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Abstract

We present a method of balancing for nonlinear systems
which is an extension of balancing for linear systems in
the sense that it is based on the input and output en-
ergy of a system. We deal with the input and output
energy function of a stable nonlinear systems and pro-
pose a method to use these functions to get a balanced
form for a stable nonlinear system. It is a local result, but
gives ‘broader’ results then we obtain by just linearizing
the system.

Keywords: balancing, nonlinear systems, energy func-
tions, Hamilton-Jacobi equations, Hankel singular values.

1 Introduction

Balancing for linear systems is a well known subject on
which there has been a lot of research in the last decade.
It started with a paper of Moore [6] in 1981, where bal-
ancing is introduced with the aim of using it as a tool
for model reduction. If a linear system is in balanced
form the Hankel singular values are a measure for the
importance of state components. This means that the
influence of the corresponding state component on the
output and input energy is measured by a Hankel singu-
lar value. If a Hankel singular value is small the influence
of the state component on the output and input energy is
respectively low and high and thus this state component
may be deleted in order to obtain a reduced-order model.
A Hankel norm error bound of model reduction based on
balancing is given by Glover in [1].

Here we give a set up of balancing for nonlinear sys-
tems. The intuitive idea behind model reduction for lin-
ear systems can be extended to nonlinear systems. Again,
as in the linear case, the importance of state components
can be measured in terms of the input and output energy.
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Instead of the Hankel singular values we define for non-
linear systems singular value functions, measuring again
the importance of a state component.

In section 2 we give a very brief review on balancing for
linear systems. Section 3 contains properties of the input
and output energy functions for linear systems. These
properties are instrumental in the set up for balancing of
nonlinear systems. In section 4 we go into balancing for
nonlinear systems and define the singular value functions.
We propose a procedure to bring a nonlinear system in
balanced form. Finally in section 5 we give some conclu-
sions.

Throughout this paper we will use a fairly standard
notation. We denote by z7x or || z ||? the squared norm
of a vector x € R". We say that u : (—00,0) — R" is in
La(—00,0) if [°__ || u(t) || dt < co. By 2L (x) we denote
the row-vector of partial derivatives of a differentiable
function L : R” — R. Furthermore we denote by z(ts) =
(ta, t1, z1,u) the solution on time ty of the system & =
f(z) + g(x)u with initial condition z(¢;) = 21 and input
w: [ty ta] — R™.

2 Review of balancing for linear
systems

Consider a linear system:
z = Az + Bu, (1)

where u € R™, z € R" and y € R”. We assume through-
out (1) is stable, controllable and observable.

y=Cx

Definition 2.1 The controllability and observability
function of a linear system are defined as respectively

1 0
L = i h B 112dt (2
)= min Q/mHu()H @)
z(—o0) = 0,2(0) = g

Lofao) =5 [ WO 7 dt, 2(0) =0, u=0 (3



The value of the controllability function at xg is the mini-
mum amount of control energy required to reach the state
xo and the value of the observability function at xg is the
amount of output energy generated by the state xy. The
following results are well known (cf. [6]):

Theorem 2.2 For system (1) we have L.(xzq) =
1af Wlzg where W = [° AtBBT ATt s the con-
trollability gramian and Lo(zo) = tal Mz where M =
I eATtCTCeAtdt is the observability gramian. Further-
more W and M are the unique positive definite solutions
of the following Lyapunov equations:

AW +WAT = —-BB” (4)

(5)

Theorem 2.3 There exists a state space transformation
x = ST for system (1) such that the transformed system

(6)

ATM + MA=-CTC

z = Az + Bu, y=Cz
is in balanced form, i.e.:

01 0
W=M=%= (7)

0 On

with o1 > 09 > ... > 0y and W = M = S~'ws—T
STMS are the controllability and observability gramian
of the transformed system (6). Here the o;’s, i=1,..,n,
are the Hankel singular values, i.e. the singular values of
the Hankel operator of the system (see [1]).

