5. Solving the SPCP

Given the system

X(k—l— 1) = AX(k) -+ Ble(k) + BzW(k) + BgV(k)
y(k) = C1X(k) -+ Dlle(k) -+ D12W(k)
7(K) = Cox(K) + Dore(k) + DooW(k) 4 Dagli(k)
Pk) = Cax(k)+ D3z1e(K) + D3oW(k) 4 D330(K)
B(k) = Cax(k) + Dare(k) + DaaW(k) + Dasb(k)
Minimize performance index

N—1
J(v.k) = 2)2T<k+ JKT (1) z(k+ k)

|=

— F(KzKk)

subject to the constraints  @K) =0 and (k) < P(k).
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Solving the SPCP

SPCP:
Jv,k) = T (KIrzKk) (1)
p(k) = 0 2)
O(k) < WK (3)

Three subproblems:
1. Unconstrained: minimize (1).
2. Equality constrained: minimize (1) s.t. (2).

3. Full SPCP: minimize (1) s.t. (2) & (3).
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Unconstrained SPCP

Given the system:

X(k+1) = AX(k) + Bie(k) + Bow(k) + Bav(k)
y(k) = Cix(k) + D11e(k) + D1aw(k)
Z(k) = Cox(K) + D21e(K) + DaaW(k) + D23¥(k)

Minimize performance index

J(v, k) = Z" (K)rZ(k)
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Unconstrained SPCP

Use prediction:
(k) = Zo(k) + D23¥(K)
Then

J(v,K)= 2T (K)F Z(k)

= (zg +37 [353) F(Zo + ['323\7)

— 0T DM Dogli+ W DIl 7o+ 20T
— 0T DM Dosi+ 20T DM 7+ 2
— %VTH\H\?Tf +c

where we used 7} [ Dagl+ 0T DI 70 = 2T D1.I %
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Unconstrained SPCP

Optimization problem:
. N T
minJ(¥,k)=min =V HI+ V' f +¢
\' \'
0J
—=HvV(k)+ f(k) =0
55— HV(K) + T (K)

Let H be invertible, then:
J(k)= —H 1t (k)

— (2% Bzs) 2Bk (k
= 23l Y23 230 20(K)
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Unconstrained SPCP

Controller implementation: Let E,=| | 0 ... 0 |
and remind that Zp(K) = Cox(K) 4+ D21e(k) + Do (k)
The control signal V(K) becomes:
v(k)= EW(k)
= —EH (k)
a7 == \~lar =
= —Ey(B}MB2s) Dkl 20(K)
_ ST =R\ 1RT F& ST =R\ -18T R
— EV ( D23|_ D23) D23|_C2 X(k) - EV( D23|_ D23) D23|_ D21 e(k)
—Ey ( [3-2|-3F[323)_15-£3F522W<k)
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Unconstrained SPCP
Controller implementation: Let E,=| | 0 ... 0 |
and remind that Zp(k) = ézx(k) + 521e(k) + 522W(k)
The control signal V(K) becomes:
v(k)= EW(k)

= —EH 1 (k)

o — 1
_ —EV(DT FD23)

— —Ey(DJMDy3) 1D rCzX( K) — Ey (D33l D23) D3l D21e(K)
— EV( FD23) 3FD22w( )
—Fx(k) 4+ Dee(k) + DyWi(k)
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Equality constrained optimization

Equality constrained standard problem:

mind = minZ' (k)[Z(k)
\' \'
subject to the constraint:

O(k) = Cax(k) + Da1e(k) +D3W(k) +D330(k)

J/

N

~

e (K) +D33V(k) =0

Step 1: Elimination
Step 2: Solve problem analytically
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Step 1: Elimination

Singular value decomposition:
D33 =U [ > 0 }
and define

D=V, U’

then

D33D5; =U>V{ViZ iU =1

Vi

Vo

[’3%_3 — V2

D33D33 =UXV{ Vb =0

Now V/(K) is chosen as

U(k) = —D¢e (k) + Da3fi(k)

DISC Model Predictive Control (January 2010)
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k) =

