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Abstract: This paper addresses state-space realizations for nonlinear adjoint op-
erators. In particular the relationship among nonlinear Hilbert adjoint operators,
Hamiltonian extensions and port-controlled Hamiltonian systems are clarified. The
characterization of controllability, observability and Hankel operators, and controlla-
bility and observability functions will be derived based on it. Furthermore a duality
between the controllability and observability functions will be proven. The state-
space realizations of such operators provide new insights to nonlinear control systems

theory.
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1. INTRODUCTION

Adjoint operators play an important role in the
linear control systems theory. They provide du-
ality between inputs and outputs of linear sys-
tems. The properties with respect to input, e.g.
controllability and stabilizability issues, of linear
systems directly reduce to the dual results with
respect to output, observability and detectability
issues. Let us consider a linear operator (transfer
function) 3(s) : E — F with Hilbert spaces E and
F. Then its adjoint operator ¥'(s) : F' — E' is
isomorphic to X7 (—s) : F — E. Thus the adjoint
can be easily described by a state-space realization
if the operator X(s) has a finite dimensional state-
space realization. The objective of this paper is to
provide the nonlinear extension of such adjoint
operators.

Nonlinear adjoint operators can be found in the
mathematics literature, e.g. (Batt, 1970), and
they are expected to play a similar role in the non-
linear control systems theory. So called nonlinear
Hilbert adjoint operators are introduced in (Gray
and Scherpen, 1998; Scherpen and Gray, 1999)
as a special class of nonlinear adjoint operators.
The definition of them is as follows: The nonlinear
Hilbert adjoint of 3 : F — F with Hilbert spaces
F and F is an operator X* : F'x E — FE such that

<Z(’U.), y>F = <u7 Z*(ya u)>E (1)

holds for Yu € E, Vy € F. The existence of
such operators in input-output sense was shown in
(Gray and Scherpen, 1999) but their state-space
realizations are not available so far.



On the other hand, Hamiltonian extensions (Crouch
and van der Schaft, 1987) are used to characterize
state-space adjoints of nonlinear control systems.
In (Scherpen and van der Schaft, 1994; Ball and
van der Schaft, 1996) Hamiltonian extensions are
used extensively as the realizations of adjoint op-
erators to characterize norm preserving proper-
ties. Indeed in the linear case the Hamiltonian
extension of a given system is the Hilbert adjoint
system. However, in the nonlinear case, this is not
such a straightforward issue.

In this paper we give the state-space realization
of nonlinear Hilbert adjoint operators. Firstly we
show some relationship between the nonlinear
Hilbert adjoint operators and Hamiltonian exten-
sions but this does not give a complete character-
ization of adjoint operators. Secondly we derive a
more complete characterization of the state-space
realizations of nonlinear Hilbert adjoint operators
which have the form of port-controlled Hamilto-
nian systems (Maschke and van der Schaft, 1992).
The state-space realizations of such operators pro-
vide a characterization of the observability func-
tions, controllability functions and Hankel oper-
ators which supplies a set of similarity invariants
related to input-state and state-output behaviours
of nonlinear systems (Scherpen, 1993; Gray and
Scherpen, 1998; Scherpen and Gray, 1999). Hence
it is expected that the adjoint operators in this
paper will extend the existing results on the real-
ization theory for nonlinear control systems a bit
further. Furthermore we show a duality between
the observability and controllability functions.

2. LINEAR SYSTEMS AS A PARADIGM

This section gives some examples of linear adjoint
operators which play an important role in the
linear systems theory, see e.g. (Zhou et al., 1996).
We present them here in a way that clarifies the
line of thinking in the nonlinear case. Consider a
causal linear input-output system 3 : L3*[0, 00) —
L3[0, 00) with a state-space realization

UHy:E(u):{x:Aac—l—Bu

Y= Cz (2)

where 2(0) = 0. The Laplace transformation gives
its transfer function matrix

Y(s):=C(sI —A)'B. (3)

Its adjoint operator is isomorphic to ¥* : L5[0, c0) —

L7'[0, 00) given by

¥ (s) := 2T (—s) = BT (—sI — AT)71CT (4)

with a state-space realization

N &t = —ATz — CTu,
ua'_)ya:z:(ua):{y _BTI (5)

where z(oc0) = 0. Here u, and y, have the same
dimensions as y and u respectively. It satisfies the
definition for Hilbert adjoint operators, namely,

(E(w); ua)ry = (u, X (ua)) Ly (6)

Since u, has the same dimension as y we can
calculate the magnitude of operators as

ISz = (2(w), Z(u)) g = (u, ZoX(u)) Ly

by substituting u, = X(u). This relation can
be utilized to derive the singular values of the
corresponding input-output map.

