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Abstract

In this paperwe develop a setof sufficient conditionsin termsof
controllabilityandobservability functionsunderwhichagivenstate
spacerealizationof aformalpowerseriesis minimal. Specifically, it
will beshown thatpositivity of thesefunctions,plusafew technical
conditions,impliesminimality. In doingso,connectionsareestab-
lishedbetweenHamilton-Jacobitypeoptimalcontroltheoryandthe
well known necessaryand sufficient conditionsfor minimality in
termsof Kalmantype rankconditionson the accessibilityandob-
servability distributions.

1 Intr oduction
The problemof determiningwhen the dimensionof a statespace
realizationfor a given input-outputmapis minimal is a fundamen-
tal problemin systems.Its connectsto many other topics in real-
ization theorylike similarity invariance,controllability andobserv-
ability properties,modelreductionandbalancedrealizations.The
theoryis quitecompletein thecaseof linearsystems.For example,
it is well known thatminimality is equivalentto joint controllability
andobservability, andfor stablesystems,this is further equivalent
to the positive definitenessof the controllability andobservability
Gramians.TheseGramianmatricesnaturallyappearin balancedre-
alizationtheory, andarerelatedto optimalcontrolproblems.In the
nonlinearcase,minimality theoryis not nearlyaswell developed.
For example,thereareseveral existing theoriesfor minimality de-
pendingon the exact naturein which the input-outputmappingis
described,i.e., in termsof a setof input-outputdifferential equa-
tions(see[18] andthereferencestherein),a Volterraseries[6, 7, 8]
or a formal power series/Chen-Fliessfunctionalexpansion[6]. At
present,the exact connectionsbetweenthesedifferentapproaches
arenot completelyunderstood.Furthermore,motivatedby the lin-
earcase,we might expectthatminimality shouldhave connections
to the nonlinearextensionsof the Gramians,which have beende-
velopedfor nonlinearbalancing[1]-[4],[10]-[13]. But theseconnec-
tionsarealsolargely unknownat present.

Thespecificpurposeof this paperis to developasetof sufficient
conditionsin termsof controllabilityandobservability functionsun-
derwhicha givenstatespacerealizationof a formal powerseriesis
minimal. Specifically, it will beshown thatpositivity of thesefunc-
tions,plusafew technicalconditions,impliesminimality. Of course
thereexistswell knownnecessaryandsufficientconditionsfor min-
imality in termsof Kalmantyperankconditionsontheaccessibility

andobservability distributions.Sothenovelty of theapproachtaken
hereis in establishinga connectionbetweenthesedifferentialgeo-
metric type minimality conditionsandpropertiesof functionsthat
areconnectedwith Hamilton-Jacobitypeoptimalcontroltheory. As
an addedbenefit,it alsoseemspossibleto usethis new minimal-
ity characterizationto furtherdevelopthenonlinearnotionsof sim-
ilarity invariance[13], theKalmandecomposition[12], andHankel
operators.

Thepaperis organizedasfollows. In Sections2, thebackground
materialpertainingto all the relevant subjectsis briefly reviewed,
specifically: the main definitionsand rank conditionsassociated
with reachabilityandobservability, thedefinitionsandknown prop-
ertiesof controllability andobservability functions,andminimality
theoryfor statespacerealizationsof formalpowerseries.In Section
3.1wethendevelopa relationshipbetweenpositivity of thecontrol-
lability functionandtheaccessibilityrankcondition.Theanalogous
connectionsbetweenpositivity of theobservability functionandthe
observability rank conditionarecoveredin Section3.2. The main
resultof thepaperinvolving minimality, plus someconcludingre-
marks,arepresentedin thefinal section.

The mathematicalnotation usedthroughoutis fairly standard.
Vectornormsarerepresentedby + x +�,.- xTx for x /10 n

. L2 2 a 3 b4
representsthe set of Lebesguemeasurablefunctions, possibly

vector-valued, with finite L2 norm + x + L2 , 5 b
a + x 2 t 46+ 2 dt. If

L : 0 n 78 0 is a differentiablefunction, thenits partial derivative
∂L
∂x will betherow vectorof partialderivatives ∂L

∂xi
wherei , 1 3:9;9;9�3 n.

