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Abstract

In this paperwe analyseandexperimentallyverify the (local) disturbanceat-

tenuationpropertiesof someasymptoticallystabilizingnonlinearcontrollers
for EulerLagrangesystemgeportedin the literature. Our objective with this
studyis twofold: first, to comparethe performanceof theseschemegrom a
perspectiedifferentfrom stabilizability; secondto quantifythebasictradeof

betweerrobuststability androbustperformancédor thesedesigns We consider
passvity-basedandfeedbacKinearizationschemeslevelopedfor the control
of DC-to-DC corvertersandrigid robots. Theresultsarereadily checkedand
analysedor the DC-to-DCcorverterin the experimentaset-up.

1 Intr oduction

A lot of researchin recentyears has beendevoted to the
problem of developing control algorithmsfor mathematical
modelsof physicalsystems.In view of its practicalinterest
mary researcherfiave concentratecdbn mechanicalelectro-
mechanicabnd power electronicsystems.Several alternatie
approachesave beentakento designasymptoticallystabiliz-
ing controllersfor thesesystems.For instance passiity con-
ceptshave beeninvokedto controlrobots,e.g.,[20], [18], [12],
[3], inductionmotors[7], andDC-to-DCcorverterg16]. Feed-
backlinearizationis anothertechniquethatis usedto control
thesesystemse.g.,[19], [11], [15].

In applicationghesesystemsaretypically subjectto exter
nal disturbances.For instance the regulatedvoltagein con-
verterdevicesis perturbedby fluctuationsin the externalvolt-
agesource Our mainmotivationin this papetis to analyseand
comparahedisturbanceattenuatiorpropertiesandsimultane-
ously the robust stability measure of some(local) nonlinear
controllersfor EulerLagrangesystemsreportedin the litera-
ture. We usetools provided by the recenttheoreticakesearch
on the analysisof the £2-gain of nonlinearsystemse.g.,[9],
[21]. Furthermorewe shav the resultsof someexperiments
thatwereperformedo verify theresults.

Theremainingof the paperis organizedasfollows. In Sec-
tion 2 we considerDC-to-DC“boost” corverters,andits con-
troller schemes. We presentsomeof the disturbanceatten-
uation propertiesof theseschemes.In Section3 we briefly
presenta similar £, gain analysisfor rigid robots. We con-

tinuein Sectiond with the experimentalresultson the DC-to-
DC corverter We wrap up the paperwith someconcluding
remarks.

2 DC-to-DC Converters

2.1 Model and Stabilization Problem
We considerthe switch—regulated‘boost” convertercircuit of

Figurel. A PulseWidth Modulation(PWM) policy regulating
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Figurel: "Boost” corvertercircuit

the switch positionfunctionv, maybe specifiedasfollows,

v(t) = {

wherety represents samplinginstantdefinedby ty, 1 =tk +
T, k=0,1,...,; theparameteil > 0 is thefixed samplingpe-
riod, alsocalledthe duty cycle. The duty ratio function, p(-),
rangingon the closedinterval [0, 1], is the control input to the
averagePWM modelgivenby [16]
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whereu := 1 — y, andwe denoteby z; andz the averagein-
put inductorcurrentandthe averageoutputcapacitorvoltage,
respectiely. As discussedn [16] this modelaccuratelyde-
scribesthe behaior of the converterprovided the switchingis
sufficiently fastandthecapacitowoltageis boundedaway from
zero,i.e.,.xp >€> 0.



2.2 Control Laws

In thissubsectionverecalltwo controllaws proposedn thelit-

eratureto regulate(1). In theabsencef externaldisturbances,

i.e., whenw = 0, they both achieve (local) asymptoticstabi-
lization, thatis, they insurethat for suitableinitial conditions
2, — Eo = const> E with internalstability.

A. Passivity-basedcontroller
In [16] thefollowing (nonlineardynamicstatefeedback)con-
troller thatpreserespassvity of theclosedoop wasproposed
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whereR; > 0 is a designparametethat injectsthe damping
requiredfor asymptoticstability.

B. Feedbacklinearizing controller

In [15] a (nonlinearstatic statefeedback)controllerthat lin-
earizegheinput-outputbehaiour of the systemwasproposed
asfollows. Considerthe circuits total enegy thatis given by
H := 3(LZ +C2). Applying thecontrol
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whereas, ap > 0 arethe designparametersand

2
Hy = EO(C+

reE2 )

yields in the new coordinates/H, H] the closedloop linear
modelgivenby

H + alH + apH = ayHy (5)

NoticethatHy is chosersuchthatasH — Hq we have 2z — Eo
asdesired.

