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Abstract

In this paperwe develop a setof sufiicient conditionsin termsof

controllability andobsenability functionsunderwhich a givenstate
spaceaealizationof aformalpower serieds minimal. Specifically it

will beshown thatpositiity of thesefunctions plusafew technical
conditions,impliesminimality. In doing so,connectionsareestab-
lishedbetweerHamilton-Jacobiypeoptimalcontroltheoryandthe
well known necessanand sufficient conditionsfor minimality in

termsof Kalmantype rank conditionson the accessibilityand ob-
senability distributions.

1 Intr oduction

The problemof determiningwhen the dimensionof a statespace
realizationfor a given input-outputmapis minimal is a fundamen-
tal problemin systems.Its connectso mary othertopicsin real-
izationtheorylike similarity invariance controllability andobserv-
ability propertiesmodelreductionandbalancedealizations.The
theoryis quitecompletein the caseof linearsystemsFor example,
it is well known thatminimality is equivalentto joint controllability
andobsenability, andfor stablesystemsthis is further equivalent
to the positive definitenesof the controllability and obsenability
Gramians TheseGramianmatricesnaturallyappeain balancede-
alizationtheory andarerelatedto optimal control problems.In the
nonlinearcase minimality theoryis not nearlyaswell developed.
For example,thereare several existing theoriesfor minimality de-
pendingon the exact naturein which the input-outputmappingis
describedj.e., in termsof a setof input-outputdifferential equa-
tions(see[f] andthereferencesherein),a Volterraserieq, [ ]
or a formal power series/Chen-Fliessinctional expansion[f]. At
presentthe exact connectiondetweenthesedifferentapproaches
arenot completelyunderstood Furthermore motivatedby the lin-
earcase we might expectthat minimality shouldhave connections
to the nonlinearextensionsof the Gramianswhich have beende-
velopedfor nonlineabalancing™]-[[F],[F]-[]. Buttheseconnec-
tionsarealsolargely unknavn at present.

Thespecificpurposeof this paperis to developa setof sufficient
conditionsin termsof controllability andobsenability functionsun-
derwhich a given statespacerealizationof aformal power seriesis
minimal. Specifically it will beshavn thatpositivity of thesefunc-
tions, plusafew technicalconditions jmpliesminimality. Of course
thereexistswell known necessargandsuficientconditionsfor min-
imality in termsof Kalmantyperankconditionsonthe accessibility

andobsenability distributions. Sothenovelty of theapproachaken
hereis in establishinga connectiorbetweenthesedifferentialgeo-
metric type minimality conditionsand propertiesof functionsthat
areconnecteavith Hamilton-Jacobiypeoptimalcontroltheory As
an addedbenefit,it also seemspossibleto usethis new minimal-
ity characterizatioto further develop the nonlineamotionsof sim-
ilarity invariancellf], the Kalmandecompositioffif], andHankel
operators.

The papetis organizedasfollows. In Sections2, the background
materialpertainingto all the relevant subjectsis briefly reviewed,
specifically: the main definitions and rank conditionsassociated
with reachabilityand obsenability, the definitionsandknown prop-
ertiesof controllability andobsenability functions,andminimality
theoryfor statespaceealizationof formal powerseries.In Section
3.1wethendeveloparelationshipbetweerpositivity of the control-
lability functionandtheaccessibilityrankcondition. Theanalogous
connectiondetweerpositivity of the obsenability functionandthe
obsenability rank conditionare coveredin Section3.2. The main
resultof the paperinvolving minimality, plus someconcludingre-
marks,arepresentedn thefinal section.

The mathematicahotation usedthroughoutis fairly standard.
Vectornormsarerepresentethy ||x|| = vxTx for x € R". Lo(a,b)
representsthe set of Lebesguemeasurablefunctions, possibly

vectorvalued, with finite L, norm ||x||, = \/f;’||x(t)||2 dt. If

L: R" — R is a differentiablefunction, thenits partial derivative
g—';( will betherow vectorof partialder'r\/ativesg—)'; wherei=1,...,n.

