ¢ such that the balls of radius € around each of the finitely many pointsin
Stinite already cover §..:

s.c U fullp—poll <eh
Po € Siinite
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If the data functions describing the system are also differentiable in §, one can apply the mean value
theorem to provide explicit estimates of the accuracy of the required approximation. Again, however,
it is important to observe that the number of LMI’s to solve depends on the number of grid-points;
hence one has to keep this number small in order to avoid large LMI’s.

Remark on extensions. Only slight adaptations are required to treat all the other performance
specifications (such as bounds on the L,-gain and on the analogue of the Hz-norm or generalized
H>-norm for time-varying systems) as well as the corresponding mixed problems as discussed in
Chapter 4in full generality. Note also that, for single-objective problems, the techniquesto eliminate
parametersliterally apply; thereisno need gointothedetails. Inparticular for solving gain-scheduling
problems, it is important to observe that one can as well let the performance index depend on the
measured parameter without any additional difficulty. As a designer, one can hence ask different
performance properties in different parameter ranges what has considerable relevance in practical
controller design.

Remark on robust LPV control. As another important extension we mention robust LPV design.
It might happen that some parameters are indeed on-line measurable, whereas others have to be
considered as unknown perturbations with which the controller cannot be scheduled. Again, it is
straightforward to extend the robustness design techniques that have been presented in Chapter 4
from LTI systems and controllers to LPV systems and controllers. This even allows to include
dynamic uncertainties if using IQC'’s to capture their properties. Note that the scalings that appear
in such techniques constitute extra problem variables. In many circumstances it causes no extra
technical difficultiesto let these scalings also depend on the scheduling parameter what reduces the
conservatism.

5.2 Affine Parameter Dependence

Suppose that the matrices (5.1.1) describing the system are affine functions on the set
8. =co(st, ..., 5 ).

In that case we intend to search, as well, for an LPV controller that is defined with affine functions
(5.1.3). Note that the describing matrices for the cosed-loop system are also affine in the parameter
if
B .
( £ ) and (C F ) areparameter independent

what is assumed from now on. Finally, welet X in Theorem 5.2 be constant.

Since R, > 0, weinfer that (5.1.7) is satisfied if and only if it holds for the generators p = 8/ of the
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set §.. Therefore, the analysisinequalities reduce to the finite set of LMI’s

AGHTX + XAGT) XB(SY)
x=0 ( B % 0 )+

0 1 r 0 I '
+(e(61‘) i)(af)) PP<@(5j) @(51)><0f0rall ji=1... k.

Under the present structural assumptions, the affi nefunctions( 26 g" ) aretransformed into affine
c c

functions ( Alf[ Ifl ) under the controller parameter transformation as considered in the previous
section.

Then the synthesis inequalities (5.1.9)-(5.1.10) whose variables are the constant X and Y and the
affine functions Alf[ ][;, turn out to be affine in the parameter p. Thisimplies for the synthesis
inequalities that we can replace the search over . without loss of generality by the search over the
generators s’/ of thisset. Therefore, solving the design problem amountsto testing whether theLMI’s

Y I
<I X>>0

and

%
(A + BN@HO)T + K(8/) sym (AGHX + L©G)HC) [+ | +
(B,(87) + BN () F)T (XB, () + LEHF)T [0

( sym (A(3/)Y + BM(87)) *

% TP 0 0 I 0
T« P\ Cp(8)Y + EM(87) C,(8/)+ EN(8/)C | Dp(8/) + EN(8))F =

for j =1,...,k admit asolution.