2.3 Disturbance Attenuation Properties

In this subsectiorwe will give theresultsof studyingthe dis-
turbanceattenuatiorcapabilitiesof the two controllersgiven
abore. Sinceboth controllersachiere local asymptoticsta-
bilizability, the disturbanceattenuationcapabilitieswe study
are obviously local too. Furthermore by the Total Stability
Theorem(see[8]) theinternalstability of the closedloop sys-
tem implies that the solutionsstill exists in a neighborhood
of the equilibrium for the disturbances € £, N LS, where
LS = {w|sup|lw]|}. In orderto usethis resultwe have to
considersmall signal disturbancesi.e., in the remainderwe
assumewithout further mentioningthat we are dealingwith
smallsignaldisturbances.

Towards this end, we will evaluate some boundson the
achievable £, gain of the closedloop operatorfrom the ex-
ternaldisturbancew to the regulatedoutputz. The qualifier
“achievable” stemsfrom the fact that theseboundsare inde-
pendenbf thecontrollerparameters.

It shouldberemarkedhat,contraryto whatis oftenthe case
in theliterature,we do nottreatstability togethemwith the dis-
turbanceattenuation.

Preliminary Lemma

First, we presenta lemmawhich establishesn £, gainprop-
erty of the passiity basedcontroller This lemmawill bein-
strumentafor theanalysisbelow.

Lemma2.1 Considerthe system(1) in closedloop with the
controller(2), (3). Then,the£, gain' of theoperatofTyz, :
wWi— Zp, whereZ, := 7z, — 24, canbemadearbitrarily small
with a suitablechoiceof thedesignparameteR;.

Proof )

DefineZ:=z— [E_?E,ZZd]T- We find it corveniento write the

equationsn statespacgorm

x= 1) +gOow (6)

wherewe have definedx = [x1, X2, X3] 1= [21, 22, Zp4], and f(X),
g(x) areobtainedn anolbviousmanner Theequilibriumof this
systemis givenby f (xg) = 0,% = [0, 0, Eo]. As “output” signal
we takey = h(x) := x2. We know that (e.g. [21], Theorem?)
if for y > 0 thereexistsa smoothnonneative solutionV (x) to
thefollowing Hamilton-Jacobinequality
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thenthe £, gain of T3, is smallerthanor equalto y. The
functionV = 1RzTDz whereD = diag(L, C) isasolutionof (7)
provldedthaty2 > 5. Thus,y canbemadearbitrarilysmallby
choosingRry arbltrar]lylarge This concludegheproof. OOO

Fromthelemmaabore we seethatincreasinghedamping(Ry)
we decreasehe effect of the disturbancesn the signalZ,. On
theotherhand from closerobsenationsof thepreviouslemma,
onemight be temptedto try a high-gaindesign,which amore
carefulanalysigevealsnotto beagoodidea. To seethisnotice
thatZ, — 0 doesnotimply thatz, — E, asdesiredpnlesszyqy —

Eo aswell. To study the behaior of the latter considerthe
signaln := 3(Z, — E2), which satisfies
2
RCh=-2n+ 1EE°

This equationclearly shavs that increasingthe dampingwill
inducea “peaking” in n, and consequentha slower corver
genceof zg — Eo.

IWe recallthatthe £, gainof anoperatoiT : LY — L5 is definedas

Tu
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where| - iz isthe L5 inducednorm,and|| - || the £, norm,seee.g.[5]



Lower Bounds

It is importantto remarkthat the “ideal” disturbanceattenu-
ation propertyof the passvity basedcontrollerestablishedn
lemmaz2.1is with respecto the outputsignalZ,, while theac-
tual regulatedoutputof the systemis z,. Unfortunatelyin the
following theoremwe areableto prove with thehelpof aresult
that relatesthe £-gain of the nonlinearsystemwith the £-
gainof its linearization,thatfor neitheroneof the controllers
we canactuallyobtainarbitrarily smalldisturbancettenuation
for z.