2 Background

2.1 Controllability and observability functions

Controllability andobsenability functionsplay animportantrolein
balancingandmodelreductiorfor stablenonlinearsystemgiit, .
In this sectionwe give a brief review of theresultsthatareimportant
for theminimality theorypresentedh Sectiorll

Considerasmoothj.e.,C>, nonlinearsystemof theform
x=f(x)+g(X)u, y=nh(x) 1)

whereu = (Uy,...,um) € R™,

(X1,-..,%n) arelocal coordinatesor a smoothstatespacemanifold
denotedby M. Throughoutwe assumehatthe systemhasanequi-



librium. Withoutlossof generalitywe takethis equilibriumto beat
0,i.e. f(0) =0, andwe alsotakeh(0) = 0.

Definition 2.1 [&] The contwllability and observabilityfunction
of asystem(@ aredefinedas
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X(—o0) = 0,X(0) =
=3[ vo e, ®
for x(0) = Xp, u(t) =0, 0<t < oo, respectiely. 0

The value of the controllability function at Xy is the minimum
amountbf controlenegy requiredto reachthestatexg, andthevalue
of the obsenability function at xg is the amountof outputenegy

generatedy xg. We assumehroughoutthatL¢ and Lo arefinite.

Also, for therestof this paperwe assumehatlLc andLo aresmooth
functionsof x.

Theorem?2.2 [ If f(x) is asymptoticallystableon a neighbor
hoodW of 0, thenfor all x e W, Lo(X) is theuniquesmoottsolution
of thefollowing Lyapunovypeequation:
oLo 17 _
20T+ 5h" (9h() =0,
Furthermotefor all x € W, L¢(X) is the uniquesmoothsolutionof
thefollowing Hamilton-JAcobiequation:

dlc 10Lc d"L¢
o VIR +55° (x)9(x)g" (x) o 0=0  L(0)=

Lo(0) = 0. 4)

0

]
with (£ + g0g" (0 5

(x)) asymptoticallystableonW. O

Remark 2.3 [] If we assumethat f(x) is asymptoticallystable
andthat @l hasa smoothsolution,it thenfollows thatLo, asin @,
exists,i.e.,is finite. Furthermoreif we assumehat (@ hasasmooth
. . . . . TLc
_solutlonLc thatls antl-st§b|I|2|ng(|.e., —(f (x)_+ g(x)g(_x)T aax (x))
is asymptoticallystable),t follows thatLc, asin (@, exists. a

Theorem2.4 [Ef] Assumef(x) is asymptotically stable on a
neighborhoodW of 0 and @ has a smoothsolution Lc on W.
Then Le( ) > 0 for x e W, x # 0, if and only if —(f(x)+

a(x)g" (x )aa)'j (x)) is asymptoticallystableonW. 0

For the definitionsof (strong)accessibilityand obsenability, see,

9., [, [4], or [4].

Definition 2.5 Considetthe system{il).

e Thesystemis zelo-stateobservablef ary trajectorywhereu(t)
0,y(t) =0impliesx(t)=0,i.e.,forallx e M, h(¢(t,0,x,0)) =0,t
0= ¢(t,0,x,0) =0,t > 0.

o The system(@ is locally zeo-stateobservableif thereexists a
neighborhoodV of 0 suchthatfor all x € W, h(¢(t,0,x,0)) = 0O, for
allt>0= ¢(t,0,x,0) =0forallt >0. m]
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Remark 2.6 The definitionsare standardput usuallygivenin the
context whereonly piecevise constaninputsareadmissible How-
ever, the effectsof approximation®f moregenerainputsby piece-
wise constantinputshasbeenconsideredn earlierwork [, and
statementaboutthesepropertieoldingfor largerclasse®f inputs
canbefoundin [, . a

The following definition is an additionto the well-knowvn defini-
tions of the (strong)accessibilitydistribution and obsenability co-
distribution [].

