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Abstract

In linear systemtheory the Hankelsingularvaluesare often com-
putedin a statespacesettingusingthe productof Gramianmatrices.
They areknown, however, to beintrinsically dependenonly on the

input-outputmapandnot on ary choiceof statespacecoordinates.

In thenonlinearcasetherearewell definednotionsof singularvalue
functionsand a Hankeloperatoy but the connectionsdetweenthe
two have notbeenestablishedln this papemwe addresshe problem
in two ways,andshaw thatit is possibleto establishanexplicit con-
nectionusinga methodthatis very reminiscenof theway singular
valuesareusuallydefinedfor compactiinearoperators.

1 Intr oduction

In the theory of continuous-timdinear systemsthe system
Hankel operatorplaysan importantrole in a numberof re-

alizationproblems.The compactHankeloperatorsuppliesa
setof similarity invariantsthe socalledHankelsingularval-

ues,which canbe usedto quantify the importanceof each
statein the correspondingnput-outputmap([8]. TheHankel
operatorcanalsobe factoredinto the compositionof an ob-

senability andcontrollability operatoy from which Gramian
matricescan be definedandthe notion of balancedrealiza-
tionsfollows[5, 8, 11]. The Hankelsingularvaluesaremost
easilycomputedn a statespacesettingusingthe productof

the Gramianmatricesthoughintrinsically they dependonly

onthegiveninput-outputmapping.

In the caseof continuous-timenonlinearsystemd-ankelthe-
ory is lessdeveloped but importantresultsdo exist. Thefirst

resultalong theselines is dueto Fliess[3, 4, 7] who used
a systemHankelmappingto describewhen an affine real-
ization of aninput-outputmap describedoy a formal power

seriesis minimal. In a quite differentsetting,the notion of

Hankelsingularvalueswasgeneralizedo thenonlinearcase
by Scherperin [13, 14] andusedin modelreductionprob-

lems. Connection$etweenminimality and theseinvariants
werethenintroducedn [15]. In [6], a nonlinearanalogueof

the systemHankeloperatorwasintroduced.Its relationship
to theHankelmappingof Fliesswasestablishedandthecon-

trollability/ obsenrability factorizationproblemwassolved.

Despitethis progress,however, there are mary important
openguestionsn Hankeltheoryfor nonlinearsystems. In
this paperwe addresgwo questions We first extendthe de-

velopmenbf thetheoryin [6] concerninghe connectiorbe-
tweenthe Hankeloperatorfactorizationandthe enegy func-
tions via the notion of a nonlinearHilbert adjoint mapping.
Someexplicit expressionsfor the operatorsare presented,
anda nonlinearextensionof the duality betweerbsenabil-
ity andcontrollability Gramiandor linearstatespacesystems
is given. We then develop an explicit connectiorto the sin-
gularfunctionsusingamethodthatis very reminiscenbf the
way singularvaluesareusuallydefinedin thelinearcase ex-
ceptthata statespacemodelis still required.

In Section2, we review the existing theoryconcerningHan-
kel operatorandHankelsingularvaluesfor linearandnon-
linear input-outputsystems. Thenin Section3, we present
the new developmentsn thetheoryfor the nonlinearcasein
two separatesubsectionsThe first subsectioraddressethe
problemof relatingenegy functionsto factorizationsof the
Hankel operator The final subsectiorpresentur connec-
tion betweersingularvaluefunctionsandthe Hankelopera-
tor. Thepaperconcludesvith someobsenationsaboutfuture
research.

The mathematicalnotation usedthroughoutis fairly stan-
dard. Theinnerproducton IR" is representeds (x, y) = x'y.

L, (a, b) representthe setof Lebesgueneasurabléunctions,
i-componenvectorvalued,with finite L, norm, || - |[.,. The

innerproducton L (a, b) is denotedoy

b
<1‘,@J>L2:/a F(t)Tg(t) dt.

We abbreiateL,(—oo, 00) asLl,. If hisadifferentiableunc-
tion, andg is a vectorfield thenLgh denotesgheLie derivative
of hwith respecto g.

