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Outline of lecture 3

e Continuation of stability

e Problem B: GAS for a particular class of switching regimes: dwell time
restrictions!

e Problem C: Construct a stabilizing switching sequence, a discrete control
problem

— State-dependent switching
— Time-dependent switching

e Continuous control problem

e Observer design

. ) e Summary
DISC Course on Modeling and Control of Hybrid Systems
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Switched systems with dwell time conditions
“Dwell time:” duration / how long a system stays (“dwells”) in a certain mode
. Arx, if xjx <0
X =
Azx, if xjxp >0
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Stability under slow switching for switched linear systems

Consider a switched linear system x = A;x, i = 1,...,N, where each matrix A;
being Hurwitz.

For eachi = 1,...,N it holds that ||e#"xo|| < c,-e_’li’||x0||, where 4; >0
Hence, there also exists ¢ > 0 and A > 0 such that

le*xol| < ce*||xol|

This implies that if we stay long enough in each mode such that ce ™M < 1, we
have global asymptotic stability.

For switching signals with minimal dwell time of at least 7; time units with

Tq > %ln ¢, the system is (uniformly) GAS

— More elaborate conditions exist, also for nonlinear switched system using
Lyapunov functions

E.g. average dwell time assumptions
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Switched systems with average dwell time assumptions
x=filx) i=1,...,N
For a switching signal o : [0,0) — {1,...,N} we denote the number of switch-

ings (discontinuities) in ¢ in the interval (¢,T) by Ns(z,T).

We say that o has the average dwell time 7, if there exists a positive number Ny
such that

Ns(t,T) < No+ forall7 >+ >0

a

® Np = 0: no switching

e Ny = 1: o cannot switch twice on interval of length smaller than 7,: minimal
dwell time of t,!
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Switched systems with average dwell time assumptions
x=fi{x) i=1,...,N

T—t
NO'(taT) SN0+

forallT >¢t>0

a

Theorem Suppose there exist C! functions V; : R” — R, constants 0 < a < b,
peN, u>1and Ay > 0such that foralli=1,...,N

e al|x||? < Vi(x) < b||x||? for all x
o % i(x) < —2A40Vi(x) for all x
o Vi(x) < uVj(x) for all i, j and all x

Then the switched system is (uniformly) GAS for all o with average dwell
time

Inu
2%

Ta >

and N arbitrary.

Question: What happens if y =1?
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Problem C: Switched control
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Introduction

Several “classical” controllers for continuous-time systems are hybrid:
e variable structure control
e sliding mode control
e relay control
e gain scheduling
e bang-bang time-optimal control
e fuzzy control

— common characteristic: Switching
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Motivation for switched controllers

Theorem (Brockett’s necessary condition)

Consider system
x= f(x,u) withx e R", u € R™, £(0,0) =0

where f is smooth function.

If system is asymptotically stabilizable (around x = 0) using continu-
ous feedback law u = a(x), then image of every open neighborhood of
(x,u) = (0,0) under f contains open neighborhood of x = 0.
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Motivation for switched controllers (cont.)

e For non-holonomic integrator: x = u
y=v
I=Xxv—yu
e [s asymptotically stabilizable (see later)
e Satisfies Brockett’s necessary condition?
-If fi=f,=0then f3=0
- Hence, (0,0, &) cannot belong to image of f for any € # 0
— So non-holonomic integrator cannot be stabilized by continuous feed-
back

— hybrid control schemes necessary to stabilize it!
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Motivation for switched controllers

Inverted pendulum

Simplified equations (u = F)

X =u

JO = mglsin@® —ml ucosO

Cannot be globally stabilized by a continuous u = k(6, 6)!!!

Explanation: Equilibria would satisfy § = 0 and

H(0):=mglsin® —ml k(6,0)cos6 =0

For H(m/2) = mgl and H(3w/2) = —mgl. Thus H(6y) = 0 for some 7/2 <
6o < 37/2 due to continuity of H.

Undesired equilibrium preventing global asymptotic stability!!!

