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Abstract

In linear systemtheory, theHankelsingularvaluesareoftencom-
putedin astatespacesettingusingtheproductof Gramianmatrices.
They areknown, however, to beintrinsically dependentonly on the
input-outputmapandnot on any choiceof statespacecoordinates.
In thenonlinearcase,therearewell definednotionsof singularvalue
functionsanda Hankeloperator, but the connectionsbetweenthe
two havenotbeenestablished.In thispaperweaddresstheproblem
in two ways,andshow thatit is possibleto establishanexplicit con-
nectionusingamethodthat is very reminiscentof theway singular
valuesareusuallydefinedfor compactlinearoperators.

1 Intr oduction

In the theoryof continuous-timelinear systems,the system
Hankeloperatorplaysan importantrole in a numberof re-
alizationproblems.ThecompactHankeloperatorsuppliesa
setof similarity invariants,thesocalledHankelsingularval-
ues,which can be usedto quantify the importanceof each
statein thecorrespondinginput-outputmap[8]. TheHankel
operatorcanalsobe factoredinto thecompositionof anob-
servability andcontrollability operator, from which Gramian
matricescanbe definedandthe notion of balancedrealiza-
tionsfollows[5, 8, 11]. TheHankelsingularvaluesaremost
easilycomputedin a statespacesettingusingtheproductof
theGramianmatrices,thoughintrinsically they dependonly
on thegiveninput-outputmapping.

In thecaseof continuous-timenonlinearsystemsHankelthe-
ory is lessdeveloped,but importantresultsdoexist. Thefirst
result along theselines is due to Fliess[3, 4, 7] who used
a systemHankelmappingto describewhen an affine real-
izationof an input-outputmapdescribedby a formal power
seriesis minimal. In a quite differentsetting,the notion of
Hankelsingularvalueswasgeneralizedto thenonlinearcase
by Scherpenin [13, 14] andusedin modelreductionprob-
lems. Connectionsbetweenminimality andtheseinvariants
werethenintroducedin [15]. In [6], a nonlinearanalogueof
the systemHankeloperatorwasintroduced.Its relationship
to theHankelmappingof Fliesswasestablished,andthecon-
trollability/observability factorizationproblemwassolved.

Despite this progress,however, there are many important
openquestionsin Hankel theory for nonlinearsystems. In
this paperwe addresstwo questions.We first extendthede-

velopmentof thetheoryin [6] concerningtheconnectionbe-
tweentheHankeloperatorfactorizationandtheenergy func-
tions via the notion of a nonlinearHilbert adjoint mapping.
Someexplicit expressionsfor the operatorsare presented,
anda nonlinearextensionof theduality betweenobservabil-
ity andcontrollability Gramiansfor linearstatespacesystems
is given. We thendevelopanexplicit connectionto the sin-
gularfunctionsusingamethodthatis very reminiscentof the
waysingularvaluesareusuallydefinedin thelinearcase,ex-
ceptthata statespacemodelis still required.

In Section2, we review theexisting theoryconcerningHan-
kel operatorsandHankelsingularvaluesfor linearandnon-
linear input-outputsystems.Then in Section3, we present
thenew developmentsin thetheoryfor thenonlinearcasein
two separatesubsections.Thefirst subsectionaddressesthe
problemof relatingenergy functionsto factorizationsof the
Hankeloperator. The final subsectionpresentsour connec-
tion betweensingularvaluefunctionsandtheHankelopera-
tor. Thepaperconcludeswith someobservationsaboutfuture
research.

The mathematicalnotationusedthroughoutis fairly stan-
dard.Theinnerproducton IRn is representedas � x y!�" xTy.
Li

2 # a b $ representsthesetof Lebesguemeasurablefunctions,
i-componentvector-valued,with finite L2 norm, %'&�% L2. The
innerproductonLi

2 # a b $ is denotedby

� f  g! L2 ")( b

a
f # t $ Tg # t $ dt *

WeabbreviateLi
2 #,+.-  - $ asLi

2. If h is adifferentiablefunc-
tion,andg is avectorfield thenLgh denotestheLie derivative
of h with respectto g.

2 Preliminaries

In this sectionwe review someexisting theory concerning
Hankeloperators,HankelsingularvaluesandsystemGrami-
ans.The lineartime-invariantcaseis first outlinedasa kind
of paradigmfor thenonlineartheory, whichis coveredsubse-
quently.