2 Preliminaries

In this sectionwe review someexisting theory concerning
HankeloperatorsHankelsingularvaluesandsystemGrami-

ans. Thelineartime-invariantcaseis first outlinedasakind

of paradignfor thenonlineartheory whichis coveredsubse-
quently

2.1 Thelinear case
Considera continuous-timecausallinear input-outpu sys-
temS: u — y with impulseresponsé (t). If Sis alsoBIBO



stablethen the systemHankel operatoris the well defined
mapping

H @ LY0,+00) — LB[0, +00)
o—>y(t):/0°°H(t+r)a(r)dr.

If we definethetimeflipping operatoras
F o Lan[07 +OO)—> ern(—O0,0]

- G(—-t) @ t<O
UHU(t)—{u(o) 50 @

thenclearly® = SF. WhenH is known to bea compacbp-
erator thenits (Hilbert) apljointoperatorﬁ*, isalsocompact,
andthe compositior*H, is a self-adjointcompacbperator
with awell definedspectrablecomposition:

HH = Z i), Wi, 0i >0, (2)

WL W)L, = 8ij, (W, (R (W), =0, (3)

wherea? is aneigevalueof H*H with correspondingigen-
vector Y [9], orderedaso; > --- > 0, > 0, andcalledthe
Hankelsingularvaluesfor theinput-outputsystems,

Let (A, B,C) be astatespacerealizationof Swith dimension
n. If therealizationis asymptoticallystablethenthe Hankel
operatorcan be written asthe compositionof uniquely de-
terminedobsenability and controllability operatorsthatis,

H = OC, wherethe controllability and obserability opera-
torsaredefinedas

é - Lg‘[o.,+oo)—>|R”:o_>/ MBU(t) dit
0
O : R"=LY[0,400): x— J(t) = Cex

SinceC and® have a finite dimensionarangeand domain,
respectrely, they are compactoperators;and the composi-
tion OC is alsoa compactoperatorf9]. From the definition

of the adjointoperatorit is easilyshavn thatC and O have
correspondingdjoints

¢* 1 IR LJ0,+00) : x— BT &M Ix
O LB[0,+00) = IRy — / ACTy(t) dt.
0

For ary x, % € IR™

<x.CC0%> = A / BB e\ Ut %
0
= X Px (4)
<X1,(§*(§X2> = XI/ eATtCTCGAtthZ
0
= X Qx. (5)

P and Q are the usual controllability and obsenability

Gramiammatrices It is well knownthatthenonzerceigerval-

uesof PQ areequivalentto the squaredHankelsingularval-

uesof S When (A, B,C) is in input normalform, i.e., when

P = I, thenthe Hankelsingularvaluesaredetermineccom-

pletely by the eigevaluesof Q. Now considerthefollowing

definitionfor theenegy functionsfirst describedy Scherpen
for generakffine nonlinearsystemg13].

Definition 2.1 The controllability and observability func-
tions for thesysten(A, B,C) are definedrespectivelyas

min 1/0 lu(t)]|? dt
uelp(—00,0) 2J-00

X(—00)=0, x(0)=x

Le(x) =

Lo =5 [ Iy k.

whenx(0) = x, andu(t) =0for0 <t < co.

Clearly L¢(x) hasthe interpretationof being the minimum
amounbf inputenegy requiredo drivethesystenfrom zero
att = —oo tox(0) = x, while Ly(X) is equivalentto theenegy
generatedy the naturalresponsef the systento x(0) = x.

