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Key issues:

Solution concepts

Well-posedness: existence & uniqueness of solutions given an initial condi
tion

Second hour: stability

Outline lecture

Smooth systems: differential equations

Switched systems: Discontinuous differential equations
Hybrid automata: non-blocking & deterministic
Zenoness: obstructing local/global existence

Summary
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Solution concept

Description format / syntax / model
#
solutions / trajectories / executions/ semantics/ behavior

Well-posedness:given initial condition does therexistsa solution and is it

unique?
Let's start simple ..
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Continuous differential equations
Examplex= f(x)  x(0) = Xo.
A solution trajectory is a functiom: [0;T]! R" that is continuous, differen-

tiable and satis ex(0) = xp and

X(t) = f(x(t)) forallt2 (0;T)

Well-posedness:given initial condition does therexistsa solution and is it
unique?
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Well-posedness

If f(X) is continuousn X, then local existence of solutions @ d) for some
d > 0is guaranteed!Not uniqueness

Examplex = 2p ixi, x(0) = 0. Solutionsx(t) = 0 andx(t) = t2.
Local existence and uniqueness of solutions given an initial condition:

Theorem 1Let f(x) satisfy the following Lipschitz condition: there exist an
L> Oandr > 0 such that

kf(x) f(yk Lkx yk

and allx andy in a neighborhoo® := fx2 R"jkx xok < rgof xo and for all
t2[0;T].

+

Thereis a > 0 s.t. a unique solution exists §@ d] starting inxp at time 0.
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Global well-posedness

Examplex= x>+ 1,x(0) = 0. Solution:x(t) = tant. Local on[0;p=2).
Note that we have lig, > X(t) = ¥. Finite escape time!

Theorem 2 (Global Lipschitz condition) Supposef (X) satis es

Kf(X) f(yk Lkx yk

for all x, y in R" and for allt 2 [0; T]. Then, a unique solution exists ¢ T]
for any initial statex at 0.

Not necessaryx=  x3 not glob. Lipsch., but unique global solutions.

Also in hybrid systems, but even more awkward stuff (Zeno)
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Discontinuous differential equations: a class of switched systems

(on
X = f(x)
o(x)=0

X =f(x)

State-dependent switching

f+(¥); whenf(x)>0
f (x); whenf(x)<0
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Example 1: Piecewise linear system

{a':l = —2z1 — 2z25gn(z1)
i:g =2 + 4$159n(.1:1)

Aix ; whenx; < 0

X =
Ax ; whenx; > 0
whereA; = i i andA; = 42 12 .
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Example 1: Piecewise linear system
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Interpret idealized model to match actual plant behavior

Often we make model simpli cations / abstractions to get compact madels
but these should be properly dealt with!

Model in deadlock! Go back to physical system, which might have “non-
ideal” behavior, e.g. hysteresis-type switching

u
1

A A

What happens now? What[if#0, i.e. ! .2

Take solutions of discontinuous ideal model as limit caselimps XP of this
nitely fast switching/chattering

Filippov formalized this type of limit solution
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Discontinuous dynamical systems

C,
X = %) (
- 0(x)=0 f+(x); whenf (x)> 0

/ c *= f (0; whenf(x)<0
X =f(x)

Filippov's solution concept replaces it lmpnvex combination of dynamics on
both sides on switching surface

8
2 fi(%); iff (x>0

x:>l fr)+(1 I)f (x; ff(x=00 1 1
(X if f (x)<0;

f (x)=0
| is such thatx moves (“slides”)
alongf (x) = 0. “Third mode..”
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Differential inclusions

C.
X = f(x)
— 0(x)=0 (
/ g [0 whenf(9>0
C f (x); whenf(x)<0
X =f(x)
8
2 £+ (x); iff(x)>0
x=>lf+(x)+(1 1)f (x); iff(x=00 1 1
(X iff(x)<0;

Differential inclusion x 2 F(x) with set-valued

8

2ffi(0g; fx>0
FOO= I f(+(1 1) (i1 2[02g; f(9=0

Tt (0 f(x<0

De nition 3 A functionx: [a;b]! R"is aFilippov solutionof the DDS( ), if x is absolutely
continuous and satis es(t) 2 F(x(t)) for almost allt 2 [a;b].