2 Background

2.1 Controllability and observability functions

Controllabilityandobservability functionsplayanimportantrole in
balancingandmodelreductionfor stablenonlinearsystems[10, 12].
In thissectionwegiveabrief review of theresultsthatareimportant
for theminimality theorypresentedin Section3.

Considerasmooth,i.e.,C< , nonlinearsystemof theform

ẋ , f 2 x4>= g 2 x4 u 3 y , h 2 x4 (1)

where u , 2 u1 3;9;9:9?3 um4@/A0 m
, y , 2 y1 3;9:9;9?3 yp 4�/.0 p

and x ,2 x1 3;9:9;9?3 xn 4 arelocal coordinatesfor a smoothstatespacemanifold
denotedby M. Throughoutwe assumethatthesystemhasanequi-



librium. Without lossof generalitywe takethis equilibriumto beat
0, i.e. f 2 04B, 0, andwealsotakeh 2 04C, 0.

Definition 2.1 [10] The controllability and observabilityfunction
of asystem(1) aredefinedas

Lc 2 x04), min
u D L2 EGF <	H 0I

x EJF < I�K 0 H x E 0I(K x0

1
2

L 0

F < + u 2 t 4M+ 2 dt (2)

Lo 2 x0 4), 1
2

L <
0

+ y 2 t 4M+ 2 dt 3 (3)

for x 2 04C, x0 3 u 2 t 4MN 0 3 0 O t PRQ , respectively. S
The value of the controllability function at x0 is the minimum
amountof controlenergy requiredto reachthestatex0, andthevalue
of the observability function at x0 is the amountof outputenergy
generatedby x0. We assumethroughoutthat Lc andLo arefinite.
Also, for therestof thispaperweassumethatLc andLo aresmooth
functionsof x.

Theorem2.2 [10] If f 2 x4 is asymptoticallystableon a neighbor-
hoodW of 0, thenfor all x / W, Lo 2 x4 is theuniquesmoothsolution
of thefollowingLyapunovtypeequation:

∂Lo

∂x 2 x4 f 2 x4�= 1
2

hT 2 x4 h 2 x4B, 0 3 Lo 2 04C, 0 9 (4)

Furthermore for all x / W, Lc 2 x4 is theuniquesmoothsolutionof
thefollowingHamilton-Jacobiequation:

∂Lc

∂x 2 x4 f 2 x4>= 1
2

∂Lc

∂x 2 x4 g 2 x4 gT 2 x4 ∂TLc

∂x 2 x4�, 0 3 Lc 2 04C, 0 (5)

with T 2 f 2 x4�= g 2 x4 gT 2 x4 ∂TLc

∂x 2 x4�4 asymptoticallystableonW. S
Remark 2.3 [12] If we assumethat f 2 x4 is asymptoticallystable
andthat(4) hasa smoothsolution,it thenfollows thatLo, asin (3),
exists,i.e., is finite. Furthermore,if weassumethat(5) hasasmooth
solutionLc thatis anti-stabilizing(i.e., T 2 f 2 x4>= g 2 x4 g 2 x4 T ∂T Lc

∂x 2 x4�4
is asymptoticallystable),it follows thatLc, asin (2), exists. S
Theorem2.4 [10] Assume f 2 x4 is asymptotically stable on a
neighborhoodW of 0 and (5) has a smoothsolution L̄c on W.
Then L̄c 2 x4VU 0 for x / W, x W, 0, if and only if T 2 f 2 x4�=
g 2 x4 gT 2 x4 ∂TL̄c

∂x 2 x4�4 is asymptoticallystableonW. S
For the definitionsof (strong)accessibilityandobservability, see,
e.g.,[5], [6], [7], or [9].