Since affine, the functions K, L, M, N are parameterized as
(K(p) L(P)>:<K0 L0>+i< Ki Li )p,
M(p) N(p) Mo No = M; N; ’

with real matrices K;, L;, M;, N;. Hence, the synthesis inequalities form genuine linear matrix
inequalities that can be solved by standard algorithms.
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5.3 LFT System Description

Similarly asfor our discussion of robust controller design, let us assume in this section that the LPV
system is described as and LTI system

X A| B, B, B X
Zu _ Cu | Dyy Dup E, Wy (5 3 1)
Zp Cp|Dpu Dpp Ep Wp
y cC|Fr F, O u
in wich the parameter enters via the uncertainty channel w, — z, as
wy, () = Az, (1), A@t) € A.. (5.3.2

The size and the structure of the possible parameter values A(t) is captured by the convex set
A, :=CO{A1, ..., Ayx}

whose generators A ; aregiven explicitly. Weassumew.l.0.g. that 0 € A.. Asbefore, we concentrate
on the quadratic performance specification with index P, imposed on the performance channel
wp — Zp-

Adjusted to the structure of (5.3.1)-(5.3.2), we assume that the measured parameter curve enters the
controller also in a linear fractional fashion. Therefore, we assume that the to-be-designed LPV
controller is defined by scheduling the LTI system

)'cczACxC—i—BC(y), (”):ccxcﬂ)c(y) (5.3.3)
We Zc We

with the actual parameter curve entering as
we () = Ac(A())zc(1). (5.3.4)

The LPV controller is hence parameterized through the matrices A., B, C., D., and through a
possibly non-linear matrix-valued scheduling function

Ac(A) e R definedon A..
Figure 5.1 illustrates this configuration.

Thegoal isto construct an LPV controller suchthat, for all admissible parameter curves, the controlled
system is exponentially stable and, the quadratic performance specification with index P, for the
channel w, — z,, issatisfied.

The solution of this problem is approached with a simple trick. In fact, the controlled system can,



188 Linear Parameterically Varying Systems

Zu A wu
. LTI w
p Plant p
Y U
LTI
Controller
ZC wC
A(A)

Figure 5.1: LPV system and LPV controller with LFT description

alternatively, be obtained by scheduling the LTI system

X A| B, O B, | B 0 X
Zu Cy,| Dy O Dup E, O Wy
Zc 0,0 O 0|0 I, We

= S 535
Zp Cp Dpu O Duu Ep 0 UJP ( )
y C|F O|F,|0 O u
wC 0 0 Inr O 0 0 Zc

with the parameter as

w1\ _ [ AQ@) 0 21
< We ) B ( 0 Ac(A®) ) ( Ze ) (536)

and then controlling this parameter dependent system with the LTI controller (5.3.3). Alternatively,
we can interconnect the LTI system (5.3.5) with the LTI controller (5.3.3) to arrive at the LTI system

X A ‘ B, B, By X
Zu Cu | Duy Duc Dup Wy

= ) 5.3.
Zc Co | Deu Dec Dep We (53.7)
ip Cp | Dpu Dpe Dpp Wp

and then re-connect the parameter as (5.3.6). Thislatter interconnection order isillustrated in Figure
5.2.
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Zu A wu
. LTI w
p Plant p
Yy U
LTI
Controller
ZC wC
A(4)

Figure 5.2: LPV system and LPV controller: Alternative Interpretation

Notethat (5.3.5) isan extension of the original system (5.3.1) with an additional uncertainty channel
w, — z, and with an additional control channel z. — w,; the number n, and n. of the components
of w, and z, dictate the size of the identity matrices I,,, and I, that are indicated by their respective
indices.

Once the scheduling function A.(A) has been fixed, it turns out that (5.3.3) is a robust controller
for the system (5.3.5) with uncertainty (5.3.6). The genuine robust control problem in which the
parameter is not measured on-line would relate to the situation that n, = 0 and n, = 0 such that
(5.3.5) and (5.3.1) areidentical. In LPV control we have the extra freedom of being able to first
extend the system asin (5.3.5) and design for this extended system arobust controller. It will turn
out that this extra freedom will render the corresponding synthesis inequalities convex.