For system (6) we have as controllability and observ-
ability functlon respectively Lo(Zo) = 17§ ¥ 'Zo and
Lc(Zo) = 2z1'%%,. For small o; the amount of control
energy requlred to reach the state £ = (0...0 z; 0...0)
is large while the output energy generated by this state
Z is small. Hence if oy >> 041, the state components
ZTp+1 to T, are not important from this energy point of
view and can be removed to reduce the number of state
components of the model.

3 The controllability and observ-
ability function of nonlinear
systems

Consider a smooth, i.e., C*°, nonlinear system of the form
i = f(z)+ g(z)u, y = h(z) (8)

where v = (u1...uy) € R™, y = (y1...y,) € R” and
z = (z1...x,) are local coordinates for a smooth state
space manifold denoted by M. Throughout we assume
that the system has an equilibrium. Without loss of gen-
erality we take this equilibrium in 0, i.e. f(0) =0 and we
also take h(0) = 0. The controllability and observability

function, respectively L. and L,, of system (8) are de-
fined in the same way as in section 2 for linear systems.
Again the value of the controllability function at xg is the
minimum amount of control energy required to reach x
and the value of the observability function at xg is the
amount of output energy generated by zq.

Definition 3.1 The controllability and observability
function of a nonlinear system are defined as respectively

1 0
Le(xo) = i =
@)= i 5[ Q
z(—o0) = 0,2(0) = xo

Lo(eo) = 3 [ w0 2 dt, 2(0) = 0. w=0  (10)

Il u(t) |* dt

These functions do not necessarily exist. In particular,
L, can be infinite if the system is unstable and if zy can
not be reached from 0, then by convention L.(zg) will
be infinite. In this section we assume throughout that
L. and L, are finite. Also, for the rest of this paper we
assume L. and L, are smooth functions of .

Theorem 3.2 If 0 is an asymptotically stable equilib-
rium of f(x) on a neighborhood W of 0, then for all
x €W, Ly(z) is the unique smooth solution of

o (a)f(@) + 5" (@)h(a) = 0, (1)
under the assumption that (11) has a smooth solution
on W. Furthermore for all x € W, L.(x) is the unique
smooth solution of

Lo(0) =0

T
T @)+ 5 G @) (@@ =0y
Le(0) =0

under the assumption that (12) has a smooth solution L.
on W and that 0 is an asymptotically stable equilibrium

of =(f(z) + g(x)gT(av)(9 Le (z)) on W.

Oz
Proof Assume (11) has on W as smooth solution L,(z).
Then AT (z)h(z) = —9La () f(z). L, is defined as in

Ox
definition 3.1 and thus:

Lo(xo) = %fooo hT (z(t))h(z(t))dt =
= [T B (x(t) f(2(t))dt = — [ S Lo(z(t))dt =
—Lo(x(00)) + Lo((0)) = Lo (o), Vg € W

since z(0) = zg and z(c0) = 0 by the asymptotic sta-
bility of f(z). Hence part 1 is proven. For part 2 we

assume (12) has on W a smooth solution L.(z). Then
T . .
8Le(2) f(w) = —1 92 (2)g(w)g" (v) L= (). As in defini-

tion 3.1 we consider the inputs u such that z(0) =z € W
and {E(* ) =0, then

Le(z) = %= (2)i = 2=
u— $uTu+ 2Le(z)g(x)u
Lz (1) g(x)g <>“e<)

L.

IQ—% | u— g7 (2) 2%

(2)f(2) + %= (z)g(w)u =

T

wl

1ol

1
2

“(x) 1%,

N =



and thus

= [ S Le(@(®)dt = § [° || u(t) ||? dt
*gf [ u(t) —g ( (t))aaL (@(t)) |1 dt
<L ) |2 dt, Vo € W
Hence L.(zg) is a lower bound for 2 f || u(t) ||? dt.