Definition 2.7 Considetthesystem({l.

e The zeo-observatiorspaceOy is the linear spaceof functlons
on M containingh,... . hp andall repeated.ie deriatives LX thy,
jel....pk=12,....

e The ze-observalblity codistribution dQy is givenby dOy(q) =
spar{dH(q)|H € Og}, whereq € M. ]

Theorem?2.8 [M] Considerthe system{ll. Let C and Cy denote
the accessibilityand strongaccessibilitydistributions,respectively
and dO and dOg be the observabilityand zeio-obserability co-

distributions,respectively

e If dimC(xp) = n, thenthe systems locally accessibléromxg.

e If dimCy(Xp) = n, thenthe systemis locally strongly accessible
fromxg.

o If dimdO(xp) = n, thenthesystenis locally observableat xg.

o If dimdOp(0) = n, thenthe systemis locally zeo-stateobserv-
able m|

Remark 2.9 A consequeceof this theoremand Definition [l is
that local zero-stateobsenability implies local obsenability at 0.
Furthermoreijt follows thatlocal strongaccessibilityat xg implies
localaccessibilityat xg. a

Thefollowing theoremsarecloselyrelatedto resultsthatappeaiin
[™ and[®]. They revealimportantpropertiesof the system(@) in
termsof therelationshipdbetweervero-statobsenability, positve
definitenes®f the obsenability function, and asymptoticstability
of theequilibriumatO.

Theorem?2.10 [#] Assumef(x) is asymptoticallystable on a
neighborhod W of 0. If the system(l is zer-stateobservableon
W, thenLo(x) > 0, Vx € W, x # 0. m|

Theorem2.11 [] If the systeml is zem-stateobservalte and
Lo is well-definedsmoothand positivedefinite thenthe systenx =
f(x) is locally asymptoticallystable If Lo is proper thenx = f(x)
is globally asymptoticallystable a

2.2 A moregeneralobservability function

Local zero-stateobsenability is certainly more restrictive thanlo-
cal obsenability. In orderto extendthe previous resultsto a more
generalsetting,a more generalobsenability function needsto be
consideredn which the input playsa directrole. Given the sys-
tem(f,g,h), the correspondindnomogeneousystemis denotedoy
(f,§,h), where@(x) = g(x) —g(0). It is easilyshavn that (f,g,h)
andit homogeneousounterparalwayshave thesameobsenability
spacesand thus have basicallythe sameobsenability properties.
Considetthefollowing definition.

Definition 2.12 [[f]-[f] The natural observabilityfunction for the
system(@ is definedas

Woo)=  max 2 [T )Pt ©)
ol <a2

u€Lz(0,00),
X(0)=%o, (00

wherea > 0 is afixedrealnumber andy is the outputresponsef
thecorrespondindqjomogeneousystem. o



CIearIyLQ (xp) is themaximumoutputenegy onecouldexpectfrom
initializing the homogeneousystemat x(0) = xg andapplyingary
input with enegy boundedby a. Whena = 0, we have the ob-
senability functiongivenin Definitionlllll Thefollowing theorem
providesa definingequationfor LY analogouso equation.

Theorem2.13 [F]-[] For anyfixedxg in a neighborhoa W of O,
LY (xo) is uniquelydeterminedy evaluatingthe smoothsolutionof

dLo Lo .10l "

x T3 (%0) 55 86" 55

with LO(O, Xg) = 0 at x = xp and under the assumptionghat a

smoothsolutionLo(X,Xp) existson W, and 0 is an asymptotically
T
~aT Ol
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stableequilibriumonW of f := (f —p~1(x)dd T2 (+,X%0)) with
g _

H(Xo) == f||QT((p)% (0.%0)||L, & negativerealnumberwhengp=

(), ®0) = 0. O

The following theoremdescribesa sufficient conditionfor having
LQ (x) >0onVvxeW, x # 0, in termsof anobsenability condition
onthesetof inputsBy := {u € L[0,00) : ||ull, < a}.

