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Abstract

Thenonlinearextensionof the balancingprocedureequires
the caseof statedependentjuadraticforms for the enegy

functions,i.e., the nonlinearextensionsof the linear Grami-
ans are state dependenmmatrices. Theseextensionshave

someinterestingambiguitiesthatdo not occurin thelinear
case Namely thechoiceof the statedependeninatrixin the
semi-quadrati¢orm is not unique,andthereforemay result
in differenteigervalues. Theintroductionof so-callednull-

matricesis usefulfor the analysisof this problem. Further

more, the conceptof norm-preservindransformationgro-

vides further insight on theseambiguities. This paperpro-

vides a detailedanalysisof this phenomenorand outlines
somefuturedirectionsfor research.

1 Intr oduction

Thenotionof balancedealizationgor nonlinearstatespace
modelreductionproblemswasfirst introducedby Scherpen
in [12, 13]. Analogougto the Gramiangnatricesusedin the
linear case,e.g. [8], controllability and obserability (en-
emy) functionsare usedto determinehow importanteach
statecomponents in influencingthe input-outpu map of
the system. Thesefunctionsare thentransformedthrough
a changeof coordinatesinto a simultaneousliagonalform
in orderto identify the so calledsingular valuefunctionsof
thesystem.In thelinear case thesefunctionsareequialent
to the squareof the (constantHankelsingularvaluesof the
system.Statetruncationis finally accomplishedy examin-
ing the singularvaluefunctionsin a neighborhooaf 0 and
deletingstateghatcorrespondo the smallestsingularvalue
functionsin alocal sense.

Theprocedurdor nonlinearbalancinghowever, hassome
interestingambiguitiesthat do not occurin the linear case.
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Specifically it appearghatthe singularvaluefunctionsde-
finedin [12, 13] aredependenbn a particularfactorization
of the obsenrability functionwhich follows from the Funda-
mentalTheoremof Integral Calculus. It hasbeenshavn in

[3, 4] thatin a fixed coordinateframe this factorizationis

not unique,andthusotherdistinct definitionsfor the singu-
lar value functionsare possible. Of course this is of great
concernin modelreductionapplicationsg.g.,[9, 10], since
decisionsaboutstatedeletionshouldonly dependn theco-

ordinateframeof the statespaceandon intrinsic qualitiesof

input-outputmap. In this paperwe give a thoroughanaly-
sisof this problem,considemwhatis requiredfor a balancing
procedureo be consistentandstudythe role of norm pre-
servingandorthogonakoordinateransformations.

Thepaperis organizedasfollows. In Section2, the back-
groundfor the problemis provided by reviewing somestan-
darddefinitionsin connectiorwith nonlinearbalancedeal-
izations.Furthermorethe natureof our mainproblemis ex-
plainedand illustratedwith an example. In Section3, we
first considerthe non-uniquenessf enegy function factor
izationsvia socallednull matrixfunctions asgivenin [3, 4].
Section4 studiesnorm preservingcoordinatetransforma-
tions,andstudiegheeffect of suchtransformationsn singu-
lar valuefunctions.Also, orthogonalkoordinateransforma-
tions, which area subclasof norm preservingtransforma-
tions, areconsideredandit is shavn thatthey exhibit “sin-
gularvaluefunction” preservingoroperties.In Section5 we
presentherequirementsor a consistentactorizationproce-
durefor enegy functionsandbalancingcoordinateransfor
mations.We concludethatthe proceduravhichfollowsfrom
the Fundamental heoremof Integral Calculusdoesnot ful-
fill theserequirementsFinally, in Section6 we summarize
our conclusions.

The mathematicahotationusedthroughouts fairly stan-
dard. Vector normsare representedy |z| = vaTx for
z € R™. Ls(a,b) representshe setof Lebesguameasur
able functions,possiblyvectorvalued,with finite L, norm

lzlL, = /J7 lz(®)]? dt. If L : R® — TR is adifferen-
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tiablefunction, thenits partialderivative g—g will betherow
vectorof partialderivativesg—é wherei =1,...,n.