Definition 2.5 Considerthesystem(1).X Thesystemis zero-stateobservableif any trajectorywhereu 2 t 4YN
0 3 y 2 t 4�N 0 impliesx 2 t 4�N 0, i.e.,for all x / M, h 2 ϕ 2 t 3 0 3 x 3 04�4>, 0 3 t Z
0 [ ϕ 2 t 3 0 3 x 3 04), 0 3 t Z 0.X The system(1) is locally zero-stateobservable, if thereexists a
neighborhoodW of 0 suchthatfor all x / W, h 2 ϕ 2 t 3 0 3 x 3 04�4B, 0, for
all t Z 0 [ ϕ 2 t 3 0 3 x 3 04Y, 0 for all t Z 0. S
Remark 2.6 The definitionsarestandard,but usuallygiven in the
context whereonly piecewiseconstantinputsareadmissible.How-
ever, theeffectsof approximationsof moregeneralinputsby piece-
wiseconstantinputshasbeenconsideredin earlierwork [16], and
statementsaboutthesepropertiesholdingfor largerclassesof inputs
canbefoundin [15, 17]. S

The following definition is an addition to the well-known defini-
tionsof the (strong)accessibilitydistribution andobservability co-
distribution [7].

Definition 2.7 Considerthesystem(1).X The zero-observationspace \ 0 is the linear spaceof functions
on M containingh1 3;9;9:9?3 hp and all repeatedLie derivatives Lk

f h j ,
j / 1 3:9;9:9�3 p, k , 1 3 2 3:9;9;9 .X Thezero-observability codistribution d \ 0 is given by d \ 0 2 q4Y,
span] dH 2 q4�^ H /_\ 0 ` , whereq / M. S
Theorem2.8 [7] Considerthe system(1). Let C and C0 denote
theaccessibilityandstrongaccessibilitydistributions,respectively,
and d \ and d \ 0 be the observabilityand zero-observability co-
distributions,respectively.X If dimC 2 x04), n, thenthesystemis locally accessiblefromx0.X If dimC0 2 x04�, n, then the systemis locally strongly accessible
fromx0.X If dimd \ 2 x04a, n, thenthesystemis locally observableat x0.X If dimd \ 0 2 04", n, thenthe systemis locally zero-stateobserv-
able. S
Remark 2.9 A consequenceof this theoremandDefinition 2.7 is
that local zero-stateobservability implies local observability at 0.
Furthermore,it follows that local strongaccessibilityat x0 implies
localaccessibilityatx0. S
Thefollowing theoremsarecloselyrelatedto resultsthatappearin
[5] and[9]. They reveal importantpropertiesof the system(1) in
termsof therelationshipsbetweenzero-stateobservability, positive
definitenessof the observability function, andasymptoticstability
of theequilibriumat0.

Theorem2.10 [10] Assumef 2 x4 is asymptoticallystable on a
neighborhoodW of 0. If thesystem(1) is zero-stateobservableon
W, thenLo 2 x4MU 0, b x / W, x W, 0. S
Theorem2.11 [10] If the system(1) is zero-stateobservable and
Lo is well-defined,smoothandpositivedefinite,thenthesysteṁx ,
f 2 x4 is locally asymptoticallystable. If Lo is proper, thenẋ , f 2 x4
is globallyasymptoticallystable. S
2.2 A more generalobservability function
Local zero-stateobservability is certainlymorerestrictive thanlo-
cal observability. In orderto extendtheprevious resultsto a more
generalsetting,a more generalobservability function needsto be
consideredin which the input playsa direct role. Given the sys-
tem 2 f 3 g 3 h4 , thecorrespondinghomogeneoussystemis denotedby

2 f 3 g̃3 h4 , whereg̃ 2 x4a, g 2 x4�T g 2 04 . It is easilyshown that 2 f 3 g 3 h4
andit homogeneouscounterpartalwayshave thesameobservability
spaces,and thushave basicallythe sameobservability properties.
Considerthefollowing definition.

