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Abstract

Thenonlinearextensionof thebalancingprocedurerequires
the caseof statedependentquadraticforms for the energy
functions,i.e., thenonlinearextensionsof thelinearGrami-
ans are statedependentmatrices. Theseextensionshave
someinterestingambiguitiesthatdo not occurin the linear
case.Namely, thechoiceof thestatedependentmatrix in the
semi-quadraticform is not unique,andthereforemayresult
in differenteigenvalues.The introductionof so-callednull-
matricesis usefulfor the analysisof this problem. Further-
more, the conceptof norm-preservingtransformationspro-
videsfurther insight on theseambiguities. This paperpro-
vides a detailedanalysisof this phenomenonand outlines
somefuturedirectionsfor research.

1 Intr oduction

Thenotionof balancedrealizationsfor nonlinearstatespace
modelreductionproblemswasfirst introducedby Scherpen
in [12, 13]. Analogousto theGramiansmatricesusedin the
linear case,e.g. [8], controllability and observability (en-
ergy) functionsare usedto determinehow importanteach
statecomponentis in influencingthe input-output map of
the system. Thesefunctionsarethentransformed,through
a changeof coordinates,into a simultaneousdiagonalform
in orderto identify thesocalledsingularvaluefunctionsof
thesystem.In thelinearcase,thesefunctionsareequivalent
to thesquareof the(constant)Hankelsingularvaluesof the
system.Statetruncationis finally accomplishedby examin-
ing the singularvaluefunctionsin a neighborhoodof

�
and

deletingstatesthatcorrespondto thesmallestsingularvalue
functionsin a localsense.

Theprocedurefor nonlinearbalancing,however, hassome
interestingambiguitiesthat do not occur in the linear case.

Specifically, it appearsthat the singularvaluefunctionsde-
fined in [12, 13] aredependenton a particularfactorization
of theobservability functionwhich followsfrom theFunda-
mentalTheoremof Integral Calculus. It hasbeenshown in
[3, 4] that in a fixed coordinateframe this factorizationis
not unique,andthusotherdistinctdefinitionsfor thesingu-
lar valuefunctionsarepossible.Of course,this is of great
concernin modelreductionapplications,e.g.,[9, 10], since
decisionsaboutstatedeletionshouldonly dependon theco-
ordinateframeof thestatespaceandon intrinsicqualitiesof
input-outputmap. In this paperwe give a thoroughanaly-
sisof thisproblem,considerwhatis requiredfor a balancing
procedureto beconsistent, andstudythe role of norm pre-
servingandorthogonalcoordinatetransformations.

Thepaperis organizedasfollows. In Section2, theback-
groundfor theproblemis providedby reviewing somestan-
darddefinitionsin connectionwith nonlinearbalancedreal-
izations.Furthermore,thenatureof ourmainproblemis ex-
plainedand illustratedwith an example. In Section3, we
first considerthe non-uniquenessof energy function factor-
izationsvia socallednull matrixfunctions, asgivenin [3, 4].
Section4 studiesnorm preservingcoordinatetransforma-
tions,andstudiestheeffectof suchtransformationsonsingu-
lar valuefunctions.Also, orthogonalcoordinatetransforma-
tions, which area subclassof norm preservingtransforma-
tions,areconsidered,andit is shown that they exhibit “sin-
gularvaluefunction” preservingproperties.In Section5 we
presenttherequirementsfor aconsistentfactorizationproce-
durefor energy functionsandbalancingcoordinatetransfor-
mations.Weconcludethattheprocedurewhichfollowsfrom
theFundamentalTheoremof IntegralCalculusdoesnot ful-
fill theserequirements.Finally, in Section6 we summarize
ourconclusions.

Themathematicalnotationusedthroughoutis fairly stan-
dard. Vector normsare representedby ��������� �
	�� for�
��� ��� . ������������� representsthe setof Lebesguemeasur-
able functions,possiblyvector-valued,with finite ��� norm

������ "!�� #$ �%�&�('���� �*) ' . If �,+
� ���.-/0� � is a differen-
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tiablefunction,thenits partialderivative 1  132 will betherow
vectorof partialderivatives 1  13254 where67�985��:�:�:;�;< .

