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2. Linear systems as a paradigm

In the theory of continuous-time linear systems, the system Hankel op-
erator plays an important role in a number of realization problems. For
example, when viewed as a mapping from past inputs to future outputs,
it plays a direct role in the abstract definition of state. It also plays a cen-
tral role in minimality theory, in model reduction problems, and related
to these, in linear identification methods. Specifically, the Hankel operator
supplies a set of similarity invariants, the so called Hankel singular values,
which can be used to quantify the importance of each state in the corre-
sponding input-output system. The Hankel operator can also be factored
into the composition of an observability and controllability operator, from
which Gramian matrices can be defined and the notion of a balanced re-
alization follows. The Hankel singular values are most easily computed in
a state space setting using the product of the Gramian matrices, though
intrinsically they depend only on the given input-output mapping.

In this chapter we briefly review the well known linear system defini-
tions of the system Hankel matrix; the Hankel operator; the controllability
and observability operators, Gramians and functions; the balanced real-
ization and the corresponding model reduction procedure. The purpose
of this review is twofold, namely to establish notation, and to motivate the
approach taken in the nonlinear case, i.e., this chapter clarifies the line of
thinking for the next chapters.

2.1 The Hankel, controllability and observability operator

Consider a continuous-time, causal linear input-output system S : u → y,
with input space u ∈ U and output space y ∈ Y , and with impulse response
H(t). Let

H(t) =

∞
∑

k=0

Hk+1
tk

k!
, t ≥ 0 (2.1)

denote its Taylor series expansion about t = 0 where Hk ∈ R
p×m

for each
k. The system Hankel matrix is defined as Ĥ = [Ĥi,j ] where Ĥi,j = Hi+j−1
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for i, j ≥ 1. If S is also BIBO stable then the system Hankel operator is the
well defined mapping

H : Lm
2 [0,+∞) → L

p
2[0,+∞)

: û→ ŷ(t) =

∫ ∞

0

H(t+ τ)û(τ) dτ. (2.2)

mapping the past inputs to the future outputs. If we define the time flip-
ping operator as

F : Lm
2 [0,+∞) → Lm

2

: û→ u(t) =

{

û(−t) : t < 0
0 : t ≥ 0.

then clearly H(û) = (S◦F)(û).

When H is known to be a compact operator, then its (Hilbert) adjoint oper-
ator, H∗, is also compact, and the composition H∗H, is a self-adjoint com-
pact operator with a well defined spectral decomposition:

H∗H =
∞
∑

i=1

σ2
i 〈·, ψi〉L2

ψi, σi ≥ 0, (2.3)

〈ψi, ψj〉L2
= δij , 〈ψi, (H

∗H)(ψi)〉L2
= σ2

i . (2.4)

where σ2
i is an eigenvalue of H∗H with corresponding eigenvector ψi, or-

dered as σ1 ≥ · · · ≥ σn > 0, and called the Hankel singular values for the
input-output system Σ.

Let (A,B,C) be a state space realization of S with dimension n, i.e., con-
sider a linear system:

ẋ = Ax+Bu,

y = Cx
(2.5)

where u ∈ R
m

, x ∈ R
n

and y ∈ R
p

. We assume throughout this chap-
ter that (2.5) is stable and minimal, i.e., controllable and observable. Any
such realization induces a factorization of the system Hankel matrix into
the form Ĥ = Ô Ĉ, where Ô and Ĉ are the (extended) observability and
controllability matrices. If the realization is asymptotically stable then the
Hankel operator can be written as the composition of uniquely determined
observability and controllability operators; that is,H = OC, where the con-
trollability and observability operators are defined as

C : Lm
2 [0,+∞) → R

n
: û→

∫ ∞

0

eAtBû(t) dt

O : R
n
→ L

p
2[0,+∞) : x→ ŷ(t) = CeAtx.

Since C and O have a finite dimensional range and domain, respectively,
they are compact operators; and the composition OC is also a compact
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operator. From the definition of the (Hilbert) adjoint operator, it is easily
shown that C and O have corresponding adjoints

C∗ : R
n
→ Lm

2 [0,+∞) : x→ BT eAT tx

O∗ : Lp
2[0,+∞) → R

n
: y →

∫ ∞

0

eAT tCT y(t) dt.

2.2 Balanced state space realizations

The above input-output setting can be related with the well-known Grami-
ans that are related to the state space realization. In order to do so, we con-
sider the energy functions given in the following definition.

Definition 2.2.1. The controllability and observability functions of a smooth
state-space system are defined as

Lc(x0) = min
u ∈ L2(−∞, 0)

x(−∞) = 0, x(0) = x0

1

2

∫ 0

−∞

‖ u(t) ‖2 dt (2.6)

and

Lo(x0) =
1

2

∫ ∞

0

‖ y(t) ‖2 dt, x(0) = x0, u(t) ≡ 0, 0 ≤ t <∞, (2.7)

respectively. 4

The value of the controllability function at x0 is the minimum amount of
input energy required to reach the state x0 from the zero state, and the
value of the observability function at x0 is the amount of output energy
generated by the state x0. The following results are well known:

Theorem 2.2.1. Consider the system (2.5). Then Lc(x0) = 1
2x

T
0 P

−1x0 and

Lo(x0) = 1
2x

T
0 Qx0, where P =

∫ ∞

0
eAtBBT eAT tdt is the controllability

Gramian andQ =
∫ ∞

0
eAT tCTCeAtdt is the observability Gramian. Further-

more P and Q are symmetric and positive definite, and are unique solutions
of the Lyapunov equations

AP + PAT = −BBT (2.8)

and

ATQ+QA = −CTC, (2.9)

respectively. 4
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From the form of the Gramians in this theorem it follows immediately that
for any x1, x2 ∈ R

n
:

< x1, CC
∗x2 > = xT

1

∫ ∞

0

eAtBBT eAT tdt x2

= xT
1 Px2 (2.10)

< x1,O
∗Ox2 > = xT

1

∫ ∞

0

eAT tCTCeAtdt x2

= xT
1 Qx2. (2.11)

and the relation with the energy functions is given as

Lc(x) =
1

2
xTP−1x =

1

2
〈x, (CC∗)−1x〉 (2.12)

Lo(x) =
1

2
xTQx =

1

2
〈x, (O∗O)x〉. (2.13)

The following (balancing) theorem is originally due to Moore [53].

Theorem 2.2.2. The eigenvalues of QP are similarity invariants, i.e., they
do not depend on the choice of the sate space coordinates. There exists a state
space representation where

Σ := Q = P =





σ1 0
. . .

0 σn



 (2.14)

with σ1 ≥ σ2 ≥ ... ≥ σn > 0 the square roots of the eigenvalues of QP . Such
representations are called balanced, and the system is in balanced form.
Furthermore, the σi’s, i=1,..,n, equal the Hankel singular values, i.e., the sin-
gular values of the Hankel operator (2.2). 4

Two other representations, that may be obtained from (2.14) by coordinate
transformations x = Σ− 1

2 x̄ and x = Σ
1

2 x̃, respectively, follow easily from
the above theorem.

Definition 2.2.2. A state space representation is an input-normal/output-
diagonal representation if P = I and Q = Σ2, where Σ is given by (2.14).
Furthermore, it is an output-normal/input-diagonal representation if P =
Σ2 and Q = I. 4

The largest Hankel singular value is equal to the Hankel norm of the sys-
tem, i.e.,

‖ G ‖2
H= max

x ∈ R
n

x 6= 0

Lo(x)

Lc(x)
= max

x ∈ R
n

x 6= 0

xTQx

xTP−1x
= max

x̄ ∈ R
n

x 6= 0

x̄TΣ2x̄

x̄T x̄
= σ2

1 ,(2.15)

where G = C(sI − A)−1B is the transfer matrix of the system. This gives
a characterization of the largest Hankel singular value. The other Hankel
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singular values may be characterized inductively in a similar way; we refer
to Courant and Hilbert [14] and Gantmacher [28].

So far, we have assumed the state-space representation to be minimal.
However, if we consider non-minimal state-space realizations, i.e., the sys-
tem is not controllable and/or observable, then we obtain σ′

is that are zero,
corresponding to the non-controllable or non-observable part of the sys-
tem, and thus, to the non-minimal part of the system. Related to this obser-
vation, we have that the minimal realization of a linear input-output sys-
tem has a dimension n that is equal to the Hankel rank, or in other words,
it equals the rank of the Hankel matrix. A well-known result related to the
latter is the following theorem.

Theorem 2.2.3. If (A,B,C) is asymptotically stable, then the realization is
minimal if and only if P > 0 and Q > 0. 4

2.3 Model reduction

Once the state space system is in balanced form, an order reduction pro-
cedure based on this form may be applied. Thus, in order to proceed, we
assume that the system (2.5) is in balanced form. Then the controllability
and observability function are L̄c(x̄0) = 1

2 x̄
T
0 Σ

−1x̄0 and L̄c(x̄0) = 1
2 x̄

T
0 Σx̄0,

respectively. For small σi the amount of control energy required to reach
the state x̃ = (0, . . . , 0, xi, 0, . . . , 0) is large while the output energy gener-
ated by this state x̃ is small. Hence, if σk � σk+1, the state components
xk+1 to xn are far less important from this energy point of view and may
be removed to reduce the number of state components of the model. We
partition the system (2.5) in a corresponding way as follows:

A =

(

A11 A12

A21 A22

)

, B =

(

B1

B2

)

, C = (C1 C2 ) , (2.16)

x1 = (x1, . . . , xk)T , x2 = (xk+1, . . . , xn)T , Σ =

(

Σ1 0
0 Σ2

)

,

where Σ1 = diag(σ1, . . . , σk) and Σ2 = diag(σk+1, . . . , σn).

Theorem 2.3.1. Both subsystems (Aii, Bi, Ci), i = 1, 2, are again in bal-
anced form, and their controllability and observability Gramians are equal
to Σi, i = 1, 2. 4

The following result has been proved by Pernebo and Silverman [65].

Theorem 2.3.2. Assume that σk > σk+1. Then both subsystems (Aii, Bi, Ci),
i = 1, 2, are asymptotically stable. 4
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The subsystem (A11, B1, C1) may be used as an approximation of the full
order system (2.5). The optimality of this approximation in the Hankel and
H∞-norm has been studied by Glover [29], and an upper bound for the
error is given. The H∞-norm of G(s) = C(sI −A)−1B is defined as

‖G‖∞ = sup
ω∈R

λ
1

2

max(G(−jω)TG(jω)),

where λ
1

2

max(G(−jω)TG(jω)) is the square root of the maximum eigenvalue
of G(−jω)TG(jω). Denote the transfer matrix of the reduced order system
(A11, B1, C1) by G̃(s) = C1(sI −A11)

−1B1.