2 The nature of the problem

In this section the backgroundor the problemis first briefly
outlinedby reviewing somestandarddefinitionsin connec-
tion with nonlinearbalancedealizations.All of this mate-
rial hasbeenadaptedrom [12, 13]. Thenasimpleexample
is providedto illustratethe non-uniquenesghenomenaon-
sideredn this paper

Let M beann-dimensionabkmoothmanifold,andlet

& = flz)+9(x)u
y = hz)

bea systendefinedin termsof local coordinate®n M with
u(t) € R™ andy(t) € IRP. We assumehat f, g andh are
smoothon M, f(0) = 0 andh(0) = 0. Thecorresponding
controllability and obsenrability functions(or enegy func-
tions, collectively) for sucha systemaredefinedbelow.

Definition 2.1 Thecontrollability and observability func-
tions for thesysten f, g, h) are definedyespectivelyas

. 10 2
min = lu(t)]|® dt
u€ L (—00,0) 2 —o0
z(—00)=0, z(0)=z

L.(z) =

and
1 [ 9
L@ =1 [ Il a.
0
whenz(0) = z,andu(t) =0for 0 <t < oo.

In order for a balancedrealizationto exist, the following
propertiesf the systemareassumedhroughouthe paper:

1. f is asymptoticallystableon someneighborhood” of
0.

2. Thesystem(f, g, h) is zero-stat@bserableonY'.
3. L. andL, existandaresmoothonY .

The next collectionof resultsform the core of the standard
nonlinearbalancingprocedure.The lemmabelow is just a
specializatiorof the Fundamental' heoremof Integral Cal-
culus.

Lemma2.1 [7] Let L be a smoothreal-valuedfunctionon
a corvex neighborhood/ € IR of 0 with L(0)=0. ThenL
exhibitsthefactorization

L(z) = o¥ (z)z,

whee a isthesmoothvectorfield on V' with componentunc-

tions
L oL
—(th‘l, ..

| am . txy,) dt.

ai(z) =

Obsere thata” (0) = 2£(0), andin fact any factorization
of theform L(z) = a” (z)z necessarilyrasthe propertythat
a’'(0) = 2£(0). Thefollowing lemmacomesfrom applying
MorsesLemmato L. [7], andtheabove lemmatwiceto L,,.

Lemma 2.2 For a system(f, g, h) with correspondingen-
ey functions(L., L,), there existsa coodinate transfor
mationz = ¢(Z), ¢(0) = 0, definedon a neighborhood/
of 0 which corvertsthe systeminto an input-normal real-
ization, whee

Le(

81

) =
o(Z) =

with M ann x n symmetrionatrix-valuedfunctionhaving
smoothcomponentunctionson V := ¢~ (V') and M (0) =

2La(0).

i
81

Analogousto the above obsenation,anyfactorizationof the
form L,(z) = 1z7 M’(z)z necessariljrasthepropertythat
M'(0) = 3272(0). In orderto diagonalizeM , the following
technicalemmais needed.

Lemma 2.3 [5] If there existsa neighborhood” of 0, whee
the numberof distinct eigervaluesof M is constantevery-
whee V, thenthe eigevaluesand orthonormalizeceigen-
vectors(A;, pi), i = 1,...,n of M are smoothfunctionsof
zeV.

Theorem 2.1 For a system(f, g, h) satisfyingthe condi-
tion in LemmaZ2.3, there exists a coodinate transforma-
tion z = ¥(z), ¥(0) = 0, definedon a neighborhood/

of 0 which convertsthe systeninto a input-normal/output-

diagonalrealization, whee

f/c(z) =

Lo(z) = Lo(¢¥(2)) = —sziag(Tl (2),-- ., mn(2))z

2
with 7 (z) > ... > 7,(z) beingsmoothfunctionson W :=

Y= (U).

The setof functionsr;, i = 1,...,n arecalledthe singular
valuefunctionsof (f, g, h). Thefinal stepof this balancing
proceduras givenbelow.