2 The natureof the problem

In thissection,thebackgroundfor theproblemis first briefly
outlinedby reviewing somestandarddefinitionsin connec-
tion with nonlinearbalancedrealizations.All of this mate-
rial hasbeenadaptedfrom [12, 13]. Thena simpleexample
is providedto illustratethenon-uniquenessphenomenacon-
sideredin thispaper.

Let = bean < -dimensionalsmoothmanifold,andlet

>� � ?@�(�&�BADCE�(�&�(FG � H@�(�&�
bea systemdefinedin termsof localcoordinateson = with
F&�('��I�J� ��K andG �L'��*�M� ��N . We assumethat ? , C and H are
smoothon = , ?@� � �O� � and H@� � �P� � . Thecorresponding
controllability andobservability functions(or energy func-
tions,collectively) for suchasystemaredefinedbelow.

Definition 2.1 Thecontrollability andobservability func-
tions for thesystem�Q?R�;C���H@� are defined,respectively, as

�BST�L�U�@� VXW(YZ"[  !�\^]"_a` bdc
2 \e]f_gcehEb�` 2 \ bdceh 2

8i
b
]"_ ��FU�L'����

� ) '

and

�Bj5�(�&�@� 8i
_
b � G �('���� � ) 'k�

when�&� � �l�m� , and FU�L'��E� � for
��n 'porq .

In order for a balancedrealizationto exist, the following
propertiesof thesystemareassumedthroughoutthepaper:

1. ? is asymptoticallystableon someneighborhoods of�
.

2. Thesystem�Q?R�;C���H@� is zero-stateobservableon s .

3. �BS and � j exist andaresmoothon s .

The next collectionof resultsform the coreof the standard
nonlinearbalancingprocedure.The lemmabelow is just a
specializationof the FundamentalTheoremof Integral Cal-
culus.

Lemma 2.1 [7] Let � be a smoothreal-valuedfunctionon
a convex neighborhoodtvuw� ��� of

�
with L(0)=0. Then �

exhibitsthefactorization

�x�L�U�@�y� 	 �L�U�L�O�
where � is thesmoothvectorfieldon t with componentfunc-
tions

�5z{�L�U�@�
|
b
} �} � z �L'Q� | ��:�:�:d�;'Q��~l� ) 'k:

Observe that � 	 � � �I��1  132 �
� � , andin fact any factorization

of theform ���(�&�@���� 	 �(�&�(� necessarilyhasthepropertythat
�� 	 � � �@� 1  132 �

� � . Thefollowing lemmacomesfrom applying
Morse’sLemmato �BS [7], andtheabove lemmatwiceto � j .
Lemma 2.2 For a system�Q?R�;C���H@� with correspondingen-
ergy functions �Q�PSk��� j � , there existsa coordinate transfor-
mation �����
����7� , �
� � �O� � , definedon a neighborhoodt
of
�

which converts the systeminto an input-normal real-
ization, where

��BST����U��+ � �BST�Q�
����&���@� 8i��� 	 ��
�� j ����U��+ � � j �Q�
����O�;�@� 8i��� 	O� ����7����

with � an <m�D< symmetricmatrix-valuedfunctionhaving
smoothcomponentfunctionson �t,+ �,� ] | �Qt�� and � � � �@�
1 !  ��132 ! �

� � .
Analogousto theabove observation,anyfactorizationof the
form ��Pj�����7�@� |� �� 	 ��� ����U���� necessarilyhasthepropertythat
� � � � �P��1 !  132 ! �

� � . In orderto diagonalize� , the following
technicallemmais needed.

Lemma 2.3 [5] If thereexistsa neighborhood�t of
�
, where

the numberof distinct eigenvaluesof � is constantevery-
where �t , thenthe eigenvaluesand orthonormalizedeigen-
vectors �Q�"z��;�"z{� , 6���85��:�:�:{�;< of � are smoothfunctionsof
���� �t .

Theorem 2.1 For a system �Q?R�;C���H@� satisfying the condi-
tion in Lemma2.3, there exists a coordinate transforma-
tion �������Q�R� , ��� � ��� �

, definedon a neighborhood�
of
�

which convertsthesysteminto a input-normal/output-
diagonal realization, where

�� S �Q����+ � � S �L�������;�
� 8i � 	 ���
��Bj��Q����+ � �Bj��(���Q�R�;�
� 8iU� 	 ) 6��kC��L� | �Q�R�Q��:�:�:��;�T~@�Q�R�;�Q�

with � | �Q�R�p��:�:�:�� � ~ �Q��� beingsmoothfunctionson ¡¢+ �
� ] | ����� .
Thesetof functions� z , 6£��83��:�:�:d��< arecalledthesingular
valuefunctionsof �Q?R��C@��HE� . Thefinal stepof this balancing
procedureis givenbelow.

