Model Reduction
4th Lecture

Jacquelien Scherpen
Delft University of Technology

Maarten Steinbuch
Eindhoven University of Technology

DISC course, 26 September 2005

Delft Center for Systems and Control '?U Delft

It University of Technology

Contents of today

Main focus: Nonlinear state-space balancing.

e Reference to lecture 2.

e State space based extension of Hankel singular values
and corresponding order reduction.
Input-normal/output-diagonal form and balanced form.

e Use for model reduction.

Relation with nonlinear Hankel operator?
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Problem setting

Consider an input-output system X::
u — — Y

and a time-invariant asymptotically stable state space
realization

i = f(x)+g(x)u
y = h(x) .

Assume that (+) is a valid state space realization of 3 about

Zo-
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Problem setting (continued)

Questions:

e When is (x) of minimal order?
e Is there a relation with the Hankel operator?

e Does there exist a good lower order approximation of
(+)?

Related (partly unsolved) problems:

e What is “good” if we consider complexity, error
bounds, (easier) controller design, performance
measures, computation times, numerical stability,
etc.?
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2nd Lecture 12 September

* Linear systems as a paradigm

* The controllability and observability function

* Observability

* Strong accessibility

* Minimality

* Not done yet: Introduction to state space balanced
realizations
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Energy functions: Gramian extensions

Controllability function:

0
Lo(zo) = min % / | ut) |2 dt
u e LQ(—O0,0) e
z(—00) =0,z(0) = z¢

Observability function:

1 [ 2(0) =z
Lo(zo) = - / (o) |1 dt, ©

2 u(1)=0, 0<7T<00
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Introduction to state space balanced realizations
Example:

1 62511 + 11223 + 552222 + 6392123 + 21623
625 \ 38443 + 62515 + 464221, + 482122 — 6323

% %5\/25 + Tx? 4 48z 29 — T3
%5\/25 + 722 + 48z 119 — T3

%(39&1 — 4xq)
V2(4ary + 312)/25 + 1627 + 242175 + 973
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Introduction to state space balanced realizations

This system is zero-state observable, and f is
asymptotically stable.
Solving the Hamilton-Jacobi equations we obtain:

1 1 () (s
LC(Q?) = —me’ LO(I) _ —(L‘T 11( ) 12( ) ..
2

mo1 (SC') ™Moo (.T)

myy(z) = o= (425 + 7223 — 192325 + 12823)
2

2
miz(x) = may(x) = 5= (—25 + 92} — 24a125 + 1623)
2

Moo (z) = 55 (1025 + 8123 — 216z, @5 + 144a3).
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Introduction to state space balanced realizations

System has the input-normal form.

The eigenvalues of M (z) are:

M (7) = 5:(25 4 927 — 24wy w5 + 1623) = 1 + (3(321 — 4a2))?

The neighborhood V' of 0 where the number of distinct
eigenvalues is constant, is

V = {z|(3v; — 4a9)? < 25},
i.e., \(z) <2forz eV, thus \y(x) > A (x).
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Introduction to state space balanced realizations

The unitary matrix of eigenvectors is
1 3 4
5\ -4 3

Thus, coordinate transformation to diagonalize M (z) is

2 3z — 4xo

1
- zeV.
Z9 5 45!31 + 3(E2

Consider coordinates v(z) = v~!(z) for = € W, where

W=y 1 (V)=v(V)={z|z] < 1}.
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Introduction to state space balanced realizations

In new coordinates controllability and observability
functions become for z € W

0 1422

The so-called singular value functions are 7;(z) = 2 and
To(2) =1+ 23

Coordinates z € W transform system into
input-normal/output-diagonal form.
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Introduction to state space balanced realizations

Input-normal/output-diagonal form:

21 =—21+ zlzg + u1\/§

Zg = —29 — 25 + Ugy/2 — 227 + 222
Y1 =22
y2:\/§zz

Additional coordinate transformation to bring system in
balanced form! Only on the axes!
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Introduction to state space balanced realizations

Additional coordinate transformation z = 7(z) as follows:
: zeW =v(W) = {222 < 22}.

Now controllability and observability functions are in
balanced form, i.e.,

2 0 14223
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Introduction to state space balanced realizations

Then at coordinate axes:

. 1 . 1
Lc _70 :—_2a LC 07_ :__27
(z1,0) 2\/521 (0, z2) 222
. 2 . 1
Lo(%1,0) = ng, Lo(0, 25) = 523.

i.e., less input energy is needed to reach states (z,0)
than to reach the states (0, z,), and states (z;,0) generate
a larger output energy than the states (0, z5).