It is clear that for u=g (x)%(w) L. is equal to
its lower bound. By asymptotic stability of —(f(x) +
g(x)gT(x)ag—fQ(x)) on W this latter input is such that
z(—o0) = 0. Therefore for all zo € W

. L )
Lewo) = min 5 [ )| e
z(—o0) =0,z2(0) = zq
:Ec(xo) ]

Remark 3.3 Equation (11) is a nonlinear Lyapunov
type of equation and equation (12) is a Hamilton-Jacobi
equation associated with an optimal control problem.

Remark 3.4 If L, is a solution of (11), we can con-
clude from the negative semi-definiteness of 8—LQ(33) f(x)
that L, is decreasing along f. Since f is asymp-
totically stable, 0 is a minimum for L, and hence
L, is non-negative. If L. is a solution of (12), we
can conclude from the negatlve semi-definiteness of
a—LQ(x)(f(f(a:)—l—g(m) (x)T 66£ (z))), that L. is decreas-

ox

ing along —(f(z) + g(x)g(x)T 25k (2)).
T

—(f(z) + g(z)g(x)T L5E=(x)) is asymptotically stable, 0

is a minimum for L. and hence L. is non-negative.

Again, since

Remark 3.5 If A = %(0) is asymptotically stable then
locally about 0 (11) and (12) have smooth solutions, see
8-

Remark 3.6 If we replace the condition that (12) has
a smooth solution L. on W and 0 is an asymptotically
stable equilibrium of —(f(z) + g(z)g” () %‘l(az)) by the
condition that (12) has a smooth solution L. that is pos-

itive definite, then we get the same result, see theorem
3.7.

Theorem 3.7 Assume 0 is an asymptotically stable
equzlzbmum of f on W and (12) has a smooth solution
L. on W. Then Le(xo) > 0 for zg € W, 2o # 0, if
and only if 0 is an asymptotically stable equilibrium of
152
~(f(z) + g(2)g" () Zgz= () on W.

Proof Assume L.(xq)
that on W

Le (2)(—(f(z) + g(x)gT (x) e (2)) =

L0k (1) g(2)g" (x) L5k (x) < O

This negative semi-definiteness implies that L. is a Lya-
-
punov function for —(f(z) + g(z)g” (z)Z5%=(x)) which

> 0 for xg € W, z¢ # 0. We know

therefore is stable on W. To prove asymptotic sta-
bility we need to find the maximal invariant set of
—(f(@)+9(x)g" (2) 2L () in V i= {2]2Le (a)g(x) = O}.
This is the same as finding the maximal invariant set of
—f(z) in V. By (12) we know that V' = {z| %@C (x)f(z) =
0} = {z|L£Lc(x(t)) = 0}. Since 0 is an asymptotically
stable equilibrium of f and L. positive definite on W we
conclude from this that the maximal invariant set in V' is
{0} and LaSalle’s invariance principle thus implies that
—(f(z) + g(x)g”
W.

For the if part of the theorem we use theorem 3.2. This
states that L, = L. on W, where L. is the controllabil-
ity function of system (8). Furthermore we know from
the proof of theorem 3.2 that the minimum is taken for

u= gT(x)a;—fC(x) Hence
OL

1 /0 c
2 ) Oz
Let now z¢ # 0. If %I;; (z(t)g(z(t)) =0 for —c0o <t <0
then u(t) = 0, for all t, —oc0 < ¢t < 0. However, since
f is asymptotically stable, we cannot have z(—o00) = 0
and z(0) = zp # 0. Hence we have a contradiction
and thus there exists a ¢, —oo < ¢t < 0, such that
T . . .
%(ac(t))g(m(t))gT(x(t))8856 (z(t)) > 0. This implies
that LC(JJ()) > 0,Vzg € W, xzg # 0. |

(x)ag—fc(:ﬁ)) is asymptotically stable on

0T L,

(@(®)g(2(t)g" (2(t) =

LC(‘TO) =

((t))dt

For the following definition see e.g. [8].