Theorem 2.2 For the systemin Theorem2.1, there existsa
coordinatetransformation�¤�¦¥B������ , ¥B� � �£� � , definedon
the neighborhood¡ of

�
which converts the systeminto a

balancedrealization, where§�PS��k�����+ � ��PS��(¥B����f�;�
� 8i*�� 	 ) 6���CE��¨
���� | � ] | ��:�:�:d��¨
�����~�� ] | ����§�Bj��k�����+ � ��Pj��(¥
�k������
� 8i �� 	 ) 6���CE���¨ | ����R�Q��:�:�:d� �© 6�C�ªM� ~ ����"��������

with �¨ z ����� � ¨ z ���� z � ] | � z �L¥ ] | ����R�;� and ¨ z ���� z � + �
�Tz{� � ��:�:�:d� � �;¥ ] |z �����z��Q� � ��:�:�:;� � ��«! for 67�985��:�:�:{�;< .
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Figure1: Thesingularvaluefunctionsfor Example2.1when¬ | �L�U��� ¬ � �(�&��� � (light gray),andwhen ¬ | �L�U�O�9� | and¬ � �L�U�@�m� � (darkgray).

Note that alongcoordinateaxesit is easilyverified for 6*�
83��:�:�:;�;< that:

§� S � � ��:�:�:d� � �����z�� � ��:�:�:�� � �­� |� �� �z ¨"z{�����z�� ] |§� j � � ��:�:�:;� � ���� z � � ��:�:�:�� � �®� |� �� �z ¨ z ���� z ��: (1)

To illustratethenon-uniquenessfeaturesin theabovebalanc-
ing procedure,considerthefollowing example.

Example2.1 Considerthe systemwell definedon an open
neighborhoodin � � � :

?E�L�U�¯� ° ± � � | A
i
± � � A � ± � °

i �(� ���E�
CE�(�&�²� � i ± °

i �E�
8

H@�(�&�²� 8
� ³ � ³ ± �(� | AD�

�� �EA.� ± °
i � i �L� � ���

where± �y� � ³ A �
i �;� � ³ A i � . Thecorrespondingenergy

functionscanbeshown to be

� S �(�&�¯� 8i �L� � | A i � | � �� A´� �� Aµ�@¶� �
�Bj5�(�&�¯� 8· � ³ � � | A i � | � � AJ¸3� | � �� A ³ � �� A i �E¹� A ³ �E¶� �
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Figure2: Thesingularvaluefunctionsfor Example2.1when¬ | �L�U�O� ¬ � �(�&�&� � (light gray),andwhen ¬ | �L�U���y� ¹� and¬ � �L�U�l�,° ³ � ¹ | (darkgray).

for all �J�º� � � . Now applyingthecoordinatetransformation

�D�»�
����&�@� �� | A��� � |�� �
yieldsaninput-normalform with energy functions:

� S ����U�l� |� �� 	 ��
�Bj5����&�@� |� �� 	 � ����&������ |� �� 	 ¹� |�|� ¹� ��B:

Since � is constantin this representation,the singular
valuefunctionsappearto betheconstantfunctions:� | �����
�i �P� � �����@��8 in thediagonalizedcoordinateframe���m���Q�R� .
Thesituationis,however, morecomplex thanit first appears.
For example,considerthesmoothsymmetricmatrixfunction

¼ ����&�@� ¬ | ����&� ° i ��E� �� |
�� | � A ¬ � ����&�

� ��@�
��@� ° i �� | �

where ¬ | � ¬ � ��½ _ �¾� � � � , the ring of smoothreal-valued
functionsdefinedon � � � . Since �� 	 ¼ ����&������ � everywhere
on � � � and

¼ � � �@� � , anotherinput-normalform in thesame
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coordinatesystemis:

��BST����&�¿� |� �� 	 ��
��Pj�����&�¿� |� �� 	 � � ����&�EA ¼ ����&������

+ � |� �� 	 � � ����U����
� |� �� 	 ª � |{| ����U�²ª � | � ����U�ª � | � ����U�²ª ��{� ����U� ��B:

(2)

whereª � |d| ����7�&� ¹� ° i ¬ | ����U���� � , ª � | � ����U�P� |� A ¬ | ����U���� | A¬ � ����U���� � , and ª ��d� ����&�g� ¹� ° i ¬ � ����7���� | . For mostchoices
of ¬ | � ¬ � , the conditionin Lemma2.3 is satisfied,andthus��� is smoothlydiagonalizable.Consider, for example,the
case: ¬ | ����U�O�¯�� | and ¬ �R����&�&�®��@� . Thenit follows that the
eigenvaluesof � � are � � | ����7�E� i A.���� | °m��E��� � and � �� ����&�l�8p°m���� | AÀ��@�"� � , which aredistincteverywhereon � � � . The
diagonalizingtransformation

���Á� � ��� � �@�
|Â � A |� � � | °Ã� �� |Â � A |� � ��|Â � ° |Â � � �

yieldsthecorrespondinginput-normal/output-diagonalform:

�� � S �Q� � ��+ � � S �(� � �Q� � ���@� 8ix�Q� � � 	 � � �
�� � j �Q� � ��+ � �Pj��(� � �Q� � ���

� 8iI�Q� � � 	 ) 6��kC��L� �| �Q� � �Q�;� �� �Q� � �;�Q� �
� 8iI�Q� � � 	 ) 6��kC�� i A i ��� �� � � �T8I° i �Q� � | � � �Q� � :

Thus, it is clear that a different factorizationof �Bj , via
the introductionof the matrix-valuedfunction

¼
, leadsto

a differentsetof singularvalue functions. Note, however,
thatthey are identicalalongrespectivecoordinatedirections,
i.e., � �z � � ��:�:�:d� � ��� �z � � ��:�:�:�� � �P�9� z � � ��:�:�:d� � ��� z � � ��:�:�:;� � � for
i=1,2. This is alsoillustratedin Figure1. However, noticein
Figure2 thatthis resultdoesnotholdfor everysetof ¬ z func-
tions. Furthermore,observe thatany coordinatetransforma-
tion of theform ���yÄE�LÅ¤�@�mÆÇ�LÅX�(Å with Æ 	 �LÅX�(ÆÇ�LÅ¤�@�ÁÈ
transformsthe energy functionsin (2) to yet anotherinput-
normal/output-diagonalform after applyingthe diagonaliz-
ing transformationÅÁ�ÊÉ�Ë� G � :
É� S � G �x+ �Ì� S ���QÄËÍ�É�Ë�;� G ����� 8i G 	 G �
É�Bj5� G �x+ �Ì�Pj����QÄËÍ É����� G �;�
� 8i G 	 ) 6d��CE� É� | � G ��� É� � � G �;� G �

where É� z � G ���,� z �;��Ä�Í´É�Ë�;� G ��� , 67�985� i . Thusseeminglydif-
ferentsetsof singularvaluefunctionsarepotentiallyrelated
by an orthogonalcoordinatetransformation,but that is not
readily apparentin this example. In the next sectionthese
issuesareconsideredin detail.

3 A sourceof non-uniqueness

In this sectiona sourceof non-uniquenessin computingthe
singularvaluefunctionsof a systemis presented:the addi-
tion of anull matrix function.

Let t be an openneighborhoodof
�
, and let ½ _ �QtX� de-

note the Abelian ring of smoothreal-valuedfunctionsde-
finedon t . (Addition andmultiplicationaredefinedin the
obvious pointwisefashionon t , seefor example[6].) Let� ~ ��½ _ �QtX�;� denotethe set of <À�J< matriceswith com-
ponentsfrom ½ _ ��t�� . Using the usualnotionsof matrix
additionandmultiplication, � ~ �Q½ _ ��t���� is an associative
ring with identity[2]. ThesubsetÎ ~ ��½ _ �Qt���� consistsof all
symmetricmatricesin � ~���½ _ �QtX�;� . The following subset
of ÎÏ~���½ _ �QtX�;� is mostrelevantin this paper.