Thesefunctionsneednot be well definedfor all x € IR". If

therealizationis reachablendasymptoticallystable thenin

light of equationg4) and(5), it canbe shavn directly in the
linearcasethatwe have

L) = 2P =2 (@) % ()

Lo(X)

3XQx=5(x (0O, )

2.2 Thenonlinear case
Now, let Sbe agiveninput-outputmaprepresentetly acon-
vergentgeneratingeries

S: U*)y(t) - Z C(n) Eﬂ(tvtO)[u]v t > 1o,
nel*

where |* is the set of multi-indicesfor the index setl =
{0,1,...,m},c(n) € IRP, and

Eiy..io(t,t0) U] = /t: Ui, (DEi,_y.ig (T to) U] dT

with Ep(t,to)[u] := 1 and up(t) := 1. The mappingS can
also be representedy a formal power seriesin non com-
mutingmonomialsZ = {2y, 2y, ..., Zm} Viac= ¥ 5« €(N)Z,
wherez, =z, ...z, whenn = (ix...io) (see,for example,
[4, 7]). In the following development,we usethe corven-
tion thatL,-stability of aninput-outpu system S, meanghat
u € LJ(—o0, 0] implies that S(u) restrictedto [0, +o0) is in
L[0, +oc). Similarly, L, input-to-statestability on a setw
of astatespacerealizationimpliesthatwhenu € L5 (—oc, 0]
then the correspondingstatevector x(t), (assuminginitial
conditionx(—oc) = 0) is finite on (—oc, 0] andalwayscon-
tainedin W. In this context, considethefollowing definition.

Definition 2.2 [6] For anycausalL-stableinput-outputsys-
temS,the correspondingHankel operator is
H 1 LY[0, 4+00) — LD[0, +00)
0—y=(SF)(0),
whee F is thetime-flippingopeiator asgivenin (1).

Obsere thatthe usualinterpretatiorfrom linear systemthe-

ory that’{ mapspastinputsto future outputsis preseredby
this definition.

Let M beann-dimensionahnalyticstatespacemanifold,and
let .
x=f(x)+g(¥u, y=h(x) (8)



be a systemdefinedin termsof local coordinateson M. We
assumethat f, g, and h areanalyticon M. A realization
(f,g,h) definedlocally aboutx° € M is saidto realizeafor-
mal power seriesc if for everyn = (ik...ig) € I*

c(n) = Lg, h(x®) :=Lg Lg; ---Lg (),
wherego := f andg; is the ith columnof g wheni > 0.

Considerthe correspondingontrollability/obsenability fac-
torizationof the systemHankeloperator

Theorem 2.1 [6] Let(f, g, h) bean analyticrealizationin a
neighborhoodV of 0 of an Ly-stableinput-outputmapping
S:u—y(t) = Ynei= c(n) En(t, —oo)[u]. If therealizationis
L2 input-to-stde stableon W thenthe correspondingHankel
opemtor H : 0 — Yy canbewritten asthe composition
H=0C,

whete the contollability and observabilityopematorsare de-
fined,respectivelyas

0= x= Z Lg
n%ﬂﬂm+m)
Z}L

withW, := C(L[0, +00)) €W, andZ : W — W denotingthe
identitymaponW, u= F(0) andgp := f.

0) En (0, —o00)|u] (9)

S

Eo o (t,0) (10)

In Section3, it is shavn thatthesegeneralizeadontrollability
andobsenability operatorganberelatedto theenegy func-
tions. Herewe review how to defineHankelsingularvalue
functionsfrom a givenrealizationof Susingtheenegy func-
tionsL; andL, underthefollowing additionalassumptions:

1. f is asymptoticallystableon someneighborhood’ of O.
2. Lc andL, aresmoothandfinite functionson.
3. thesystemis zero-statebserableon.

0°L¢ a°L
4. e (0)>0 nda > 2(0) > 0.
Thefollowing lemmaandtheoremdescribehe origin of the
singularvaluefunctions.

Lemma 2.1 [13] Thee exists a coodinate transformation
= @(X), ¢(0) = 0 (definedon a neighborhoodof 0), suct
that in the new coodinatesx = @~1(x) the functionLc(x) is

of theform 3
Le(@(X)) = 5X'X

Furthermoe, in the new coorinatesx = @~1(x), we can
write Lo () in theform

0°Lo

e O

with M(X) annx n symmetrignatrix suc thatits entriesare
smoothfunctionsof x.