The above representation is for general linear sys-
tems on Ly. We can relate it to the observability
and controllability operators. They are given by
O :R"™— L5[0,00) and C : L5[0, 00) — R™

=y =0(2") := Cetta? (7)
urs 2 =C(u) = fOOOeATBu(T)dT. (8)

Note that these operators O and C are also op-
erators on Hilbert spaces, hence their adjoint op-
erators are given by O* : L7'[0,00) — R™ and
C* :R" — L5[0, 00)

(r)dr (9)
(10)

ug ¥ = O%(

fOO AT TCT
1y, = C*(x ) = BTeA 120,

It can be easily checked that they satisfy

<O($0)7 Ua>L5 = <I0, o (ua)>]1&"
(C(u), 2%)rn = (u,C*(2°)) Ly

These adjoint operators can be used to calculate
the observability and controllability Gramians:

(11)
(12)

10 Z; = (2, 070 O(a”) )z
=(a°, [, SCATATTCTdr 2°)gn
= (2°,Q 2°%)z» (13)
€™ (@) |2 = (2%, €0 C* (2°))m
=(a°, ;BT AT AT Bdr 2°)g~
= (2%, P 2%g~ (14)

These imply Q@ = O* o O and P = C** o C*.

3. STATE-SPACE REALIZATION OF
NONLINEAR ADJOINT OPERATORS

This section is devoted to the state-space charac-
terization of nonlinear Hilbert adjoint operators.
We will show some relationship between nonlin-
ear Hilbert adjoint operators and Hamiltonian
extensions in section 3.1 and give the state-space
realization of adjoint operators based on port-
controlled Hamiltonian systems in section 3.2.



3.1 Adjoint operators and Hamiltonian extensions

This subsection shows the relationship between
nonlinear Hilbert adjoint operators and Hamilto-
nian extensions. Let us consider an input-output
system X : LT (Q2) — L5(Q2) defined on a (possibly
infinite) time interval Q = [t%, ] C R which has
a state-space realization

UHy:Z(u){zzigzZ; z(t )20(15)

with z(t) € R”, u(t) € R™ and y(t) € R". Here we
assume the origin is an equilibrium, i.e. f(0,0) =0
and h(0,0) = 0 hold and that all signals and
functions are sufficiently smooth.

The Hamiltonian extension of X is given by a
Hamiltonian control system (Crouch and van der
Schaft, 1987)

) T
. aHT _ afT anT
P=""%3 = \oa p+%ua (16)
T o T
Ya = aa_iIT = % p+ g—ﬁ Uq
with initial conditions z! := z(t') = 0, p? :=

p(t°) = 0 and the Hamiltonian

H(z,p,u,ua) = p" f(2,0) +ug h(z, u). (17)

We now prove some properties of this system
which are related to nonlinear Hilbert adjoint
operators.

Proposition 1 Consider the Hamiltonian exten-
sion (16) of ¥ as in (15). Define scalar functions
Hy, Hy and Hjz as

—
oo
~

Hl(mapau) ::HfaaTIiua (
H2(I7p7u7ua) =H — %_Iju (
Hs(z,p,u,u,) :=H — %—Zlu — gT}iua. (20)

—
=]
~

Then the following relations hold.

W=y i+yia (21)

L =vat— 9 uq (22)

B =—iiu+y i (23)

dft[ =gl u— 9T u, (24)

Proof. Equation (21) follows from
4l =80+ Gl + Sl 4 Sy, (25)
T T . .
= %—f%—lg - %—5%—5 +yZa+ y i, (26)

=yLu +yT i, (27)

Hence the time derivative of the other functions
are obtained by

Cr=g (H—yTua) =ygi—gTua  (28)
= (H—ygu) = —gguty’ia  (29)
s — 4 (H—yju—y"ua) =—jou — 5 ue-(30)
This proves the proposition. a

This proposition shows that the Hamiltonian
extension has a close relationship to nonlinear
Hilbert adjoint operators. Roughly speaking, e.g.
(21) shows that the mapping (44, @) — (—y,) is a
nonlinear Hilbert adjoint of the map X : % — y on
Lo[tY, t1] provided H|;—;0 = H|;—s holds, because

<2(u) iLa>L£:: (Y, ua>L£ = (4, _ya>L§“

(i1, 2" (11, 1)) e

holds. However we cannot obtain the nonlinear
Hilbert adjoint 3* itself directly from Hamiltonian
extensions.