Theorem2.14 [F]-[F] Supposé is an asymptoticallystableequi-
librium of the system(f,g,h) on a neighborhoodwW of 0 and
h(0) = 0. If the system(f,g,h) is observablewith respectto By
thenL} (x) > 0 whenx € W, x # 0. 0

Remark 2.15 It is clearthatthe propertyof zero-stat®bsenability
in the previoussectionis playingthesamerole asobsenability with
respecto thetrivial input classBy. ad

Remark 2.16 [, [] It is alsoknown thatwhenthe system(f,g, h)
is obsenablewith respectto By then LY hasa strong local mini-

N
mum equalto zeroat x = 0, i.e., LQ(O) =0, aé_; (0) =0 andthe
Hessmnaa"2 (0) > 0. Thislastpropertyis critical in the balancing
transformatiortheorypresentedn []. |

2.3 Minimality via formal power series

In thissectionwe briefly review atheoryof minimalstatespaceeal-
izationsfor input-outputsystemshatcanberepresentetly aformal

power series(Chen-Fliesfunctionalexpansion). A detailedtreat-
mentmay be foundin [[f]. Ultimately this leadsto rank conditions
asin Theorenil which arenecessarandsuficientconditionsfor

agivenrealizationto be minimal.

Let Sbeagiveninput-outputmaprepresentetly a corvergentgen-
eratingseries

Siu=y()= 3 ol Enlitt), (®)
2

wherel * is thesetof multi-indicesfor theindex setl = {0,1,...,m},
c(n) € R, and

t

Ei...ig[Ul(t.to) =/t Ui (DEi,_;.igUl(T,t0) dT C)
0

for t € [to, T] with Ey(t,tp)[u] := 1 andup(t) := 1. ThemappingS

canthenalsobe representedby a formal power seriesin noncom-
mutingmonomialsZ ={7y,z;,...,Zm} via

c= 3 cn)z,
nel~

(10)

wherezy = z, ...z, whenn = (ix...ip). Now definethesets:

R < 2 > : thesetof polynomialsin Z over R;
RP < 2> : thesetof formal power seriesin Z over R,

Thenthe (block) Hankelmapplngassouatedwth cis definedto be
theR-vectorspacanorphism : R < 2 >— RP < 2>, uniquely
specifiedby the generalizedhifting property[H(z)](n) = c(n ¢),
wheren,{ € 1. In this context we have the following definition.

Definition 2.17 The Lie rank of a formal power seriesc is defined
aspy(c) :=dim(H(L(Z))), whereL(Z) denoteghe smallest_ie
algebracontainingZ. a

An analyticstatespacerealization( f,g, h) definedlocally aboutxg
is saidto realizea formal power seriesc if

C(ik...io) = inoinl...inkh(Xo) (ll)
for every (ix...ig) € 1™, whereX;, i €k, in theset{f,gy,...,gm}. It
is well known thatif a certaingrowth conditionon the coeficients
{c(n)}ner+ is satisfied,thenthereexists a realizationof ¢ if and
only if theLie rankof c is finite. Thefollowing resultscharacterize
minimality.

Theorem?2.18 Ananalyticrealization( f,g,h) aboutxg of aformal
powerseriesc is minimalif andonly if its dimensioris equalto the
Lie rankpy (c). O

Theorem?2.19 An analytic realization( f,g,h) aboutxg of a for-
mal power seriesc is minimal if and only if dim C(xp) = n and
dim dO(Xg) = n. o

Finally ary two minimal realizations( f,g, h) aboutxy and (f,g, h)
aboutXy are necessarilyrelatedby a diffeomorphismT : V — V
whereV andV neighborhoodsf x° ands®, respeciiely. Thusmin-
imal realizationsof formal power seriesaareuniqguemoduloadiffeo-
morphism.