Substitution:

k) =

Then

Juk) = Z(KEK)= SHTHR T e
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Step 2: Analytic solution

1

J(v,k) = >

THp+ f+c
Let invertible H, then:
~ ~r — o~ —-1._. ~— — ~
fi(k) = —H (k) = —(D?f:aT Dal D23D§3) D33 D3l (Zo(k)+D23\7|5)

Use

then

v(K) = —Fx(K) + Dee(K) + DW(K)

This is also an LTI-controller !l
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Full SPCP

Given the system:

X(k+1) = Ax(k)+ Bie(k) + Bow(k) 4 Bzv(k)
y(k) = Cix(k)+ D11e(K) + D1ow(k)
7(K) = Cox(K)+ Dore(k) + DooW(k) 4 Dagli(k)
o(k) = Cax(K)+ Dz1e(k) + D3aW(k) + D330(k)
B(k) = Cax(k) + Dase(k) + DaxW(k) + Daz0(k)

subject to the constraints

®k) =0 Q(k) <P(K
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Full SPCP

Equality contraint is satisfied for
U(k) = Ve(k)+Dzfi(k)
Choose optimization vector fI(K) as:

k) = fe(k) + (k)

where flg(k) = —H1f(Kk) is equality constrained solution. Now
@(k)=0
((K)= Pe (K) 4 DasD5sfu (k)
3(vk)= S Hil
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Inequality constraint:
((k) = Qe (k) + DagDisfiy (k) < W
Now let
Ay= I541’»[3:’%3
by (k)= P (k) — P(K)
This results in the inequality constraint:

Ayl (K) +by(k) <0
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Full SPCP

Minimization problem:

I _
min—=g, (KYHy (kK
in ST (KH (K

subject to
Ayl (K) +by(k) <0

This a Quadratic Programming problem.

Solution found in finite number of steps.

The full SPCP results is a nonlinear controller
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Infinite horizon SPCP

Steady state Zgs= 0.
Otherwise: NO SOLUTION !

e Steady-state behavior
e Unconstrained: LQ-controller.

e Equality constraints: Structuring of input and get finite degrees of freedom

In optimization.

e Equality and inequality constraints: Use finite degrees of freedom in

optimization to solve the problem.
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Steady state (VSS, Xss, Wss, Zss)

The quadruple (Vss, Xss, Wss, Zss) is a steady state if there holds:

Xss = AXss+ BoWss+ B3Vss

Zss = CoXgs+ DooWss+ Do3Vss

For infinite horizon

8

T .
z (k+ jlk)z(k+ j|k)
=27

we need (Vss, Xss, Wss, Zss) = (Vss, Xss, Wss, 0)
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For infinite horizon:

Xss = AXss+ BoWss+ B3Vss

Zss = 0 = CoXss+ DooWss+ D23Vss

Define:
| —-A —Bj
|V'ss —
—Co —Da23
then:
Xss B>
Mss = Wss
Vss D22
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Singular value decomposition:

— — B VT ]
2 M 0 M1
Mss= [ Umi Uwmo }
0 0 VT
i 1L VM2
Necessary and sufficient condition:
B
T
UM2 — O
D22
The solution is given by:
Xss _ B>
= VI\/Ilz|\/|1U|\-I/-|1 Wss+ V2 0m
Vss D22
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GPC-criterion:
IK) =5 (y(k+1) —r(k+1))*+ (Bu(k))?

[|O-system:

| y(k=1) B _
X(k) = , V(k) =Au(k) , w(k) =r(k+1)

- Axo(K)
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where

DISC

Model Predictive Control (January 2010)

yk+1) —r(k+1)
L V(k) -
| _x(k)+ __1_
00 0

v(K)
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We compute:

O -2 O
O 05 -2 B-
Mss— 3 —
-1 -3 6 Dos -1
I O O 1 . I 0 .
and
1
U2 :—[ 1 4 O 8}
9
Note that ) _
B
ul| % | =0
D22
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Consider the criterion:

J(k) = (y(k+1) —r(k+1))*+ (u(k))3

Now we find for X(K) = Xo(K), v(k) = u(k), w(k) =r(k+1):

o k1) —r(k+1)
L V(k) -
— _1_x(k)+__1_w(k)+_4_v(k)
B 0 0 1
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We compute:

05 2 - . 0
By
Mss— 1 4 3 D — —1
o0 1| L1 | o
and
1
RN
2 69 2 1 8
Note that i i
B, 1
D2o
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Let Wgg = DSSVW( k)

Then:

DISC

Steady-state:

and define

= Wy 1Z|\_/|1U|\-I/-| 1

Xss Dssx
Vss B Dssv
Wss Dssw
| Yss | Dssy

Model Predictive Control (January 2010)
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Unconstrained infinite horizon SPCP

Let Zss=O0andletw(k+ j) =0and(j) =1 forall j > 0.

Performance index:

k)= i”T(kﬂ\k)?(kﬂ\k)
_ Z)( (k++ J[KICS +&" (k+ j[k)D3y) (CaR(k-+ 1K) + Dzsblk+ k) ) +

+2(AT(k+J|k)C2+ (k+J|k)D21)D23V(k+J)
V! (k+ j)Dg3D2sv(k+ )
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Now define

V(K)= V(K) + (D3sD23) ""D5( CaR(k|k) + D21é(K(K) )

X (k+ j[k)
&(k+ jlk)

X(k+ jk)=

Then the performance index becomes

(00)

J(v,K)= Zf(lw i[K)QX(K+ j|K) + V" (k+ j)RV(k+ j)
j:

and for | > O:
X(k—+ j+1]k)= AX(k+ j|K) + BV{k+j|K)
z(k+ j|k)= CX(k+ j|K) + DV{k+j|k)
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where

~ | A—Bg(D23D23)"D35C2 B1—Bg(D33D23) *D;3D12
0 0
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We have a standard LQG problem and the optimal control signal V is given by
v(k) = —(B"PB+R) BT PAX(K)

where P is the smallest positive semi-definite solution of the discrete time

Riccati equation
P=ATPA—A"PB(B"PB+R) 'B'"PA+Q

which exists due to stabilizability of (A, B) and invertibility of R

After substitution we obtain a linear controller:

V(K) = —F x(K) + DyW(K) + Dee(kk)
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Infinite horizon SPCP with control horizon

Consider a system

X(k—l— 1)= AX(K) + By e(k) + Bow(k) + Bz v(k)
(k) + D11€(K) + D12w(k)
(k) + D21€(K) + D2ow(k) + D23 v(K)

Minimize  J(v,K)= _Z)zT<k+ i ()2(k+ j|k)
=

subjectto V(K+j|k)=0 , for ] > N¢ Control horizon constraint
W(k+]j) =Cax(k+]) + Dare(k+j) + Daow(k+j) + Dagv(k+j)
<Y , for ] >0 Inequality constraints

For simplicity: Consider e(k) = 0, w(k) = 0, and A is stable.
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The performance index can be split in two parts:

(00)

Z) 2" (k4 KT (j)2(k+ j|k) = Ja(v, k) + J2(v, k)
J

where

Ne—1
B(uk) = 3 2 kT (ke i)
2

B(vk) = % 2" (k+ jlk)T s2(k+ j|K)
j: C

We will consider the derivation of criterion Jo before we derive criterion Jj.
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Derivation of Jo:

For ] > N this system is autonomous. This means that Z(K+ j|K) can be
computed for all ] > N if initial state X(K+ N¢) is known. This state

X(K+ N¢|K) can be found by successive substitution:

R(k+ NolK)= A x(klk) + | AN—1B5 .. By | (K
— Cnp, 3X(k|K) + D, 33V(K)

The prediction Z(K+ j|K) for ] > N is obtained by successive substitution,

resulting in:

2(k+ j|k) = CoAI"Neg(k+ Ng|k)
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then

(00)