Before we embark on a solution of the LPV problem, let us include some further comments on the
corresponding genuine robust control problem. We have seen in section 4.7.1 that the search for a
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robust controller leads to the problem of having to solve the matrix inequalities

«\ (0 1]0 0[]0 O I 0 0
x 1 0/0 0[]0 O A(w) B,) B,W)
* 000 S[0 O 0 I 0
X0 =01, 1 [oo/s” Rl 0 o || coy Duw) Dipw) | =°
% 000 0[Q, S, 0 0 I
* 00[{0 OfS) R, C,(v) D,,(v) D,p(v)
T
(?) (SQT I‘i)(?>>0f0rallAeAc

in the parameter v and in the multiplier P = < SQT ; )

Recall from our earlier discussion that one of the difficultiesisanumerical tractable parameterization
of the set of multipliers. This was the reason to introduce, at the expense of conservatism, the
following subset of multipliers that admits a description in terms of finitely many LMI’s:

T
P::{P:(SQT ;>|Q<O,(A[-/> P(AI«/>>0forj=1,...,N}. (5.38)

Even after confining the search to v and P € P, no technique is known how to solve the resulting
still non-convex synthesis inequalities by standard algorithms.

In contrast to what we have seen for state-feedback design, the same is true of the dual inequalities
that read as

«\7/0 x|0 0|0 O AT —Cc,»T —C,wT
N X 00 0/0 O I 0 0
* 00[/Q0 S|o o© ~B, ()T =Dy ()T =D, ()T
X =01 . [ x 03" Rl 0 o 0 i 0 >0
* 0 00 O Q[) §[7 _Bp(U)T _Dup(U)T _Dpp(v)T
* 0 0/0 03T R, 0 0 1
ro. -
<—2T) (SQT;> _IAT><0forallAeAc.

Again, even confining the search to the set of multipliers

. T
P = P=(~ ~ | |R >0, T P r |]<Ofor j=1,...,N (5.3.9)
[ ST R —Aj —Aj

does not lead to a convex feasibility problem.

Since non-convexity iscaused by the multiplication of functionsthat depend on v withthemultipliers,
one could be lead to the idea that it might help to eliminate as many of the variablesthat are involved
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in v as possible. We can indeed apply the technique exposed in Section 4.5.3 and eliminate K, L,
M, N.

For that purpose one needs to compute basis matrices

ol gl
@:(@2) of ker(B" E! E]) and qj=(\y2) of ker (C F, Fp)

3 w3
respectively. After elimination, the synthesis inequalities read as
Y 1
< ! X) > 0, (5.3.10)
I 0 0\ /0Xx|0 0|0 O I 0 0
A B, B, X 00 0|0 O A B, B,
r| 0 I 0 0 0|]Q S|0 O 0 I 0
Yl ¢ Du D, 0 0|ST Rl O O Cu Duu Dy V<0 (5311
0 0 1 0 0/0 0[Q, S, 0 0 I
Cp Dpy Dy 0 00 0|S] R, Cp, Dpu Dpp
—AT ¢l —cr\" (0 x|0 0[]0 O —AT —cT T
I 0 0 X 0,0 0|0 O I 0 0
—RT —_pT _pT 5 3 —RT —_pT _pT
T —Du _Duu “pou 00 ~Q ‘S: 0 0 —DPu _Duu _Dpu
1 o 1 o 0 0|37 &l o o o 1 o |[®7°
—RT _pT  _pT 5 S —RT _pT  _pT
—B, —Dp, —Dp, 00700 Q” ‘S” o —Dpy =Dy
0 0 1 0 00 0|S] R, 0 0 1
(5.3.12)

in the variables X, Y, and in the multiplier P and P that are coupled as

g -1
- S
P:<§QT]§>:<SQTR> =pL (5.3.13)

Hence, after elimination, it turns out that the inequalities (5.3.10)-(5.3.12) are indeed affine in the
unknowns X, Y, P and P. Unfortunately, non-convexity re-appears through the coupling (5.3.13) of
the multipliers P and P.

Let us now turn back to the LPV problem where we allow, via the scheduling function A.(A) in the
controller, extrafreedom in the design process.