Theorem 2.2 For the systemrin Theoem2.1, there existsa
coodinatetransformationz = 7(z), n(0) = 0, definedon
the neighborhoodiV of 0 which corvertsthe systeninto a
balancedrealization, whee

Le(2) = Le(n(2)
= %sziag(a(zl)*l, o o(Z) Hz
Lo(2) = Lo(n(2))
= %ZTdiag(fjl(Z), ..., sigma,,(%))Z,
with 6:(2) = o4(z) 'n(n '(2) and o;(5) =

7i(0,...,0,771(%),0,...,0)2 fori = 1,...,n.
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Figurel: Thesingularvaluefunctionsfor Example2.1when
c1(z) = ca(z) = 0 (light gray),andwhenc; (z) = z; and
ca(x) = zo (darkgray).

Note that alongcoordinateaxesit is easilyverified for i =
1,...,nthat:

52
Z

oi(zi) !
12‘71(2) @)

To llustratethenon-uniqueneseaturesn theabove balanc-
ing procedureconsideithefollowing example.

Qo
~~
=
=
S
(==}
=
|
NIHNl»—\

Example 2.1 Considerthe systemwell definedon an open
neighborhoodn IR

f@) = [axl—I-QOzxg;l—(a — 2)22 ]
glx) = \/5[ af“]
hz) = %(3a(x1+x§)+(a—2\/§)m),

wherea = (v/3 + v/2)(v/3 + 2). Thecorrespondingnegy
functionscanbeshawvn to be

1
Le(z) = (@7 + 22123 + 25 + 23)
1
Lo(z) = Z(Sx% + 2x129 4 62123 4 323 + 225 + 323)

Figure2: Thesingularvaluefunctionsfor Example2.1when
c1(z) = ca(x) = 0 (light gray),andwhenc; (z) = z3 and
c2(z) = =323 (darkgray).

for all z € IR2. Now applyingthe coordinatdransformation

m—¢>(f)—[f1”?]

x2

yieldsaninput-normalform with enegy functions:

|

Since M is constantin this representationthe singular
valuefunctionsappeato bethe constanfunctions:r;(z) =
2, 12(z) = linthediagonalizedoordinatdramezr = v (z).
Thesituationis, however, morecomple thanit first appears.
For example considethesmoothsymmetricmatrix function

Tz

1
2
Lo(z) = 3z M(z)z = § &7 [

N[0 |0
N[N

_ _ —2zy T _ 0 T
A(Z) = c1() [ a‘c12 O1 ] + c2(Z) [ Z 72;1 ] ;
wherecy, e € C*°(IR?), the ring of smoothreal-\alued
functionsdefinedon IR2. Sincez” A(z)z = 0 everywhere
onIR? andA(0) = 0, anothetinput-normaform in thesame
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coordinatesystemis:

L(z) = iz
Lo(z) = izT(M(z)+ A(z))z
= FTM'(2)z (2)
[ @ mL@) ],
2 mio(T)  miy(T)

wherem/,(z) = % — 2¢1(2)x2, miy(z) = % +a(Z)z +
3

of ¢1, c2, the conditionin Lemma2.3 is satisfied,andthus
M’ is smoothlydiagonalizable.Considey for example,the
case:ci1(Z) = T, andcea(Z) = Zo. Thenit followsthatthe
eigevaluesof M’ are )| (Z) = 2+ (Z1 — 72)? and\y(T) =
1 — (%1 + 72)?, which aredistincteverywhereon IR2. The
diagonalizingransformation

1 1. / 1 1

=+ 3521 — 29 —5=t+35%
N B 271 2 B 272 /
c=v()=| V2 } \/__L z

V2 V2
yieldsthecorrespondingnput-normal/ouput-diagonaform:

E/C(Z/) = Lc('l/)/(Z/» — %(Zl)TZ/,
L(2) = Lo(¥'(2))
_ %(z’)Tdiag(T{ (&), 5('))2"