2.1 The linear case
Considera continuous-time,causallinear input-output sys-
temS: u / y with impulseresponseH # t $ . If S is alsoBIBO



stablethen the systemHankel operatoris the well defined
mapping

ˆ0 : Lm
2 1 0 32 - $'/ Lp

2 1 0 42 - $
: û / ŷ # t $
" (65

0
H # t 2 τ $ û # τ $ dτ *

If wedefinethetimeflippingoperatoras7
: Lm

2 1 0 42 - $8/ Lm
2 #,+9-  0:

: û / u # t $
" û #,+ t $ : t ; 0
0 : t < 0 (1)

thenclearly ˆ0 " S
7

. When ˆ0 is known to bea compactop-
erator, thenits (Hilbert) adjointoperator, ˆ0>= , is alsocompact,
andthecomposition ˆ0 = ˆ0 , is aself-adjointcompactoperator
with awell definedspectraldecomposition:

ˆ0 = ˆ0 " 5∑
i ? 1

σ2
i �,&@ ψi ! L2 ψi  σi < 0 (2)

� ψi  ψ j ! L2 " δi j  A� ψi  # ˆ0 = 0 $ # ψi $,! L2 " σ2
i * (3)

whereσ2
i is aneigenvalueof ˆ0 = ˆ0 with correspondingeigen-

vectorψi [9], orderedasσ1 <B&C&C&D< σn E 0, andcalledthe
Hankelsingularvaluesfor theinput-outputsystemS.

Let # A B C $ bea statespacerealizationof Swith dimension
n. If therealizationis asymptoticallystablethentheHankel
operatorcanbe written as the compositionof uniquelyde-
terminedobservability andcontrollability operators;that is,
ˆ0 " ˆF ˆG , wherethe controllability andobservability opera-

torsaredefinedas

ˆG : Lm
2 1 0 32 - $'/ IRn : û / (65

0
eAtBû # t $ dt

ˆF : IRn / Lp
2 1 0 32 - $ : x / ŷ# t $
" CeAtx*

Since ˆG and ˆF have a finite dimensionalrangeanddomain,
respectively, they arecompactoperators;and the composi-
tion ˆF ˆG is alsoa compactoperator[9]. From the definition
of the adjointoperator, it is easilyshown that ˆG and ˆF have
correspondingadjoints

ˆG = : IRn / Lm
2 1 0 42 - $ : x / BT eAT tx

ˆF = : Lp
2 1 0 42 - $8/ IRn : y / (65

0
eAT tCTy# t $ dt *

For any x1  x2 H IRn:

; x1  ˆG ˆG = x2 E " xT
1 ( 5

0
eAtBBT eAT tdt x2

:" xT
1 Px2 (4)

; x1  ˆF = ˆF x2 E " xT
1 (I5

0
eAT tCTCeAtdt x2

:" xT
1 Qx2 * (5)

P and Q are the usual controllability and observability
Gramianmatrices.It is well knownthatthenonzeroeigenval-
uesof PQ areequivalentto thesquaredHankelsingularval-
uesof S. When # A B C $ is in input normalform, i.e., when
P " In, thentheHankelsingularvaluesaredeterminedcom-
pletelyby theeigenvaluesof Q. Now considerthefollowing
definitionfor theenergy functionsfirst describedby Scherpen
for generalaffine nonlinearsystems[13].

Definition 2.1 Thecontrollability and observability func-
tions for thesystem# A B C $ are defined,respectively, as

Lc # x$J" min
u K L2 LNM 5IO 0Px LNM 5 PQ? 0 O x L 0PQ? x

1
2
( 0

M 5 % u # t $�% 2 dt

Lo # x$J" 1
2
(R5

0
% y# t $S% 2 dt  

whenx# 0 $8" x, andu # t $
" 0 for 0 T t ; - .