For guaranteeing stability and performance of the controlled system, we employ extended multipliers
adjusted to the extended uncertainty structure (5.3.6) that are given as

0 Q2| § S
p_ ( Q.| S > _| Qa1 Qx| Sa Sz
* * R Rop
* % |Ro1 R

with 9, <0, R, >0 (5.3.14)
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and that satisfy

Pe

A
M ~0fordl AcA. (5.3.15)
0

0
(
0
1

The corresponding dual multipliers P, = P; 1 are partitioned similarly as

515 0 0On| S Sp
~ Qe | Se 021 Ox|Sa S» - ~
== - = e th 0, R 0 5.3.16
P, (eTRe> " " R Ri wi Q0.<0, R, > ( )
* % |Rn Riz
and they satisfy
I 0 r I 0
0 1 0 1
0 —A(A)T 0 —AcAT

Asindicated by our notation, we observe that

(SQT }S;>6Pand (S,QT 2)6[’

for the corresponding sub-matrices of P, and P, respectively.

If we recall the description (5.3.6)-(5.3.7) of the controlled LPV system, the desired exponential
stability and quadratic performance property is satisfied if we can find a Lyapunov matrix X and an
extended scaling P, with (5.3.14)-(5.3.15) such that

«\"/0x|l0 0 0 0|0 O I 0 0 O

% X 0/ 0 0 0 0/0 0 A B, B. B,

ko 0 0| 0 Q12 S S12/0 O 0 I 0 0
%> 0 * 0 0|Qx Q2 Sau S2|0 O 0 O 1 0 -0
’ * 0 0] % * R Rip| O O Cu Duy Duc Dup '

% 0 O] = ¥ Rz1 Rp| O O Co Dey Dee Dep

el 0 0/0 0 0 0|0,S, 0 0 0 1

x 00/0 0 0 0[S R, /)\¢C, Dy Dpe Dy
(5.3.17)

We are now ready to formulate an LMI test for the existence of an LPV controller such that the
controlled LPV system fulfillsthis latter analysis test.

Theorem 5.4 The following statements are equivalent:
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1. Thereexistsacontroller (5.3.3) and aschedulingfunction A.(A) suchthat thecontrolled system
asdescribed by (5.3.4)-(5.3.7) admits a Lyapunov matrix X and a multiplier (5.3.14)-(5.3.15)
that satisfy (5.3.17).

2. There exist X, Y and multipliers P € P, P € P that satisfy the linear matrix inequalities

Proof

(5.3.10)-(5.3.12).

. Let usfirst prove 1 = 2. We can apply the technique as described in Section 4.5.3 to
eliminate the controller parametersin theinequality (5.3.17). According to Corollary 4.11, thisleads
to the coupling condition (4.5.24) and to the two synthesis inequalities (4.5.25)-(4.5.26). Thewhole
point is to show that the latter two inequalities can indeed be simplified to (5.3.11)-(5.3.12). Let us
illustrate this simplification for the first inequality only since a duality argument leads to the same
conclusions for the second one.

With
\Dl
| w2 . . C F, 0 F,
v, = 0 as abasis matrix of ker( 00 I, )
wi
the inequality that corresponds to (4.5.24) reads as
«<\" /0 X/ 0 0 0 0|0 O I 0 0 O©
K X 0| 0 0 0 0 0O O A By, 0 B,
* 0 0] Q Q12 S S12] 0 O 0 1 0 0
| * 0 0/Qxn Q2 S21 S| 0 O O 0 I 0
Ye | & 0 0|l « % R R/ 0 0 Cu D O Dy Ve <0.
K 0 0] = * Rp1 Ryp| O O 0 0 0 0
* 0 0| O 0O 0 0|09, S, 0O O 0 I
* 0 0f]0 0 0 O0]|S R Cp Dpu Dpc Dpp
Dueto the zero block in W,, it is obvious that thisis the same as
«\" /70Xl 0 0 0 0]O0 O I 0 O
% X0/ 0 0 0 0[O0 O A B, B,
ko 0 0l 0 Q01 S S| 0 O 0 I ©
| * 0 0/Qxn Q2 S21 S| 0 O 0 0 ©
v * 0 O] x * R Rpp| O O Cu Duyy Dyp V<0
* 0 0| =% * Roy1 Rxp| O O 0 0 0
% 0 0| O 0O 0 0|09, S, 0O O I
* 0 0/]0 0 0 0[S R Cp, Dpu Dpp