Theorem 2.3.3. ‖G− G̃‖H ≤ ‖G− G̃‖∞ ≤ 2(σk+1 + · · · + σn). 4

Hence, if we remove the state components xk+1, . . . , xn that correspond
to small Hankel singular values σk+1, . . . , σn (small compared to the rest
of the singular values, i.e., σk � σk+1), then the error is small, and the
reduced order system (A11, B1, C1) constitutes a good approximation in
terms of the Hankel norm to the full order system.

The model reduction method that we gave above consists of simply trun-
cating the model. It is also possible to reduce the model in a different way.
Instead of setting x2 = (xk+1, . . . , xn) = 0 we approximate the system by
setting ẋ2 = 0 (thus interpreting x2 as a very fast stable state, which may be
approximated by a constant function of x1 and u). The resulting algebraic
equation can be solved for x2 as (note that A−1

22 exists by Theorem 2.3.2)

x2 = −A−1
22

(

A21x
1 +B2u

)

.

Substitution in (2.5) leads to a reduced order model (Â, B̂, Ĉ) defined as

Â := A11 −A12A
−1
22 A21

B̂ := B1 −A12A
−1
22 B2

Ĉ := C1 − C2A
−1
22 A21

The system (Â, B̂, Ĉ) also gives an approximation to the full order system
(2.5). Theorems 2.3.1, 2.3.2 and 2.3.3 also hold if we replace the system
(A11, B1, C1) by (Â, B̂, Ĉ).

2.4 Notes and references

Huge amount of reference, see e.g., [90],[42],[44], [73], [45],[53], [65], [29],
[18], [37]. A recent course book is [62]. This list is by far not complete! For
overview paper on linear model reduction methods, see web-site of An-
toulas, i.e., http://www-ece.rice.edu/∼aca/
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2.5 LQG balancing

A major drawback of the original balancing method as described in Sec-
tion 2.2 is that it only applies to stable systems. Furthermore, the method
emphasizes the (open-loop) input-output characteristics of the system,
while it is a priori not clear if it yields good approximations in closed-loop
configurations. In this section we treat LQG balancing for linear systems,
which was introduced by Jonckheere and Silverman [42, 43] (see also Verri-
est [82]). In Opdenacker and Jonckheere [63] this concept is further devel-
oped. LQG balancing was introduced with the aim of finding a model re-
duction method for a system (not necessarily stable) together with its cor-
responding LQG compensator. LQG balancing has been treated from an-
other point of view in Weiland [85]. First we give a review of the formulation
of Jonckheere and Silverman [43] and Opdenacker and Jonckheere [63].

LQG compensation is formulated for a minimal state-space system

ẋ = Ax+Bu+Bd

y = Cx+ v
(2.17)

where u ∈ R
m

, x ∈ R
n

, y ∈ R
p

, and d and v are independent Gaussian
white noise processes with covariance functions Iδ(t− τ). The criterion

J(x0, u(·)) = E lim
T→∞

1

T

∫ T

0

[xT (t)CTCx(t) + uT (t)u(t)]dt (2.18)

is required to be minimized. The resulting optimal compensator is given
by

ż = Az +Bu+ SCT (y − Cz)

u = −BTPz.
(2.19)

Here S is the stabilizing solution (i.e. σ(A − SCTC) ⊂ C
−

) to the Filter
Algebraic Riccati Equation (FARE)

AS + SAT +BBT − SCTCS = 0, (2.20)

and P is the stabilizing solution (i.e. σ(A − BBTP ) ⊂ C
−

) to the Control
Algebraic Riccati Equation (CARE)

ATP + PA+ CTC − PBBTP = 0. (2.21)

Theorem 2.5.1. ([43, 63]) The eigenvalues of PS are similarity invariants
and there exists a state space representation where

M := P = S =







µ1 0
. . .

0 µn






(2.22)

with µ1 ≥ µ2 ≥ . . . ≥ µn > 0. This is called a LQG balanced representation,
or LQG balanced form. 4
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Jonckheere & Silverman [43] and Opdenacker & Jonckheere [63] argue that
if µk � µk+1 then the state components x1 up to xk are more difficult both
to control and to filter than xk+1 up to xn and a synthesis based only on the
state components x1 up to xk probably retains the essential properties of
the system in a closed-loop configuration. Corresponding to the partition-
ing of the state in the first k components and the last n − k components,
the partitioning of the matrices is done as in (2.16), and the reduced order
system is

ẋ = A11x+B1u+B1d

y = C1x+ v
(2.23)

Theorem 2.5.2. ([43, 63]) Assume µk > µk+1. Then (A11, B1, C1) is mini-
mal, the reduced order system (2.23) is again LQG balanced and the optimal
compensator for system (2.23) is the reduced order optimal compensator of
the full order system (2.17). 4

As explained in Section 2.2, the original idea of balancing stable linear sys-
tems, as introduced by Moore [53], considers the Hankel singular values
σi, i = 1, . . . , n, which are a measure for the importance of a state compo-
nent in a balanced representation. This balancing technique is based on
the input energy which is necessary to reach this state component and the
output energy which is generated by this state component. A similar kind
of reasoning, using a different pair of energy functions, may be used to
achieve the similarity invariants µi, i = 1, . . . , n, as above, see Weiland [85].
To follow this reasoning, we consider the minimal system (2.17) without
noise, i.e.