The system can be stabilized though by switching/discontinuous feedback!
www . youtube.com/watch?v=MWJHcI7Ucuk

< <A>» 12/44




Switching control/logic

controller
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— shared controller state variables
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Stabiliz. switched linear systems via suitable switching (Pr. C) Quadratic stabilization - continued
i=Ax, i€l:={1,2,....N} From x” (AT P+ PA)x = —xT Qx < 0 it follows that
Fir}d switching rule o as function of time / state such that closed-loop is asymp- Z o;[xT(ATP+PA)x] < 0.
totically stable. -
e For each x there is at least one mode with x” (AT P+ PA;)x < 0 or stronger
Quadratic stabilization via a single Lyapunov function ]
U{x | xT(ATP 4 PA)x < ——xTQx} = R”
Select o(x) : R" — I :={1,2,...,N} s.t. closed-loop has single quadratic Lya- i€l N
punov function x7 Px.
e Switching rule:
i(x) := arg minx” (AT P4 PA;)x
One solution: convex combination of A; is stable o Leads possibly to sliding modes. Alternative?
A=Y oA (0;>0, Yoy =1)is stable
Select Q > 0 and let P > 0 be solution of ATP 4 PA = —Q.
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Alternative switching rule for quadratic stabilization
e A modified switching rule (based on hysteresis switching logic):

* stay in mode i as long as x” (AT P+ PA;)x < —55xT Ox.

* when bound reached, switch to a new mode j that satisfies

X (A]TP +PAj)x < f%xTQx.

e There is a lower bound on the duration in each mode!
e no conservatism for 2 modes!
Theorem 1 If there exists a quadratically stabilizing state-dependent switching

law for the switched linear system with N = 2, then the matrices A; and A, have
a stable convex combination.
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Stabilization via multiple Lyapunov functions (Problem C)
Main idea: Find V;(x) = x” P.x that decreases for X = A;x in some region.
Define Z; := {x | xT[ATP,+ PAj]x < 0}.

If 21U %2, =R" try to switch to satisfy multiple Lyapunov criterion to guar-
antee asymptotic stability.

Find P; and P such that they satisfy the coupled conditions:
xT(PlAl —I—AlTPl)x < 0 when xT(P1 —P)x>0,x#0

and
xT(PzAz —i—A;Pz)x < 0 when xT(Pz —P)x>0,x#0.

Then o(r) = arg max{Vi(x(r)) | i = 1,2} stabilizing (V; = continuous)
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... S-procedure ...

S-procedure There exist 1, B, > 0 such that

—PA —AlP +Bi(P,—P) >0
—PA> —AgPQ—‘rﬁz(P] —Pz) >0

o(t) = arg max{V;(x(¢)) | i = 1,2} when you can find f;, f, <0
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Only find switching sequence (discrete inputs)! What if also continuous inputs
are present?

Stabilization of switched linear systems with continuous inputs
Switched linear system with inputs:

X=Ax+Bu,icl= {1,...,N}
Now o : [0,e0) — I and feedback controllers u = K;x are to determined.
Case 1: Determine K; such that closed loop stable under arbitrary switching
(assuming know mode)!
Case 2: Determine both ¢ : [0,00) — I and K;

Case 3: o given as function of state (PWL). Determine K;
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Case 1: Stabiliz. of switched linear system under arb. switching
X=Ax+Bu,icl= {1,,N}

Sufficient condition: find a common guadratic Lyapunov function V (x) = x” Px
for some positive definite matrix P and K7, ..., Ky.

(Ai+BiK:))TP+P(A;+BK;) <Oforalli=1,...,Nand P> 0
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(Ai+BiK:)" P+ P(A;+BK;) <Oforalli=1,...,Nand P >0
Pre- and postmultiplying by P~ !:

P (A +BK)T + (A +BiK;))P~' <Oforalli=1,....Nand P! >0

Linear Matrix Inequalities

ZAi+AZ+Y:Bf +BY; <Oforalli=1,...,Nand Z > 0,

P l'=ZandK;P~'=:Y,. Hence, P=Z'and K; =Y,Z .