The equation (22) describes an intrinsic property
of Hamiltonian extensions. The mapping u, — vy,
is the nonlinear Hilbert adjoint of the variational
mapping @ +— y of the original mapping u +— y
and this corresponds to the original definition
of Hamiltonian extensions (Crouch and van der
Schaft, 1987).

Furthermore the property (23) shows that the
mapping of the original system u — y corresponds
to the adjoint of the variational map g — 9q.

Property (24) corresponds to the so called energy
balancing property of physical Hamiltonian con-
trol systems (Crouch and van der Schaft, 1987).

Also the relation (23) can be utilized to obtain
a state-space realization of the nonlinear Hilbert
adjoint of input-affine nonlinear systems. Details
about this formulation are omitted for the reason
of space. This state-space realization has a (2n +
m)-dimensional state and it corresponds to

(s2(s) 1) =s 2T (—s) L (31)

in the linear case.

3.2 Adjoint operators and port-controlled Hamilto-
nian systems

Hamiltonian extensions have some relationships
with nonlinear adjoint operators but their com-
plete state-space characterization is not obtained.
This section will give a more general state-space
formulation based on port-controlled Hamiltonian
systems (Maschke and van der Schaft, 1992).



Let us consider a possibly time-varying system 3 :
L3 (Q) — LL(Q) defined on a time interval ) =
[t°, 1] C R which has a state-space realization

i = flz,u,t) z(t°) = 2°
oF {y s . (32)

Here we assume the origin is an equilibrium, i.e.

£(0,0,¢) = 0 and h(0,0,¢) = 0 hold for V¢ € R.

This system can be regarded as an operator 3
R™x LY (Q) — R™ x L5(Q)) with

(@, u) — (z',y) = 2(2°, ) :

i = flz,u,t) z(t°) = 2°

y = h(z,u,t) . (33)
ot = z(th)

Note that R™ x L3*(f2) is a Hilbert space with
the inner product ((mo,u),(:cl,d)mnx%n(m =
(2%, 21 )gn+(u, @) L (). The following proposition
gives a state-space realization of the nonlinear
Hilbert adjoint of 3.

Proposition 2 Consider an operator S R™ x
L7 (Q) — R™ x LL(Q) as in (33) with Q =
[t9 1] C R and the corresponding port-controlled
Hamiltonian system Hg : R LY (Q) — R2"x
LT(Q) given by

(2, p' @) — (z",p
¢

o= J@ )T g at) a

. - T a0

Yy = gT(x,u’t)'()_I;I —|—D(x,u,t) u (34)
2(1°) = («°,0°)
f(tl) 1 pl)

with & := (x,p

R", §:= (Ya, —y) € R™ X RT and

Here A(z,u,t) € R™" B(z,u,t)
C(z,u,t) € R™™ and D(z,u,t
appropriate matrices such that

m
= m
2
X
3
S
]

f(x,u,t):A(m,u,t) x+B(xau7t) u (39)
h(z,u,t)=C(z,u,t) x + D(x,u,t) u (40)

hold. Suppose that

(2% p")| < 00, u,uq € La(Q)
= |(z'p")| < oc. (41)

Then the mapping (z°, p*, u,ug) — (p°,ya) cor-
responding to the state-space realization (34) is
a state-space realization of the nonlinear Hilbert
adjoint operator 3* : R* x LIHT(Q) — R™ x
L5(2) of 3.

By direct calculation the port-controlled Hamilto-
nian system (34) reduces down to

T = f(.’,l? u, t)
P :fAT(:E, u,t) p— C’T(x, u, t)ug
Yo = BT(x, u, t) p+ DT(x, u, t)ug

Hs: 42
2Ny =h(z,u,t) (42)
ot =x(th)
P’ =p(t")
with z(tg) = 2° and p(t;) = p' as “initial”
conditions. The mapping (z°, p!, u, ug) — (p°, ya)

is a state-space realization of the nonlinear Hilbert
adjoint operator 3*. Since the assumption (41)
can be regarded as a stability requirement for the
z-subsystem and an anti-stability requirement for
the p-subsystem, then, as in the linear case, (41) it
is always satisfied locally when €2 is finite or when
the given system ¥ in (32) with v = 0 is locally
exponentially stable at least.