Jo(v,K)= % 2" (k+ j|K)Fs2(k+ j|K)
j: C

-3 K" (K+ Ne|k) (AT 7MeCT s Cp AT NeR(k + Ne k)
J=Ne
— %" (K+ Ne|K)MR(K + N¢|K)

where
00

M = % (AT NI r oA N
j: C

The matrix M is solution of the discrete time Lyapunov equation

Al MAs—M+TJCIMsCoTs =0
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With
R(K+ Nc|k) = Cn, 3X(K[K) + D, 33%(K)

we derive
Jo (v, K)= KT (k+ N¢|K) M R(k+ N¢|K)
= 20T (HIK) +77 (K) fa(K) + oK
where

H2: 2[’3-|I\-|C,33 M5N0733
fa(k)= 2Dy, 33M Cn, 3X(K[K)
ca(K)= x" (KIK)C{, 3 M Cy, 3 X(K|K)
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Derivation of Ji:

Define Z(K) for horizon Ng:

N

Using the results of chapter 3 we derive:

(=] 2 (ki) 2" (k1K

Z(K) = Ci,, 2 X(K|K) + D 23(K)

where Cy, 2 and D, 23 are given by

CNe2=

DISC

Co

CoA

i C 5 ANc—l

, DnN.23=

CoBs Do
| CoAN?Bg3

Model Predictive Control (January 2010)
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1K) |
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Now J1 becomes
NC_l . . .
B(uk)= 3 2k Rtk ik
= 7" (k)N Z(K)

_ %VT(k)Hl\'?(k) +07 (K) fa(K) +cp(K)

where

H]_ — 2[’3-|I\-|C723 r_NC 5N0723
f1(K)= 2D{_ 23T N, Cn, 2 X(KIK)
c1(K)= X" (K|K) C{_ 2Tne e 2 X(K|K)
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Minimization of Jq + Jo:

Combining the results we obtain the problem of minimizing

i+ Jo= SV (K)(Hi+H2)¥(K) + ' (K)(f1(k)+ () +c1(K) + ca(K)

= 0T (K)HU(K) + 9" (K) (k) +c(K)

In the absence of inequality constraints, the optimal V(K) is found for

V(K)=

DISC

—Ey (H1+H2) " (f1(K) + fa(k))
—EyH 1 (k)

T = = D 1
= (Dl\lc,zsrNCDNC,ZBJr D, 33M DNc,33)

X ([3-|I\-|C,23I:Nc cENC,Z + |5ch,?,s |\ZCENC,C%) X(k[k)
—F x(k|K)
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If e(k) # 0 and w(k) # O we obtain
V(K) = —F X(k|k) + Dee(k) + Dy W(k)
where
F=EA (DL 2 Cro2 + B 33MCre )
De= EVA (5LC,23F_NC D21+ Dy, 33 MﬁNC,?,l)

Dw= EvA ([3-|(|C,23|:Nc D, 22+ Dy 33 I\Z[N)NC,CSZ)

L N . 1
N= ([)Lc,zcarNCDNC,ZC%Jr Dy, 33M DNc,33)
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Unstable poles:

The prediction for | > N resulted in:
2(k+ j|k) = Co Al "Neg(k+ N k)

If A has unstable poles:

As O T,

SR N

where Ag is stable and A is unstable.

Xunstabld K+ Nc|K) = Tux(k+4Nc|k) = O

This is an equality constraint.
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Inequality constraints:

For constraints there exists Ny such that

If P(k+ k) <W(k+jlk) for j =0,...,Nc+ny

then  P(k+ j|K) <W(k+ j|k) for j > Nc+ny

The infinite horizon predictive control problem turns out to be a Quadratic

Programming (QP) problem.
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Quadratic programming (QP)
Various algorithms to solve the quadratic programming problem:

1. The modified simplex method:
Most efficient for small and medium-sized problems.

The algorithm will find the optimum in a finite number of steps.

2. The interior point method:
For large-sized quadratic programming problems.
Disadvantage: the optimum can only be approximated. Bounds for

approximation can be derived (Nesterov & Nemirovsky, 1994).

3. Other convex optimization methods:
For example: cutting plane algorithm (Boyd & Barratt, 1991 / Demyanov &
Vasilev, 1985) or the ellipsoid algorithm (Boyd & Barratt, 1991 / Grotschel,
Lovasz & Schrijver, 1988)
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Implementation of LTI SPCP 1

v(k) = —F x(k) + Dee(k) + Dy W(K)

State X(K) and true noise signal €(K) are unknown.