Hence, if LMIs feasible, then u = K;x leads to GUAS “cloop” under arbitrary
switching knowing the mode as we use # = K;x when subsystem i is active!
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Case 2: Design of switched feedback and switching sequence
X=Ax+Bu,icl={1,2}
Determine ¢ : [0,00) - Tandu=Kx,i=1,...,N

Use previous conditions for finding switching sequence

i) Find Kj, K> and o € [0, 1] such that a(A; + B1Kj) + (1 — o) (A2 + B2K>) is
stable, i.e.

[OC(Al +BlK1) + (1 — a)(Az -‘rBQKQ)]TP-}—P[OC(Al +BlK1) + (1 — (X)(Az -‘rBQKQﬂ <0.

For fixed o previous transformation leads to LMIs!
ii) Find B; > 0, B, > 0, P; and P, positive definite and gains K| and K, such that
—Pl(Al -‘rBlKl) — (A1 +BlK1)TP1 +[31 (Pz —Pl) >0

—Py(A2 + BaK>) — (A2 + BaKy) TPy + Bo (P — Py) > 0.
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Case 3: Design of switched feedback
If switching structure has already been given

X =Ax+ Bju, when x € Z;,

?’:1 Zi=R"and Z;NZ for i # jis a (lower-dimensional) boundary.

If u = Kix when x € Z; we obtain closed-loop dynamics
X = (A,‘—i-Bl'K,')x, when x € Z;

— V(x)=xTPx Z: C{x| Ex>0}

Find K1,...,Ky, P > 0 and symmetric U; with nonnegative entries s.t.

(A;i+BiK)TP+P(A;+BiK;) + ETUE; <0, i=1,...,N

e Extensions via continuous PWQ Lyapunov functions (BMIs!)
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Time-controlled switching

— state-based switching previously ... now ...

Time-controlled switching/pulse width modulation

If dynamical system switches between several subsystems
— stability properties of total system may be quite different

from those of subsystems

T=0, x= Xo

° x(to—i—%é‘) ZeXp(%SAl)xO = xo—l-%Alxo-i-%zA%xo-i—-“
xX(to+€) = (I+5As+5A3+ - ) (I + 54+ SAT+--)x
— (I+ €[4 +145) + £ AT + A3+ 24,4, ]+ )xo.

e Compare with
exple(3A1 +342)] = I+€[3A; + 3A)] +%[A%+A§+A1A2 +ArA ]+

— same for € ~ 0
e So for € — 0 solution of switched system tends to solution of

X = (3A1+142)x  (“averaged” system)

e Possible that A; and A, are stable, whereas matrix %A 1+ %Az is unstable, or

vice versa.
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Example Example (cont.)
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e Ay, A, unstable, but matrix %(Al +A;) is stable
— switched system should be stable if frequency of switching is

sufficiently high
e Minimal switching frequency found by computing eigenvalues of the map-

ping exp(3€A1) exp(3€A2) (Why?)

— maximal value of €: 0.04 (50H7)

27/44
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Example (cont.)
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Pulse width modulation

e Assume mode 1 followed during Ae, and mode 2 during (1 —h)e
— behavior of system is well approximated by system

X = (hA1+ (1 —h)Az)x

o Parameter & might be considered as control input

e If & varies, should be on time scale that is much slower than the time scale
of switching

e If mode 1 is “power on” and mode 2 is “power off”, then & is known as duty
ratio

e Power electronics: fast switching theoretically provides possibility to regu-
late power without loss of energy
— used in power converters (e.g., Boost converter)
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Pulse width modulation (PWM)
e System: x = f(x,u), wu€{0,1}
e Duty cycle: A (fixed)
e 1 is switched exactly one time from 1 to O in each cycle
e Duty ration «: fraction of duty cycle for which u = 1
u(t)y=1 fort<t<r+oA
u(t)=0 fort+aA<t<t+A
t+A

t+oA
Xt +A) = x(1) + /, f@. e [ flx(n).0)de

e Ideal averaged model (A — 0):

x(t+A) —x(¢)

i(r) = lim = af(x(t),1)+ (1 — &) f(x(t),0)
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Observer design
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Problem statement

e Consider the system:
) Ax+Bu, ifH'x<O0
¥ =

Ayx+Bu, ifH'x>0
y = Cx,

Goal: Design an observer that gives the
state estimate X, using only u,y as inputs o

