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Abstract: We revisit the robust performance analysis problem for structured
uncertainties whose frequency responses lie in the rather general class of diagonal
matrices with blocks that are full ellipsoidal or repeated and contained in
intersections of disks or circles or that are located in finitely generated convex
sets. Based on the full block S-procedure we suggested LMI relaxations to verify
robust performance. Our main purpose is to prove a general computationally
verifiable condition for when these relaxations do not involve any conservatism.
This allows to show the general exactness of the suggested relaxations for small
block-structures, comprising an elementary proof for the structured singular value
being exactly computable by convex optimization for three full complex blocks.
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1. INTRODUCTION

During the last twenty years it has been estab-
lished that a whole variety of robust stability
and robust performance conditions can be trans-
lated into robust linear algebra tests in the sense
as exposed in (El Ghaoui and Lebret, 1997) for
classical least-squares approximation. The con-
cept of multipliers (Packard and Doyle, 1993)
plays a crucial role in relaxing these typically
hard non-convex problems into finite-dimensional
convex optimization problems. The general frame-
work of quadratic separators (Iwasaki and Hara,
1996; Iwasaki and Hara, 1998) or full block mul-
tipliers (Scherer, 1996; Scherer, 2001) turns out
to be particularly useful for constructing relax-
ation families with varying degrees of conser-
vatism. The power of this procedure has been
demonstrated by devising classes of robust perfor-
mance analysis algorithms for linear parameter-
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varying systems and Lyapunov functions which
depend (piece-wise) rationally on the parameters
(Scherer, 1998; Dettori and Scherer, 1998). Un-
fortunately all these relaxations typically involve
conservatism, and only for simple block struc-
tures it is known that they are generally exact
(Packard and Doyle, 1993; Meinsma et al., 1997).
Moreover a reduction of conservatism is not pos-
sible uniformly in all problem instances (Toker
and Ozbay, 1995). However, for specific practical
problem instances it is our experience that, often,
no improvement can be gained by enlarging the
multiplier set (e.g. from diagonal to full). This
raises the issue of developing computational tools
for the verification of exactness in order to be
sure that no further improvement is possible by
whatever refinement is employed.

The present paper is an initial step in this di-
rection. Motivated by the exact characterization
of the structured singular value by duality we
suggest a novel exactness principle for general
relaxations that are based on the full block S-



procedure, and we demonstrate the validity of this
principle for a concrete but rather general class
of uncertainty block structures, while extending
and unifying the results and techniques of proof as
appearing in (Packard and Doyle, 1993; Rantzer,
1996; Meinsma et al., 1997; Vandenberghe and
Balakrishnan, 1999; Henrion and Meinsma, 2001).
Practicability is demonstrated by means of a sim-
ple example.

2. ROBUST PERFORMANCE ANALYSIS

Suppose that some controlled generalized plant
(with uncertainty and performance channels) is
described by

with A being Hurwitz. Let the set of uncertainties
consist of all proper and stable A whose frequency
responses satisfy A(s) € A, for all s € iRU {oo}
where A, is some set of complex matrices impos-
ing structure and size. It is well-known (Packard
and Doyle, 1993; Zhou et al., 1996) that various
practically important robust stability and perfor-
mance specifications (such as a Ho,-norm bounds
or positive-realness conditions) can be reformu-
lated as the following RP test: Verify whether for
all s € iIRU {oo} and all A € A,

det (1 - Nii(s)A) # 0, (1)
(A*g\f(g)) By (A*IZ—V(3)> <0. (2

The performance index P, = P; is supposed to
have a positive semi-definite right-lower block. We
fix s € iR U {oco} and abbreviate H := N(s)
partitioned into A, B, C, D. It is then rather
simple to verify that (1)-(2) are satisfied if there
exists a Hermitian multiplier P with

(?) P<?> >0 forall AeA, (3)

(r(as)<()n(oh)<0 w

To render this test computational we introduce
a class A, which is sufficiently general to cover
the most important uncertainty structures as they
appear in practice (Iwasaki and Hara, 1998; Peau-
celle, 2000), but which has a sufficiently specific
description to allow for proving the main result
of this paper. With the column partition I =
(Ey -+ Ey) and I = (Fy --- Fy,) of the iden-
tity matrix we choose for the block-diagonal basic
structure

m
A, = {A = ZEkAkF]: o Ap € Ak}

k=1
where Aj imposes itself a more specific structure
on the sub-block Ay (with index sets satisfying

KfﬂKrﬁKk = @, KfUKTUKk = {1,,m})
as follows:

Full blocks. For k € K¢, Ay is the set of all full
blocks Ay € C"**™k constrained as

(3 (3)

with fixed nonsingular P* = (P*)* having nega-
tive definite left-upper block. Choose the multi-
plier set Py, := {7*PF: 7% > 0}.