Definition 3.8 The system (8) is reachable from zg if

for any T € M there exists a ¢ > 0 and input u such that
= ‘p(ﬂ 0, zo, ’LL)

The system (8) is zero-state observable if any trajectory

such that u(t) = 0,y(¢t) = 0 implies z(t) = 0, i.e., for all

x € M, h(p(t,0,2,0)) =0,t > 0= ¢(¢t,0,2,0) =0,t >

0.

The following theorems are related to some results in [3]
and [8].

Theorem 3.9 If the system (8) is zero-state observable
and (11) has a smooth positive definite solution Lo, then
the system & = f(x) is locally asymptotically stable. IfL,
is proper (i.e. for each ¢ > 0 the set {x € M|0 < Lo(z) <
¢} is compact), then & = f(x) is globally asymptotically
stable.

Proof %—an(x)f(x) :i%hT(aj)h(I) < 0 and by the zero-
state observability %Q(x) f(z) =0 = z = 0 under the
dynamics of the system. Global asymptotic stability fol-
lows by LaSalle’s invariance principle. ]

Theorem 3.10 Assume 0 is an asymptotically stable
equilibrium of f(x) on a neighborhood W of 0. If the sys-
tem (8) is zero-state observable and (11) has on W the
smooth solution Lo, then Lo(xo) > 0, Vzg € W, zg # 0.



Proof By theorem 3.2 and definition 3.1 Vzg € W

Lo(wo) = 5 / T o) P dt, 2(0) = zo, u(t) =0

Zero-state observability implies that for some 7 > 0 we
have h(y(t,0,z0,0)) # 0 for 0 < ¢ < 7. Hence for zg # 0

%@@:%Amﬂwwm@@mnm .

4 Balancing for nonlinear systems

In the rest of this paper we consider nonlinear systems of
the form (8) with controllability and observability func-
tion L, respectively L, as given in definition 3.1 and with
the following standing assumptions:

1. 0 is an asymptotically stable equilibrium of f(z) on
some neighborhood Y of 0

2. A= %(O) is asymptotically stable

3. the system is zero-state observable and reachable
from O on Y

4. L, exists on Y
5. (11) and (12) have smooth solutions on Y

6. 0 is an asymptotically stable equilibrium of —(f(z)+
T
g(z)g" (v) 255 (x)) on Y

7. ZLe(0) > 0 and ZL2(0) > 0

The reachability from 0 implies that L. existson Y, i.e. is
2
finite. Assumption 6 can be replaced by det%“‘(O) #£0

and det 682 L2(0) # 0, since we already know that both
are non-negative definite matrices. By section 3 we know
that these assumptions imply among other things that
L, is the smooth positive definite solution of (11) and
L. the smooth positive definite solution of (12). These
assumptions also imply that (A, B) is controllable and
that (C, A) is observable, where B = g(0) and C' = %(O)

Lemma 4.1 There exists a coordinate transformation
z = ¢(Z), ¢(0) = 0, such that L.(x) in the new coor-
dinates T = ¢~ 1(x) is of the following form:

'z (13)

DN =

Le(6(2)) =

Furthermore we can write Ly(z) in the new coordinates
T = ¢ () in the following form:

1

2
5:ETM(gf)gz with M(0) = 0" Lo

0x2

Lo(¢(7)) = 0)  (14)
and M(Z) is a n X n symmetric matriz with entries which

are smooth functions of x.

Proof Since 0 is a minimum of the observability and
controllability function we have beside L,(0) = 0 and
Lc(0) = 0 that 2£2(0) = 0 and %2<(0) = 0. Therefore we
can apply Morse’s Lemma (see lemma 2.2 in [5]) to L.
In this case it means that there exists local coordinates
Z = (Z1...ZTy) such that x = ¢(Z), ¢(0) = 0 and such
that L.(z) in the new coordinates T = ¢ !(x) has the
form (13). Finally (14) follows by repeated application
of lemma 2.1 from [5]. ]

Lemma 4.2 If there exists a neighborhood V' of 0 where
the number of distinct eigenvalues of M(Z) is constant
for z € V, then on V the eigenvalues \i(Z), i = 1,..,n,
are smooth functions of T, as well as the associated eigen-
vectors.