Proposition 2.2 Considerthe system(1) in closedloop with
the passiity-basedcontroller(2), (3). Then,the £ gain
of theoperatorTy, : W — 2 satisfieghelowerbound
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On the other hand, for the linearizing controller (4) we

have thelowerbound
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Proof

The proof is basedon the linearizationof the closedloop sys-
tems,and Proposition6 of [21], which provesthatif the lin-

earizedsystemhas.L, gain> (>)y thenthe original nonlinear

systemalsohas(; gain> (>)y. ooog

An Upper Bound for the Passivity-BasedController
The above propositiongives limits on the achievable distur
banceattenuatiorwhich dependon the systemparametergand

desiredsetpoint, but areindependentf thedesignparameters.

In thefollowing propositionwe give a formulationfor the up-
perboundonthedisturbancattenuatioror thepassiity based
controller

Proposition 2.3 Considerthe system(1) in closedloop with
the controller(2), (3) with the designparameteR; < EEO
Then,for all disturbancesv suchthatzyg(t) > —1E,, we
have thebound

[1z2]2 < VlIwll2
wherey is thesolutionto thefollowing optimizationprob-
lem
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with Ry < £ (& +1), KeKa > BE, K> 1,andKy > 1.
Proof

The proof is given by carefulanalyzingandextendingthe re-
sultsof Lemma2.1,seee.g.[14]. ooo

Thefollowing remarksarein order:

e Eventhoughwe cannot solve analyticallythe optimiza-
tion problemposedabove, standardsoftwarecan be usedto
find ¥ for a given systemanda dampinggain satisfyingR; <
E%' It is interestingto notethatthe latterboundexhibits again
thetradeof betweerrobuststability androbustperformanceo

externaldisturbancesThis stemsfrom thefactthatR;, which
relateswith thecornvergencerateasexplainedin Section2.3.1,
cannotbe chosenlarger than EEO to insurethe disturbanceat-
tenuatiory. Furthermorethe expressionsbove provide some
usefulguidelinesfor the selectionof the systemparameterso
enhancehedisturbanceattenuatiorpropertief theamplifier

e Notice from (3) thatto avoid singularitiesthe controller
statezyqy shouldbe always positive and boundedaway from
zero. As discussedn [16] this requirementwhich is con-
sistentwith the domainof validity of the averagedmodel, is
neededaven in the absenceof external disturbances.Hence,
theassumptiormadeabove onthedisturbancess by nomeans
restrictvein the presentontext.

3 Rigid Robots

In this sectionwe briefly consideitheproblemof attenuatiorof
inputdisturbances rigid robotsperformingatrajectorytrack-
ing task. In this casewe will provide conditionson the con-
troller tuning parametersuchthat both, passvity-basedand
feedbacKinearizationschemesyield closedloopswith arbi-
trarily good disturbanceattenuationpropertieswithout com-
promisingthe corvergencerate. The solutionof the Hamilton-
Jacobiinequalityfollows from a similar analysisasin Lemma
2.1,by consideringhephysicsof thesystemandaddingaterm
to fulfill theinequality In otherrelatedwork (i.e.,[13], [1],[2])
the problemof designinga controllersuchthatthe closedoop
satisfiesanH, boundis consideredThisin contraswith our
approachsee[14]) wherethe emphasiss on deriving condi-
tions for existing closedloop schemedgo achieve suchdistur
banceattenuatiorproperties.

It is well known (e.g. [19]) thatthe free dynamicsof rigid
robots(with rotationaljoints) aredescribedy

D(9)4+C(q,9)q+G(q) = u+w (8)

whereg € R" denoteshejoint angulampositionsdi | > D(q) >
dal > Otheinertiamatrix,C(q, §)q thecentrifugalandCoriolis
forces,G(q) the gravitational forces,andu the input torques,
which we assumare perturbedby someexternaldisturbance
W.

The kjth elementof C(q, @) is univocally definedfrom the
elementsof D(q) via the Christoffel symbolsof the first kind
[12] suchthat

D(q) = C(q,9) +C"(q.9) (9)

In theabsencef externaldisturbancesa globally exponen-
tially stablecontrollerthatpreserespassiity in closedoopis
givenby

u = —D(q)(ds— M) —C(a,G)(c —AQ)
—ka(G+Ad) — koG+ G(q)

(10)

whereqq(t) is the desiredangulartrajectory § = g — qq, and
A, ki, ko > 0 aredesignparametersseee.g. [3]. We arein-
terestecherein the choiceof theseparametergor optimal at-
tenuationof the torquedisturbanceon the positionand speed



trackingerrors. The solutionto this problemis summarizedn
the propositionbelon. As mentionedbefore,a similar result,
aswell asits extensionto flexible joint robots,maybefoundin
theworksof [1], [2].