Definition 3.1 ThesubsetÐD��t��Pu�Î ~ �Q½ _ �QtX�;� is thesetof
matrix-valuedfunctions,

¼
, with thefollowing properties:

i.
¼ � � �E� � .

ii. � 	 ¼ �L�U�L�a� � , Ñ"�J��t .

Any
¼ ��ÐD�QtÇ� is calledanull matrix function on t . Some

propertiesof ÐD��t�� areconsideredin the following lemma,
andthenanapplicationof this ideais givenin thesubsequent
lemma.

Lemma 3.1 For any neighborhoodt of
�
, the following

statementsare true:

i. ÐD��t�� is a vectorspaceover Ò .

ii. ÐD��t�� is a moduleover ½ _ �QtX� .
iii. Thematrix

¼�Ó �
is the only constantmatrix in

ÐD��t�� .
iv. Therelation �ÕÔ,� �
Ö � ° � � �JÐD�QtX� is an
equivalencerelationon ÎÏ~��Q½ _ ��t���� .

Proof : Proofsof thesestatementsareelementary.

Lemma 3.2 On any neighborhood t of
�

and for any� � � � �×ÎÏ~���½ _ �QtX�;�
� 	 � �L�U�L���m� 	 � � �L�U�L�O�P�J�Jt Ö �ØÔ�� � :

Proof: Theproof is trivial usingthefactthattheequivalence
on theleft-handsidealsoimplies � � � �l� � � � � �
An interestingobservationaboutthesetÐD��t�� is its relation-
shipto anisotropysubgroupof thematrixgroup:

Ù � ~ ��½ _ �QtÇ�;�&+ �Ú ÆÀ� � ~ �Q½ _ �QtX�;�U+"Û"Î�� � ~ ��½ _ �QtX�;� with ÆËÎº�mÈ@Ü��
where È denotes the identity matrix [11]. ViewingÙ �B~
�Q½ _ ��t��;� asatransformationgroupon t with theusual
groupaction

� + Ù �P~��Q½ _ ��t��;�x�at»-/�t
+Ý�(Æ£�;�U�O-/¦ÆÇ�L�U�L�O�
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theisotropysubgroupfor any �J��t is

È 2 + �
Ú Æ�� Ù �B~@�Q½ _ �QtX�;�&+�ÆÇ�(�&�(���Á�&Ü5:

Thecorrespondingisotropysubgroupfor t is

È3Þm+ �
2 [ Þ

È 2 :

Now givenany symmetricelementßv�aÈ Þ , it is immediate
that ÈX°àß»�¤ÐD��t�� , thatis,

� 	 �LÈX°àß��L�U�;�(�D� � 	 �(�D°àß��L�U�L�U�@� � :
However, it is easyto find examplesof null matriceswith
no correspondingelementin È Þ . Specifically, it is possible
for � 	 ¼ �(�&�(��� � everywhereon t without

¼ �(�&�(��� �
.

Hence,the usualmethodsassociatedwith matrix groupsdo
notcompletelydescribethenatureof Ða�QtX� .
Returningnow to the main problem, it was observed in
the examplefrom the previous sectionthat the equivalence� Ô²� � on ÎÏ~
�Q½ _ ��t��;� doesnot imply equivalenceof
their respective pointwisespectra. This is a fundamental
sourceof non-uniquenessin the calculationof the singular
valuefunctionsof a system.However, it is still possibleto
makesomegeneralstatementsrelatingtheir spectra.This is
doneusingthe following results,from which theproofscan
befoundin [3, 4].

Lemma 3.3 If
¼ �áÐD�QtÇ� then

¼ �L�U�â� ãä�5z(åT�L�U�¾æ9�ã ± z(å �(�&�(�@æU�çã
~è h | � ± z(å �L�U�;�

è � è æ�+ �çã ~è h | ± zLå
è �(�&�(� è æ on

t , where

i. ± z(å
è � � �l� 1 $ 4êé132�ë �

� � ;
ii. ± z(å

è � � �EA ±
è z(åk� � �EA ± å

è zì� � �l� � for all 6���í5��î ;
iii. z(å è � ± zLå

è �(�&��A ±
è z(å �(�&��A ± å

è z �(�&���L� z � å � è � � on
t .

Next considerthe following resultfrom matrix perturbation
theoryadaptedfrom [1] (seep. 163).