Proof This follows from Theorem 5.13a in [4]. ]

Theorem 4.3 Consider system (8) and assume the con-
dition of lemma 4.2 is fulfilled. On a neighborhood U of
zero there exists a coordinate transformation x = (z),
¥(0) = 0, such that L.(z) in the new coordinates z €
W = 1(U) is of the following form:

Le(2) := Lo((2)) = %ZTZ
while L, is for the new coordinates of the following form.:
T1(2) 0

Lo(2) = Lo((2)) = 527 :
0 Tn(2)

(15)

(16)

where T1(z) > ... > Tp(2) are smooth functions of z, called
the sinqular value functions.

Proof From lemma 4.1 we know that there exists a trans-
formation z = ¢(Z), ¢(0) = 0 such that in the new coor-
dinates L. and L, are of the form (13) respectively (14).
By lemma 4.2 we know that on V' the eigenvalues of M (Z)
and the associated eigenvectors are smooth functions of
Z. Furthermore we know that M(0) > 0 which means
that M(0) is diagonalizable. By the smoothness of the
eigenvalues and eigenvectors this implies that M (Z) is di-
agonalizable on V. Indeed, since M (Z) is symmetric, we
can write M (%) = T(z)A(z)TT (Z) where

A1 (:f) 0

A@) =

0 (@)

with A1 (Z) < ... < \(Z), Ni(Z),7 = 1,..,n, are the
eigenvalues of M (Z) and T(Z) is the corresponding ma-

trix of eigenvectors with T'(Z) an orthogonal matrix, i.e.
TT(z)T(z) =1, 7 € V. Now we can rewrite (14) as:

Lo(6(2)) = 1T T@A@TT @)z, zeV
Define a new coordinate transformation z = v(z) :=
TT(Z)Z. In these coordinates we get:

Lo(6(v 1(2)) = 2T A 1(2))z, 2 € W= u(V)

2



From (13) and Z = T(Z)z we get:
Le(6(r7 (=) = %zTTT@T(f)z -

Define 7;(2) := \j(v"%(2)), i = 1, .., n, the transformation
Y = ¢ovtand U := ¢~ 1( ) then the theorem is

proven. [ |

1T
522’

Remark 4.4 For a linear system the singular value func-
tions 7;, ¢ = 1,..,n are constants and are the squared
Hankel singular values.

The form of the controllability and observability function
in (15) and (16) is not yet entirely balanced. For that we
need an additional coordinate transformation. We take

as transformation z; = n;(z;) = =(0,..,0, 2;,0,. O) Zi
i = 1,..,n and hence z = n(z) := (nl(zl)...nn(zn))
on z € W := n(W). Since L,(z) > 0 we have that

7:(0,..,0,2;,0,..,0) > 0, ¢ = 1,..,n, for z € W, z # 0

and therefore 77 is a well defined transformation. Define

Le(2) := Le(n™"(2)) and Lo(2) := Lo(n™*(2)). Then (15)
and (16) become respectively:
1 0'1(21)71 0
Le(2) = =27 z  (17)
0 on(Zn)t
1 wl(Z
Lo(Z) = §2T (18)
0
where 0;(z;) = (0, .. ,0)2 and wi(z) =
oi(z) tri(n(2)) for i — 1 , M. Now (17) nd (18) have
the property that L. (0, .., 0, zz,O ,0)=1720i(2) " and
Lo(0,..,0,%;,0,..,0) = %z2al(zl) for 1,. n This corre-

sponds With the linear theory, since in that case o; is con-
stant and thus o; is a Hankel singular value, i = 1,..,n
We know that 7,(Z) > ... > 7,,(2) for Z € W. In energy
terms we can say that if Tl( ) > 7;+1(Z) the state variable
Z; is more important then the state variable Z; 11 on w.
Similar to the concept of balancing for linear systems we
call the nonlinear system balanced if it has a controllabil-
ity and observability function of the form of (17) and (18).
This means that we can balance system (8) by a coordi-
nate transformation of the form z = x(z) := ¥(n=1(2))
where 9 is as in theorem 4.3.