ẋ = Ax+Bu

y = Cx
(2.24)

where u ∈ R
m

, x ∈ R
n

and y ∈ R
p

. We define the energy functions

K−(x0) := min
u ∈ L2(−∞, 0)

x(−∞) = 0, x(0) = x0

1

2

∫ 0

−∞

(‖ y(t) ‖2 + ‖ u(t) ‖2)dt

K+(x0) := min
u ∈ L2(0,∞)

x(∞) = 0, x(0) = x0

1

2

∫ ∞

0

(‖ y(t) ‖2 + ‖ u(t) ‖2)dt

K−(x0) is called the past energy andK+(x0) the future energy of the system
in the state x0.

Theorem 2.5.3. ([85]) K−(x0) = 1
2x

T
0 S

−1x0 and K+(x0) = 1
2x

T
0 Px0, where

S and P are the stabilizing solutions of the FARE and the CARE, the equa-
tions (2.20) and (2.21), respectively. 4
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For the LQG balanced representation of Theorem 2.5.1 the past and future
energy function areK−(x0) = 1

2x
T
0 M

−1x0 andK+(x0) = 1
2x

T
0 Mx0, respec-

tively, whereM is diagonal. The importance of the state x̃ = (0, . . . , 0, xi, 0, . . . , 0)
in terms of past and future energy may be measured by the similarity in-
variant µi. For large µi the influence of the state x̃ on the future energy is
large while the influence on the past energy is small. Hence, if µk � µk+1,
the state components xk+1 to xn are ‘not important’ from this energy point
of view and may be removed to reduce the number of state components of
the model.

2.6 Balancing of the normalized coprime representation

In Meyer [50] and Ober and McFarlane [61] balancing of the normalized
coprime representation of a linear system is treated. Balancing of the nor-
malized coprime representation was introduced with the aim of finding a
model reduction method for unstable linear systems. In [50] balancing of
the normalized right coprime factorization is treated, while in [61] balanc-
ing of the normalized left coprime factorization is treated. Here we give a
brief review on this subject.

We consider the system (2.24) and its transfer function G(s) = C(sI −
A)−1B. Furthermore, we consider the stabilizing solution P to the CARE
(2.21) and the stabilizing solution S to the FARE (2.20), leading to the sta-
ble matrices Â := A−BBTP and Ã := A−SCTC. First we treat normalized
right and then normalized left coprime factorizations.

We may write any transfer matrix G(s) = C(sI − A)−1B as a right fraction
G(s) = N(s)D(s)−1 of stable transfer matricesN(s) andD(s). If we choose
(e.g. Nett et al. [58])

N(s) := C(sI − Â)−1B

D(s) := I −BTP (sI − Â)−1B

then the factorization is right coprime, i.e., N(s) and D(s) have no com-
mon zeros at the same place in the closed right half plane. A state space
realization of the transfer matrix (the so called graph operator)

(

N(s)
D(s)

)

is

ẋ = (A−BBTP )x+Bw
(

y

u

)

=

(

C

−BTP

)

x+

(

0
I

)

w
(2.25)
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with w a (fictitious) input variable. Furthermore, we are able to find stable
transfer matrices U(s) and V (s), such that the Bezout identity

U(s)N(s) + V (s)D(s) = I. (2.26)

is fulfilled. Indeed, take U(s) = BTP (sI − Ã)−1SCT and V (s) = I +
BTP (sI − Ã)−1B (see e.g. Vidyasagar [83], Nett et al. [58]). The fact that
we are able to find a stable left inverse of the graph operator, i.e., we can
find the solutions U(s) and V (s) to the Bezout identity (2.26), is equivalent
to the factorization being right coprime. Furthermore, the graph operator
is inner, i.e.,

‖

(

N

D

)

w‖2 = ‖w‖2,

or

N(−s)TN(s) +D(−s)TD(s) = I.

Therefore, the factorization is called normalized. It is easily checked that
the observability Gramian of the system (2.25) is P . Denote its controlla-
bility Gramian by R.

In a similar way we may write the transfer matrix G(s) as a left fraction
G(s) = D̃(s)−1Ñ(s) of stable transfer matrices D̃(s) and Ñ(s). If we choose
(e.g. Nett et al. [58])

Ñ(s) := C(sI − Ã)−1B

D̃(s) = C(sI − Ã)−1SCT − I

then this is a left factorization. Obviously ŷ(s) = G(s)û(s) is equivalent with
0 = Ñ(s)û(s)− D̃(s)ŷ(s). Moreover, a state space realization of the transfer
matrix

( Ñ(s) D̃(s) )

is

ẋ = (A− SCTC)x+ (B SCT ) w̃

z = Cx+ ( 0 −I ) w̃.
(2.27)