Proof of Proposition 2. The property of (time-
varying) port-controlled Hamiltonian systems (see
g. (Fujimoto and Sugie, 1998)) proves

dH _ 9H aHT N oH -~
@ T s (J + 9“) = 9z U
( 529+ uTDT>

This reduces to

T~ _ T T
U=Y, U — Y Ugq-

@>

ua>L;(Q)

taH
tO dt dt

(Yaru >Lm(Q) (y

= fto ya U — yTua)dt
_ HG@() - HEE))
— <x1,p1>]1§n _ <x0,p0>]Rn

Hence

<(l‘1, y)7 (p17 ua»ﬂ&"ng(Q)
= <(m0, u): (po-, ya»ﬂ&"ng’”(Q) (43)
holds. Substituting (z', y) = 3 (2, u) and (p°, ya) =

S5 ((p', ug), (2%, w)) ylelds the definition of nonlin-
ear Hilbert adjoint operators

(52 w), (0 ta)YRx Lz ()
= <(.”E0, U), 2*((pla ua)7 (xov U)))]Rnngl(Q)- (44)
This proves the proposition. a

This result provides a useful tool to analyze the
properties of nonlinear input-output systems with
state-space realizations. It should be noted that



the characterization given here uses a coordinate
dependent expression because we employ the in-
ner product on R"™ which is intrinsically coordi-
nate dependent. However, it may be argued that
it provides very natural state-space realizations of
adjoint operators because it only requires rather
mild assumptions indeed.

Proposition 2 directly derives the state-space
characterization of the nonlinear Hilbert adjoint
operators of LJ*(2) — L5(Q2) in the usual setting.

Corollary 1 Consider the system X as in (32)
with the initial condition z° = 0 and let ¥ :
LT (Q) — L5(Q) denote the mapping u — y.
Suppose the assumption (41) holds. Then a state-
space realization of the monlinear Hilbert adjoint
Y LE(Q) — LB(Q) of X is given by

(um )*_)ya—z (um ):

& = flz,ut) z(t”) =0
p =—A%z,u,t) p— Tz, u,t) ua p(t}) =0.
Yo = BT (z,u,t) p+ DT (z,u,t) u,

The results presented in this section are useful for
obtaining state-space characterizations of adjoints
of some characteristic operators appearing in non-
linear realization theory. This matter is the topic
of the next section.

4. ENERGY FUNCTIONS AND OPERATORS

4.1 Observability, controllability and Hankel opera-
tors

This section gives the state-space realizations for
nonlinear Hilbert adjoint of some energy functions
and operators. We only consider a causal Lo-
stable time invariant input-affine nonlinear system
without direct feed-through in the form of

&= [f(z) + g(x)u
3 45
W20 )
defined on the time interval €2 := (—o0, 00).

Let us consider the observability and controllabil-
ity operators O : R™ — L5(Qy) and C : L5 (Q4)
— R™ with Q4 :=[0,00) of ¥ defined by

20y =0 {"E B fg‘”; 2(0) =2’ (46)

y = h(z
T = f(z)+ g(z)F_(u)

u izt = C(u) z' = z(0) (47)
0 = z(—o0)

These operators are originally defined (Gray and
Scherpen, 1998) by using Chen-Fliess expansions
for analytic nonlinear systems, see e.g.(Fliess,

1974; Isidori, 1995). These are natural generaliza-
tions of the linear operators (7) and (8). Further-
more the Hankel operator (Gray and Scherpen,
1998; Scherpen and Gray, 1999) H : LF*(Q2y) —
L5(Q4) of ¥ is given by

H:=XoF_. (48)

Here F_ : LP(4) — LE(Q-) with Q_ :=
(—00,0] denotes the so called flipping operator
defined by

F(u)(t) = { u(O—t) te

teQ, (49)
The state-space realizations of the nonlinear
Hilbert adjoint operators of O, C and ‘H are given
by the following proposition.