= %(z’)Tdiag@ +2(25)%,1 —2(21)?)7.
Thus, it is clear that a different factorizationof L,, via
the introduction of the matrix-valuedfunction A, leadsto
a differentsetof singularvalue functions. Note, however,
thatthey are identicalalongrespectie coordinatedirections,
ie.,7/(0,...,0,2,0,...,0) = 1,(0,...,0, 2,0,...,0) for
i=1,2. Thisis alsoillustratedin Figurel. However, noticein
Figure2 thatthis resultdoesnotholdfor every setof ¢; func-
tions. Furthermorepbsenre thatary coordinatetransforma-
tion of theform z = v(w) = T'(w)w with TT (w) T (w) = I
transformsthe enegy functionsin (2) to yet anotherinput-
normal/output-dagonalform after applying the diagonaliz-
ing transformationu = 4 (y):

1

Le(y) = Ll o b)) = 547

Foly) 1= Lo((v o 9)(0)) = 54" diag(i2 (), 72(0)

where7; (y) = A\i((v o) (y)), i = 1, 2. Thusseeminglydif-

ferentsetsof singularvaluefunctionsare potentiallyrelated
by an orthogonalcoordinatetransformationput that is not
readily apparenin this example. In the next sectionthese
issuesareconsideredn detail.

3 A sourceof non-uniqueness

In this sectiona sourceof non-uniquenesi& computingthe
singularvaluefunctionsof a systemis presentedthe addi-
tion of anull matrix function.

Let V' be an openneighborhoodf 0, andlet C>° (V) de-

note the Abelian ring of smoothreal-valuedfunctionsde-

finedon V. (Addition andmultiplication aredefinedin the
obvious pointwisefashionon V', seefor example[6].) Let

M, (C*(V)) denotethe setof n x n matriceswith com-
ponentsfrom C*°(V'). Using the usualnotions of matrix
addition and multiplication, M,,(C*(V')) is an associatie

ring with identity[2]. ThesubsetS,, (C>°(V')) consistwf all

symmetricmatricesin M,,(C*°(V')). Thefollowing subset
of S,,(C*°(V)) is mostrelevantin this paper

Definition 3.1 ThesubsetAd(V) C S, (C*°(V)) isthesetof
matrix-valuedfunctions,A, with thefollowing properties:

i. A(0)=0.
i. 2TA(z)r=0,VzeV.

Any A € A(V) iscalledanull matrix function onV. Some
propertiesof .A(V) areconsideredn the following lemma,
andthenanapplicationof thisideais givenin thesubsequent
lemma.

Lemma 3.1 For any neighborhoodV" of 0, the following
statementsaire true:

i. A(V)isavectorspaceoverR.
ii. A(V)isamoduleoverC*> (V).

iii. Thematrix A = 0 is the only constantmatrix in
A(V).

iv. TherelationM ~ M’ < M — M’ € A(V)isan
equivalenceelationon S,, (C*°(V)).

Proof: Proofsof thesestatementareelementary =

Lemma 3.2 On any neighborhoodV of 0 and for any
M, M’ € S,(C>®(V))

2T M(z)x = 2" M (z)z, €V & M ~ M.
Proof: Theproofis trivial usingthefactthattheequivalence

ontheleft-handsidealsoimplies M (0) = M'(0) =

An interestingobsenationabouttheset A(V) isits relation-
shipto anisotropysubgroupf the matrix group:
GL,(C=(V)) :=
{T € M, (C>(V)):35 € Mp(C>(V))withTS = I},
where I denotesthe identity matrix [11].  Viewing
GL,(C>(V)) asatransformatiorgroupon V" with theusual
groupaction

Y i GLy(C®(V) x V=V

(T,z) — T(z)x,
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theisotropysubgroudor ary x € V' is
I, :={T € GL,(C*=(V)) : T(x)x = z}.

Thecorrespondingsotropysubgrougor V' is

Iy = ﬂ L.

zeV

Now givenary symmetricelementB € Iy, it isimmediate
that/ — B € A(V), thatis,

(I — B(z))z = 27 (z — B(z)z) = 0.