PCB elasticiny
PCB damping |

Linear case

X = Ax+Bu x(0)=xp
y = Cx
Observer: copy of the system and output injection term
£ = Af+Bu+L(y—39) £(0)=*%
y = C%

Estimated state £ and observation error ¢ := x — £

é=(A—LC)e
GAS (e(f) — 0 when ¢ — o), when A — LC Hurwitz or, equivalently

P>0and (A—LC)" P+ P(A—LC) < 0 has a solution

Note that this is equivalent to (A, C) being detectable (sufficient: observable)

Question: Is this a LMI? Why (not)?
Question: How can we influence the decrease rate of e?
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Switched linear systems with known mode ... When mode is known...
¥ = Aox+ Bou ¥ = Ao@x+ Bou
= Co)X o(r) €{1,2,...N} known but arbitrary y = Cox o(t) € {1,2,...N} known but arbitrary
Observer £ = AG(,))E + BO-([)M + Lc(r) (y—79) Observer i = AG(I)XA + Bc(t)u + LO'(t) (y—79)
CG(!)X\ = Cc(t)xA
Observation error e := x — X
¢=(As() — Lo(1)Cor))e
Find common Lyap. function V(e) =e’Pes.t. V <0
(Ai— LiCi)TP—l—P(Al‘ —LiC;))<0and P >0
35/44 “ <A » 36/44
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Often mode is unknown ...
. JAix+Bu, ifH'x<0
"~ |Axx+Bu, ifHTx>0

y=0Cx,

e Proposed observer

x

AlR4+Bu+Li(y—7), if HT£<0
Ak +Bu+Lr(y—9), if HT£>0

$=Ct

e observation error ¢ = x — X

(A1 —LiC)e, H'x<0, H'x—HTe<0

, A1 —LiCle—AAx, H'x>0, H'x—H"e<0

e_ ( bl b

) (A2 —LaC)e+ AAx, H'x<0, H'x—H"e>0
(A2 —LyC)e, H'x>0, H'x—H"e >0,

where AA:=A| — A,

We have N? modes in error dynamics because of inclusion of mixed modes

Stabilization of error dynamics

Use a Lyapunov function of the form

V(e)=e'Pe, P=P'>0

and demand V < —pe’ e, which yields

e eT{(A|—LiC)TP+P(A; —LiC) + pul}e <0,
when H'x <0,HT (x—¢) <0,

. {ir { (AZ—LZC)TPIAI;(;xz—LZC)+u1 PgA} [;}

when H'x <0,HT (x—e) >0,

<0

. {ir { (AlfLIC)TP_JrAZ(Tf;Ilec)JruI ff(’)AA} {i}

when H x > O,HT(x—e) <0,

0" {(Ay—L,C)TP+P(Ay — LrC) + ulte <0

when H x> 0,H  (x —¢) >0
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S-procedure
r,17r 1 T
. . , : e 0 —IHHT (e
S-procedure: incorporating regional info x| | imaT auT } {x} <0
e by requiring should imply
s e ol T
V'S —pete  everywhere e 17 (Ay— LuC)TP+ P(As — LoC) + uI  PAA } { e } <o
global exponential stability of e is achieved Lx] | AATP 0 x| =
o from H'x < 0and H (x—e) > 0 we have x' HH” (x —e) < 0 or Hence, it is sufficient to find 1 > 0
roqTr T
e (A —LC)TP+P(Ay— LC)+ul PAA ] [ e e 0 —IHHT ([ e
e]” 0 —%HHT ¢l <o Lx ]| AATP 0 e —1HHT IilHT x
x| | -3HH" HHT x|~
e from H x> 0 and H” (x —e) > 0 we have x' HH” (x —e) <0 or
e]” 0 —%HHT ¢lsp
x| | -3HH" HHT x| =
e previous condition can be used to relax requirements on V using S-
procedure:
X Sx >0= xI'Tx >0
39/44 “«w<ir» 40/44
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S-procedure