Definition 2.12 [1]-[4] The natural observabilityfunction for the
system(1) is definedas

LN
o 2 x0 4), max

u D L2 E 0 H < I Hdc u c L2 e α
x E 0IJK x0 H x E < IGK 0

1
2

L <
0

+ ỹ 2 t 46+ 2 dt 3 (6)

whereα Z 0 is a fixedrealnumber, andỹ is theoutputresponseof
thecorrespondinghomogeneoussystem. S



ClearlyLN
o 2 x0 4 is themaximumoutputenergyonecouldexpectfrom

initializing thehomogeneoussystemat x 2 04), x0 andapplyingany
input with energy boundedby α. When α , 0, we have the ob-
servability functiongiven in Definition 2.1. Thefollowing theorem
providesadefiningequationfor LN

o analogousto equation(4).

Theorem2.13 [1]-[4] For anyfixedx0 in a neighborhoodW of 0,
LN

o 2 x0 4 is uniquelydeterminedby evaluatingthesmoothsolutionof

∂L̄o

∂x
f = 1

2
hTh T 1

2
µF 1 2 x0 4 ∂L̄o

∂x
g̃g̃T ∂L̄o

∂x

T , 0 3 (7)

with L̄o 2 0 3 x0 4f, 0 at x , x0 and under the assumptionsthat a
smoothsolution L̄o 2 x 3 x0 4 existson W, and 0 is an asymptotically

stableequilibriumonW of f̄ : , 2 f T µF 1 2 x04 g̃g̃T ∂L̄o
∂x

T 2hg 3 x0 4�4 with

µ 2 x04 :,.Ti+ g̃T 2 φ4 ∂L̄o
∂x

T 2 φ 3 x0 46+ L2 a negativerealnumberwhenφ̇ ,
f̄ 2 φ4 , φ 2 04C, x0. S
The following theoremdescribesa sufficient conditionfor having
LN

o 2 x4dU 0 on b x / W, x W, 0, in termsof anobservability condition
on thesetof inputsBα :,.] u / L2 j0 3;Q�4 : + u + L2 O α ` .
Theorem2.14 [1]-[4] Suppose0 is an asymptoticallystableequi-
librium of the system 2 f 3 g 3 h4 on a neighborhoodW of 0 and
h 2 04a, 0. If the system2 f 3 g 3 h4 is observablewith respectto Bα
thenLN

o 2 x4MU 0 whenx / W, x W, 0. S
Remark 2.15 It is clearthatthepropertyof zero-stateobservability
in theprevioussectionis playingthesameroleasobservability with
respectto thetrivial inputclassB0. S
Remark 2.16 [2, 4] It is alsoknown thatwhenthesystem2 f 3 g 3 h4
is observablewith respectto Bα thenLN

o hasa strong local mini-

mum equalto zeroat x , 0, i.e., LN
o 2 04M, 0, ∂LN

o
∂x 2 04a, 0 and the

Hessian∂2LN
o

∂x2 2 04dU 0. This lastpropertyis critical in thebalancing
transformationtheorypresentedin [2]. S
2.3 Minimality via formal power series
In thissectionwebriefly review atheoryof minimalstatespacereal-
izationsfor input-outputsystemsthatcanberepresentedby aformal
power series(Chen-Fliessfunctionalexpansion).A detailedtreat-
mentmaybe foundin [6]. Ultimately this leadsto rankconditions
asin Theorem2.8, whicharenecessaryandsufficientconditionsfor
agivenrealizationto beminimal.

Let Sbeagiveninput-outputmaprepresentedby aconvergentgen-
eratingseries

S: u
8

y 2 t 4�, ∑
η D I k c 2 η 4 Eη j ul 2 t 3 t0 463 (8)

whereI m is thesetof multi-indicesfor theindex setI ,n] 0 3 1 3:9;9;9�3 m̀ ,
c 2 η 4M/_0 p

, and

Eik o o o i0 jul 2 t 3 t0 4),
L t

t0
uik 2 τ4 Eik F 1 o o o i0 jul 2 τ 3 t0 4 dτ (9)

for t / j t0 3 T l with Ep 2 t 3 t0 4 jul : , 1 andu0 2 t 4 : , 1. ThemappingS
canthenalsobe representedby a formal power seriesin noncom-
mutingmonomialsqR,1] z0 3 z1 3;9:9;9�3 zm ` via

c , ∑
η D I k c 2 η 4 zη 3 (10)

wherezη , zik
9;9:9 zi0 whenη , 2 ik 9;9;9 i0 4 . Now definethesets:

0rPiqsU : thesetof polynomialsin q over 0 ;

0 p t qsu : thesetof formalpowerseriesin q over 0 p
.