Clearly, Lc # x$ hasthe interpretationof being the minimum
amountof inputenergy requiredtodrivethesystemfromzero
att " +.- to x# 0 $D" x, while Lo # x$ is equivalentto theenergy
generatedby thenaturalresponseof thesystemto x# 0 $8" x.
Thesefunctionsneednot bewell definedfor all x H IRn. If
therealizationis reachableandasymptoticallystable,thenin
light of equations(4) and(5), it canbeshown directly in the
linearcasethatwehave

Lc # x$U" 1
2

xTPM 1x " 1
2
� x # ˆG ˆG = $ M 1x! (6)

Lo # x$U" 1
2

xTQx " 1
2
� x # ˆF = ˆF $ x!�* (7)

2.2 The nonlinear case
Now, let Sbeagiveninput-outputmaprepresentedby acon-
vergentgeneratingseries

S: u / y# t $8" ∑
η K I V c# η $ Eη # t  t0 $ 1 u:W t < t0  

where I
=

is the set of multi-indices for the index set I "X
0 1 Y*C*Z*[ m\ , c# η $ H IRp, and

Eik ] ] ] i0 # t  t0 $ 1 u:^" ( t

t0
uik # τ $ Eik M 1 ] ] ] i0 # τ  t0 $ 1 u: dτ

with E_ # t  t0 $ 1 u: :" 1 and u0 # t $ :" 1. The mappingS can
also be representedby a formal power seriesin non com-
mutingmonomials̀a" X z0  z1  Y*C*C*[ zm \ via c " ∑η K I V c# η $ zη  
wherezη :" zik *Y*C* zi0 whenη " # ik *C*C* i0 $ (see,for example,
[4, 7]). In the following development,we usethe conven-
tion thatL2-stabilityof aninput-output system,S, meansthat
u H Lm

2 #�+9-  0: implies that S# u $ restrictedto 1 0 42 - $ is in
Lp

2 1 0 42 - $ . Similarly, L2 input-to-statestability on a setW
of a statespacerealizationimpliesthatwhenu H Lm

2 #�+9-  0:
then the correspondingstatevector, x# t $ , (assuminginitial
conditionx#�+9- $'" 0) is finite on #,+9-  0: andalwayscon-
tainedin W. In thiscontext, considerthefollowingdefinition.

Definition 2.2 [6] For anycausalL2-stableinput-outputsys-
temS,thecorrespondingHankel operator is

ˆ0 : Lm
2 1 0 42 - $8/ Lp

2 1 0 42 - $
: û / ŷ " # S7 $ # û $� 

where
7

is thetime-flippingoperator asgivenin (1).

Observe that theusualinterpretationfrom linearsystemthe-
ory that ˆ0 mapspastinputsto future outputsis preservedby
this definition.

Let M beann-dimensionalanalyticstatespacemanifold,and
let

ẋ " f # x$�2 g # x$ u y " h # x$ (8)



bea systemdefinedin termsof local coordinateson M. We
assumethat f , g, and h are analytic on M. A realization# f  g h $ definedlocally aboutxo H M is saidto realizea for-
mal powerseriesc if for every η " # ik *C*C* i0 $ H I

=
c# η $
" Lgηh # xo $ :" Lgi0

Lgi1
*C*Y* Lgik

h # xo $� 
whereg0 :" f and gi is the ith column of g when i E 0.
Considerthecorrespondingcontrollability/observability fac-
torizationof thesystemHankeloperator.

Theorem 2.1 [6] Let # f  g h $ bean analyticrealizationin a
neighborhoodW of 0 of an L2-stableinput-outputmapping
S: u / y# t $
" ∑η K I V c# η $ Eη # t  +9- $ 1 u: . If therealizationis
L2 input-to-statestableonW thenthecorrespondingHankel
operator ˆ0 : û / ŷ canbewrittenasthecomposition

ˆ0 " ˆF ˆG  
where thecontrollability andobservabilityoperatorsare de-
fined,respectively, as

ˆG : Lm
2 1 0 42 - $8/ Wc

: û / x " ∑
η K I V Lgη b # 0 $ Eη # 0 +9- $ 1 u: (9)

ˆF : Wc / Lp
2 1 0 32 - $

: x / ŷ# t $
" 5∑
i ? 0

Li
g0

h # x$ E 0] ] ] 0
i

# t  0 $ (10)

withWc :" ˆG # Lm
2 1 0 42 - $,$8c W, and b : W / W denotingthe

identitymaponW, u " 7 # û $ andg0 :" f .