I it
e 1 0 , 2HI;I e <0

| x| | -iHHT HH x

should imply

e 1" [ (Ay—LC)TP+P(Ay— LoC)+ul PAA | [ e <0

L x] | AATP 0 x|~

Hence, it is sufficient to find A >0

e 1" [ (A2 —LC)TP+P(Ay—L,C)+ul PAA | [ e <ale T o —lHHT)Te
x| | AATP 0 x| =7 —3HHT  HH" x

Theorem [Juloski, Heemels, Weiland, IRNC 2007] If there exist Li, L and A >0, u >0
and P = PT > 0 such that

(A —LyC)'P+ P(Ay — L,C) +ul PAA+ALHHT 0
AATP 4+ A3HHT —AHHT =

(A1 —LiC)'P+P(A —LiC) + ul —PAA+ALHHT 0
—ATP+ALHH —~AHHT =

then the error dynamics is exponentially stable.

Question: what happened to the other (non-mixed) modes?
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Main result

Theorem If there exist L, Ly and A >0, 4 >0 and P = PT > 0 such that

(A2 —LC)'P+ P(Ay — L,C) + I PAA+ALHHT 0
AATP+ ASHHT —AHHT =

(A1 —LiC)'P+P(A —LiC)+ul —PAA+ALHHT 0
—ATP+ALHH —AHH" =

then the error dynamics is exponentially stable.

o Only works for continuous PWL systems
H'x=0 = Aix=Ax
which implies that A, = A; + GH and thus
%= Ax+Gmax(Hx,0) + Bu

o Absolute stability theory / Popov and circle criteria
o Exploiting continuity and common observer gain L; = L, simpler LMIs
o Similar results for discrete-time systems [Juloski, Heemels, Weiland, IJRNC 2007]

e What can you do when system discontinuous (recover mode, make effect x on e small) [Heemels,
Weiland, Juloski, HSCC 2007]

e For systems with friction-like characteristics, see [Doris et al, CST 2008], [De Bruijn et al, Automat-
ica, 2008], etc.
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Continuous PWA system and common gain

. JAx+Bu, ifHTx<0
" )Ayx+Bu, ifH x>0

y=0Cx,
e Proposed observer

), if HT£<0

A AiX+Bu+L(y
X = .
), if HT£>0

A+ Bu+L(y
§=Cs

-5
-5

e Observation errore = x— X and AA :=A| — A,

A; —LC)e, H'x<0, H'x—HTe<0
—AAx, H'x>0, H'x—H"Te<0
+AAx, H'x<0, H'x—H"e¢>0
Ay —LC)e, H'x>0, H'x—H"e >0,

Theorem ([Pavlov et al, book 2005] Suppose there exist P > 0 and observer gain L
such that (A; — LC)TP+ P(A; —LC) <0 i= 1,2, then the error dynamics is
exponentially stable

e discrete-time case: [Heemels et al, CDC 2008]
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Summary

e Problem B: GAS for a particular class of switching regimes: dwell time restrictions!
e Problem C: Construct a stabilizing switching sequence, a discrete control problem

— State-dependent switching
* Find convex combination that is Hurwitz: single LF
* Multiple LF approach, “max”-switching law

— Time-dependent switching based on Hurwitz convex combination
e Continuous control problem

— construct K; for all 6: common P via LMIs!
— construct K; and o use top 2 approaches (almost LMI for single LF)!
— construct K; given o (PWL): use conditions from stability analysis (BMIs)!

e Observer design
e No complete systematic controller design (except optimization-based, but own problems)
e Open research area ...

e ... also identification, observer design, etc.: see final chapter for further reading!
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