Thenthe(block)Hankelmappingassociatedwith c is definedto be
the 0 -vectorspacemorphismv : 0wPxqyU 8 0 p t qnu , uniquely
specifiedby thegeneralizedshifting property j v 2 zζ 4�l 2 η 4Y, c 2 η ζ 4 ,
whereη 3 ζ / I m . In this context wehave thefollowing definition.

Definition 2.17 TheLie rankof a formal power seriesc is defined
asρL 2 c4 :, dim 2 v 2{z$2 q�4�4�4 , wherez@2 q|4 denotesthe smallestLie
algebracontainingq . S
An analyticstatespacerealization 2 f 3 g 3 h4 definedlocally aboutx0
is saidto realizea formalpowerseriesc if

c 2 ik 9:9;9 i0 4), LXi0
LXi1

9:9;9 LXik
h 2 x04 (11)

for every 2 ik 9;9:9 i0 4d/ I m , whereXi , i / k, in theset ] f 3 g1 3;9:9;9?3 gm ` . It
is well known that if a certaingrowth conditionon thecoefficients] c 2 η 4 ` η D I k is satisfied,then thereexists a realizationof c if and
only if theLie rankof c is finite. Thefollowing resultscharacterize
minimality.

Theorem2.18 Ananalyticrealization 2 f 3 g 3 h4 aboutx0 of a formal
powerseriesc is minimalif andonly if its dimensionis equalto the
Lie rankρL 2 c4 . S
Theorem2.19 An analytic realization 2 f 3 g 3 h4 about x0 of a for-
mal power seriesc is minimal if and only if dim C 2 x0 4�, n and
dim d \ 2 x0 4Y, n. S
Finally any two minimal realizations2 f 3 g 3 h4 aboutx0 and 2 f̃ 3 g̃ 3 h̃4
about x̃0 are necessarilyrelatedby a diffeomorphismT : V

8
Ṽ

whereV andṼ neighborhoodsof xo andx̃o, respectively. Thusmin-
imal realizationsof formalpowerseriesareuniquemoduloadiffeo-
morphism.

3 Minimality and Energy Functions

3.1 Accessibility

In thissectionwestudythecontrollabilityfunctionandcharacteriza-
tionsthatareimportantfor obtainingtheaccessibilityrankcondition
in orderto useTheorem2.19. It canbeeasilydeducedthatwehave
thefollowing relation(following the linesof theproof of Theorem
13in [9])

Lc 2 x0 4Y, Lr 2 x0 4 :, inf
u D L2 EJF t̄ H 0I

t̄ } 0
x EGF < I�K 0 H x E 0I~K x0

1
2

L 0

F t̄
+ u 2 t 4Y+ 2 dt 3 (12)

andclearlyreachabilityfrom x0 impliesLr is well-definedfor all x /
M, andthus,likewise for Lc. However, reachabilityis not implied
from a well-definedandpositive definiteLc. For our applicationit
is sufficient (asobserved from Theorem2.4) to consideronly the
anti-stabilizabilityof the solutionof the Hamilton-Jacobiequation
(5), which is a conditionthatcanbe seenasreachabilityfrom 0 in
infinite time(socalledasymptoticreachabilityfrom 0). Weformally
definethisnotionbelow.



Definition 3.1 A system(1) is said to be asymptoticallyreach-
able from x0 on a neighborhoodW of x0 if b x / W there ex-
ists a u / L2 2 0 3:Q�4 suchthat ϕ 2 τ 3 0 3 x0 3 u4f/ W for all τ Z 0, and
limt � < ϕ 2 t 3 0 3 x0 3 u4�, x, i.e., b x / W, b ε U 0, � K P�Q , s.t.
ϕ 2 τ 3 0 3 x0 3 u4"/ W for all τ O K, ands.t. ^ ϕ 2 K 3 0 3 x0 3 u4�T x ^�P ε.
A system(1) issaidto belocally asymptoticallyreachablefromx0 if
thereexistsaneighborhoodW of x0 suchthat thesystemis asymp-
totically reachablefrom x0 oneveryneighborhoodV � W of x0. S
In the following theorem,we obtain the relation betweenlocal
asymptoticreachabilityfrom x0 andlocalaccessibilityfrom x0.