Lo(@(X)) = —x M (X)X where M(0) =

Theorem 2.2 [13] Considera system(f,g,h) and assume
that there exists a neighborhoodof 0 wheee the numberof
eigevaluesM(X) is constant.Then,on a neighborhoodJ of

Othere existsa coodinatetransformationc= y(z), Y(0) =0,
sud thatin the new coordinatesz € W := {~(U) thefunc-
tion L is of theform

. 1
Le(2) :==Le(W(2) = EZTZ,
andthefunctionlL, is of theform
11(2) 0
. . ) Za
0 n(2)

whee 11(z) > ... > 1n(2) are smoothfunctionsof z, refered
to asthesingular valuefunctions.

Lo(2) = Lo(0(2) = 57 (

To putthecontrollability andobsenrability functionsinto bal-
ancedform, we needthe additional coordinatetransforma-

tionz =n;i(z) :=1(0,..,0,%,0, ..O_)?:lzi,_i =1,..,nandhence
z=n(2) := (N1(z1) .. .Nn(z0)) onZ€ W :=n(W). Thenin
thenaw coordinatest followsthaton thecoordinatesxes

. _ 1 _
L¢(0,..,0,7,0,..,0) = —2oiz—

_fol

0)2 for| fl, ., N

(6(0,..,0,7,0,..,0) =

whereai(z) =1i(0,..,0,n7%Z),0,...,

3 NewDevelopments

In this sectionwe presennew theoreticakesultsconcerning
singularvalue functionsfor nonlinearsystems. In the first
subsectionye introducethe notionof anadjointoperatoifor
a nonlinearoperator This concepthelpsestablisha connec-
tion betweerthe controllability/obsenabiity factorizationof
theHankeloperatoipresented Theoren?.1andtheenegy
functions. It is alsoa critical device in the final subsection
wherewe developarelationshipbetweersingularvaluefunc-
tionsandthe systemHankeloperator

3.1 Energyfunctionsfrom the Hankel operator factoriza-

tion

Let F be atopologicalvectorspaceover IR with dual space
F’ [12]. Let E be a nonemptyset, and A a collection of

nonemptysubsetsof E. Let EP be a linear spaceof real-
valuedfunctionsx® onE with thepropertythattherestriction

xﬁ toeveryA € AisboundedA mappingT : E — F iscalled
A-boundedf T mapsthe setsof A into boundedsubsetof
F. For ary A -boundedmappingT : E — F definethe dual
mapof T as

T . F—EP
Y = (M) :=(yeT)(x, xcE
(see,for example,[1]). Now if F is endavedwith aninner
product(-, -)¢ thenit follows from the Rieszrepresentation

theorenthatfor ary y € F’ thereexistsauniquey € F such
thaty'(-) = (y,-)r. Henceonecanwrite the identity

('YX =¥ T(X)r, x€E.

Now supposeE hasan inner product(-,-)g, andlety € F
befixed. We areinterestedn the problemof determininga
correspondingy € E suchthat

(T(X),y)F = (X X)e, XcE. (11)



If T werealinearoperatothensuchang is knownto always
exist, in factX, = T*(y), whereT* is the Hilbert adjoint of
T. Butin this more generalcontext, the existenceof %, is
not automatic.In fact, it is conjecturedhattheidentity (11)
may only be meaningfulif X, is alsoafunctionof x aswell.
In whatfollows below, we simply assumehe existenceof a
well definedmappingT* : F x E — E, calledthe nonlinear
Hilbert adjoint, suchthat

<T(X)7y>F = <X7T*(y7 X)>E7 X€E, ye F. (12)

The fact that the domainof T* hasthe form F x E agrees
with the statespacenotion of adjoint systemsbasedon the
Hamiltonianextensiongivenin [2, 17].