Proposition 3 Consider the operator % as
in (45). Suppose that the assumption (41) in
Proposition 2 holds for the relevant port-controlled
Hamiltonian system (34). Then state-space re-
alizations of O* : L5(21) x R™ — R™, C* :

R™ x LP(Qy) — LI(QL) and H* @ L3(Q4) x
LT (Q4) — LY () are given by
(2°, ug) — p = O (2", ug) :
i = f(z) 2(0) =2
p = —AT(z) p— CT(z) ug p(co) =0 (50)
p’ = p(0)
(P, u) = ya =C*(p',u) :
& = f(z) +9(x)F_(u) z(—00) =
p = *AT( ) p p(0)=p'  (51)
Ya = F+( ( )p)
(Um U) = Ya = ( )
& = flz) + ()f(u) z(—00) = 0
p = —AT( )p— CT(x) uy p(oo) =0(52)
Ya = Fi(g" () p)
respectively with matrices A(z) € R™ " and

C(z) € R™*™ such that f(z) = A(z)x and h(z) =
C(z)x hold. Here Fy : LP(Q_) — L5 (Q4) de-
notes another flipping operator defined by

0 tel_

Fw0={, yicar - 6

The proofs of Proposition 3 and 4 are omitted
for the reason of space. It is expected that the
state-space characterization of O*, C* and H* will
provide further developments in the realization
theory of nonlinear control systems.

4.2 Observability and controllability functions
In this subsection some relationship between the

observability and controllability functions, opera-
tors and Gramians are developed.



Definition The observability function L,(z) and
the controllability function L.(z) of ¥ as in (45)
are defined by

Lo(2®):= 5[5 ly@®)|*dt, 2(0) = 2°, u(t) =0
Lo(zh):= th
o(x’) Lo 5 lu@)l

z(—oc) = 0, z(0) =2zt
respectively.

These functions are closely related to observability
and controllability operators and Gramians in the
linear case (13) and (14). At first we present
the relation between the observability function,
operator and Gramian.

=307, = 3(°,07(0@"), 2%))r~
=3(", P )re = 3(a%, 8" (54)

Here p” = p(0) is the initial state of the state-
space realization of O* in (50) with the input
(ug,z%) = (O(2"),2"). The function ¢(z°) can
always be rewritten by ¢(z°) = Q(z") z° using
a square symmetric matrix Q(z%). This matrix
coincides with the observability Gramian in the
linear case. Further it should be noticed that

Lo((t)) = 3(z(t), p(t))x (55)

ml»—\ ml»—\

1
2
1
2

holds along the trajectory of the state-space real-
ization (50) of O*.

In the controllability case, there does not hold
such a relation as in the observability case. As
for the equation (54) it does follow that

Le(a') = 3lCt (=) Zp =3 CT (€M), 2*)gn

= (", p(z"))rn (56)
with CT : R” — L7(Q,) the pseudo-inverse of C
such that

C'l(a) =g min ey (57)

holds. The state-space realization of CT can be
easily obtained and L.(z) can be calculated in
a similar way as L,(x). This relation is slightly
different from the linear case (14), since here
we deal with the “inverse” of the controllability
Gramian. The correspondence with the linear case
can however be explored in terms of duality as
follows.

Proposition 4 Consider the system X as in
(45) and the related port-controlled Hamiltonian
system Hg¢ as in (42). Suppose that & = f(x)
is asymptotically stable and that % has the ob-
servability function L,(z) and the controllability
function Lc(x). Consider the reverse-time system

of the p-subsystem of the related port-controlled
Hamiltonian system

p = AT(¢(p))p+CT(¢( ))tta
{ya — o (b)) - (58)

Let = = ¢(p) denote the inverse mapping of
p= BLCT

observabzlity function L, (p). Then L, (p) is given
by a Legendre transformation

(z) and suppose that this system has the

Lo(p) = —Le(x) + pT . (59)
Let x = ¢(p) denote the inverse mapping of
p= aL"T(yv) and suppose the system (58) has a

controllability function L. (p). Then Ec(p) 18 given
by a Legendre transformation as well

Le(p) = —Lo(x) + pT . (60)

Legendre transformations give the duality in the
sense of Young (Arnold, 1989) and this duality is
intrinsically coordinate dependent. Thus, as in the
linear case, we have duality in the sense of Young
between inputs and outputs which appears to
be closely related to port-controlled Hamiltonian
adjoint systems.
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