Note that an ordinarg! solution is a particular case of Filippov!
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Dynamics of discontinuous differential equations

C;
x=£x)

—— 0(0)=0
/ .
X =f(x)

xininterior ofC orC.: just follow!

fo(x) ;ifx2Cs:=fx2R"jf(x)> Og
f(x) ;ifx2C :=fx2R"jf(x)< Og

f (x) andf: (x) point in same direction: just follow!

f+ (X) points toward<, andf (X) points toward€ : At least three trajectories incl.
repulsive sliding mode

f+ (X) points toward€ andf (x) points toward<, : attractive sliding mode

(X0
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A well-posedness result

Lol
X = fi(x)

— (=0
/ c
X =f(x)

Local existencés always guaranteed under continuityfefandf .

f andf, are continuously differentiabl€t)
fisC?
If for each pointx with f (x) = O at least one of the two condition holds:
f, (x) points strictly toward€ (n(x)T f+ (x) < 0)
f (x) points strictly toward€, (n(x)Tf (x) > 0)

(for different points a different inequality may hold), then the Filippov solutions
areunique.

I n(x)= Wﬁ% is normal to switching surface at the point
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Example 1: Piecewise linear

{.’il = —21 — 2x75gn(z1)
1':2 =x2 + 41:159“(1:1)

Aix ; whenx;< 0
Ax ; whenx; > 0

X=

2 2

whereA; = 4 1

22 _
a1 andA; =
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Example 1: Piecewise linear system

Equivalent dynamics on sliding modes

Example: Piecewise linear system

&1 = —2z1 — 2x25gn(z1)
o = z2 + 4x159n(71)

on Sf={2|a:1=0/\2220)

Filippov solutions satisfy@(t) € aAi1z(t) + (1 — a)Azxz(t) for somea € [0,1]

If x(t) should stay on S;*, we must have #1(t) =0, i.e.,
a-2z2+ (1 —a) - (—2z2) = 22(4a—2) =0

The only solution is given by a=1/2, resulting in the unique sliding dynamics
1 =0, Iy =2

Attractive and repulsive sliding mode
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Alternative: Utkin's equivalent control de nition

( g+(¥); x(¥>0

x= f(x;u) withu=
g (9; x(x<0

Sliding mode:f; (x) := f(x;0+ (X)) andf (X) := f(x;g (X)) are opposite

Example

X1 = X1+ X2 U

Xp = E’-Xz(u2 u l

u = 1; if x>0
1, ifx<O:

8
2fg:(¥g; if x(x)> 0
Uequiv2 U(X) = STHg(9+(1 g (9jl 2[0;1]g;  ifx(x)=0 Two “original” dynamics:
fg (Ng; ifx(x)<0 _ _
C; the regiorxg > 0:  x= fi(X) C theregiomx;< 0 x=f (X
Differential inclusion
: = + = + X+
x2 F(x) = f(xU(X)= ff(xu)ju2 U(xg X xtxe 1 X1 xtxtl
X = 2% X2 = 2%
Equivalent controtle nition
Whenf(x;u) = r(x)+ s(x)u (af ne in u), then Filippov = Utkin!
“Idealization” determines Filippov/ Utkin / different solution concept!
JDINII 17/44 DINIIL 18/44
Vector elds: zoom
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Sliding modes?

Two “original” dynamics:

C: theregiorx; > 0: x= fi(X)

X3 = X1+ X2 1
X2 = 2Xo

nX)TfX=x 1<0
nx)7Tf ()= x+1>0

C the regiorx; < O:

Xy = X1+ Xo+ 1
X2 = 2X2

Xp< 1

Xo> 1

Sliding possible ik = O andx; 2 [ 1;1].
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Filippov's solution concept

Two “original” dynamics:

C; theregionx; > 0: x= fi(X) C theregiony < 0: x= f (X)
Xy = X1+ X 1 Xy = X1+ Xo+ 1
X2 = 2Xo X = 2%

Filippov: Take convex combination of dynamics
x=1fe(x)+(1 1)f (¥

such that state slides o= 0: Hencex; = x; = 0.