3 Minimality and Energy Functions

3.1 Accessibility

In this sectionwe studythecontrollabilityfunctionandcharacteriza-
tionsthatareimportantfor obtainingtheaccessibilityrankcondition
in orderto useTheorenfill® It canbe easilydeducedhatwe have
thefollowing relation(following the lines of the proof of Theorem
13in M)

L =L = inf
(%) r(0) u€ Lp(—t,0)
t> 0

X(—00) = 0,x(0) = Xo

e @2

andclearlyreachabilityfrom xg impliesL; is well-definedfor all x €

M, andthus,likewise for Lc. However, reachabilityis not implied

from a well-definedandpositive definiteLc. For our applicationit

is sufficient (as obsened from Theorenil) to consideronly the
anti-stabilizabilityof the solutionof the Hamilton-Jacobequation
@. which is a conditionthat canbe seenasreachabilityfrom 0 in

infinite time (socalledasymptotiaeachabilityfrom 0). Weformally

definethis notionbelow.



Definition 3.1 A system(@ is said to be asymptoticallyreac-
able from xg on a neighborhoodW of xg if ¥x € W there ex-

istsa u € Ly(0,00) suchthat ¢(t,0,%p,u) € W for all T > 0, and
limt—oo §(t,0,%.u) = X, i.e., ¥Xx € W, Ve >0, 3K < oo, s.t.
$(1,0.%,u) € W for all T <K, ands.t. [$(K,0,xp,u) —X| < &.

A system(ll is saidto belocally asymptoticallyeadablefromxg if

thereexistsaneighborhoodV of xg suchthatthe systemis asymp-
totically reachabldérom %o on every neighborhood/ C W of xg. O

In the following theorem,we obtain the relation betweenlocal
asymptotiaeachabilityfrom xg andlocal accessibilityfrom xg.

Theorem 3.2 Assumehat the accessibilitydistribution C hascon-
stantdimensioraboutxy. Thenlocal asymptotiaeadability from
Xo impliesthatthe systenis locally accessiblérom xg.

Proof Supposehat the systemis not locally accessibldrom xg,
then we know from standardresultsin the literature (e.g., [])
that dimC(xg) = k < n. Hencefrom Proposition3.12 in [{] we
know thatthereexistsaneighborhood/ of xg andlocal coordinates
X1,--.,Xn suchthatthesubmanifoldS, = {q € V|xi(q) = Xi(Xp),i =

k+1,...,n} containsRY (x) (WhereR (xo, T) is the reachableset
from xg attime T > 0O, following thetrajectoriesvhichremainin the
neighborhood of xg fort < T, andthenRY. (xg) := Ur<TR" (X0, T))
for ary neighborhood/ C V of xg andfor all T > 0. Thisimplies
thatall g € V suchthatq ¢ S, are not asymptoticallyreachable
from Xy onV, andthusthelocal asymptoticreachabilityfrom xq is

contradicted. |

Our main aim is now to relatethe positive definitenessand well-
definednessf the controllability function to the accessibilityrank
condition.

Lemma 3.3 Assumehat f is asymptoticallystableon a neighbor
hoodW of 0. Thenthecontmllability functionLc(x) is smoothfinite
andsatisfied c(x) > 0for x e W, x # 0, if andonlyif thesysten{l)
is asymptoticallyreachablefrom0 onW.

Proof Theresultfollows immediatelyfrom the definitionof asymp-
totic reachabilityand Theorenilll [ ]

The previous two results, combinedwith Proposition3.12 and
Corollary3.130f [, giveriseto thefollowing corollary:

Corollary 3.4 AssumehattheaccessibilitydistributionC hascon-
stantdimensiorabout0, andassumehat f is locally asymptotically
stable If there existsa neighborhoodV of 0 sud that the control-
lability functionLc¢(x) is smooth finite and satisfiesL¢(x) > 0 for
xeV, x#0,forall V CW, thendimC(0) = n. ]

Remark 3.5 Theabovecorollaryis restrictedby localrequirements
onLc, sincewe needocal asymptotiaeachabilityfrom 0 in orderto
useTheorenilll Only asymptoticreachabilityon a neighborhood
W of 0 doesnot sufiice. An exampleof a smoothsystemthat is
asymptoticallyreachableon a neighborhoodV of 0 andthatis not
locally accessiblés easyto construct. However, if we assumehat
the system(@l is analytic, thenwe canrelaxthelocal requirements
onLc to requirement®n aneighborhoodV of 0. Thisis dueto the
fact thatasymptoticreachabilityfrom xg implieslocal accessibility
from xg for analyticsystemse.g.,[Ff]. Analyticity is actuallynota
strongrestrictionin our setting,i.e., it is alsoanassumptiorfor the
realizationtheorypresentedh the previoussection. |