Introduce
- controller state X¢(K)
- noise estimate €;(K).

Substitution gives controller equations:
Xc(k+1) = Axc(K)+ Biec(k) + Bow(k) + Bav(k)
ee(k) = Dy (¥(K) — Crxc(k) — Diaw(K))
V(K) = —Fxc(K)+ De€o(K) + Duti(k)
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Implementation of LTI SPCP 2

process
»D11
X(k+1)= AX(k) +B1e(k) + Baw(k) + Bav(k) gl i
y(K)= C1x(k) + D11€(k) + D1ow(k) »| Bs |- Jxk+Y q L XK1y |
w »| B> —>I<7 A <J
D12
VvV Iy
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Implementation of LTI SPCP 3

process
D11
e
X(k+1)= Ax(k) + B1e(k) + Bow(k) + Bav(k) >~ B1 l
y(K)= C1X(K) + D11€(k) + D12w(k) Bs | > X Te T,
X (k+1)= Ax(K) + By (K) + Baw(k) + Bav(k) I J
W = Bo |— A
>D1o—
A
v y
A
-~ B>
oo B R e M
V ‘
B1 [+
W_ |
controller
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Implementation of LTI SPCP 4

process
»D11
x(k+1)= AX(K) + Bre(k) + Bow(k) + Bav(k) ~ ——|B1 l
y(K)= C1x(k) 4+ D11€(k) 4+ D1ow(k) U IR = e EECN rowy T
Xe(k+1)= Axe(K) + Brec(K) + Baw(k) + Bav(k) I J
W
_ »| B A
eo(K)= Dy (¥(K) — Caxc(K) — Daaw(k) 2
D12
A
vV y
A
- Bo \O_' <_‘
R Xe(K+D1 — Xc(K)
B =y
Vv 2%
B, %
W_ |
controller
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Implementation of LTI SPCP 5

process

Y
O
=
| —

Y

x(k+1)= Ax(K) + Bre(k) + Bow(k) + Bav(k) < B1
y(k)= C1x(K) + D11€(k) + D12w(k)
Xc(k+1)= Ax(K) + B1ec(k) + Baw(k) + Bav(k)
)
)

Y
w
&)

ec(k
v(k

=Dy} (¥(K) ~Caxe(K) ~ Drawi(k) )
—Fxe(K) + Dees(K) + Duit(K

Y
O
[y
]

Y
@)
(oY
+————<4¢——O0<¢+———O0<¢——

k—}-l!
A |
| BoEy
Axc(k+Y) Xc(K) | >
1 C

> Bg q_l P

| —D12

D—l

V 11

O<+——F |«
B1 |«

w I, Dy |0 De | €

controller
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Implementation of full SPCP

Minimization problem:

J(v,k) = 2T (K)rZ(k)
1

~T ~
= -y H C
2H| i +C

subject to
Ayl (K) + bq_,(k) <0
The full SPCP results is a nonlinear controller

V(K) = —FxXc(K) + Deeg(K) -+ Du(K) + Dyt (K)

where

~

by (K) = h(xc(k), ec(k), W(k), P(Kk))
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process

»D11
~ ~ _ X(k+D[ 9] x(k) Y
V(K)= —F Xc(K) 4 De€c(K) + DyWi(K) + Dyt (k) ~|B3 q J LGy S
L »| B2 A
> D12—><‘;
VA Ty
A |
~(BoEy
ghc AXC(qu_ ettt
~| —D12 =
= 1
B |«
> DW < De < eC
Dy
5 Hy
W
controller
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process

D11
~ ~ - X(k+D[ 9] x(k) Y
V(K)= —Fxc(K) + De&c(K) + DyW(k)+Dypfly (K) ~ B3 q J A
[ (k)= h(xc(K), & (K), W(K), P (K)) w_| I8 A
Y
=D1—0
Vi Ty
A |+
ghc AXC(qu_ ettt
~| —D12 r
— Fl< D1
B1 |«
> DW < De < eC
Dy
A~
. M
W > . . <XC
_ Nonlinear mapping |_
W e
controller
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Analytic solution to full SPCP

Analytic solution for the mapping

~

by (K) = h(xc(k), ec(k), W(k), P(Kk))

The function his a continuous and piecewise affine function of X¢(K), ec(k),

W(k), and ¥(K).