In Section3, it is shown thatthesegeneralizedcontrollability
andobservability operatorscanberelatedto theenergy func-
tions. Herewe review how to defineHankelsingularvalue
functionsfrom agivenrealizationof Susingtheenergy func-
tionsLc andLo underthefollowing additionalassumptions:

1. f is asymptoticallystableonsomeneighborhoodY of 0.
2. Lc andLo aresmoothandfinite functionsonY.
3. thesystemis zero-stateobservableonY.

4.
∂2Lc

∂x2 # 0 $ E 0 and
∂2Lo

∂x2 # 0 $ E 0.

Thefollowing lemmaandtheoremdescribetheorigin of the
singularvaluefunctions.

Lemma 2.1 [13] There exists a coordinate transformation
x " φ # x̄$ , φ # 0 $d" 0 (definedon a neighborhoodof 0), such
that in thenew coordinatesx̄ " φ M 1 # x$ the functionLc # x$ is
of theform

Lc # φ # x̄ $Z$
" 1
2

x̄T x̄*
Furthermore, in the new coordinates x̄ " φ M 1 # x$ , we can
write Lo # x$ in theform

Lo # φ # x̄$Z$8" 1
2

x̄T M # x̄$ x̄ where M # 0 $e" ∂2Lo

∂x2 # 0 $
with M # x̄$ ann f n symmetricmatrixsuch that its entriesare
smoothfunctionsof x̄.

Theorem 2.2 [13] Considera system# f  g h $ and assume
that there exists a neighborhoodof 0 where the numberof
eigenvaluesM # x̄$ is constant.Then,ona neighborhoodU of

0 thereexistsa coordinatetransformationx " ψ # z$ , ψ # 0 $D" 0,
such that in thenew coordinatesz H W :" ψ M 1 # U $ thefunc-
tion Lc is of theform

L̆c # z$ :" Lc # ψ # z$Z$8" 1
2

zT z 
andthefunctionLo is of theform

L̆o # z$ :" Lo # ψ # z$Z$8" 1
2

zT

τ1 # z$ 0
...

0 τn # z$ z 
where τ1 # z$�<g*Q*Q*�< τn # z$ are smoothfunctionsof z, referred
to asthesingular valuefunctions.

To putthecontrollability andobservability functionsinto bal-
ancedform, we needthe additionalcoordinatetransforma-
tion z̄i " ηi # zi $ :" τi # 0 C*@*Q 0 zi  0 Y*Q* 0 $ 1

4 zi , i " 1 C*Q*Q nandhence
z̄ " η # z$ :" # η1 # z1 $e*Y*C* ηn # zn $,$ on z̄ H W̄ :" η # W $ . Thenin
thenew coordinatesit followsthaton thecoordinatesaxes

L̂c # 0 C*Q*Q 0 z̄i  0 C*@*Q 0$h" 1
2

z̄2
i σi # z̄i $ M 1

L̂o # 0 C*Q*Q 0 z̄i  0 C*@*Q 0$h" 1
2

z̄2
i σi # z̄i $� 

whereσi # z̄i $8" τi # 0 C*@*Q 0 η M 1
i # z̄i $� 0 Y*Q*Q 0$ 1

2 for i " 1 C*@*Q n.

3 NewDevelopments

In this sectionwe presentnew theoreticalresultsconcerning
singularvalue functionsfor nonlinearsystems. In the first
subsection,weintroducethenotionof anadjointoperatorfor
a nonlinearoperator. This concepthelpsestablisha connec-
tion betweenthecontrollability/observabili ty factorizationof
theHankeloperatorpresentedin Theorem2.1andtheenergy
functions. It is alsoa critical device in the final subsection
wherewedeveloparelationshipbetweensingularvaluefunc-
tionsandthesystemHankeloperator.