Proposition 3.1 Considel(8) in closedoopwith (10)with the
outputsignalz::= [§, G 7. For afixedy > 0, assume

ky > %(y—lz +142), ko> %(A2+>\+1)
Undertheseconditions,the £ gain of the operatorTys; :
w — z satisfiesthe bound|| Ty |2 < y. Consequentlyar
bitrarily gooddisturbanceattenuations achiezableby in-
creasinghegaink;.
Proof
Theprooffollowsimmediatelyby pluggingthequadratidunc-
tion V (s, &) := 3s"D(g)s+ 2|2 in the Hamilton-Jacobin-
equality(7), wherewe have defineds:= §+A.§, ooo

In contrastwith the corverterproblem,in this casethereis no
tradeof betweencorverge rateanddisturbanceattenuatiorto
be made. This seemsto stemfrom the fact that rigid robots
arefully actuatedsystemsthatis, the numberof degreesof
freedomis equalto numberof controls.

Its easyto seethata similar propertyis enjoyedby thefeed-
backlinearization(computedorque)controller

4 Experimental results

4.1 Configuration for the DC-to-DC corverter

Theexperimentalcardwasassembledsinglow costcommer
cial electronicelementglacedon a carddesignedn thelabo-
ratory. In Fig. 2 we show theexperimentaket-upconsistingof
the boostcircuit cardthatreceves controlsignalsfrom a D/A
converterof aDSpacecardplacedn aPC.Two DC powersup-
pliesarenecessarpneof themto provideenegy to thesystem
(we'll referto it asthe power supplyin the restof the paper),
andtheotheroneto feedthe electronicpartof thecard.

DSpace Card

o o [am

PC
Computer

Figure2: Experimentaket-up

4.1.1 Boostcircuit card description

Themaincardis formedby a boostcircuit, a pulsewidth mod-
ulation circuit (PWM), a currentsensor a currentto voltage

corverterandavoltagedivisorfunctioningassignalcondition-
ers.

The boostcircuit is composedy aninductor, a capacitora
resistive chage and a switch, the lastoneis implementecby
interconnectinga FET transistorand a rapid diode in a suit-
ablemannerandfed by a DC power supply Thevaluesof the
elementsanbefoundin tablel.

Element Value | Unities
Capacitance| 1000 pF
Inductance | 170 mH
Resistance | 100 Q
Paversupply | 10 Volt

Tablel: Valuesof theelements

A currentsensoiis introducedwhichis usefulin thecontrol
laws. We canconnector disconnectanotherresistve chage
to the outputby meansof a digital signal coming from the
DSpacecard,giving usthepossibilityto introducedisturbances
in theresistive chage. A driver hasbeeninterconnectedvith
the power supplyandthecircuitin orderto adddisturbanceo
thepower source.

4.2 Experiments

Thetwo control schemeghat we studyin the presentarticle,
i.e., the Passvity BasedController (PBC) and the Feedback
Linearizing Controller (FLC), have beenimplemented. We
studythe closedloop behaiour for disturbanceén the power
supply for variationin the outputresistanceandfor changes
in the desiredoutputvoltage. In all the experimentswve have
as a desiredoutput voltageVy = 20 Volt unlessotherwiseis
indicated.

4.2.1 Typical responses

In Fig. 3 andFig. 4 we shaow the typical responsegor the
systemunderPBCandFLC, respectiely, they includethein-
ductorcurrentx (t), capacitoivoltagex,(t) dutyratio y(t) and
for the PBC alsothe desiredcapacitorvoltagez,q. The fami-
lies of curvescorrespondo differentvaluesin the parameters
R, for thePBCanday, ap for the FLC.
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4.2.2 Frequencyresponseo periodic disturbancesin the
source

In this experimentwe considerthe frequeng responsesf the
outputvoltageunderperiodic perturbationsntroducedin the
power supply Hence,we addto the E sourcea perturbation
w(t) = Aysin(2rmtft) for differentvaluesof f, andfor Ay = 3
Volts. We can concludeform the experimentthat thesefre-
gueng responsearesimilarto low pasdfilters.