Partitions the state space into polyhedral sets and compute the coefficients of

the affine function for every set. The result is a search tree.
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DISC

Feasibility

minJ subjectto @< WY
VvV

If inequality constraints too stringent

4

no feasible solution to QP problem

Three algorithms to handle infeasibility:

e soft-constraint approach
e minimal time approach

® constraint prioritization

Model Predictive Control (January 2010)
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Soft-constraint algorithm
Based on penalty-function description.
New problem becomes:

minJ -+ ca?

V,0l
subject to
O<W¥+a

a>0
c>0
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Minimal time algorithm

Based on minimum duration of infeasibility.
Compute minimal time Jm:

MiNjmt  subject to

V, Jmt

P(k+j) <W(k+j) for j > jm
and optimize new problem:

mind  subject to
V

Wk+j) <Wk+j) for j > jmt
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Constraint prioritization

New algorithm:
1. order constraints from lowest to highest priority.

2. solve optimization problem.
In case of feasible solution: goto step 4

In case of infeasibility: goto step 3
3. drop constraint with lowest priority, goto step 2
4. implement solution

Solve a sequence of quadratic programming problems

Algorithm minimizes the violations in priority order.
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Example: elevator

Triple integrator chain

<

/N
~—

N——"
]

u(t) +«(t)
g(t)=e (t) +0.56(t) +é(t) +0.1e(t)

where €(t) is a continuous time ZMWN signal.

There are constraints on 'y, Y, Y and y.
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Define the state

Continuous-time state space description:

DISC

i o T
y(t)
X(t) =] y(t)
L Y(t)
X1(t) = u(t)+0.1e(t)
Xo(t) = xa(t)+e(t)
X3(t) = Xo(t)+ 0.5e(t)
yt) = xs(t)+e(t)
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Matrix form:

where

DISC

Example: elevator

<

/N
~—

N——"
|

Acx(t) + Kee(t) + Beu(t)
Cox(t) +e(t)

0.1
1
0.5

00 0 1
1 O O Bc=| 0
010

Co={0 0 1]
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Example: elevator
Zero-order hold transformation:

Xo(K+1) = AgXo(K)+Koe(k) + Bou(k)
y(k) = CoXo(k)+e(k)

where i i i i
1 00 T
Ab=| T 1 0| Bo=|T?/2
T2 T 1 T3/6
i 0.1T ]
Ko = T+T2/20 Co=|0 0 1]
 T/2+T2/6+T3/60
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Example: elevator

Constraints:

V(@) < 04 (jerk)

y(t)] < 0.3 (acceleration)
yt)) < 04 (speed)

yt) < 101 (overshoot)
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translated in:

uk+j-1 < 04 (positive jerk)
—uk+j-1) < 04 (negative jerk)
Xp(k+j) < 0.3 (positive acceleration)
1 0.3 (negative acceleration)

VAN

0.4 (positive speed)

VAN

0.4 (negative speed)

|
p 8
VN
PN
+
» » » | —— »
N——" N——" N——" N——" N——" N———" N——"
VAN

I

1.01  (overshoot)

forall j =1,...,N.
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Example: elevator

Sampling-time T = 0.1

Prediction & control horizon N = N = 30.
Minimum cost-horizon Ny = 1.

Reference signal I (K) = 1forallk > 0
Weighting parameters P(q) = 1, A = 0.1.

The GPC performance index (for an 10 model):

30 . . 2
=5 ‘y(k+1]k)—r(k+]]k) +
=i

AU (K+j—1)

subject to the above linear constraints.
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Example: elevator

1.2 T T T T T T T
1_

0.8k position .
T velocity

o6l acceleration | |
> jerk
xﬁ .
>

0.2

0 10 20 30 40 50 60 70 80
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