3.1 Energy functions from the Hankel operator factoriza-
tion
Let F bea topologicalvectorspaceover IR with dualspace
F i [12]. Let E be a nonemptyset, and j a collection of
nonemptysubsetsof E. Let Eβ be a linear spaceof real-
valuedfunctionsxβ onE with thepropertythattherestriction
xβ

A to everyA H j is bounded.A mappingT : E / F is calledj -boundedif T mapsthesetsof j into boundedsubsetsof
F . For any j -boundedmappingT : E / F definethedual
mapof T as

T i : F i / Eβ

: yi / # T i # yi $Z$ # x$ :" # yi�k T $ # x$� x H E

(see,for example,[1]). Now if F is endowedwith an inner
product �,&@ 3&Q! F thenit follows from the Rieszrepresentation
theoremthatfor any yi H F i thereexistsa uniquey H F such
thatyi # &N$
")� y 3&Q! F . Henceonecanwrite theidentity

# T i # yi $Z$ # x$8"l� y T # x$,! F  x H E *
Now supposeE hasan inner product �Z&@ C&Q! E, and let y H F
befixed. We areinterestedin the problemof determininga
corresponding̃xy H E suchthat� T # x$� y! F ")� x x̃y ! E  x H E * (11)



If T werea linearoperatorthensuchanx̃y is known to always
exist, in fact x̃y " T

= # y$ , whereT
=

is the Hilbert adjoint of
T . But in this moregeneralcontext, the existenceof x̃y is
not automatic.In fact, it is conjecturedthat theidentity (11)
mayonly bemeaningfulif x̃y is alsoa functionof x aswell.
In what follows below, we simply assumetheexistenceof a
well definedmappingT

=
: F f E / E, calledthe nonlinear

Hilbert adjoint, suchthat� T # x$� y! F "l� x T = # y x$�! E  x H E  y H F* (12)

The fact that the domainof T
=

hasthe form F f E agrees
with the statespacenotion of adjoint systemsbasedon the
Hamiltonianextensiongivenin [2, 17].

Considernow a realization # f  g h $ from Theorem2.1 with
the additionalassumptionsthat thereis anequilibrium at 0,
i.e., f # 0 $'" 0, andthis equilibrium is asymptoticallystable
onW. Without lossof generalitywemayassumethath # 0 $
"
0. If the realizationis asymptoticallyreachableon W (see
[15, 16]), thenit is clearthat for every x H W thereexistsat
leastone û H Lm

2 1 0 42 - $ suchthat ˆG # û $'" x. The existence
of a uniqueminimum energy control thusguaranteesa well
definedpseudo-inverseof ˆG onW, denotedhereby ˆGnm . The
following identitiesare immediateafter applying (12) with
T " ˆGnm andy " ˆGnm # x$ :

Lc # x$o" 1
2
% ˆG m # x$�% 2L2

" 1
2
� ˆG m # x$� ˆG m # x$,! L2

" 1
2
� x ˆG m = # ˆG m # x$� x$�! :" 1

2
� x p # x$�!�* (13)

It wasshown in [13] thatLc mustalwayshave a local mini-
mumat x " 0, i.e., ∂Lc

∂x # 0 $8" 0. Thusit is clear, via [10], that
onecanalwayswrite p # x$�" P̂ # x$ x for somematrix-valued
functionP̂.

Thecorrespondingnotionfor Lo # x$ followsanalogously:

Lo # x$p" 1
2
% ˆF # x$�% 2L2

" 1
2
� ˆF # x$� ˆF # x$,! L2

" 1
2
� x ˆF = # ˆF # x$� x$�! :" 1

2
� x q # x$�!,* (14)

In this case,if the systemis zero-stateobservable, then it
is known that Lo musthave a local minimum at x " 0, i.e.,
∂Lo
∂x # 0 $
" 0 [13]. Thus,afterdifferentiatingtheexpressionfor

Lo givenin (14),it followsthatq # x$q" Q̂ # x$ x for somematrix-
valuedfunctionQ̂. ComparingthefunctionsP̂ andQ̂ defined
hereto the expressiongiven in (6) and(7), respectively, al-
lowsoneto concludethatthelinearcasealwaysresultsin the
trivial situationwherethefunctionsP̂ andQ̂ areconstantma-
trix functions,specifically, P̂ # x$8" PM 1 andQ̂ # x$'" Q for all
x H W.