If we take

w̃ =

(

u

y

)

as the input variable, then the dynamics resulting from setting z = 0 in
(2.27) is a state space representation of G(s). We are able to find stable
transfer matrices such that the Bezout Identity is fulfilled, i.e. there exist
stable transfer matrices Ũ(s) and Ṽ (s), such that

Ñ(s)Ũ(s) + D̃(s)Ṽ (s) = I. (2.28)
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Indeed, we may take Ũ(s) = BTP (sI − Â)−1SCT and Ṽ (s) = I + C(sI −
Â)−1SCT , (see e.g. Vidyasagar [83], Nett et al. [58]). This proves that the
factorization is left coprime. Furthermore, ( Ñ(s) D̃(s) ) is co-inner, i.e.,

Ñ(s)Ñ(−s)T + D̃(s)D̃(−s)T = I,

which means that the factorization is normalized. Hence, ( Ñ(s) D̃(s) )
represents the normalized left coprime factorization of system (2.24). The
system (2.27) has as controllability Gramian the positive definite matrix S
and we denote its observability Gramian by the matrix Q. Note that the
right factorization

(

N(s)
D(s)

)

can be seen as an image representation ofG(s), while the left factorization

( Ñ(s) D̃(s) )

can be regarded as a kernel representation of G(s).

The following result does not seem to have been stated explicitly before.

Theorem 2.6.1. The Hankel singular values of the right and left factoriza-
tion (2.25) and (2.27), respectively, are the same.

Proof It follows from the Lyapunov equations (2.8) and (2.9) for the systems
(2.25) and (2.27), that R = (I + SP )−1S and Q = (I + PS)−1P . Now, it is
easily obtained that PR and SQ have the same eigenvalues.

The Hankel singular values of (2.25) (and, hence, of (2.27)) are called the
graph Hankel singular values of the original system (2.24). These singular
values have the following property:

Theorem 2.6.2. ([50, 61]) The graph Hankel singular values of system (2.24)
are strictly less than one. 4

Denote the graph Hankel singular values by τi, i = 1, . . . , n, and assume
τ1 ≥ . . . ≥ τn. The relation between τi, i = 1, . . . , n, and the similarity in-
variants µi, i = 1, . . . , n, of Theorem 2.5.1 is given by the following theorem:

Theorem 2.6.3. ([61, 85]) µi = τi(1 − τ2
i )−

1

2 for i = 1, . . . , n. 4

This implies that the reduced model that is obtained by model reduction
based on balancing the (left or right) normalized coprime factorization is
the same as the reduced model that is obtained by model reduction based
on LQG balancing. Consider the normalized right coprime representation
(2.25) and assume that it is in balanced form with

Λ := P = R =





τ1 0
. . .

0 τn



 .
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Furthermore, assume that τk > τk+1 and define correspondingly Λ =:
diag{Λ1, Λ2}. It follows (Meyer [50]) that reducing the order of (2.25) by
truncating the system to the first k state components (the partitioning is
done corresponding to (2.16)), again gives a normalized right coprime rep-
resentation.

Theorem 2.6.4. ([50]) The reduced order system of (2.25) is of the form

(

(

A11 −B1B
T
1 D1

)

, B1,

(

C1

−BT
1 D1

)

,

(

0
I

))

,

with controllability and observability Gramian Λ1. This system is the nor-
malized right coprime representation of the system (A11, B1, C1), which is
minimal. 4

2.7 H∞ balancing

H∞ balancing for linear systems has been introduced by Mustafa and
Glover [54, 55, 56]. A first motivation for H∞ balancing is similar to the
main motivation for LQG balancing, i.e., model reduction of the system
and a corresponding H∞ compensator. The set of invariants defined in
[54, 55, 56] are related to invariants defined by Weiland [85]. First we re-
view the formulation of Mustafa and Glover [54, 55, 56].

The normalized H∞ control problem (see also Doyle et al. [16]) on which
the H∞ balancing method is based, is the minimum entropy problem as-
sociated with the system

ẋ = Ax+Bu+Bd

y = Cx+ v

z =

(

z1
z2

)

=

(

Cx

u

)

.

(2.29)

Here u ∈ R
m

, x ∈ R
n

, y ∈ R
p

, z ∈ R
m+p

, and d and v are independent
Gaussian white noise processes with covariance functions Iδ(t− τ). By the
form of system (2.29) we call the H∞ control problem that is formulated
normalized. Letw := (dT , vT ) and assume that the system (A,B,C) is min-
imal.G is the transfer matrix of the system (A,B,C). It is easily shown that
the closed-loop transfer matrix H from w to z is

H =

(

(I −GK)−1G (I −GK)−1GK

K(I −GK)−1G K(I −GK)−1

)

where K is the transfer matrix of the controller. For notational simplicity
the Laplace transform variable s is suppressed. The block diagram of the
closed-loop system is given in Figure 2.1. The H∞ constraint is ‖H‖∞ < γ.
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z2
y v

z1

Fig. 2.1. Block diagram of the closed-loop system.