Repeated scalar blocks. For k£ € K, consider
the set &g of §; € C with

6\ ok (O _ o\ ok (O
(1) 7 (%) =o () 2 (%) 20

for 7 = 1,..., Ny with fixed Hermitian matrices
Pf € C?*2. By Lemma 3 we exclude trivialities
with det(P]k) < 0 for all j (including j = 0 if
P} #0). If P} =0, dj is a finite intersection of
disks and half-planes in C, and if P¥ # 0 then it is
additionally constrained to either lines or circles.
Note that dy is unbounded iff all (1,1) elements
of Pf are nonnegative. Define

Ay ={0r1,, : 0 € 0} for bounded dg

and include oo (with a natural interpretation for
use in linear fractional representations) if dy is
unbounded. Now introduce
Ny
Py =Y PFeDi: Df= (D), Df >0
j=0
Convex-hull blocks. For £ € K); we assume
Ay = con{A},..., Ak } such that Ay is con-
fined to polytopes of real or complex full or struc-
tured matrices. Now Py is the set of all P, = P}
such that for all j =1,..., Ny

(8) n(a) =0 () n(7)=0

Then it is elementary to verify that

= (E: 0 E; 0.
P_{;( 0 Fk>Pk< 0 F;). PkePk}
does indeed satisty (3), and hence(1)-(2) are guar-
anteed if there exists some P € P with (4).
This computational robust performance test is
rather well-established in the literature (Packard
and Doyle, 1993; Iwasaki and Hara, 1996; Scherer,
1996; Iwasaki and Hara, 1998; Peaucelle, 2000;
Scherer, 2001) and known to be only sufficient
for general problem instances. In practice, how-
ever, it does indeed happen pretty often that
this relaxation does not involve any conservatism,
which motivates to identify numerically verifiable
conditions for its exactness.

3. WHEN ARE RELAXATIONS EXACT?

Suppose there does not exist any P € P that
satisfies (4). By a standard Farkas duality result



there exist Lagrange multipliers M > 0, mF >0,
MJIC > 0, My > 0 which do not all vanish and that

satisfy (with U, = (Ej; 0), Vi, = (FfA F{B))

e p)u(ep)rz0 ©

as well as
k Uk ok
(P*, W M (U Vi)) —mF =0,

(v v 1) o) () = =,

(‘[i:)M(U; Vi) + (é)Mk(I 0)—
(3o () =

for k € K¢, k € K., k € K}, respectively. We infer
that M # 0 which leads us to our main result.

Theorem 1. Suppose there exists an infeasibility
certificate such that M has rank one. Then there
exists some A € A, at which either A x H is not
well-posed or for which

<A1H>*PP(A»{H) % 0.

Proof. Decompose M = mm*, partition m =
col(w, £) according to the columns of (A B), and
define the column vectors z = Aw+ B¢, n = Cw+
D¢, wy, = Ejw = Uym, z, = Fjz = V;m. For

k € Ky we have
Uy, Ui\ wi \ ok [ Wi
< ]i} * —
0(P(%)mm(w>><%)P o).
One can prove wy = Agzg for some Ay € Ag.
For k € K, we infer for Q¥ := (P})T that

U U* * 0\ ¥ *
o= ()@ (1) (1)@ (%)

If 2z, # 0 it is not difficult to show wy = 20, =
[0r1)zK = Az, with Ag € Ag. The same holds if
2z, = 0, wp = 0 with any 6 € g, and if zp = 0,
wy, # 0 for o = oo, since then all (1,1) elements
of Q’? are nonnegative which implies co € k.
For k € K, we conclude from z,z} = ZN’C M’C
that ker(zy) C ker(M]k) and hence there ex1st
oz? with Mk = zkoz z,’; If zx # 0 we have
ok >0 and Z] ya¥ =1, and we infer from
wkzk = ZN’“ AkMk by right-multiplication with
z; and d1v1510n by 2z that wp = Agzy for
Ay = Z;V’”l ozkA;?. If 2z, = 0 then Mjk = 0 and
hence wiwy, + Mk = 0 and hence w, = 0 and
hence wy = Agzi for any A, € Ag.
Let us assume that the constructed sub-blocks Ay
define A € A,. If A « H is not well-posed at A

the proof is finished. If A x H is well-posed at A
we infer n = [A x H]¢. With (5) we get