However, it is easyto find examplesof null matriceswith
no correspondinglementin Iy,. Specifically it is possible
for 27 A(z)z = 0 everywhereon V' without A(z)z = 0.
Hence the usualmethodsassociatedavith matrix groupsdo
notcompletelydescribethe natureof A(V).

Returningnow to the main problem, it was obsered in

the examplefrom the previous sectionthat the equivalence
M ~ M’ on S,(C>(V)) doesnot imply equivalenceof

their respectre pointwise spectra. This is a fundamental
sourceof non-uniquenesm the calculationof the singular
valuefunctionsof a system.However, it is still possibleto

makesomegeneralstatementselatingtheir spectra.This is

doneusingthe following results,from which the proofscan
befoundin [3, 4].

Lemma3.31f A € A(V) then A(z) = [ai(z)] =
[ovij(@)x] = [>op_(aui(x)ezs] = [Dop_; cijr(x)zi] on
V,whee

ii. aijk(O) + Oz]“'j(o> + Ozjki(O) =0 for all i, 7, k;

iii. Zijk(aijk,(x) +akij(x) +iji($))xi$jxk =0on
V.

Next considerthe following resultfrom matrix perturbation
theoryadaptedrom [1] (seep. 163).

Theorem 3.1 Let My € IR™*" be a simplesymmetricma-
trix with eigervalues{\;}?_, andorthonormaleigervectors
{pi}?-,. For & € IR and symmetricmatricesMy, My €
R™*" define

M(0) = My + M6 + M6
For suficientlysmall|d|, thematrix M (0) is alsosimple,and

its correspondingeigervalues{\;(0)}?_, andorthonormal
eigevectors{p; (0)}_, dependanalyticallyon¥, i.e,

Ai(0) =
pi(0) =

MO Mg P2 4
pﬁ“’ —l—pgl)é’ + p§2))\(2)92 +...

fori=1,2,...,n. In particular
A0 =
)\51) = p! Mp;
Yoo
@ — S Tasn. Tas |2
A = pi Mapi + Z Ay lpi Map;|
Jj=1
i#]
0
pg ) = pi
N
o _ p! Mip;
Pi AV Vi Y
Jj=1
i#]

Now we canrelatethe singularvaluefunctionson the coor
dinateaxesof differentfactorizationsasfollows[3, 4].

Theorem 3.2 Supposé € S, (C>(V)) and M (0) is sim-
ple Let{)\;, p;} denotethe smoothlydefinedeigervalueand
orthonormal eigervector pairs for M on a neighborhood
V C V of0 (c.f Lemma2.3). Let A € A(V) anddefine
M’ = M + A with correspondingeigervalues{\;}? ;. In

the diagonalizedcoominateframez = ¢ ~!(z) for M, the
eigervaluesof M and M’ are equivalento first order along
their respectivecoordinate directions. That s, suficiently
closeto 0

N((0,...,0,2,0,...,0) =

) ©)
Az(¢(07 30,20, .. 70)) + O(Zi )

Remarks:

1. In the contet of thesingularvaluefunctions,i.e.,when

Lo(z) = +2TM(z)z and L (z) = 2T M'(z)z, the
2 o 2

identity (3) becomes
N (¥(0,...,0,2;,0,...,0)) =
7'7;(0,...,0,21;,0,...,0) +O(Z12)

The lefthand side of this identity is only equivalent
to the true singularvalue functionsfor M’ if the (or-

thogonal)diagonalizingransformation’ = (') ~1(z)

for M’ is identicalto the diagonalizingtransformation
z = ¢~ (z) for M. Thisis the casein Example2.1

from the previous section, M and M’ are simultane-
ously diagonalizedby the samecoordinatetransforma-
tion. In Figure3, thetheoremis illustratedfor this ex-

ampleusingvarioussetsof ¢; functions.Theeffectof an
orthogonalcoordinatdransformatioron singularvalue
functionsis consideredn the next section.