Theorem 3.1 Let � bJ�.� ����ïf� bea simplesymmetricma-
trix with eigenvalues

Ú � z Ü ~z h | andorthonormaleigenvectorsÚ � z Ü ~z h | . For ðm�9� � and symmetricmatrices � | � � ���� ����ïf� define

� �Qð��
� � b�A � | ð�A � ��ð � :
For sufficientlysmall ñLð5ñ , thematrix � �Qð�� is alsosimple,and
its correspondingeigenvalues

Ú � z ��ð���Ü ~z h | and orthonormal
eigenvectors

Ú �"z{�Qð��;Ü ~z h | dependanalyticallyon ð , i.e.,

�"z���ð��¯� � \ bdcz Aò� \ | cz ð�A�� \ �dcz ð � AÃ:�:�:
�fz���ð��¯� � \ bdcz Aa� \ | cz ð£Aµ� \ �dcz � \ �dc ð � Aò:�:�:

for 6P��83� i ��:�:�:;�;< . In particular,

� \ bdcz � � z
� \ | cz � � 	z � | �fz
� \ �dcz � � 	z � ��� z A

ó

éõô «zìöh å
8

�"zE°à�Rå ñ � 	z � | � å ñ
�

� \ bdcz � � z
� \ | cz �

ó

éõô «zìöh å
� 	z � | �"å
�"zE°à�"å :

Now we canrelatethesingularvaluefunctionson thecoor-
dinateaxesof differentfactorizationsasfollows[3, 4].

Theorem 3.2 Suppose� ��Î ~ �Q½ _ ��t���� and � � � � is sim-
ple. Let

Ú � z �;� z Ü denotethesmoothlydefinedeigenvalueand
orthonormal eigenvector pairs for � on a neighborhood�t�u÷t of

�
(c.f. Lemma2.3). Let

¼ ��Ða�QtX� and define� � � � A ¼ with correspondingeigenvalues
Ú � � z Ü ~z h | . In

the diagonalizedcoordinateframe �¤�v� ] | �(�&� for � , the
eigenvaluesof � and � � are equivalentto first order along
their respectivecoordinate directions. That is, sufficiently
closeto

�
� � z �L��� � ��:�:�:d� � ��� z � � ��:�:�:;� � ���l�
�Rz{�L��� � ��:�:�:d� � ����zì� � ��:�:�:;� � ���EAÃø��Q� �z ��: (3)

Remarks:

1. In thecontext of thesingularvaluefunctions,i.e.,when�Bj��L�U��� |� � 	 � �(�&�(� and � � j �(�&��� |� � 	 � � �(�&�(� , the
identity (3) becomes

� � z �L��� � ��:�:�:d� � ����zì� � ��:�:�:;� � ���l�
�Tz�� � ��:�:�:;� � ����zì� � ��:�:�:;� � �EAÃø��Q� �z ��:

The lefthand side of this identity is only equivalent
to the true singularvalue functionsfor � � if the (or-
thogonal)diagonalizingtransformation� � �9�(� � � ] | �(�&�
for � � is identicalto the diagonalizingtransformation
�J��� ] | �(�&� for � . This is the casein Example2.1
from the previous section, � and � � are simultane-
ouslydiagonalizedby thesamecoordinatetransforma-
tion. In Figure3, the theoremis illustratedfor this ex-
ampleusingvarioussetsof ¬ z functions.Theeffectof an
orthogonalcoordinatetransformationon singularvalue
functionsis consideredin thenext section.

2. In generalthe identity (3) is not true to secondorder
or higher. However, if matrix ß | � � in the proof of
Theorem3.2 thenequalityup to secondorder follows
from the expressionfor � \ �dcz in Theorem3.1. This is
exactly the casein Example2.1 for the first choiceof
functions¬ | and ¬ � .
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Figure3: Coordinateaxiscrosssectionsof thefunctions � |
and ��� in Example2.1when ¬ | �(�&�E� ¬ �"�L�U�@� � (solid line),¬ | �L�U���y� | and ¬ �R�(�&�&�9�@� (dashedline), ¬ | �L�U�O�9� ¹� and¬ � �L�U����° ³ � ¹ | (marked‘o’), and ¬ | �L�U�O�
ùkú�û��(� | �P°m8 and¬ � �L�U�@� ³ û;W(Y��L� � � (marked‘+’).