Considerow a realization(f,g, h) from Theorem2.1 with

the additionalassumptionshat thereis an equilibrium at O,

i.e., f(0) = 0, andthis equilibriumis asymptoticallystable
onW. Withoutlossof generalitywe mayassumehath(0) =

0. If the realizationis asymptoticallyreachableon W (see
[15, 1€]), thenit is clearthatfor every x € W thereexists at
leastone € LY'[0, +oc) suchthatC(d) = x. The existence
of auniqueminimumenegy controlthusguarantees well

definedpseudo-imerseof C onW, denotechereby C'. The
following identitiesare immediateafter applying (12) with

T =C"andy=C(x):

1 .
SICTI, =

1 5tx (A .
- é(x,CT (CT(x),X)) :=

L = 2 .ET 000,

1
5 P(X).

It wasshawn in [13] thatL. mustalwayshave a local mini-
mumatx=0,i.e., %(O) = 0. Thusit is clear via [10], that
one canalwayswrite p(x) = P(x)x for somematrix-valued
functionP.

(13)

Thecorrespondingotionfor Ly (x) followsanalogously:

1 4 1 4 A
Lo(x) = QIIO(X)IIEZ— 5(0(), O(x))L,
1 A = 1
= %07 (0M.0) =3 (xax).  (14)
In this case,if the systemis zero-stateobsenable, thenit

is known thatL, musthave a local minimumatx =0, i.e.,
%L;( 0) =0[13]. Thus,afterdifferentiatingheexpressiorfor
Lo givenin (14),it followsthatq(x) = Q(x )x for somematrix-
valuedfunctlonQ ComparlnghefunctlonsP andQ defined
hereto the expressiongivenin (6) and(7), respectrely, al-
lows oneto concludethatthelinearcasealwaysresultsin the
trivial S|tuat|0nwherethefunctlonsP andQ areconstanma-
trix functions,specifically P(x) = P~1 andQ(x) = Q for all
xeW.

Somespecificnonlinear adjoint expressions
Usingequation(12) onecanobtainmoreexplicit expressions
which O*(O(x),x) andC*(C(0), ) mustsatisfy Consider
theidentities:

-
(0(9,0()1, Z/O (ZOL E0 oft 0)) :
(%L Eo 0 t 0)) dt

(x,0%(O(x),X)) =x" O* (Z)L Eo 0(t,0), )

Thenit followsthat®* mustfulfill
A

=X O* (zf"’oLigoh(x) Ew(t, 0), x) )

i,]=0

)

T .
h(x)> (Léoh(x)) Ewﬂﬁﬁ&g(h@) dt
i i

By factoringout an x on the left handside (this is possible
sinceh(0) = 0, e.g.,[10]), we canobtainanexplicit expres-
sionfor O*(O(x), x). Unfortunately suchan expressiorwill
not beunique.

Similarly, we canobtainfor C* (C((), 0) thefollowing expres-
sion:

< Z Lg, Z(0) En(0, —o0)[F(0)]
nel~

T

Lo, ZO B (O —OO)[F(O)}>

[ ATC*<

Here, one can not easily seea connectionwith L¢(x) since
that quantityis in termsof Cf(x). If the systemis in input-
normalform, i.e.,L¢(X) = %XTX, thenobviously from (13) it
followsthatx™ ¢ (Cf (x),x) = X" x.

4 Z(0) En (0, —o0)[F(0)], )dt

Energy functions and operators of pseudo-dualsystems
For a linear system, the controllability and obsenability
Gramiansarethe obserability andcontrollability Gramians,
respectiely, of the dual statespacesystem(e.g.,[18]). In
the nonlinearcase,we are able to find similar relationsus-
ing the so called pseudo-duahonlinearstatespacesystem.
While equivalentto the usualdual systemin thelinearcase,
the pseudo-duasystemis distinctfrom othernotionsof dual
systemdoundin theliterature(e.g.,[2]).