Somespecificnonlinear adjoint expressions
Usingequation(12)onecanobtainmoreexplicit expressions
which

F = # F # x$� x$ and
G = # G # û $� û$ mustsatisfy. Consider

theidentities:

� ˆF # x$� ˆF # x$�! L2 " (65
0

5∑
i ? 0

Li
g0

h # x$ E 0] ] ] 0
i

# t  0 $
T &

5∑
i ? 0

Li
g0

h # x$ E 0] ] ] 0
i

# t  0 $ dt

� x ˆF = # ˆF # x$� x$,!J" xT ˆF = 5∑
i ? 0

Li
g0

h # x$ E 0] ] ] 0
i

# t  0 $r x *
Thenit followsthat ˆF = mustfulfill

(65
0

5∑
i O j ? 0

Li
g0

h # x$ T
L j

g0
h # x$ E 0] ] ] 0

i

# t  0 $ E 0] ] ] 0
j

# t  0 $ dt

" xT ˆF = ∑5i ? 0Li
g0

h # x$ E 0 ] ] ] 0
i

# t  0 $J x *
By factoringout an x on the left handside(this is possible
sinceh # 0 $
" 0, e.g.,[10]), we canobtainanexplicit expres-
sionfor ˆF = # ˆF # x$� x$ . Unfortunately, suchanexpressionwill
not beunique.

Similarly, wecanobtainfor ˆG = # ˆG # û $� û$ thefollowingexpres-
sion:

∑
η K I V Lgη b # 0 $ Eη # 0 +9- $ 1 7 # û$[: T &

∑
η K I V Lgη b # 0 $ Eη # 0 +.- $ 1 7 # û$N:

" (65
0

ûT ˆG = ∑
η K I V Lgη b # 0 $ Eη # 0 +9- $ 1 7 # û$[:8 û dt *

Here,onecan not easilyseea connectionwith Lc # x$ since
that quantityis in termsof ˆGnm # x$ . If the systemis in input-
normalform, i.e., Lc # x$'" 1

2xT x, thenobviously from (13) it
followsthatxT ˆGsm = # ˆGsm # x$� x$
" xTx.

Energy functions and operatorsof pseudo-dualsystems
For a linear system, the controllability and observability
Gramiansaretheobservability andcontrollabilityGramians,
respectively, of the dual statespacesystem(e.g., [18]). In
the nonlinearcase,we areable to find similar relationsus-
ing the so calledpseudo-dualnonlinearstatespacesystem.
While equivalentto theusualdualsystemin thelinearcase,
thepseudo-dualsystemis distinctfrom othernotionsof dual
systemsfoundin theliterature(e.g.,[2]).

Considerequation(8),andassumethat f # 0 $D" 0, thenwecan
write f # x$8" A# x$ x, whereA# 0 $8" ∂ f

∂x # 0 $ , andA# x$ is a n f n
matrix with entriesdependingsmoothlyon x. If thecontrol-
lability functionLc existsandis finite onsomeneighborhood
W of 0, thenit satisfiesthe following Hamilton-Jacobitype
of equation[13]

∂Lc

∂x # x$ A# x$ x 2 1
2

∂Lc

∂x # x$ g # x$ gT # x$ ∂TLc

∂x # x$J" 0 (15)

with Lc # 0 $8" 0, and +t# f # x$,2 g # x$ gT # x$ ∂TLc

∂x # x$,$ asymptot-

ically stableon W. This last propertyis equivalent to pos-
iti ve definitenessof Lc # x$ , implying that ∂Lc

∂x # 0 $�" 0, (e.g.,

[15,16]). Thus,wecanwrite ∂Lc
∂x # x$
" xTN # x$ whereN # 0 $e"

∂2Lc
∂x2 # 0 $ , andN # x$ is a n f n matrix with entriesdepending

smoothlyon x. The coordinatetransformationz :" N # x$ x,
(N # x$ E 0 on a neighborhoodU c W, hencethe inverseex-
ists onU), andits inversex " φ # z$ appliedto equation(15)
thenresultsin theequation



zTN # φ # z$Z$ M 1A# φ # z$Z$ T z 2 1
2

zTg # φ # z$,$ g # φ # z$,$ Tz " 0 
wherenow N # φ # z$,$ M 1z is the gradientof the observability
functionof thepseudo-dualsystem

ż " A# φ # z$Z$ Tz y " g # φ # z$Z$ Tz* (16)

Specifically, if ¯F is the observability operatorasdefinedin
(10) for system(16),and ˆGnm is, asbefore,thepseudo-inverse
of thecontrollability operatorasdefinedin (9) for theoriginal
system(8), thenwehave,with x " φ # z$ that