In the caseof the PBC, the cutoff frequeng goesfrom less
than0.1Hzto 8.1Hzwhereador theFLC it goesfrom lessthan
0.1Hzto 4.5Hz This frequeng dependson the given power
corverterparameterandwe cantry to vary it by changingthe
designparameter®; anday, ap respectrely. For PBCbig val-
uesof Ry producesmall valuesof this frequeng, andfor the
FLC we canseethatfastpolesalsoreduceahecutoff frequeng.
It is importantto remarkthatthe cutoff frequeny is relatively
small comparedwith the naturalline frequeng noise,which
meanghattherejectionof this kind of naturalperturbationss
assured.

4.2.3 Tracking a desired voltage signal

The controllersare designedor regulation,but in someappli-
cationsit is desirablefor the closedloop systemto follow a
time-varyingoutputsignalVy(t). The experimentis performed
with signalsof the form Vy(t) = Vgo + Avgsin(2mtft), andwe
initiate in Vgo. This meanswe only considerthe alternating
partof theresponse.

Fromthefrequeng response$or the trackingproblem,we
obtainthe cutoff frequenciedor both controllers,i.e., for the
PBC f. = 3.1Hz which is fixed independenthyof the value of
the parameteR; andfor theFLC it couldgofrom f. = 2.0Hz
to fc = 10.5Hz wherethe largestvalue can be obtainedby
chosenay, az in sucha way that the correspondinglamping
coeficientis smallandthe naturalfrequeng high.

The typical tracking response®f the closedloop systems
have beenobtained(but are not shavn due to spacelimita-
tions),wherewe have choserparameterthatgive similartypi-
calresponsesThevalueof thefrequeny for thedesiredsignal
is setto f = 2.0Hzin bothcaseslt canbeobseredthatin this

particularcasethe responsef the FLC schemehasansmaller
delaywith respecto thedesiredsignal.

4.2.4 Responsdo an £ disturbance signal

In thisexperimentweaddan £, disturbanceignalto thepower
supply We do this by meansof a squaredsignalfrom a signal
generatar Characteristic®f this signal are: amplitude3Vvolt
andduration0.1sec In Fig. 5 and6 we canseetheresponsef
thecircuit variablesagainfor differentparametersalueswhen
this disturbancev(t) is applied.
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Signalw(t) is appliedafterthe outputhasarrivedto theequi-
librium point. Hence,in orderto computethe £, normof the
output,we only have to considerthe error signal%;(t) caused
by thedisturbance.

Fromtheseexperimentswve obtainthefollowing gains

YreC = |||v5||2 = 0.6506— 0.9910 PBController
2
Rl
YFLC = —HWH = 0.6855— 1.9787 FL Controller

where,in PBC, the smallestvalue correspondso a large Ry,
andin FLC, the smallestvalueof y correspondso a large a;
andansmallay.



On the otherhand,substitutingthe parametersaluesgiven
in table 1 into the equationsfor the lower boundsgiven in
Proposition2.2, we obtainfor the PB andFL controllers,re-
spectvely,

Eo
[Tz, |liz > E 1
L3ES
Taz,||i ——————— =0.0035

As we can seethe valuesobtainedfor the FL controllersfit
within thesebounds.On the otherhand,the valuesfor the PB
controllersdo notfit, hencetheapplieddisturbancenaybenot
largeenoughin an £, sense.

Theupperboundfor the disturbanceattenuatiorfor thecase
of PBC is obtainedas the solution of an optimizationprob-
lem. This yieldsy = 36.8356,R; = 0.4269,K; = 100.1178,
andK, = 0.0685.

In Fig. 7 we presenta 3D graphicfor ¥ asa function of
parameter&s andK, thatfits the conditionsgivenin the op-
timization problemfor the setof parameteri therealcircuit.
In this graphicthe optimal point is markedwith a starandis
locatedatthe perimeter

gammar2

Figure7: Functiony(Kz, K4) andoptimalpoint ()

5 Concluding Remarks

The long term motivation of the presentstudy is to provide
a framewvork to compare,from a perspectie differentfrom
stabilization,variousexisting controllersproposedor Euler
Lagrangesystems. A similar researchalbeit specializedto
robotswith flexible joints, wasreportedn [4], wherethe com-
parisonwasbasedon continuity propertiesandadaptvity. As
alternatve performancendicatorwe proposehereto adoptthe
robustnesgo externaldisturbancesyhich is measuredia the
L> normof thecorrespondinglosedoop operator

Currentresearchs underway to extendthis studyto other
systemsandcontrollers.In particular we areinterestedn car
rying out the analysisfor backstepping-basetbntrollersand
inductionmotors.
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