2. In generalthe identity (3) is not true to secondorder
or higher However, if matrix B; = 0 in the proof of
Theorem3.2 thenequality up to secondorderfollows
from the expressionfor )\Z(.Q) in Theorem3.1. This is
exactly the casein Example2.1 for the first choiceof
functionsc; andcs.
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Figure3: Coordinateaxis crosssectionsof thefunctions,
and); in Example2.1whenc; (z) = c3(z) = 0 (solidline),
c1(z) = z1 andez(z) = x4 (dashedine), ¢;(z) = x5 and
c2(z) = —3x3 (marked'0’), ande; (x) = cos(z1) — 1 and
ca(x) = 3sin(zz2) (Marked'+’).

4 Norm presewning coordinate trans-
formations

A smoothcoordinateransformation: = v(w) is saidto be
normpreservingonacorvex neighborhooaf theorigin, W,
if ||z|| = ||Jw|| for all w € W. Sinceall suchmapssatisfy
v(0) = 0, it follows directly from Lemmaz2.1 thatthereex-
ists at leastone factorizationof the form v(w) = T(w)w
whereT € M, (C>(W)). Thus,it isimmediatethatevery-
whereon W

lv(w)]* =

or equivalently 77 (w)T'(w) = I + Ar(w) for someAr €

A(W). In thecontet of enegy functions,normpreserving
transformationareinterestingbecausehey presere input-

normalforms,thatis,

wI T ()T (w)w = wlw

L.(z) = lZETZE = lew = Lc(w).
2 2
A specific class of norm preservingtransformationsare
the so called orthogonaltransformationswhich are char
acterizedby having a factorizationv(w) = T'(w)w where
TT (w)T(w) = I for all w € W. In thefollowing theorem,
it is obseredthatorthogonatoordinatdransformationalso
presere thesingularvaluefunctionsin a naturalsense.

Theorem4.1 Consider a system(f, g, h) with singular
valuefunctionsr;, i = 1, .. ., n derivedfroma specifianput-

normalform: L.(z) = 12Tz, Ly(z) = 32T M(z)z. Any

orthogonalcoodinatetransformationz = v(w) = T'(w)w,
yieldsthe correspondingsingularvaluefunctions
%i:Tiow_loz/ozZJ, 1=1,...,n, 4)

whee z = ¥(z) andw = z[J(y) are diagonalzingtransfor
mationsfor M (-) and M (v(-)), respectively

Proof : After applyingthe coordinatetransformatiornv and
using the orthogonalitycondition, the new systemhasthe
input-normalform

(W) M (v(w) T (w) w. ()

M (w)

Hence, it follows that the matrices M (v (w)) and M (w)
have the sameeigervaluesfor eachw. To computethe sin-
gular value functionsstartingfrom M (-), usethe fact that
z = ¢Y(z) = Ty(z)z diagonalizesV/ (z) in the appropriate
fashion,.e.,

Tlf(z)]\/[(l/)(z))Td) (z) = diag(t1(2), ...
Consequently
TF (W (v(w))) - T(w) M (w)T~
=T (= (v(w) My~
=diag(nn(¥ "t ov(w)),...,
= diag(71(y), - Tn(y));

T (2))-

Hw) - Ty (¥~ (v(w)))
Hrw)) T~ (v(w)))
(™ o v(w)))

wherey = J~(w) is the diagonalizectoordinateramefor
M (w). Equatingthe diagonaltermson the righthandside of
thelasttwo equationgives

Fily) = mi(w o

Hence thetheoremis proven. =

v((y)))-

In Example2.1,thefirst setof singularvaluefunctionswere
the constantvaluesr; (z) = 2 andr(z) = 1. Thus,in light

of equation(4), they areinvariantunderall orthogonalco-

ordinatetransformationsThis eliminateshe possibility that
suchatransformatiorcanrelate{;} to thesecondsetof sin-

gularvaluetransformationg 7/} derivedfrom addinganull

matrix. The next theorem,describeghe effect of a general
normpreservingcoordinatgransformatioron a given setof

singularvaluefunctions.Thisresultis acombinatiorof The-
orems3.2 and4.1 and providesmore possibilitiesto relate
thevariousnon-uniquenesghenomena.