L̄o # z$
" 1
2
� ¯F # z$� ¯F # z$�! L2 " 1

2
� ˆG m # x$� ˆG m # x$�! L2 " Lc # x$�*

In thespecialcasewheretheoriginal system(8) alreadyhas
acontrollability functionin theinput-normalform of Lemma
2.1 it is easilyobtainedthat z " x and L̄o # x$n" 1

2xT x is the
observability functionof thesystem

ẋ " f # x$� y " g # x$ Tx* (17)
This systemis not the pseudo-dualsystem,sinceit hasthe
original drift vector field. However, the above, more gen-
eralanalysisfor pseudo-dualsystems,of courseincludesthe
input-normalform case.Thus,in theinput-normalformcase,
the controllability function of system(8) equalsthe observ-
ability functionof bothsystems(16)and(17).

3.2 Singular valuefunctions from the Hankel operator
We are now in a position to more directly connectsingu-
lar valuefunctionsof a given realizationof an input-output
mappingS to the correspondingHankel operator. It turns
out, however, that we can not yet completelyeliminatethe
needfor a statespacemodel. They arestill very useful in
parameterizingthesefunctions.Let # f  g h$ beann dimen-
sional realizationof S on a neighborhoodW of 0 in input-
normal/output-diagonal form (asin Theorem2.2). Defineon
a neighborhoodW of 0, thecollectionof componentvectors
x̃i " # 0 C*C*C*[ 0 xi  0 C*Y*C*[ 0 $ for i " 1 2 Y*C*Z* n, andthe functions
σ̂2

i # xi $ :" τi # x̃i $ . Let ui be a minimum energy input corre-
spondingto driving the statefrom x#,+9- $d" 0 to x# 0 $'" x̃i .
Defineûi " 7 # ui $ .
Theorem 3.1 Thefunctions

X
σ̂i # xi $,\ n

i ? 1 are singularvalues
functionsof theHankeloperator ˆ0 in thefollowing sense:

� û j  # ˆ0 = ˆ0 $ # û j $,! L2 " σ̂2
j # x j $,� û j  û j ! L2  i " 1 2 C*C*,* n (18)

where # ˆ0 = ˆ0 $ : Lm
2 / Lm

2 : û / ˆ0 = # ˆ0 # û$� û$ .
Proof: The following equalitiesfollow from the variousas-
sumptionsabove:

û j  # ˆ0 = ˆ0 $ # û j $ L2
")� û j  ˆ0 = # ˆ0 # û j $� û j $,! L2 "� ˆ0 # û j $� ˆ0 # û j $,! L2 ")� ˆF ˆG # û j $� ˆF ˆG # û j $,!J"� ˆF # x̃ j $� ˆF # x̃ j $,! L2 " 2Lo # x̃ j $
" τ j # x̃ j $ x2

j "
σ̂2

j # x j $
& 2Lc # x̃ j $
" σ̂2
j # x j $�� û j  û j ! L2 *

A comparisonof equations(3) and(18) revealsthesensein
whichtheσ̂i ’saresingularvaluefunctionsof ˆ0 . Thisis really
amorelimitedsensethanin thelinearcasebecauseit doesnot
necessarilyyield a spectraldecompositionanalogousto (2).
But aswasshown in [13], thisconceptis still usefulin model
reductionproblemsbecauseit measureshow importanteach
coordinatedirection in the statespaceis from the point of
view of theinput-outputmap.

4 Conclusionsand Future Research

In this paper, the problemof explicitly connectingthe no-
tions of singularvalue functionsandHankeloperatorswas
addressedfor nonlinearsystems. While this could not be
donein a statespace(coordinate)freesetting,theresultwas
very reminiscentof the way singularvaluesareusuallyde-
fined for compactlinear operators.Along the way, we also
consideredsomeGramiangeneralizationsandidentitiessince
in thelinearcaseHankelsingularvaluesareoftencomputed
from Gramians.Futurework on this problemwill be in the
directionof applyexisting theoryfor compactnonlinearop-
eratorsto furtherexplorewhenthenonlinearHilbert adjoint
operatoris well defined,andperhapsthis will furtherclarify
someof theconnectionsbetweentheHankeloperatorfactor-
izationandtheGramiangeneralizationŝP andQ̂presenthere.
In addition,moreresearchwill bedonewith regardto thein-
fluenceof the factorizationon the singularvaluefunctions.
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