=(5)7(£)-e (sl ) sl

It remains to show & # 0; if £ = 0 then 2z = Aw,
w = Az and thus w = 0, z = 0 (by well-
posedness) and thus m = 0, a contradiction. H

Theorem 2. The suggested relaxation is always
exact in case that either one of the following
conditions on the number of blocks hold:

o |Kf|=2,|K,|=0and |K;|=0.

o |[Kf|=0,|K,|=1,|Kp=0& N, =1,k € K,.
0|Kf‘:0, |KT‘:0, |Kh|:1&Nk:2,k€Kh.

Proof.
e The infeasibility test reduces to the existence of
some nonzero M > 0 with (5) and

<(Ak Bk)Pk(‘U/:)7M>20 for ]CEKf.

We can apply Lemma 4 to infer that there exists a
vector m # 0 such that the same relations are true
if we replace M with mm*. Hence there exists a
rank one infeasibility certificate.
e Choose k € K, and assume P} # 0. Then
infeasibility is equivalent to the existence of a
nonzero M > 0 with (5) and

(Uk Vi) [(Pf)T@)M] (‘ZE) =0 and >0
for 7 = 0,1 respectively. By Lemma 5 and due to
(5) we find some nonzero m such that the same
relations hold for M = mm™* and such that, in
addition

(28) 7 (8 520

Hence there is a rank one infeasibility certificate.
The proof is somewhat more tricky in case that
P} vanishes since then we cannot directly apply
Lemma 5. Since Ey = I, Fj, = I and if we recall
the definition of Uy, Vj, infeasibility is equivalent
to the existence of a nonzero M > 0 with (5) and
L = K[(PF)T @ M]K* > 0 with the additional
abbreviation K = (I 0 A B). If there exists some
0 € C with

(51*>*(P1]€)T (61*) >0, det(I — 6*4") = 0

or if A* is singular (in case that g is unbounded),
we infer that A x H is not well-posed at d1.
Otherwise we apply Lemma 3 to conclude the
existence of a Hermitian X < 0 with

(j*)*(P{“)T(z@X(j*) ~ L.

We can extend X by zero blocks to obtain some
My with K[(PF)T ® My)K* = L and with

<(g é)*Pp(g é) M) = (R,, CXC*) <0



where R, > 0 is the right-lower block of P,. Hence
M:=M — My > M > 0 is nonzero and satisfies
(5) as well as (Uy Vi)[(PF)T @ M)(Ug Vi)* = 0.
The proof can now be finished as for PF # 0.

e This corresponds to an uncertainty structure
with one real repeated block and is hence a
consequence of the second item. |
For verifying robust performance this test has
to be performed frequency-wise, with the risk of
missing relevant frequencies to arrive at mislead-
ing conclusions. Just due to

1] 0 A By By
A*N(S):<g >* Cl Dll D12
0 A C> D1 Doy

it is straightforward to guarantee (1)-(2) for all
s in some intersections of disks or circles (pos-
sibly containing oo and then degenerating to
half-planes and lines) by a suitable multiplier
relaxation. We can directly apply Theorems 1
and 2 to obtain conditions for when these relax-
ations are non-conservative. A specialization to
the case when the original uncertainties are absent
leads to a whole class of novel variations of the
KYP Lemma (for polynomials) on intervals as
recently discussed in (Meinsma et al., 1997; Nes-
terov, 2000; Genin et al., 2000; Alkire and Van-
denberghe, 2001; Sturm and Zhang, 2001).

For full and repeated blocks we have general-
ized in this section the exactness characteriza-
tion of the structured singular value in (Packard
and Doyle, 1993; Meinsma et al., 1997) to more
general sets, with unifying proofs that allow for
unbounded repeated uncertainties. We would like
to particularly stress the simplicity of the proof
of the first item in Theorem 2 which corresponds
to the considerably more involved exposition in
(Packard and Doyle, 1993) for the case of three full
complex blocks. In contrast to (Meinsma et al.,
1997; Henrion and Meinsma, 2001) we managed
to handle intersections of disks and circles to de-
scribe repeated blocks, which leads to a common
treatment of the KYP Lemma for continuous- and
discrete-time (Rantzer, 1996; Vandenberghe and
Balakrishnan, 1999). After the submission of this
paper we became aware of an independent proof
of the second item in Theorem 2 in (Iwasaki and
Hara, 2003). For convex hull blocks Theorem 1
seems to be new.