Corollary 3.6 Letthe system{ll) be analytic. Assumehat the ac-
cessibilitydistribution C has constantdimensionabout0, and as-
sumehat f is asymptoticallystableona neighborhoodV of 0. If the
contllability functionLc(x) is smoothfiniteandsatisfied ¢(x) > 0
forx e W, x # 0, thendimC(0) = n. m]

Sofar, we have beenconcentratingon the conceptof local acces-
sibility. However, for statespaceanalysisof similarity invariants,
which is closelyrelatedto the analysisof this paper seee.g [],
the nonlinearcounterparbf the Kalman decompositioris consid-
ered.Thereforejt is alsoof interestto considethe concep®f local
strongaccessibility The local strongaccessibilityersionof Theo-
remilllis givenbelow.

Theorem3.7 Assumethat the strong accessibilitydistribution Cy
hasconstandimensioraboutxg. Thenlocal asymptoticeadability
fromxg impliesthatthe systenis locally stronglyaccessibléromxg.

Proof Supposethat the systemis not locally strongly accessible
from Xg, thenwe know from standardesultsin the literature(e.g.,
[M]) thatdimCqp(xg) = k < n. Hencefrom Propositior.22in [] we
know thattherearetwo possibilities:

(i) If f(xo) € Co(Xo), thenit follows similar to the proofof Theorem
|

(if) If f(xo) & Co(Xo), thenby continuity f (q) ¢ Co(q) for all g € J,
U C U neighborhoodf X, anddim C(q) = dim Cp(q) + 1 for all
qeU. Inthiscasewe canselecthecoordinatesy, 1,. .. , Xnin such

awaythat S, = {q € U|%,1(q) = T, %kr2(Q) = -+ = %n(q) = 0}
containsRY (%o, T) for ary T > 0. Again, we have two cases:(a)
If dim Co(xo) < n— 1, thenthis implies thatall g € U suchthat
qé¢ STD are not asymptoticallyreachablefrom xg on V, andthus
the local asymptoticreachabilityfrom xg is contradicted. (b) If
dimCy(Xp) =n—1,thenallge U suchthat®, = —K, K > 0, arenot
asymptoticallyreachablérom xo onU. This concludesheproof.m

This theoremgivesrise to corollariessimilar to Corollarylll and
Il exceptwith accessibilityreplacedoy strongaccessibility

3.2 Observability

For theobsenability counterparbf the previoussectiorwe consider
the obsenability functionsasdefinedin @) and@. We begin with

the obsenability functionin (@ for which zero-stateobsenability

playsanimportantrole.

Lemma 3.8 Assumethat the observabilityfunction @ is smooth
andfinite for systenll) on a neighborhoodV of 0. ThenLo(x) > 0
for x e W, x # 0 impliesthatthe systen( is zeo-stateobservable
onW.

Proof Assumethat the systemis not zero-stateobsenable on W.
Thenthereexistsatrajectoryx(t) = @(t,0,xg,0) € W, t > 0 suchthat
X(1) # 0for 0 < 1 <tfor somed < t < co andsuchthath(x(t)) =0,
u(t) = 0, vt > 0. Hence,by definition of Lo, Lo(X(t)) = O for all
t, which givesthe contradictionwith the positwvity of Lo, andthus
provesthelemma. [

In the following lemma,we presenthe relationshipbetweerlocal
zero-stat@bsenability andlocal obsenability at 0.

Lemma 3.9 Assumeéhatthezer-stateobservabilitycodistribution
hasconstantdimensioraboutO. Thenlocal zelo-stateobservability
implieslocal observabilityat O.