Hence, on neighborhood W %, is a more important state

comﬁonent than Zz.
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Introduction to state space balanced realizations

For model reduction set z, = 0.
Reduced order system:

P= 7+ 20w _ .
\ : zeW ={3z<2:}.
24z

<
I

Controllability and observability function

Lc(2)

P2 =222 and L,(3) = =223 zeW,

1
= _2\/5

Reduced system is asymptotically stable on 7.
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Overview

* “Semi-quadratic” forms

Kato’s result

Input-normal/output-diagonal form

Balanced form

Model reduction

Relation with minimality

Hankel considerations
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Semi-quadratic forms

i = f(z)+g(x)u
y = hz)

Standing assumptions:
* f(x)is as. stab. on some neighborhood Y of 0.
e System is zero-state observable on Y.
e [,and L. exist and are smooth on Y.

9?L, 9?L,
W(O) > 0 and W(O) > 0.

Semi-quadratic forms (continued)

Version of the Fundamental Theorem of Integral
Calculus:

Let L be smooth function in convex neighborhood V' of 0 in
R", with (0) = 0. Then

n

L(zy,...,2,) = Zwiai(wl, -

=1
for some suitable smooth functions a; defined on V, with
a;(0) = §=(0).
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Semi-quadratic forms (continued)

Construction given by proof, i.e.,

L(xy,...,2,) = / L Tt
(1 ) 0 ot

'S oL
= /Ozaxi(txl,...,txn)xidt

Thus, a;(z1,...,x,) = 01 g—afi(txl, ooy tay)dt.

Apply twice, then “semi-quadratic” form!

Next result uses Morse’s lemma for input-normal form.

Semi-quadratic form (continued)

Lemma: There exists coordinate transf. = = ¢(z), ¢(0) =0
(defined on neighborhood of 0), such that in z = ¢~!(x)
function L.(x) is of the form

L(6(2)) = 5777

In z = ¢~'(x) we can write L,(z) in the form

Lo(gé(;f)):%;iTM(i-):f where  M(0)

0%L,
- o2 ( )7

with M (z) an n x n symmetric matrix such that its entries
are smooth functions of z.
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Overview Kato’s result

¢ “Semi-quadratic” forms Lemma: If there exists a neighborhood V' of 0 where the
e Kato's result number of distinct eigenvalues of M(z) is constant for

z € V, then on V the eigenvalues \;(z),i=1,...,n, are
smooth functions of z, as well as the associated

¢ Balanced form normalized eigenvectors.

¢ Input-normal/output-diagonal form

¢ Model reduction

. . L Ex.: # distinct eig. val. is not constant:
¢ Relation with minimality o

241 0
0 2—371

* Hankel considerations M(z) =

/2 O‘ 2\ 1
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Overview Input-normal/output-diagonal form
* “Semi-quadratic” forms Theorem: Assume condition of Kato’s result is fulfilled. On
e Kato's result neighborhood U of 0 there exists ¢, © = ¢(z), ¥(0) = 0, S.t.

forz € W:=¢~Y(U) L. and L, are of form

Input-normal/output-diagonal form

* Balanced form L(2) == Le(1p(2)) = %sz,

* Model reduction n(2) 0

* Relation with minimality To(2) = Lo(t(2)) = 1r .
* Hankel considerations 0 ()

Here 71(z) > --- > 7,,(2) are smooth functions of z, called

the singular value functions of system.
. DSCoowseZ8Seplember2005 28 DiSCoouse26Sepember2005 ek
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Input-normal/output-diagonal form (continued) Input-normal/output-diagonal form (continued)
Proof (constructive, i.e., algorithm for diagonalization): Xi(Z),i=1,...,n,are eig. val. of M(z) and T'(z) is
From previous lemma there exists x = ¢(z), ¢(0) = 0 such corresponding orthogonal matrix of normalized
thatin z L. and L, are of input-normal/’semi-quadratic eigenvectors, i.e. TT(z)T(z) =1, 7€ V.
form. By Kato’s result, on V' eigenvalues of M (z) and Thus
normalized eigenvectors are smooth functions of z. Thus B e
M (z) is smoothly diagonalizable on V. Lo(¢(7)) = 37 T(Z)AM@)T" ()7, TEV.
be ch and
Since M (z) can be chosen symmetric, we can write _ 1,
) g L(o(@) = 577
M(z) = T(z)A(z)T" (z) where 2
A(z) = diag(A1(Z), ..., A (@), With A\ (Z) < -+ < A, (T).
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Input-normal/output-diagonal form (continued) Overview
Define z = v(z) := T*(z)z. Then * “Semi-quadratic” forms

Kato's result
Lo(p(v71(2))) = 22TA(v 1 (2))z, z€ W :=p(V).