Theorem4.2 Consider a system(f, g,h) with singular
valuefunctionsr;, ¢ = 1, .. ., n derivedfroma specifidnput-
normalform: L.(z) = iz7z, Lo(z) = 1z M(z)z de-
fined on a neighborhoodV of 0 with M € S, (C>=(V))
and M (0) simple Any norm preservingcoominate trans-
formation,z = v(w) = T'(w)w, yieldsthefollowing singu-
lar valuefunctionsexpressedn the diagonalizeccoodinate
framefor M (v(-)) functions

N (1(0,...,0,5:,0,...,0)) =
(Tiozﬁ*loyoz[})((), .,O,yi,O,...,O)—I-O(ylz),
i=1,...,n,

for y; suficiently closeto 0, and whee =z = (z) and
w = 9¥(y) are the diagonalizing transformationfor M (-)
and M (v(-)), respectively
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Proof: Applying the coordinateransformation, andusing
theidentity

TT(w) =T~ (w)[I + T(w)Ar(w)T ™" (w))],

where Ar is a null matrix, givesa new input-normalform
where

wi{[I + Ar(w)] T (w) M (v(w))T (w) }w

M (w)

LO(U)) == 5

(c.f. equation(b)). Letting

M’ (w) = M(w) + Ap(w)M (w),

theproof proceedsimilarto thatof Theoreny.1, using

M'(z) = M(z)+ A(z) (6)
= P(z)A(z)P" () + A(z)
PT(@)M'(z)P(z) = Az)+ PT(2)A(x)P(z).
N—— —
N(z) B(x)

Thatis, let A7 = PAPT bethe spectradecompositiomear
theorigin. Then

PT(w)]W'(w)P(w) = A(w) + PT(w)AT(w)P(w) A(w).

N(w)

B(w)

After settingy = PTT~'w = )~} (w) it followsthat
N@)) = AWW)BE®ACWY)

= y)A(y).
Asbefore, N hasthesameeigevaluesasM’, andB isanull
matrix. Along the i-th coordinatedirectionand suficiently
closeto theorigin

N(0,...,0,4;,0,...,0) = A(0,...,0,9:,0,...,0)+
d B . A ) ,
2 [BO oy 0RO, i, 0)] L
+0(y7)

:A(Oa '707yia0a"'70)+

d 5 A 2
dyi |:B(O "aoayi707"'50):| yl:OA(O)yZ+O(yZ)

B;

Applying Lemma3.3andTheorems3.1and4.1,

Ni(4(0,...,0,4;,0,...,0) =
A@(0,...,0,9:,0,...,0)) + ef B;A(0)e; + O(y2)
= (ot tovo)(0,...,0,u:,0,...,0)+

el Bie; \i(0) + O(y .)

= (ri0¢ tovo)(0,...,0,u;0,...,0) + O(2)

This provesthetheorem. =

The orthogonaltransformationghat are consideredn The-
orem4.1 area specialcaseof the norm preservingransfor
mationsthat are consideredn Theorem4.2. In generalwe
preferto work with orthogonalransformationslueto their
“eigervalue” preservingproperties. The following theorem
gives conditionsunderwhich an orthogonaltransformation
canbe subtractedrom a givennorm preservingransforma-
tion.

Theorem 4.3 Suppos¢hatv(z) = V(z)z isasmoothnon-
singular norm preservingcoodinate transformationon an
openneighborhood of 0, i.e.,, v(z)Tv(z) = zz, and
V (z) isasmoothn x n matrix. ThenA(z) := V (z)TV (z) -
I € A(W). Definea smoothn x n matrix A(z) sud that
A(z)r = 0forall z € W. Thenv(z) = (V(z) + A(z))x
is anorthogonaltransformatiorif A(z) fulfills thefollowing
statedependeninatrix equation

Alz)TV(2)+V(2)TA(z)+A(z)TA(z)+A(z) = 0. (7)