Theorem3.2 Assumethat theaccessibilitydistributionC hascon-
stantdimensionaboutx0. Thenlocal asymptoticreachability from
x0 impliesthat thesystemis locally accessiblefromx0.

Proof Supposethat the systemis not locally accessiblefrom x0,
then we know from standardresults in the literature (e.g., [7])
that dimC 2 x04�, k P n. Hencefrom Proposition3.12 in [7] we
know thatthereexistsaneighborhoodV of x0 andlocalcoordinates
x1 3;9;9:9?3 xn suchthatthesubmanifoldSx0 ,n] q / V ^ xi 2 q4B, xi 2 x0463 i ,
k = 1 3;9:9;9�3 n ` containsRV̄

T 2 x0 4 (whereRV 2 x0 3 T 4 is the reachableset
from x0 attimeT U 0, following thetrajectorieswhichremainin the
neighborhoodV of x0 for t O T, andthenRV

T 2 x04 : ,A� τ e TRV 2 x0 3 τ4 )
for any neighborhood̄V � V of x0 andfor all T U 0. This implies
that all q / V suchthat q W/ Sx0 are not asymptoticallyreachable
from x0 onV, andthusthelocal asymptoticreachabilityfrom x0 is
contradicted.

Our main aim is now to relatethe positive definitenessand well-
definednessof the controllability function to the accessibilityrank
condition.

Lemma 3.3 Assumethat f is asymptoticallystableon a neighbor-
hoodW of 0. Thenthecontrollability functionLc 2 x4 is smooth,finite
andsatisfiesLc 2 x4MU 0 for x / W, x W, 0, if andonly if thesystem(1)
is asymptoticallyreachablefrom0 onW.

Proof Theresultfollows immediatelyfrom thedefinitionof asymp-
totic reachabilityandTheorem2.4.

The previous two results, combinedwith Proposition3.12 and
Corollary3.13of [7], give riseto thefollowing corollary:

Corollary 3.4 Assumethat theaccessibilitydistributionC hascon-
stantdimensionabout0, andassumethat f is locally asymptotically
stable. If thereexistsa neighborhoodW of 0 such that thecontrol-
lability functionLc 2 x4 is smooth,finite and satisfiesLc 2 x4�U 0 for
x / V, x W, 0, for all V � W, thendimC 2 04C, n. S
Remark 3.5 Theabovecorollaryis restrictedby localrequirements
onLc, sinceweneedlocalasymptoticreachabilityfrom0 in orderto
useTheorem3.2. Only asymptoticreachabilityon a neighborhood
W of 0 doesnot suffice. An exampleof a smoothsystemthat is
asymptoticallyreachableon a neighborhoodW of 0 andthat is not
locally accessibleis easyto construct.However, if we assumethat
thesystem(1) is analytic, thenwe canrelaxthelocal requirements
on Lc to requirementson aneighborhoodW of 0. This is dueto the
fact thatasymptoticreachabilityfrom x0 implies local accessibility
from x0 for analyticsystems,e.g.,[15]. Analyticity is actuallynota
strongrestrictionin our setting,i.e., it is alsoanassumptionfor the
realizationtheorypresentedin theprevioussection. S

Corollary 3.6 Let thesystem(1) be analytic. Assumethat theac-
cessibilitydistribution C hasconstantdimensionabout0, and as-
sumethat f isasymptoticallystableonaneighborhoodW of0. If the
controllability functionLc 2 x4 is smooth,finiteandsatisfiesLc 2 x4�U 0
for x / W, x W, 0, thendimC 2 04C, n. S
So far, we have beenconcentratingon the conceptof local acces-
sibility. However, for statespaceanalysisof similarity invariants,
which is closely relatedto the analysisof this paper, seee.g [14],
the nonlinearcounterpartof the Kalmandecompositionis consid-
ered.Therefore,it is alsoof interestto considertheconceptof local
strongaccessibility. The local strongaccessibilityversionof Theo-
rem3.2is givenbelow.