Considerquation(8), andassumehat f (0) = 0, thenwe can

write f(x) = A(X)x, whereA(0) = gf( 0), andA(x) isanxn

matrix with entriesdependingsmoothlyonx. If the control-

lability functionL existsandis finite on someneighborhood
W of 0, thenit satisfiesthe following Hamilton-Jacobtype

of equation13]

oL

10l
X ()AX) X+

0" L¢
2o ()9(x)g" (x)

(%) =0,

(15)
. T, 0L

with L¢(0) =0, and—(f (X)+ g(X)g' (X) P (x)) asymptot-

ically stableon W. This last propertyis equivalentto pos-

itive definitenesof L¢(x), implying that aLC( ) =0, (e.g.,

[15, 16]). Thus,we canwrite aLC( x) = X" N(x) whereN(0) =

aaxLZC( 0), andN(x) is an x n matrix with entriesdepending

smoothlyon x. The coordinatetransformatiorz := N(X)x,
(N(x) > 0 on aneighborhoodJ C W, hencetheinverseex-
istsonU), andits inversex = @(z) appliedto equation(15)
thenresultsin the equation




Z'N(9(2)) *A9(2)T z+ %zTg(cp(Z))g(cp(z»Tz: 0,

wherenow N(@(z)) !z is the gradientof the obsenability
functionof the pseudo-duadystem

2=A2)'z y=99(2)'z (16)
Specifically if O is the obsenrability operatoras definedin
(10) for system(16),andC" is, asbefore the pseudo-inerse
of thecontrollability operatoasdefinedn (9) for theoriginal
system(8), thenwe have, with x = @(z) that

_ 1 - - 1. R

Lo(2) = 5(0(2), O2))1, = 5(CT(3),CT (M), = Le(¥)-
In the specialcasewherethe original system(8) alreadyhas
acontrollability functionin theinput-normafform of Lemma
2.1it is easilyobtainedthatz = x and L(x) = %XTX is the
obsenrability functionof the system

x=f(x), y=9(x)"x (17)
This systemis not the pseudo-duasystem,sinceit hasthe
original drift vector field. However, the abose, more gen-
eral analysisfor pseudo-duasystemspf courseincludesthe
input-normalform case.Thus,in theinput-normalform case,
the controllability function of system(8) equalsthe observ-
ability functionof bothsystemg16)and(17).

3.2 Singular value functions fr om the Hankel operator
We are now in a positionto more directly connectsingu-
lar value functionsof a given realizationof an input-output
mappingS to the correspondingHankel operator It turns
out, however, that we can not yet completelyeliminatethe
needfor a statespacemodel. They arestill very usefulin
parameterizinghesefunctions. Let (f, g, h) beann dimen-
sional realizationof S on a neighborhood/V of 0 in input-
normal/output-diagoal form (asin Theorem2.2). Defineon
a neighborhoodV of 0, the collectionof componenvectors
% =(0,...,0,%,0,...,0) fori = 1,2,...n, andthe functions
62(x) :=Ti(%). Letu; be a minimum enegy input corre-
spondingto driving the statefrom x(—oco) = 0 to x(0) = %;.
Definel; = F(u;).

Theorem 3.1 Thefunctions{G;(x )}, are singularvalues
functionsof the Hankeloperator H in thefollowing sense:

(Gj, (H)(0)))1, = 85(x)(0j, 0j)1,, i=1,2,...n, (18)

whee (F*H) : LT — LD : G — H*(H(0), Q).
Proof: The following equalitiesfollow from the variousas-
sumptionsabove:

A comparisorof equationg3) and(18) revealsthe sensen
whichthed;’saresingularvaluefunctionsof H. Thisisreally
amorelimited sensehanin thelinearcasebecausé doesnot
necessarilyield a spectraldecompositioranalogougo (2).
But aswasshawvnin [13], thisconcepis still usefulin model
reductionproblemsbecausét measurefiow importanteach
coordinatedirectionin the statespaceis from the point of
view of the input-output map.