Input-normal/output-diagonal form

Lo(é(vr'(2))) = %ZTTT@)T(@Z _ %ZTZ. « Balanced form
Define 7i(z) := \(v(2)), i = 1,...,m, * Model reduction
* Relation with minimality
V=¢ov!

Hankel considerations
and U := ¢~1(V), then proof is completed.
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Balanced form

e Recall for linear systems in balanced form: ¥ = P = Q).

e Input-normal/output-diagonal means P = I, () = X2.
Hence, nonlinear system is not really in balanced form yet!

To make model reduction stage easier, no aim for full
balance, but only for balance on the coordinate axes,
i.e., aim for extension of
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Balanced form (continued)

o Take z; = n;(z) := 71,(0, ... ,0,27;70,...0)%21-, i=1,...,n.
Since L,(z) > 0, 7:(0,...,0,2,0,...,0) > 0, for z; # 0.

o Define L (2) :== L.(n7 (%)), Lo(2) := Lo(n~'(2)). Then

o1(z1)7t 0
Le(z) = =27 z
0 Un(Zn)71
o1(z1) "' i(n™ (%)) 0
1
Lo(z) = =27 z
2
0 on(Zn) "t (™1 (2))
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Balanced form (continued)

In Z coordinates

3 1
L.(0,...,0,%,0,...,0) = 523@(27-,)*1
. 1
Lo(0,...,0,2,0,...,0) = 5zfai(zi)

Linearization of the complete nonlinear procedure results
in the linear balancing procedure.
Linearized system:

where A = 2L(0), B = g(0) and C' = 2(0).
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Balanced form (continued)

Based on the linearization, we have the following result:

Theorem: Assume linearized system is minimal and A is
asymptotically stable. If Hankel singular values, o;,
i=1,...,n, of linear system satisfy o; # o, for i # j,

i,j =1,...,n, then locally the nonlinear system may be
brought into balanced form.

Uses the fact that o; # o; implies that there exists
neighborhood V' of 0 such that # of distinct eigenvalues of
the matrix M (z) is constant and equal to n (Kato’s result).
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Overview

“Semi-quadratic” forms

Kato’s result

¢ Input-normal/output-diagonal form

Balanced form

Model reduction

Relation with minimality

Hankel considerations
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Model reduction

Assume that

7(2) > T (2) (= 0(z3) T H(2) > 0(Zk) e (n7H(2))) -

and that nonlinear system is in balanced form.

Partition system as follows:

- fa(z9,2%) - Ga(2%,2%) o,

g y = 5 h — h (l’
f(Z) fb(zaa Zb) g(Z) gb(zav 21)) (Z) (z ’ )
where z¢ = (z1,...,2,) and 2° = (Zp41, ..., Zn).
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Model reduction (continued)

Truncation, then z° = 0.
oL,
0z

(2%,0) fa (2%, 0)+g§;’ (2%,0) fy(27, 0)+%BT(2“, 0)h(z%,0) =0

i T
OL. (2%,0)3.(2%,0)g” (2, 0)%(2“, 0)=0

0z

IR 10L,
(2%,0) fa(Z ’O)+28za

From the Hamilton-Jacobi equations if follows that the
controllability function of the reduced order system is
equal to L.(z,0). For observability new condition
necessary.
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Model reduction (continued)

Theorem: If 2Lo(z%,0) f,(2%,0) = 0 for (2%,0) € W then the
observability function of the reduced order system is
given by L,(z%,0). Furthermore, the reduced order system
is in balanced form having singular value functions
71(2%,0) > -+ > 7(2%,0), for (2%,0) = n~1(z%,0).

From linearization arguments we know that

Theorem: The subsystems ( f,(z%,0), g.(z%,0), h(z%,0))
and (£,(0,2%), g,(0, 2°), h(0, 2%)), respectively, are both
locally asymptotically stable.

.2
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Model reduction (continued) Overview

Theorem: If f,(2,0) = 0 and L, is proper (for each ¢ > 0 “Semi-quadratic” forms
the set {x € M|0 < L,(z) < ¢} is compact) on W, then the
reduced system is asymptotically stable on (z2,0) € W.

Proof: Full order system is zero-state observable. Thus

Kato’s result

¢ Input-normal/output-diagonal form

B Balanced form
h(z(t),0) = 0, Vt > 0 = (2°(t),0) = (0,0), V¢ > 0.