The two zero block rowsin the outer factors allow to simplify this latter inequality to (5.3.11), what
finishes the proof of 1 = 2.

The constructive proof of 2 = 1 is more involved and proceeds in three steps. Let us assume that
we have computed solutions X, Y and P € P, P € P with (5.3.10)-(5.3.12).
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First step: Extension of Scalings. Since P € P and P € P, let usrecall that we have

T T
A A I - I
<1) P(1>>Oa”d<_Ar) P(_AT><0forallAeA. (5.3.18)

Dueto0 € A, weget R > 0and O < O. Hence we conclude for the diagonal blocks of P that
Q < 0and R > 0, and for the diagonal blocks of P that O > Oand R < O. If weintroduce

I ~ 0
Z:<O> andZ:(I)
with the same row partition as P, these properties can be expressed as

7Pz <0, Z"PZ>0and Zz"PZ <0, ZTPZ > 0. (5.3.19)

If we observe that im(Z) is the orthogonal complement of im(Z), we can apply the Dualization
Lemmato infer

zTp1z>0 z"P'z<0and ZTP'z>0, zTP 1z <. (5.3.20)

For the given P and P, wetry to find an extension P, with (5.3.14) such that the dual multiplier
P, = Pe—1 is related to the given P asin (5.3.16). After a suitable permutation, this amounts to
finding an extension

< 1
P T (P s P T
( T TTNT ) with ( x % ) = ( T TTNT ) ’ (5:3.21)

where the specific parameterization of the new blocksin terms of anon-singular matrix 7' and some
symmetric N will turn out convenient. Such an extension isvery simple to obtain. However, we also
need to obey the positivity/negativity constraintsin (5.3.14) that amount to

T
(gg) (TPT TTY;VT)<gg)<O (5322)

~ T ~
(20 (5 he)(29)-0 5323

We can assume w.l.0.g. (perturb, if necessary) that P — P~ isnon-singular. Then we set

and

N=F-pHt
and observe that (5.3.21) holds for any non-singular T'.

The main goal isto adjust 7" to render (5.3.22)-(5.3.23) satisfied. We will in fact construct the sub-
blocksTh = TZand T, = TZ of T = (T1 T2). Dueto (5.3.19), the conditions (5.3.22)-(5.3.23)
read in terms of these blocks as (Schur)

i [N - Z(ZTPZ)’lZT] Ty <0 and 77 [N — Z(ZTPZ)*lzT] T, > 0. (5.3.24)
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If we denote by . (S), n—(S) the number of positive, negative eigenvalues of the symmetric matrix
S, we hence have to calculate n_(N — Z(ZTP2)"1zTy and n (N — Z(ZT PZ)~1Z"). Simple
Schur complement arguments reveal that

; zTpz 77
- Z N

) =n_(Z"PZ)+n_(N-2(z"P2)™'z") =
=n_(N)+n_(Z"PZ-Z"N"12)=n_(N) +n_(z" P712).

Since Z" PZ and Z" P~ Z havethe same size and are both negative definite by (5.3.19) and (5.3.20),
weconcluden_(ZTPZ) =n_(zT P~1Z7). Thisleadsto

n_(N—2Z"pz)™1z"y = n_(N).
Literally the same arguments will reveal
ny(N—22Z"P2)1Z")y = n(N).