Theorem3.7 Assumethat the strong accessibilitydistribution C0
hasconstantdimensionaboutx0. Thenlocalasymptoticreachability
fromx0 impliesthatthesystemis locally stronglyaccessiblefromx0.

Proof Supposethat the systemis not locally strongly accessible
from x0, thenwe know from standardresultsin the literature(e.g.,
[7]) thatdimC0 2 x0 4�, k P n. Hencefrom Proposition3.22in [7] we
know thattherearetwo possibilities:
(i) If f 2 x04M/ C0 2 x04 , thenit followssimilar to theproofof Theorem
3.2.
(ii) If f 2 x04x�/ C0 2 x0 4 , thenby continuity f 2 q4��/ C0 2 q4 for all q / Ũ ,
Ũ � U neighborhoodof x0, anddim C 2 q4a, dim C0 2 q4>= 1 for all
q / Ũ . In thiscase,wecanselectthecoordinates̃xk� 1 3:9;9:9?3 x̃n in such
a way that ST

x0 ,�] q / Ũ ^ x̃k� 1 2 q4Y, T 3 x̃k� 2 2 q4), g�g�g , x̃n 2 q4), 0 `
containsRŨ 2 x0 3 T 4 for any T U 0. Again, we have two cases:(a)
If dim C0 2 x0 4fP n T 1, then this implies that all q / Ũ suchthat
q W/ ST

x0 are not asymptoticallyreachablefrom x0 on V, and thus
the local asymptoticreachabilityfrom x0 is contradicted. (b) If
dimC0 2 x0 4C, n T 1,thenall q / Ũ suchthatx̃n ,nT K, K U 0,arenot
asymptoticallyreachablefrom x0 onŨ . Thisconcludestheproof.

This theoremgivesrise to corollariessimilar to Corollary 3.4 and
3.6, exceptwith accessibilityreplacedby strongaccessibility.

3.2 Observability

For theobservability counterpartof theprevioussectionweconsider
theobservability functionsasdefinedin (3) and(6). We begin with
the observability function in (3) for which zero-stateobservability
playsanimportantrole.

Lemma 3.8 Assumethat the observabilityfunction (3) is smooth
andfinite for system(1) on a neighborhoodW of 0. ThenLo 2 x4dU 0
for x / W, x W, 0 impliesthat thesystem(1) is zero-stateobservable
onW.

Proof Assumethat the systemis not zero-stateobservableon W.
Thenthereexistsatrajectoryx 2 t 4>, φ 2 t 3 0 3 x0 3 04Y/ W, t Z 0suchthat
x 2 τ 4�W, 0 for 0 O τ O t̄ for some0 P t̄ P	Q andsuchthath 2 x 2 t 4�4>, 0,
u 2 t 4M, 0, b t Z 0. Hence,by definition of Lo, Lo 2 x 2 t 4�4), 0 for all
t, which givesthe contradictionwith the positivity of Lo, andthus
provesthelemma.

In the following lemma,we presentthe relationshipbetweenlocal
zero-stateobservability andlocalobservability at 0.

Lemma 3.9 Assumethat thezero-stateobservabilitycodistribution
hasconstantdimensionabout0. Thenlocal zero-stateobservability
implieslocal observabilityat 0.



Proof Along thesamelinesasfor localobservability in [7], it canbe
proventhatlocalzero-stateobservability impliesthatdimd \ 0 2 04B,
n. This impliesthatdimd \ 2 04), n, andby Theorem2.8 it follows
directly thatthesystemis locally observableat0.

Motivatedby theminimality conditionsof Theorem2.19, weobtain
thefollowing corollary.