Here γ ∈ R and, as before in Section 2.2,

‖H‖∞ = sup
ω∈R

λ
1

2

max(H(−jω)TH(jω))

The optimal H∞ norm is γ0 := inf{‖H‖∞|K stabilizes G}. We assume γ >
γ0 (the strictly suboptimal case). The entropy that has to be minimized is
given by

I(γ) = −
γ2

2π

∫ ∞

−∞

ln |det(I −
1

γ2
H(−jω)TH(jω))|dω (2.30)

The normalized H∞ problem is to find a controller K that stabilizes G and
minimizes the entropy I(γ), over the class of stabilized closed-loop transfer
matrices H satisfying ‖H‖∞ < γ, where γ > γ0. Take

L := (Y −1
∞ −

1

γ2
X∞)−1, (2.31)

where Y∞ is the unique positive definite stabilizing solution (i.e., σ(A−(1−

γ−2)CTCY∞) ⊂ C
−

) to the H∞ Filter Algebraic Riccati Equation (HFARE)

AY∞ + Y∞A
T +BBT − (1 −

1

γ2
)Y∞C

TCY∞ = 0, (2.32)

and where X∞ is the unique positive definite stabilizing solution (i.e.,

σ(A− (1− γ−2)BBTX∞) ⊂ C
−

) to the H∞ Control Algebraic Riccati Equa-
tion (HCARE)

ATX∞ +X∞A+ CTC − (1 −
1

γ2
)X∞BB

TX∞ = 0. (2.33)

There exists a controller K that solves the normalized H∞ problem if and
only if λmax(X∞Y∞) < γ2 (the coupling condition), and the resulting so
called central controller (Doyle et al. [16]) takes the form

˙̂x = Ax̂− (1 − 1
γ2 )BBTX∞x̂+ LCT (y − Cx̂)

u = −BTX∞x̂.
(2.34)

This controller does not exactly have the form that is given by Mustafa and
Glover in [55], but in [30] they prove that the controller (2.34) also solves
the problem.
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Theorem 2.7.1. ([55]) The eigenvalues of X∞Y∞ are similarity invariants
and there exists a state space representation where

N := X∞ = Y∞ =





ϑ1 0
. . .

0 ϑn



 (2.35)

with ϑ1 ≥ ϑ2 ≥ . . . ≥ ϑn > 0. This state space representation is called a H∞

balanced representation or H∞ balanced form and the ϑi’s are called the
H∞ characteristic values. 4

The following theorem states some properties of ϑi, i = 1, . . . , n, where µi,
i = 1, . . . , n, are as in Theorem 2.5.1, and σi, i = 1, . . . , n, are as in Theorem
2.2.2.

Theorem 2.7.2. ([54])

a. γ > ϑi ≥ µi, i = 1, . . . , n.
b. Each ϑi is a non-increasing function of γ.
c. Each ϑi is a continuous function of γ.
d. limγ→∞ ϑi = µi, i = 1, . . . , n.
e. If γ = 1, then ϑi = σi, i = 1, . . . , n. 4

In Mustafa and Glover [54, 55, 56] it is argued that if ϑk � ϑk+1, then the
state components x1 up to xk are more difficult both to control and to fil-
ter in an H∞ sense than xk+1 up to xn. Corresponding to the partitioning
of the state in the first k components and the last n − k components, the
partitioning of the matrices is done as in (2.16), and the resulting reduced
order system is of the form

ẋ = A11x+B1u+B1d

y = C1x+ v

z =

(

C1x

u

) (2.36)

Theorem 2.7.3. ([55]) The reduced order system (2.36) is again H∞ bal-
anced and the normalized H∞ controller for system (2.36) is the reduced
order normalized H∞ controller of the full order system (2.29). 4

For γ > 1 it is also possible to reduce the system (2.29) via the normalized
coprime factors of the scaled transfer matrix G(s) = C(sI − A)−1B, i.e.,

the transfer matrix βG(s), where β :=
√

1 − γ−2. This gives us the same
reduced order system. In fact, this comes down to the same relation as the
relation between balancing of the normalized coprime factorization and
LQG balancing. For details about this we refer to Mustafa and Glover [55].
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In Section 2.5 we gave an alternative way to consider LQG balancing that
may be derived from Weiland [85]. A similar kind of reasoning, using a dif-
ferent pair of energy functions may be used to achieve the H∞ character-
istic values ϑi, i = 1, . . . , n, for γ 6= 1. To explain this alternative way we
consider the minimal system (A,B,C), as in (2.24). For γ 6= 1, we define
Q− as

Q−(x0) := min
u ∈ L2(−∞, 0)

x(−∞) = 0, x(0) = x0

1

2

∫ 0

−∞

((1 − γ−2) ‖ y(t) ‖2 + ‖ u(t) ‖2)dt.

Furthermore, if γ > 1 we define Q+ as

Q+(x0) := min
u ∈ L2(0,∞)

x(∞) = 0, x(0) = x0

1

2

∫ ∞

0

(‖ y(t) ‖2 +
1

1 − γ−2
‖ u(t) ‖2)dt,

while if γ < 1, we defineQ+ as (instead of minimizing over u, we maximize
over u)

Q+(x0) := max
u ∈ L2(0,∞)

x(∞) = 0, x(0) = x0

1

2

∫ ∞

0

(‖ y(t) ‖2 +
1

1 − γ−2
‖ u(t) ‖2)dt.

Q−(x0) is called the H∞-past energy and Q+(x0) the H∞-future energy of
the system in the state x0. Note that for γ → ∞ we have Q+ = K+ and
Q− = K−, where K+ and K− are as defined in Section 2.5, and that for
γ → 1 we have Q+ = Lo and Q− = Lc, where Lo and Lc are as defined in
Section 2.2.