Example 4.5 We take system (8) which fulfills the con-
ditions of section 4 with z = (21, 22), u = (u1,us) € R,
y=(y1,92) € R? and £, g and h as follows:

_ (@) _
flz) = <f2(.r) =
6251 + 1123:? + 552m%x2 + 63933133% + 216:E§’
625

384:51 + 625z5 + 464:clm2 + 48m1x2
625

6323

g11(z)  gi2(z)
g(x) =
921(%)  g22()
T\/_ ¥\/25 + Tx% + 48z 120 — T3
—45\/5 ¥\/25 + 7z? + 487172 — T23
hi(x) (a1 — dz)
hz) = -
o) 1 (41 +32)°

Solving the Hamilton-Jacobi equations (11) and (12) we
get:

Le(z) = %me, Lo(z) = %xT (mu(x)

ma1 (LE)

mlz(x)> N

mM29 (l‘)

where mi2(z) = ma1(z) and

ma1(z) = 5oz (425 + 7223 — 1922125 + 12823)
mis(z) = g (—25 4 927 — 242175 + 1623)
Mo (7) = 55z (1025 + 8123 — 216317, + 14423)

We see the system already has the form of lemma 4.1.
Hence the first step of the proof of theorem 4.3 is done by
taking the transformation x = ¢(Z) = z. The eigenvalues
of M(z) are:

AM(z) = 5=(25+ 927 — 242135 + 1623)
=1+ (:(8z1 — 422))?)
)\2(.17) =2

It immediately follows that the neighborhood V' of zero
where the number of distinct eigenvalues is constant, is

= {z|(3z1 — 422)? < 25} The unitary matrix with
eigenvectors is the following:

1/3 4
5\—4 3

Now the second coordinate transformation of the proof
of theorem 4.3 on V is z = v(z) = TTz = L3z, —
4x9, 421 + 322). Hence the coordinate transformation
of theorem 4.3 is ¥(z) = v1(2) and W = ¢~ (V) =
v(V) = {z|2} < 1}. Furthermore in the new coordinates
the controllability and observability function, (15) and
(16), become

T(x)=T=

2 0

- 1 ~ 1
L.(z) = §ZTZ, Lo(z) = =27 z, zeW
0 1422
where the singular value functions are 71(2) = 2 and
72(2) = 1+ 27. The system transforms into:
Z21=—21+ leg +’U.1\/§ Y1 =22
2227z2—25’+u2\/272z%+2z§ y2:\/§zg

for z € W. To bring this system in balanced form we
need to take the coordinate transformation z = n(z) =



(2121,20), 2 € W = (W) = {2|z2 < 27}. Then (17)
and (18) become

L (2% 0
1M@=§f z
0 1
L 23 0
Lo(Z) = §2T ) z
0 14232

and in the coordinates z € I_/T/ the system is in balanced
form z = f(2) + g(2)u, y = h(z) with

) —Z + 2122
f(z) =
—Zy — 75
2% 0
9(z) = . NE
0 (2—22z74+223)2
) 2%z
hz) =
2% 3, n

5 Conclusions

We introduced balancing for stable nonlinear systems.
This method is an extension of balancing for linear sys-
tems, since we considered the input and output energy
function of a stable nonlinear system in a similar way as
we do this for stable linear systems. The properties of the
input and output energy functions for a nonlinear system
match with the properties of these functions for a linear
system and therefore we used these functions to balance
the system about the equilibrium. The method can be
used as a tool for model reduction of stable nonlinear
systems.
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