Corollary 3.10 Assumethat the zero-observability codistribution
d \ 0 has constantdimensionabout 0. If the observabilityfunc-
tion (3) is smooth,finiteandsatisfiesLo 2 x4"U 0, x / W, x W, 0, then
dimd \ 0 2 04C, n. S
In theeventthatsystem(1) is not zero-stateobservable,it still may
be locally observableat 0. In which casethenaturalobservability
function given in Definition 2.12gives the following resultanalo-
gousto Lemma3.8.

Lemma 3.11 LetLN
o 2 x4 bethenatural observabilityfunction(6) for

someα U 0. Assumethat LN
o 2 x4 is smoothandfinite for system(1)

ona neighborhoodW of 0. ThenLN
o 2 x4�U 0 for x / W, x W, 0, implies

that thesystem(1) is locally observableat 0 with respectto Bα.

Proof Assumethatthesystem(1) is not locally observableat0 with
respectto Bα. Thenthecorrespondinghomogeneoussystemis also
not locally observableat0 with respectto Bα. Hencethereexistsan
initial statexa W, 0 suchthath 2 ϕ̃ 2 t 3 0 3 0 3 u4�4a, h 2 ϕ̃ 2 t 3 0 3 xa 3 u4 , t Z 0,b u / Bα, whereϕ̃ 2hg 4 denotesthesolutionto homogeneoussystem.
By definition of the natural observability function, we have that
LN

o 2 04a, 0 andby the positivity of LN
o it follows that LN

o 2 xa 4�U 0.
However, from equation(6) it follows immediatelythat the maxi-
mumover u / Bα for bothstates0 andxa resultsin thesameopti-
mal inputu. This impliesthatLo 2 04B, Lo 2 xa 4 , andyieldsthedesired
contradictionto prove thelemma.

This lemmagives the analogueof Corollary 3.10 in termsof the
generalobservability functionasfollows.

Corollary 3.12 Assumethat the observabilitycodistribution d \
hasconstantdimensionabout0. If the natural observabilityfunc-
tion (6) is smooth,finite and satisfiesLN

o 2 x4�U 0 for x / W, x W, 0,
thendimd \ 2 04C, n. S
Remark 3.13 We may now comparethe resultsof this sectionto
theprevious section. It is clearthat they do not completelyfollow
alongsimilar or “dual” lines. Specifically, the resultsrelatedto the
observability functionsasgivenby (3) and(6) aregiven in termsof
thezero-stateobservability andobservability rankcondition,respec-
tively. Startingwith therankconditionstheconverseof theseresults
alsoholds by the Theorems2.2, 2.8, and2.10. However, for the
controllability function,we areconsideringasymptoticreachability
which implies local accessibility, and which can be relatedto the
accessibilityrank condition. The reversedirectionis far lessclear
in this case,mainlybecauseaccessibilityfrom 0 is notsufficient for
asymptoticreachabilityfrom 0. However, if asymptoticreachability
cansomehow be assumedfor a given system,thentheconverseof
theseresultsalsofollows for thecontrollability function. S

4 Sufficient conditionsfor minimality
Briefly summarizedwehaveobtainedthefollowing mainresult.

Theorem4.1 Assumethat theobservabilitycodistribution d \ (or
thezero-observability codistributiond \ 0, respectively)andtheac-
cessibilitydistribution C of a system2 f 3 g 3 h4 each haveconstant
dimensionabout 0. Furthermore, assumethat the analytic sys-
tem 2 f 3 g 3 h4 is a realizationof the formal powerseriesc. Then,if
0 P Lc 2 x4MP�Q and0 P LN

o 2 x4YPsQ (or 0 P Lo 2 x4YPsQ ) for x / W,
x W, 0, then 2 f 3 g 3 h4 is a minimalrealizationof c. S
Thenecessityof theseconditionsis notobtaineddueto thefact that,
contraryto the linear case,accessibilityandcontrollability arenot
equivalentin general.Only underadditionalassumptionscanacon-
verseresultbeobtained.

Theusefor andrelationwith similarity invariantsfor balancedreal-
izationsof nonlinearsystemsmaybefoundin [14].
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