These two relations imply that there exist 71, T> withn_(N), n (N) columns that satisfy (5.3.24).
Hence the matrix T = (T1 T2) hasni (N) + n_(N) columns. Since the number of rows of Ty, 7>,
Z,Z, N areadl identical, T is actually a square matrix. We can assume w.l.0.g. - by perturbing 71
or T if necessary - that the square matrix 7' is non-singular.

Thisfinishesthe construction of theextended multiplier (5.3.14). Let usobservethat thedimensionsof
022/ R2; equal thenumber of columnsof 71/T> whichare, inturn, given by theintegersn_ (N)/n4 (N).

Second Step: Construction of theschedulingfunction. Letusfix A andlet usapply theElimination
Lemmato (5.3.15) with A.(A) viewed as the unknown. We observe that the solvability conditions
of the Elimination Lemma just amount to the two inequalities (5.3.18). We conclude that for any
A € A onecanindeed compute a A.(A) which satisfies (5.3.15).

Due to the structural simplicity, we can even provide an explicit formula which shows that A (A)
can be selected to depend smoothly on A. Indeed, by astraightforward Schur-complement argument,
(5.3.15) isequivaent to

Uu U1z (W1 + AT wh

Uz Uz Wh  Wat A" |,
Wi+ A W12 Vi1 Vi2

War W+ A(A) Va1 Va2

forU =R, — ST Q;1S,>0,V=-0,1>0 W= 0.5, Obviously this can be rewritten to

( Uz % )_(U21 Wsz)( Un  (Wu+a) )l< Utz W{1>>0
Wa2 + Ac(A) Va2 War Va1 Wi+ A Vi Wiz Vi2

inwhich A.(A) only appearsin the off-diagonal position. Since we are sure that there does indeed
exist a A.(A) that renders the inequality satisfied, the diagonal blocks must be positive definite. If
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we then choose A.(A) such that the off-diagonal block vanishes, we have found a solution of the
inequality; this leads to the following explicit formula

-1
U * U
Ac(A) = —Wor+ ( War Var) < Wlll—li A Vi ) < Wllz )

for the scheduling function. We note that A.(A) hasthe dimensionn_(N) x ny(N).

Third Step: LTI controller construction. After having constructed the scalings, the last step isto
construct an LTI controller and Lyapunov matrix that render the inequality (5.3.17) satisfied. We are
confronted with a standard nominal quadratic design problem of which we are sure that it admits a
solution, and for which the controller construction proceed along the steps that have been intensively
discussed in Chapter 4. ]

We have shown that the LMI’s that needed to be solved for designing an LPV controller areidentical
to thosefor designing arobust controller, with the only exception that the coupling condition (5.3.13)
drops out. Therefore, the search for X and ¥ and for the multipliers P € P and P € P to satisfy
(5.3.10)-(5.3.12) amounts to testing the feasibility of standard LMI’s. Moreover, the controller
construction in the proof of Theorem 5.4 is constructive. Hence we conclude that we have found a
full solution to the quadratic performance LPV control problem (including L»-gain and dissipativity
specifications) for full block scalings P, that satisfy O, < 0. The more interesting general case
without this still restrictive negativity hypotheses is dealt with in future work.

Remarks.

» The proof reveals that the scheduling function A.(A) has a many rows/colums as there are
negative/positive eigenvalues of P — P 1 (if assuming w.l.0.g. that the latter is non-singular.)
If it happens that P — P~ is positive or negative definite, there is no need to schedule the
controller at all; we obtain a controller that solves the robust quadratic performance problem.

* Previousapproachesto the LPV problem[1, 8, 21, 39] werebased on A.(A) = A such that the
controller is scheduled with an identical copy of the parameters. These results were based on
block-diagonal parameter matrices and multipliers that were as well assumed block-diagonal.
The use of full block scalings[33] require the extension to amore general scheduling function
that is - as seen a posteriori - a quadratic function of the parameter A.

* |tispossibleto extend the procedureto Ho-control and to the other performance specifications
in these notes. However, this requires restrictive hypotheses on the system description. The
extension to general mixed problems seems nontrivial and isopen in itsfull generality.