Proof: By definition (V(z) + A(z))z is anorthogonafac-
torizationof v(z) if

(V (@) + A®)"(V(2) + Aw)) =

Reawriting the latter equation,and using the expressionfor
A(z) yields(7). =

5 A coordinate fr eefactorization pro-
cedure

In this sectionwe formulate a problem that involves the

searchfor a kind of “canonical” factorization procedure
that exhibits somekind of consisteng underarbitrarynon-

singularcoordinateransformationsln particular if two sys-
temsthat arerelatedby a non-singularcoordinatetransfor

mation are broughtinto balancedorm by the sameproce-
dure,thenonewould like to obtaindiagonalforms that do

not differ by anull matrix, i.e.,their singularvaluefunctions
will beidentical.

Problem: Consider the smooth realization
(f(z),g(z), h(z)) with a smoothenegy function L(x),
which is related via a smooth non-singular coordinate
transformationz = v(z), »(0) = 0, to the realization
f(2),§(2), h(z)) with enegy function L(z) = L(v—'(z)).
Supposethat the enegy function fulfills L(0) = 0 and

2L (0) = 0. It is well known thaton a corvex neighborhood

of 0 thereexist n x n matricesV (), M(z), andM (z) such

that
v(x) V(x)z
L(z) = zTM(z)x
L(z) = 2TM(2)z,
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wherethe entriesof V(z), M(z) and M(z) are smooth
functionsof z, x and z, respectiely, andwhere M (z) =
M(z)T, M(z) = M(z)T. It follows directly that I,(z) =
v(x)T M (v(z))v(x). Furthermorefor all factorizationst is
clearthat M (0) = V(0)T M (0)V (0). The mainquestionis
whetherthereexist a systematidfactorizationprocedureto
produceV (z), M (z), and M (z) suchthat

V(z)"M(v(z))V(z) = M(x). (8)
Theproblemdescriptionis visualizedin thediagrambelow

L—factorization
—

(f(2),3(2), h(2), L(2)) M (2)
=v(a) | V) |
(f(w),g(x),h(:z), L({E)) Lffactlrgzation Z\I(:E)

It is easily verified by examplethat a procedurebasedon
Lemma2.1, resultingfrom the Fundamental heoremof In-
tegral Calculus,doesnot exhibit the requiredproperty(8),
exceptwhenrestrictedo linearsystemsFurthermorein or-
derto yield the usuallinear case anadditionalpropertyfor
theproceduras required.Namely

Additional requirement: If the coordinatetransformation
v(z) is linear, thenthe factorizationprocedureshouldpro-
ducea constantmatrix, i.e., V(z) is a constantmatrix. If
the enegy function L(x) is a true quadraticform, thenthe
factorizationprocedurenustresultin a constanmatrix, i.e.,
M (x) is aconstantmatrix. .

Obsere thatwith this additionalrequirementit followsim-
mediatelythatfor normpreservingransformationsthe pro-
cedurewill producean orthogonalfactorization. Namely
sinceM (z) = I andM(z) = I, thenfrom (8) therequired
procedureesultsin V (z)TV (z) = I.

6 Conclusions

In this papemwe presente@ studyof enegy functionswhich
are statedependenguadraticforms, i.e., quadraticforms
with a statedependentnatrix. The factorizationinto state
dependentuadraticformsis not unique,andthusdifferent
statedependentnatricesresultin distinct eigervalue func-
tions. Thishasamongothersconsequencdsr nonlinearal-
ancingmethodsthe correspondingingularvaluefunctions
andmodelreduction.

In orderto characterizaifferentfactorizations so-called
null matriceswereintroduced.lt wasshown thatat leastlo-
cally, to first order the singularvaluefunctionsare unique.
Furthermorepresere thesingularvaluefunctionsexactlyin
anaturalsenseHowever, in generalthereis aneedfor a co-
ordinatefree factorizationprocedurepnethatresultsin the
samesingularvaluefunctions,startingfrom ary admissible

statespacesystem.Thesearctor suchaprocedurés atopic
of futureresearch.
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