Theorem 2.7.4. Q−(x0) = 1
2x

T
0 Y

−1
∞ x0 and Q+(x0) = 1

2x
T
0 X∞x0, where Y∞

and X∞ are the stabilizing positive definite solutions of (2.32) and (2.33),
respectively. 4

This means that if γ 6= 1 then for the H∞ balanced representation the
H∞-past and H∞-future energy function are Q−(x0) = 1

2x
T
0 N

−1x0 and
Q+(x0) = 1

2x
T
0 Nx0, respectively, withN as in (2.35). The importance of the

state x̃ = (0, . . . , 0, xi, 0, . . . , 0) in terms of H∞-past and H∞-future energy
may be measured by the H∞ characteristic values ϑi. For large ϑi the in-
fluence of the state x̃ on the H∞-future energy is large while the influence
on the H∞-past energy is small. Hence if ϑk � ϑk+1, the state components
xk+1 to xn are not important from this energy point of view and may be
removed to reduce the number of state components of the model.

2.8 Conservative mechanical systems

Model reduction for linear conservative mechanical systems by balancing
of the associated gradient system has been introduced by Van der Schaft
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and Oeloff [72]. The systems that are considered are only Lyapunov (not
asymptotically) stable, and thus balancing as treated in Section 2.2 does
not immediately apply. It is possible to apply model reduction by consid-
ering balancing for unstable linear systems, as treated in Section 2.6, but
this in general does not preserve the structure of the mechanical system,
which may be a drawback from a modelling and control point of view. The
model reduction method that is treated here does preserve the structure of
the mechanical system. The key is to associate with the conservative me-
chanical system a gradient system which is asymptotically stable, and to
apply the balancing method of Section 2.2 to this associated gradient sys-
tem. We review the formulation of Van der Schaft and Oeloff [72].

We consider linear conservative mechanical systems with collocated sen-
sors and actuators corresponding to outputs y and inputs u. In Hamilto-
nian form such system may be written as

(

q̇

ṗ

)

=

(

0 P

−Q 0

) (

q

p

)

+

(

0
B

)

u

y = BT q

(2.37)

where P = P T > 0, Q = QT > 0. Here q = (q1, . . . , qn) is the vector
of generalized configuration coordinates and p = (p1, . . . , pn) is the vec-
tor of generalized momenta. The quantities 1

2p
TPp and 1

2q
TQq are the ki-

netic and potential energy, respectively, of the system. Naturally P > 0, but
Q > 0 is an assumption. This implies that the poles of the system are all
on the imaginary axis and not equal to zero, and that the system is Lya-
punov stable (see Appendix C), with Lyapunov function being the total en-
ergy 1

2p
TPp+ 1

2q
TQq. The transfer matrix FH(s) of system (2.37) is

FH(s) = BT (Is2 + PQ)−1PB

and satisfies the symmetry properties FH(−s) = FH(s) = F T
H(−s). The

associated gradient system of (2.37) is defined by

ẋ = −PQx+ PBu

y = BTx
(2.38)

with inner product P−1 and potential function 1
2x

TQx (see also Brock-
ett [9]). For a detailed study of gradient systems we refer to the literature
(e.g. Brockett [9], Van der Schaft [69], see also Chapter 6). The gradient sys-
tem is asymptotically stable and its transfer matrixFG(s) is related toFH(s)
by FG(s2) = FH(s).

Theorem 2.8.1. ([68, 69]) The Hamiltonian system (2.37) is controllable if
and only if its associated gradient system (2.38) is controllable. Furthermore,
the Hamiltonian system is controllable if and only if the Hamiltonian sys-
tem is observable. The same is valid for the gradient system. 4
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If we assume that the Hamiltonian system (2.37) is minimal then we can
apply the balancing theory of Section 2.2 to the gradient system (2.38),
since this system is asymptotically stable. The controllability Gramian W

and the observability Gramian M of (2.38) are the unique symmetric solu-
tions to the Lyapunov equations

(−PQ)W +W (−PQ)T = −(PB)(PB)T (2.39)

and

(−PQ)TM +M(−PQ) = −BBT , (2.40)

respectively. To bring the gradient system into balanced form we need a
nonsingular coordinate transformation x = Sx̄. This coordinate transfor-
mation induces the symplectic transformation q = Sq̄, p̄ = ST p, that trans-
forms the Hamiltonian system (2.37) into a Hamiltonian system with as
associated gradient system the transformed system (2.38), i.e., (2.38) in the
new coordinates x̄.

We assume throughout this section that the gradient system (2.38) is in
balanced form, i.e.,

Σ := W = M =





σ1 0
. . .

0 σn



 ,

with σ1 ≥ · · · ≥ σn > 0. Then the Hamiltonian system (2.37) is a pseudo
balanced representation.