Despite the just described improvements, the
main purpose of this paper is to rather suggest
the following general principle for the absence of
a relaxation gap.

Principle. If there exists an infeasibility certificate
(Lagrange multiplier) corresponding to the full S-
procedure multiplier inequality (4) which has rank
one then the relaxation is non-conservative.

In addition to the cases discussed above, this
principle has been successfully confirmed for prob-
lems in which one minimizes a linear functional of

some parameters that enter the performance index
affinely (such as computing optimal robust H..-
norm bounds). We strongly believe in the exis-
tence of many more interesting problem instances
for which it can be turned into a concrete result.
Let us finally demonstrate that it can be often
beneficially applied in practice.

4. AN EXAMPLE

For some tracking interconnection with three one-
dimensional uncertainty blocks (one dynamic and
two real parametric) and a one-dimensional per-
formance channel we have computed the following
description of the closed-loop interconnection

0 1 0 00 00 O]
-1 -2 0 251 00-1

z1 0 4-01 -10/0 00 O|fw
z | | 0 0 5 =20 02 O we
zs | 10505 0 00050 0] ws
e 1 0 0 0|0 00 O d

00.5 0-1250 00 O

0 0 25 00 01 0]

where w = Az and A = diag(dy,02,03) €
diag(RHx, R, R) with ||01]lcc < 0.9, |d2] < 1.2
|03] < 1.2. We employ the relaxation procedure
as sketched at the end of Section 3 to compute
bounds on the worst-case Ho,-norm of d — e on a
partition of the frequency interval [1, 10] into forty
subintervals and for two classes of multipliers, one
as they appear in standard structured singular
value theory and one in which we combine the
two real uncertainties into a hull block with full
block multipliers. Figure 1 depicts the guaranteed
bounds and reveals a discrepancy of the bounds in
[1,2] due to the different multiplier classes. More
importantly, on the basis of Theorem 1 we indicate
in which frequency regions the least conservative
relaxation is actually exact.

5. CONCLUSIONS

We provided a test for non-conservatism of LMI
robust performance algorithms that is based on a
general rank one exactness principle for relaxation
based on the full block S-procedure. This allowed
to prove in an independent elementary fashion the
relaxation’s exactness for two full complex blocks
and for one repeated complex block in arbitrary
disks or half-planes, possibly intersected with lines
or circles. A nonstrict version of the second item
in Theorem 2 has been independently obtained in
(Iwasaki and Hara, 2003).

Acknowledgments. We thank Shinji Hara for
fruitful discussions, and Ted Iwaski for pointing
out the incompleteness of the proof of Lemma 4
in the first version of this paper.



Fig. 1. Performance levels plotted versus fre-
quency: nominal performance (dotted), ro-
bust performance with standard scalings
(dash-dotted), full scalings (full). Thick parts
of axis: Least conservative relaxation is exact.
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6. AUXILIARY RESULTS
Lemma 3. For P = P* € C2*%2 define

s-fsee: (3) p(1) =0},

If & contains at least two points and is not C then
det(P) < 0. If ¢ denotes the (1,1) element of P,
0 is the closed exterior of a circle for ¢ > 0, a
half-plane for ¢ = 0, and a closed disk for ¢ < 0.
Suppose I —9d A is non-singular for all § € §, and A
is non-singular if § is unbounded. Then for every
@ > 0 there exists a unique X < 0 with



(1) wen(i)-e

Lemma 4. Let A; € C™*" be Hermitian and
suppose the nonzero X > 0 satisfies Tr(A4;X) > 0
for 7 = 1,2,3. Then there exists a vector = # 0
with 2* Az > 0 for j = 1,2, 3.

Proof. Decompose X = U*U with U of full row
rank n. Note that 0 < Tr(A4;X) = Tr(U*A,U).
Define

1
M = [U*AlU — ZTI'(U*AlU)I]‘F
1
+i[U" AU — — Tr(U” AoU)]

with trace zero. There exists a unitary matrix V'
with diag(V*MV) = 0 (Horn and Johnson, 1985).
Since 0 < Tr(U*AsU) = Tr(V*[U*A3U]V), there
must exist at least one column v of V with
v [U*A3UJv > 0. With 2 = Uwv the proof is
concluded by observing
0= (Re(U*MU) ) - (x*Alx - Tr(AlX)/n>
S \Im(w*Mv) ] \ 2" Asx — Tr(AX)/n

and hence z*A;x > 0 as well as z* A2 > 0. [ |

Lemma 5. For complex A, B and Hermitian C,
P,P € C?**? with det(P) < 0, det(P) < 0,
suppose the nonzero X > 0 satisfies

(3)rex(5)=0(5) Pex(5)200

Then the same holds for X replaced by xz* with
some vector x # 0 satisfying *Cx > (C, X).