B Model reduction
Since f,(z%,0) = 0, reduced system is zero-state
observable. Hence with

Lo(2) = %ZTdiag (o1(21) ' (7' (2,0)), ..., o6(Zk) 'e(n™'(2,0))) 2.

Lo(%) > 0for 2 € W, % # 0. Thus, by previous lecture,

reduced order sxstem as. stable.

Relation with minimality

Hankel considerations
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Relation with minimality Relation with minimality (continued)
Ly(x',0,0,0) and L.(z',0,0,0) can be transformed to Also consider 2, then there exists (21, 2%) = ¢~ (z!, 2?) s.t.
input-normal/output-diagonal form, i.e., there exists
1,2 Lyr 1 o7,
2t = (2), ¥(0) = 0, (¥ (21),0,0,0) € Y, such that Le(¢(27,27),0,0) = 527 27 + 527 2
1
Lc(1/}(z)a07070) =-z"2 1 21
2 1.2 T T 1.2
Ly(p(z, 2 ,0,0:—<z1 22 )Mz,z
) . (6(z",2),0,0 = 5 Rl
1 T .
Lo((2),0,0,0) = 2° - = If Kato’s condition is fulfilled, we may diagonalize M (z!, 2?).
0 oy (2) . .
Then functions on the diagonal are
Thus z'-part can be balanced, with singular value Fi(21,22) > - > T (21, 22), Where 7(21,0) = 7i(2),
functions 71(z) > - -+ > 7,,(2). i=1,....n,and 75(0,22) =0, =ny +1,...,n1 + ny.
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Relation with minimality (continued) Overview

In accordance with the linear case, where unobservable * “Semi-quadratic” forms

part yields zero ‘Hankel singular values'. e Kato's result

Note that it is not possible to transform the whole system e Input-normal/output-diagonal form
in input-normal/output-diagonal form, since L.(0,0, 23, z*)
is infinite.

e Balanced form

¢ Model reduction
Still in accordance with the linear theory, since here we are

. . . o . * Relation with minimalit
dealing with the ‘inverse of the controllability Gramian’. y

* Hankel considerations
Hence the part of the system that is not strongly accessible
yields an ‘inverse of the controllability Gramian’ that is

infinite, and thus a ‘controllability Gramian’ that is zero.
| DSCcouse26Sepember2005 4 DISCcouse26Sepember2005 . o
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Hankel considerations Hankel considerations (continued)
* Note that this notion of balanced form for nonlinear e Hankel norm for linear systems
systems is not unique, due to non-uniqueness in )
semi-quadratic form! ISI3 = max H@)I* _ max (u, HH(u))
u€loy HUH2 u€loy <U, U>
¢ Restricted form of balancing, more related to Hankel T
operator and similarity invariants are obtained. = max o = Amax (HH) = Amax(PQ) = 0}

* In case semi-quadratic form is given, then unique up to
orthogonal transformation related to multiplicity of

e Hankel norm for nonlinear systems

singular value function. IS[3 = max [H)I? _ e (u, H*(H(u),u))
u 2 u
* Other possibility is “block” diagonalization based on EL2+L (”u)H Ehar {u, )
ordering of eigenvalues of matrix M (z). = max L"(i) =777

3 3
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Hankel considerations (continued)

How to determine ??7?

e For relation with Hankel operator and Hankel norm,
balanced state-space form does not suffice.

e By considering both eigenstructure of
* differential adjoint (dH(-))* (H(-)) and
* full nonlinear Hilbert adjoint H*(H(u), u),

characterization based on sort of parametrization that

is related to the input value yields form that fill in
the ??7?, i.e., give explicit expression for Hankel norm.
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Hankel considerations (continued)

e Appropriate assumptions, then there exists z = ®(z) s.t.

2
L,(®(2)) = 1sziag(ﬁ(z), oo Ta(2))2
OL(2(2)) _ OLo(®(2)) _
0z; 0= 0z; =0

70,0, 0,22,0,...0) = p2(z0), (Sl = max{pi(an)}

Now unique and balanced structure preserving model
reduction tool on coordinate axes!

5
Delft Center for Systems and Control TUDelft

Remarks

* Notes and slides are on the web (from Wednesday on):
http://www.dcsc.tudelft.nl/~jscherpen/disccursus.html

* State-space balancing can be found in Chapter 6.

¢ Extensive treatment of Hankel considerations and
“unique” balancing tool can be found in Chapter 5
(adjoint systems and operators) and 7 (balanced form).

* Please recall that | prefer to receive the exercises by
mid-October. Let me know if that is a problem!
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