Theorem 2.8.2. ([72]) For the pseudo balanced representation P = I. 4

Suppose that σk � σk+1 and partition the system correspondingly as fol-
lows:

x =

(

x1

x2

)

, Q =

(

Q11 Q12

Q21 Q22

)

, B =

(

B1

B2

)

Consider the reduced order gradient system (2.38):

ẋ1 = −Q11x
1 +B1u

y = BT
1 x

1 (2.41)

and the corresponding reduced order Hamiltonian system (2.37):
(

q̇1

ṗ1

)

=

(

0 Ik
−Q11 0

) (

q1

p1

)

+

(

0
B1

)

u

y = BT
1 q

1

(2.42)

Theorem 2.8.3. ([72]) System (2.41) is balanced and asymptotically stable
withQ11 > 0 and system (2.42) is a pseudo balanced minimal Hamiltonian
system with (2.41) as associated gradient system. 4
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This means that the order of a Hamiltonian system can be reduced by con-
sidering the associated gradient system. The dimension of the state space
of the Hamiltonian system is twice the dimension of the state space of the
associated gradient system. Hence, the order of the Hamiltonian system
is reduced based on the Hankel singular values of a lower order system. A
drawback of this method is that there is no theoretical interpretation avail-
able. For example there is no interpretation in terms of energy functions of
the Hamiltonian system.

The pseudo balancing method may also be applied to weakly damped me-
chanical systems by first leaving out the damping, and adding it again to
the pseudo balanced form. Weakly damped systems are asymptotically
stable, but by carrying out a limiting analysis for infinitely small damp-
ing it is easily seen that the original open-loop balancing method is not
feasible in this case (see e.g. Jonckheere [41]). Furthermore, the results of
open-loop balancing are very sensitive to the damping parameters, which
are often not precisely known.

The most common approach for model reduction of a Hamiltonian sys-
tem is based on modal analysis. One considers the system (2.37) without
inputs and outputs. It is well-known (e.g. Meirovitch [49]) that there exists
a canonical transformation q̂ = Tq, p̂ = T−T p, such that

(

q̇

ṗ

)

=

(

0 P

−Q 0

)(

q

p

)

(2.43)

transforms into
(

˙̂q
˙̂p

)

=

(

0 I

−Ω 0

) (

q̂

p̂

)

, (2.44)

where Ω = diag(ω2
1 , . . . , ω

2
n). It is clear that the dynamics of (2.44) decom-

poses into n independent eigenmodes with eigenfrequencies ω1, . . . , ωn.
Model reduction is now achieved by leaving out the eigenmodes corre-
sponding to some of the eigenfrequencies, usually the higher ones. It im-
mediately follows that model reduction by this method preserves the struc-
ture of the Hamiltonian system. However, since modal analysis is a priori
only concerned with the ‘drift term’, and not with the input and output ma-
trix, the method is not really satisfying from a system and control theoretic
point of view. Comparing the pseudo balancing method with the method
based on modal analysis, it can be seen that the system with a system ma-
trix of the form (2.44) is pseudo balanced if and only if the rows of the B-
matrix are all orthogonal, and thusB is invertible (e.g. Van der Schaft [70]).
In general, model reduction of an Hamiltonian system based on pseudo
balancing results in a reduced order Hamiltonian system from which the
eigenmodes do not form a subset of the set of eigenmodes of the full order
Hamiltonian system. This is in analogy with model reduction of stable lin-
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ear systems based on balancing, which yields poles of the reduced order
system that do not form a subset of the poles of the full order system.

2.9 Conclusions

In this chapter we treated several balancing techniques for linear systems.
For a stable linear system the balancing method of Section 2.2 may be ap-
plied, and used as a tool for model reduction. This method is based on the
past input and future output energy functions of the stable linear system.

The method of Section 2.2 does not apply to unstable linear systems. In
that case, we may apply LQG balancing as treated in Section 2.5. This
method is a form of closed-loop balancing. It may be interpreted by a dif-
ferent pair of past and future energy functions. An alternative approach is
to apply balancing as in Section 2.2 to the normalized coprime representa-
tion of the unstable system (see Section 2.6). This last method has no direct
interpretation in terms of a past and future energy function of the original
system, but model reduction based on balancing the normalized coprime
representation yields the same reduced order model as LQG balancing.

Another form of closed-loop balancing is given byH∞ balancing, as treated
in Section 2.7. This method is based on the solution of the normalized H∞

control problem, and is a tool to reduce the order of the model and the con-
troller. H∞ balancing also may be interpreted by a pair of past and future
energy functions.

Finally, we treated pseudo balancing in Section 2.8. Pseudo balancing is an
open-loop balancing method that is defined for linear conservative me-
chanical systems (Hamiltonian systems). It is also possible to apply bal-
ancing for unstable systems (see Section 2.5 and 2.6) to the Hamiltonian
system, but model reduction based on such method in general does not
preserve the structure of the mechanical system. Instead, for pseudo bal-
ancing the balancing method of Section 2.2 is applied to the associated
gradient system, which is asymptotically stable. Model reduction based
on this method preserves the structure of the system. No interpretation
of pseudo balancing is yet available in terms of a past and future energy
function of the original Hamiltonian system.

As far as LQG and H∞ balancing is concerned, we did not treat the proper-
ties of a reduced order controller applied to the full order model. For study-
ing these properties we refer to the literature (e.g. Opdenacker and Jon-
ckheere [63], Mustafa and Glover [55]). Furthermore, we did not treat the
modifications of the different balancing techniques that have been pro-
posed. For studying these modifications we also refer to the literature (e.g.
Enns [17]).
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