4 Conclusionsand Future Reseach

In this papey the problemof explicitly connectingthe no-
tions of singularvalue functionsand Hankeloperatorsvas
addressedor nonlinearsystems. While this could not be
donein a statespacecoordinatefree setting,theresultwas
very reminiscentof the way singularvaluesare usually de-
fined for compactlinear operators.Along the way, we also
consideredomeGramiangeneralizationandidentitiessince
in thelinear caseHankelsingularvaluesare often computed
from Gramians.Futurework on this problemwill bein the
directionof apply existing theoryfor compactonlinearop-
eratorsto furtherexplore whenthe nonlinearHilbert adjoint
operatoiis well defined,andperhapghis will further clarify
someof the connectiondetweerthe Hankeloperatorfactor
izationandtheGramiangeneralization® andQ presenhere.
In addition,moreresearctwill be donewith regardto thein-
fluenceof the factorizationon the singularvalue functions.

Acknowledgment

This researchwas supportedin part by the North Atlantic
Treaty Organizationthrough the NATO Collaborative Re-
searchGrantCRG-971135.

References

[1]  J.Batt,“Nonlinear CompactMappingsand Their Adjoints;
Math. Ann, vol. 189,pp.5-25,1970.

[2] P E. CrouchandA. J. van der Schaft, Variational and
HamiltonianControl SystemsLect. NotesContr Inf. Sci. No. 101,
SpringeVerlag,Berlin, 1987.

[3] M. Fliess,“Matricesde Hankel, J. Math. Pures.Appl, vol.
53,pp.197-222,1974.

[4] M. Fliess,M. Lamnabhiand F. Lamnabhi-Lagarrigue;An

Algebraic Approachto Nonlinear Functional Expansions$, IEEE

Trans.Circuits Syst, vol. CAS-30,n0.8, pp.554-570,1983.

[5] B. A. Francis, A Coursein Hoo Contmol, Number 88 in

the Lecture Notesin Control and Information SciencesSpringer

Verlag,Berlin, 1987.

[6] W.S.GrayandJ. M. A. Scherpen;Hankel Operatorsand
Gramiansfor Nonlinear Systems, Proc. 37th Conf Dec. Contr.

1998 Tampa/Florida,pp.1416-14211998.

[7]  A.lIsidori,NonlinearContmwol Systems3rd Edition, Springer

Verlag,London,1995.

[8] E. A. Jonckheereand L. M. Silverman, “Singular Value
Analysisof DeformableSystems, Circuits,SystemandSignalPro-

cessingvol. 1, no.3-4,pp.447-470,1982.

[9] T. Kato,PerturbationTheoryfor Linear Operators, 2ndEdi-

tion, SpringefVerlag,Heidelbeg, 1976.

[10] J.Milnor, MorseTheory, Annalsof Math.Stud.51, Princeton
University Press;1963.

[11] B. C.Moore,“Principal Componenfnalysisin Linear Sys-
tems: Controllability, Obsenability, and Model Reductiori, IEEE
Trans.on Autom.Contr, vol. AC-26,n0.1, pp.17-32,1981.

[12] A. P. Robertsonand W. J. Robertson,Topological Vector
Spaces2ndEdition, University PressCambridge 1973.

[13] J.M. A. Scherpen;Balancingfor NonlinearSystems, Sys-
tems& Contmwl Letters vol. 21, pp.143-153,1993.

[14] — “On the Similarity Invarianceof Balancingfor Nonlinear
Systems, PreprintsIFAC Nonl. Contr. SystDes.(NOLCOS) Tahoe
City, CA, pp.783-788,1995.



[15] J.M. A. ScherperandW. S. Gray, “Sufficient Conditionsfor

Minimality of a NonlinearRealizationvia Controllability and Ob-
senability Functions’, Proc. 1998 AmericanContr. Conf, Philadel-
phia,PA, pp.3349-33531998.

[16] —, “Minimality and Similarity Invariantsof a Nonlinear
StateSpaceRealizatiorf, IEEE Trans.on Autom.Contt, to appear

[17] J.M. A. Scherperand A. J. van der Schaft,“Normalized
CoprimeFactorizationsandBalancingfor UnstableNonlinearSys-
tems, Int. J. of Contr, vol. 60,n0.6, pp.1193-12221994.

[18] K. Zhou, J. C. Doyle andK. Glover, Rohust and Optimal
Contnol, PrenticeHall, UpperSaddleRiver, NJ, 1996.