I (x2 D+(1 I)(xe+1)= 0impliesl = 3(x2+ 1)

Hencexo =1 ( 20)+(1 |)(2x)= 2x3

0 is unstable equilibrium.
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Vector elds: Filippov's case
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Utkin's solution concept

X1 = X1+ X2 U

Xo = Exz(u2 u 1

u = 1; if x>0
1, ifx <O

The equivalent contraliequiv is such that state slides alomg= 0. Hence,
X1 = X1 = 0 and thuslequiv= X2 and

%= 2603 X 1)
Equilibria: -0.618 (unstable) and O (stable)
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Vector elds: Utkin's case
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Solution trajectories

JINII
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Two relaxations
Smoothingu = tanh(x;=¢e)

hysteresis type of switchingparameteD

Hyperbolic tangent for eps = 1, 0.1 and 0.01
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Two relaxations
Smoothingu = tanh(x;=¢e)
hysteresis type of switchingparameteD

u

>
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Solution trajectories: Filippov's case + hysteresis
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Solution trajectories: Utkin's case + smoothing

JINII
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Conclusions on discontinuous dynamical systems
Discontinuous dynamical systems
Sliding modes
Formalized this “in nitely fast chattering”

— Filippov's convex de nition (limit case / idealization of hysteresis, spa-

tial delay)

—Utkin's control equivalent de nition (limit case / idealization of

smoothening / switching controller)
Solution concept from differential inclusions
(Local) existence of solutions guaranteed.

Well-posedness: directions of vector eld at switching plane

Let's now go to hybrid automata!

JINII
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Hybrid automaton

Hybrid automatorH is collectionH = ( Q; X; f; Init; Inv, E; G; R) with

X = R"is set of continuous states
f:Q X! Xisvector eld

Init Q Xis setof initial states
Inv: Q! P(X) describes thewvariants
E Q Qis setof edges dransitions
G:E! P(X) isguard condition
R:E! P(X X)isresetmap

JINII
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Evolution of hybrid automaton

Initial hybrid state(qo; Xp) 2 Init
Continuous statg evolves according to

x= f(go;x) with x(0) = Xo
discrete statg remains constanty(t) = qo
Continuous evolution can go on as longs IN(qo) X

If at some point statg reaches guar®(qo; 1) X, then

—transitiongg! 1 is enabled

— discrete statenaychange tay;, continuous state then jumps from current
valuex to new valuext with (x ;x") 2 R(go;q1)) X X

Next, continuous evolution resumes and whole process is repeated
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Hybrid time trajectory

De nition 4 A hybrid time trajectoryt = fligi’io isa nite (N < ¥) orin nite
(N = ¥) sequence of intervals of the real line, such that

[=[t;tJwitht; t0=tiwgforo i< N;

if N< ¥, eitherly =[tn;tdlorIn=[tn;tQ) withty  t  ¥.

For instance,
t = 1[0,2];[2 3]; f 3g; f 39, [3; 4:5]; f 4:5g; [4:5; 6]g
t = f[0;2];[2;3];[3;4:5]; f 4:59;[4:5; 6];[6;¥)g

Io=[0;%]:l1=[%:%];If[g:z];::::li =[1 251 2

limt 2= 1 for latter case!
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Execution of hybrid automaton
De nition 5 An executionc of a HA consists of = (t;q;X)
t a hybrid time trajectory;
q=faglowithg:li! Q and
x= fxgowithx:li! X
Initial condition (q(to);X(to)) 2 Init;
Continuous evolution for all i
qi is constant, i.eqi(t) = gi(t;) forallt 2 I;;
¥ is solution tox(t) = f(q;i(t);x(t)) onl; with initial conditionx;(t;) att;;
forallt2 [ti;t,‘) it holds thatxi(t) 2 Inv(g;(t)).
Discrete evolution for all i,
e=(q(tD:a+a(ti+n)) 2 E,
x(tH 2 G(e);
(xi(t)sxi+ 1(tis 1)) 2 R(e).
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Well-posedness for hybrid automata
H ¥, ) in nite executions: t is an in nite sequence or if lim Nti°=
4t t)=¥

H (g?)'m): maximal executionst is not a strict pre x of another one!