Proof. We exploit (Horn and Johnson, 1985,
Theorem 4.5.19) to infer that there exists a non-
singular S € C?*? such that either (Case 1)

* . 01 s Do 0 «
SPS—j:<10>,SPS—j:(a*ﬂ>,a7é0
or (Case 2)

spa_ [ —10 «ha_ [0

SPS-( 0 1>7 SPS_<05>’ a, 3 #0.
Decompose X = U*U with U of full row rank

n > 0 and abbreviate L = (A*U* B*V*)*.
Case 1. If denoting the elements of S™! by t11,
t12, to1, tog we infer with F' := t{1UA + t12UB,

G =ty UA 4+t UB for all M = M* that
L'(PM)L=+(F*MG+G*MF), (7)
L*(POM)L=+(aF*MG+a*G* MF+3G*MG).
(8)
Let us first concentrate on (7). For M = I we infer

from (6) that F*G + G*F = 0. Choose a unitary
V of dimension n such that

V*G = (Cél ) with G of full row rank m

and partition the rows of V*F accordingly into
the blocks F, F5. We observe 0 = F*G + G*F =

FfGy + GiFy. Since ker(Gy) C ker(F;) there
exists a square T of size m with F}, = TG;.
From 0 = F'G1 + GiF1 = GiT*Gy + GiTG, we
conclude T+ T* = 0 since Gy has full row rank.
Choose a set of orthonormal eigenvectors w; with
eigenvalue A; of T' where A7 + A; = 0. With the
standard unit vectors e; (of suitable length) define
the orthonormal set of vectors

W 0
xj_V< 0j>, xj_V(ej_m+l>

for j = 1,....m and j = m + 1,...,n re-
spectively. If j < m then G*z; = Gjw; and
Frz; = Fiw; = GiT*w; = A\jGiw; and hence
FrajoG+Grajas F = (\+N)(Giwjw;Gy) = 0.
For j > m we have 3G = 0 and thus the same is
true. With (7) for M = z;27 we conclude

(@L)*P@L) =0, j=1,....n.  (9)

Let us now turn to (8). For M = I we in-
fer from (6) that aF*G + o*G*F 4+ 8G*G > 0
hence aFyGi + o*GiF1 + BGiG1 > 0 hence
Gi(aT* + o*T + BI)G1 > 0 hence aT* 4+ o*T +
GBI > 0 hence oz)\;’f + a*A; + 8 > 0 hence
al*z;75G + &Gz F + G xxiG = (a); +
@* AT + B)(Giwjw;Gy) > 0 for all j = 1,...,n.
Again with (8) for M = z;27 we conclude

(z;L)"P(x;L) >0, j=1,...,n. (10)
Finally, if j:rrf?‘.}.(,nm;UCU*xj = z;, UCU xj,,

then z = /nU*z,, does the desired job since

(C,X) =Te(U*CU) = Y _a;UCU*x; < 2*Cx.

j=1
Case 2. As in Case 1 we get for all M = M* that
L*"(PM)L=G"MG — F*MF, (11)
L*(P® M)L = aF*MF + 3G*MG.  (12)

With (11) for M = I we infer G*G — F*F = 0
due to (6). Choose a unitary V as in Case 1
and observe 0 = G*G — F*F = GjG; — F*F.
Since ker(G1) C ker(F') there exists some T}
with F = TlGI» and 0 = GT(I — Tl*Tl)Gl
implies 75Ty = I. Extend to a unitary (71 Tb)
and define T = (T} T2)V* to conclude F =
TG. With a set of orthonormal eigenvectors x;
of T™ with eigenvalues \; we infer F™z;zjF =
G*T*z;jx;TG = G*z;2;G (since |A\;| = 1) and
thus, with (11) for M = z;z7}, we arrive at (9).
Let us finally show (10). For M = I in (12) we
infer aF*F 4+ fG*G > 0 or (8 — «)G*G > 0. If
G*G =0 then F*F =0 and hence G =0, F' = 0.
If G*G # 0 then 8 > « and thus af™z;zjF +
BG*z;7;G = (B — a)G*z;25G > 0. In both cases
(10) follows from (12) for M = z;x7, and the proof
is finished as in Case 1. ]