5.4 A Sketch of Possible Applications

It isobvious how to apply robust or LPV control techniquesin linear design: If the underlying system
isaffected, possibly inanonlinear fashion, by some possibly time-varying parameter (such asvarying
resonance poles and alike), one could strive
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« either for designing a robust controller if the actual parameter changes are not available as
on-line information

« orfor constructing an L PV controller if the parameter (and itsrate of variation) can be measured
on-line.

As such the presented techniques can be a useful extension to the nominal design specifications that
have been considered previousdly.

Inabrief final and informal discussion we would like to point out possible applications of robust and
LPV control techniques to the control of nonlinear systems:

» They clearly apply if one can systematically embed a nonlinear system in a class of linear
systems that admit an LPV parameterization.

e Evenifitisrequired to perform aheuristic linearization step, they can improve classical gain-
scheduling design schemes for nonlinear systems since they lead to a one-shot construction of
afamily of linear controllers.

54.1 From Nonlinear Systemsto LPV Systems

In order to apply the techniques discussed in these notes to nonlinear systems, one uses variations of
what is often called global linearization.

Consider anonlinear system described by

= f(x) (5.4.1)
where we assumethat f : R” — R” isasmooth vector field.
If £(0) =0, itisoften possibletorewrite f(x) = A(x)x with asmooth matrix valued mapping A(.).
If one can guarantee that the LPV system

%= A()x

is exponentially stable, we can conclude that the nonlinear system

x=A(x)x

has 0 as a globally exponentially stable equilibrium. Note that one can and should impose a priori
bounds on the state-trgjectories such as x (r) € M for some set M such that the stability of the LPV
system only has to be assured for §(r) € M; of course, one can then only conclude stability for
trajectories of the nonlinear system that remainin M.

A dlightly more general procedure allows to consider arbitrary system trajectories instead of equi-
librium points (or constant trajectories) only. In fact, suppose x1(.) and x2(.) are two tragjectories of
(5.4.1). By the mean-value theorem, there exist

nj (1) € cofx1(r), x2(1)}
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such that
8 (1))
x1(1) — x2(2) = f(x1(t)) — fx2(0)) = : (x2(2) — x2(1)).
8 (1 (1))
Therefore, theincrement £ (1) = x1(¢) — x2(¢) satisfiesthe LPV system
E() = Ai(0). ... . (0)E@)

with parameters n1, ... , n,. Once this LPV system is shown to be exponentialy stable, one can
concludethat & (1) = x1(¢) — x2(¢) converges exponentially to zero for t — oo. If x2(.) isanominal
system trajectory (such as an equilibrium point or a given trajectory to be investigated), we can
conclude that x1 (¢) approaches this nominal trajectory exponentialy.

Finally, the following procedure is often referred to as global linearization. Let
F betheclosureof co{f,(x)|x e R"}.

Clearly, ¥ isaclosed and convex subset of R”*". Itisnot difficult to see that any pair of trajectories
x1(.), x2(.) of (5.4.1) satisfiesthe linear differentia inclusion

X1(t) — x2(t) € F(x1(t) — x2(2)). (5.4.2)
Proof. Fix any r and consider the closed convex set
Flxa(t) — x2()] C R™.
Suppose this set is contained in the negative half-space defined by the vector y € R”:
Y Flxa@) = x2(0] < 0.
Due to the mean-value theorem, there existsa & € co{x1(t), x2(¢)} with
Y ) — 2201 = Y [ (xa(0) = f 2] =y fe@)[xa(r) — x2()].

Since f(§) € F, weinfer
YT [#2(1) — %2(5)] < 0.

Hence x1(¢) — x2(¢) iscontained, as well, in the negative half-space defined by y. Since ¥ isclosed
and convex, we can indeed infer (5.4.2) as desired. [ |

To analyze the stahility of the differential inclusion, one can cover the set & by the convex hull of
finitely many matrices A ; and apply the techniques that have been presented in these notes.