A hybrid automaton is calledon-blockingif H ¥ . is non-empty for all

. (do;Xo)
(9o; %o) 2 Init.
It is called deterministic if H (a’é_XO) contains at most one element for all
(0o %) 2 Init.
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Well-posedness for hybrid automata - continued
Assumption
The vector eldf(q; ) is globally Lipschitz continuous for afj 2 Q.

The edgee = (g;q) is contained irE if and only if G(€) 6 ® andx 2 G(e)
if and only if there is a2 X such thai(x;x9 2 R(e).

A state (§;X) 2 Reachif there exists a nite executiorft ;g;x) with t =
fti;tAg) o andtd < ¥ such tha(q(t 3);x(t D) = ( §;X).

The set of states from which continuous evolution is possible:

SmoothContinuation = f (go;%) 2 Q Xj9e> 08t 2 [0;€) Xgyx(t) 2 INV(co)g

in which xg,.x,( ) denotes the unique solutionxe= f(do;X) with X(0) = Xo.

The set of states from which continuous evolution is impossible :
Out= f(go;%0) 2 Q X j8e> 09t 2 [0;€) Xqyx(t) 6ANUo)g
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Well-posedness theorems

Theorem A hybrid automaton is non-blocking, if for affy;x) 2 Reach Out,
there existe= ( ;g9 2 E with x2 G(e). In case the automaton is deterministic,
this condition is also necessary.

Theorem A hybrid automaton is deterministic, if and only if for guy;x) 2
Reach
if x2 G((q;q9) for some(q;qd 2 E, then(qg;x) 2 Out;

if (9,99 2 E and(q; g% 2 E with ¢°6 q*thenx 626((q;q%) \ G((a; a®9);
and

if (0;09 2 E andx2 G((q; ), then there is at most om@2 X with (x;x3 2
R((g;09).

! no explicit/ algebraic conditions can we do more (like for DDE)?

I complementarity systems, piecewise linear systems, etc ...
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Executions of hybrid automata: the bouncing ball example

Dynamics:xi = gsubjecttax; 0 (xi(t): height)
Xo(t) is velocity

Newton's restitution rule (& c< 1):

X(t+)=  cx(t ) whenxi(t )=0,%(t ) O
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Bouncing ball

Assumingxi(0) = 0, x2(0) > 0, event times are related through
2¢%,(0
tivr=ti+ 2x(0)

Sequence has nite limit = % < ¥ (geometric series)

Physical interpretation: ball is at rest within nite time span, but after in-
nitely many bounced Zeno behavior

In this case: in nite number of state re-initializations, set of event times
containgight-accumulation point

Non-blocking and deterministic HA, but no solutions [On¥)

Also in two-tank system of last week ...
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Well-posedness issues
Initial well-posedness:non-blocking + deterministic, i.e. absence of
dead-lock no smooth continuation and no jump
splitting of trajectories
However, no statements by HA theory on existence beyond

live-lock: an in nite number of jumps at one time instant, no solution on
[0;e) for somee > 0.

right-accumulations of event times to prevent global existence.
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Summary

Continuous differential equations

— Solution concept straightforward

— Continuity suf cient for local existence, not for unigueness

— Local Lipschitz continuity suf cient for local well-posedness

— Global Lipschitz continuity suf cient for global well-posedness

— absence global Lipschitz nite escape times and no global existence
Discontinuous differential equations

— Interpret idealized simple models such that they match underlying rea

plant (hysteresis, smoothening).

— Filippov's convex or Utkin's equivalent control de nition

— Solution concept from differential inclusions

— Sliding motions

— Local existence of solutions always guaranteed

— For uniqueness conditions on directions of vector eld at switching
plane
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Summary - continued
Hybrid automata: non-blocking and deterministic
Characterizations of well-posedness uditeach andOut !
Conditions for hybrid automata: implicit!

Algebraic conditions for certain classes with more structure (e.g. LCS,
PWA, etc)!

Be careful with conclusions due to Zeno!

— Initial well-posedness (non-blocking and deterministic)
— Local well-posednesg0; e) (live-lock)
— Global well-posednes$0; ¥) (right-accumulations)
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