Proof Along thesamdinesasfor localobsenability in [F], it canbe
proventhatlocal zero-statebsenability impliesthatdimdOg(0) =
n. Thisimpliesthatdimd©(0) = n, andby Theorenllllit follows
directly thatthe systemis locally obsenableatO. ]

Motivatedby the minimality conditionsof Theoreniillll we obtain
thefollowing corollary

Corollary 3.10 Assumethat the zero-observaility codistribution
dOg has constantdimensionabout 0. If the observabilityfunc-
tion (M is smoothfinite and satisfiedo(x) > 0, x € W, x # 0, then
dimdOg(0) = n. O

In the eventthatsystem(@ is not zero-statebsenable, it still may
belocally obsenableat 0. In which casethe naturalobsenability
function given in Definition [l givesthe following resultanalo-
gousto Lemmdilill

Lemma3.11 LetL}(x) bethenatural observabilityfunctiond for
somea > 0. Assumehat LY (x) is smoothand finite for systen(ll)
ona neighborhoodV of 0. ThenLY (x) > 0for xe W, x# 0, implies
thatthe systen{lll is locally observablet O with respecto Bg.

Proof Assumethatthesystem( is notlocally obsenableat0 with
respecto Bq. Thenthe correspondingijomogeneousystemis also
notlocally obsenableat 0 with respecto Bq. Hencethereexistsan
initial statexa # 0 suchthath($(t,0,0,u)) = h($(t,0,Xa,u), t >0,
Yu € Bq, whered(-) denoteghe solutionto homogeneousystem.
By definition of the natural obsenability function, we have that
LY (0) = 0 andby the positivity of LY it follows that LY (xa) > 0.
However, from equation(@ it follows immediatelythat the maxi-
mumover u € By for both states) andxa resultsin the sameopti-
malinputu. ThisimpliesthatLo(0) = Lo(Xa), andyieldsthedesired
contradictiorto prove thelemma. ]

This lemmadgives the analogueof Corollary [l in termsof the
generabbsenability functionasfollows.

Corollary 3.12 Assumethat the observability codistribution dO
has constantdimensionaboutO. If the natural observabilityfunc-
tion @ is smooth finite and satisfiesi_y(x) > 0forxe W, x#0,
thendimdO(0) = n. o

Remark 3.13 We may now comparethe resultsof this sectionto
the previous section. It is clearthatthey do not completelyfollow
alongsimilar or “dual” lines. Specifically the resultsrelatedto the
obsenability functionsasgivenby @ and@ aregivenin termsof
thezero-stat@bsenability andobsenability rankcondition,respec-
tively. Startingwith therankconditionsthe corverseof theseresults
also holds by the Theoremdlll lll, andllll However, for the
controllability function, we areconsideringasymptoticeachability
which implies local accessibility and which can be relatedto the
accessibilityrank condition. The reversedirectionis far lessclear
in this case mainly becaus&ccessibilityfrom 0 is not sufficient for
asymptotiaeachabilityfrom 0. However, if asymptotiaeachability
cansomehav be assumedor a given system thenthe converseof
theseresultsalsofollows for the controllability function. |

4 Sufficient conditionsfor minimality

Briefly summarizedve have obtainedhefollowing mainresult.

Theorem4.1 Assumehat the observabilitycodistribution dO (or
the zeio-observallity codistributiondOp, respectivelypndthe ac-
cessibilitydistribution C of a system( f,g,h) ead haveconstant
dimensionabout 0. Furthermore, assumethat the analytic sys-
tem(f,g.h) is a realizationof the formal powerseriesc. Then,if
0< Le(x) < oo and0 < LY (x) < oo (or 0 < Lo(x) < oc) for x e W,
x# 0, then(f,g,h) is a minimalrealizationof c. o

Thenecessityof theseconditionsis not obtaineddueto thefact that,
contraryto the linear case accessibilityand controllability are not
equialentin general.Only underadditionalassumptionsanacon-
verseresultbe obtained.

Theusefor andrelationwith similarity invariantsfor balancedeal-
izationsof nonlinearsystemsnaybefoundin [[].
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