Remarks. Of course, there are many other possibilities to embed nonlinear systems in a family of
linear systemsthat depend on atime-varying parameter. Sincethereisno general recipeto transform
agiven problem to the LPV scenario, we have only sketched afew ideas. Although we concentrated
on stability analysis, these ideas straightforwardly extend to various nominal or robust performance
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design problems what is a considerabl e advantage over other techniques for nonlinear systems. This
is particularly important since, in practical problems, non-linearities are often highly structured and
not all states enter non-linearly. For example, in a stabilization problem, one might arrive at asystem

x=A(y)x+ B(yu, y=Cx

whereu isthe control input and y isthe measured output that captures, aswell, those states that enter
the system non-linearly. We can use the LPV techniques to design a stabilizing LPV controller for
thissystem. Since y isthe scheduling variable, thiscontroller will depend, in general, non-linearly on
y; hence LPV control amountsto asystematic techniqueto design nonlinear controllersfor nonlinear
systems ‘whose non-linearities can be measured’ .

5.4.2 Gain-Scheduling

A typical engineering techniqueto attack design problemsfor nonlinear systems proceeds asfollows:
Linearize the system around a couple of operating points, design good linear controllers for each of
these points, and then glue these linear controllers together to control the nonlinear system.

Although this scheme seems to work reasonably well in many practical circumstances, there are
considerable drawbacks:

» Thereisno general recipe how to glue controllers together. It is hard to discriminate between
several conceivable controller interpolation techniques.

e It is not clear how to design the linear controllers such that, after interpolation, the overall
controlled system shows the desired performance.

» There are no guarantees whatsoever that the overall system is even stabilized, not to speak of
guarantees for performance. Only through nonlinear simulations one can roughly assess that
the chosen design scenario has been successful.

Based on LPV techniques, one can provide a recipe to systematically design a family of linear
controllersthat isscheduled on the operating point without the need for ad-hoc interpol ation strategies.
Moreover, one can provide, at least for the linearized family of systems, guarantees for stability and
performance, even if the system undergoes rapid changes of the operating condition.

Again, we just look at the stabilization problem and observe that the extensions to include as well
performance specifications are straightforward.

Suppose anonlinear system
X =a(x,u), y=clx,u)—r (5.4.3)

hasx asitsstate, u asitscontrol, r asareferenceinput, and y asatracking error output that isalso the
measured output. We assumethat, for each reference input r, the system admits a unique equilibrium
(operating condition)

0 =a(xo(r), uo(r)), 0=c(xo(r),uo(r)) —r
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such that xg(.), ug(.) are smooth in r. (In general, one applies the implicit function theorem to
guarantee the existence of such a parameterized family of equilibria under certain conditions. In
practice, the calculation of these operating pointsis the first step to be done.)

The next step isto linearize the the system around each operating point to obtain

X = fyx(xo(r), uo(r)x + fulxo(r), uo(r)u, y = cx(xo(r), uo(r))x + cy(xo(r), uo(r))u —r.
Thisisindeed afamily of linear systemsthat is parameterized by r.

In standard gain-scheduling, linear techniques are used to find, for each r, agood tracking controller
for each of these systems, and the resulting controllers are then somehow interpolated.

At this point we can exploit the LPV techniques to systematically design an LPV controller that
achieves good tracking for all reference trgjectories in a certain class, even if these references vary
quickly with time. This systematic approach directly leads to afamily of linear systems, where the
interpolation step is taken care of by the algorithm. Still, however, one has to confirm by nonlinear
simulations that the resulting LPV controller works well for the original nonlinear system. Note
that the Taylor linearization can sometimes be replaced by global linearization (as discussed in the
previous section) what leads to a priori guarantees for the controlled nonlinear system.

Again, this was only a very brief sketch of ideas to apply LPV control in gain-scheduling, and we
refer to [14] for abroader exposition of gain-scheduling in nonlinear control.
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