4 Norm preserving coordinate trans-
formations

A smoothcoordinatetransformation�J�÷ÄE�LÅ¤� is saidto be
normpreservingonaconvex neighborhoodof theorigin, ¡ ,
if �%�����Ê��Å×� for all Åü�r¡ . Sinceall suchmapssatisfy
Ä@� � �
� � , it followsdirectly from Lemma2.1 that thereex-
ists at leastone factorizationof the form Ä@�(ÅX����ÆÇ�LÅX�(Å
whereÆ9� � ~���½ _ �Q¡���� . Thus,it is immediatethatevery-
whereon ¡

��Ä@�(ÅX��� � �mÅ 	 Æ 	 �(ÅX�LÆÇ�(ÅX�(Å�� Å 	 Å
or equivalently Æ 	 �LÅ¤�LÆÇ�LÅ¤�O�yÈºA ¼ 	 �LÅ¤� for some

¼ 	 �ÐD�Q¡�� . In thecontext of energy functions,normpreserving
transformationsareinterestingbecausethey preserve input-
normalforms,thatis,

� S �(�&�l� 8i � 	 ��� 8i Å 	 ÅÁ�çÉ� S �(ÅX��:
A specific class of norm preservingtransformationsare
the so called orthogonal transformations,which are char-
acterizedby having a factorization Ä@�(ÅX�*�ýÆÇ�LÅ¤�LÅ where
Æ 	 �LÅ¤�LÆÇ�(ÅX�P�ÀÈ for all Åâ�à¡ . In thefollowing theorem,
it is observedthatorthogonalcoordinatetransformationsalso
preserve thesingularvaluefunctionsin a naturalsense.

Theorem 4.1 Consider a system �Q?R��C@��HE� with singular
valuefunctions�Tz , 67�985��:�:�:d�;< derivedfroma specificinput-
normalform: � S �(�&�&� |� � 	 �O�9�Bj5�(�&�P� |� � 	 � �(�&�(� . Any
orthogonalcoordinatetransformation,���,Ä@�(ÅX�f�ÁÆÇ�(ÅX�LÅ ,
yieldsthecorrespondingsingularvaluefunctions

É� z �m� z ÍB� ] | ÍIÄËÍ É���J67�y83��:�:�:d��<U� (4)

where �M�����Q��� and Å�� É�Ë� G � are diagonalizingtransfor-
mationsfor � ��þ¾� and � ��Ä@�;þ¾�;� , respectively.

Proof : After applyingthe coordinatetransformationÄ and
using the orthogonalitycondition, the new systemhasthe
input-normalform

É�Pj5�LÅ¤�@� 8i�Å 	 Æ ] | �LÅ¤� � ��Ä@�(ÅX�;�(ÆÇ�LÅ¤�ÿ� \���c
ÅÇ: (5)

Hence, it follows that the matrices � �QÄE�LÅ¤�;� and É� �(ÅX�
have thesameeigenvaluesfor eachÅ . To computethesin-
gular value functionsstartingfrom É� ��þ¾� , usethe fact that
���v���Q�R�I�9Æ��U�Q�R�Q� diagonalizes� �(�&� in theappropriate
fashion,i.e.,

Æ 	� �Q�R� � �(���Q�R�;�LÆ��I�Q�R�@� ) 6���CE�L� | �����Q��:�:�:d�;�T~@�Q�����Q:
Consequently,

Æ 	� �L� ] | ��Ä@�(ÅX���;�@þdÆÇ�(ÅX��É� �LÅX�(Æ ] | �(ÅX�
þ�Æ � �L� ] | ��Ä@�(ÅX�;���
��Æ 	� �(� ] | �QÄE�LÅ¤�;��� � �(���L� ] | �QÄE�LÅ¤�;���;�fÆ��O�(� ] | ��Ä@�(ÅX���;�
� ) 6���CE�(� | �(� ] | ÍIÄE�LÅX���Q��:�:�:;�;�T~@�L� ] | ÍIÄ@�(ÅX�;���
� ) 6���CE� É� | � G ����:�:�:k� É�T~
� G ���Q�

whereG � É� ] | �LÅ¤� is thediagonalizedcoordinateframeforÉ� �LÅ¤� . Equatingthediagonaltermson therighthandsideof
thelasttwo equationsgives

É� z � G ���m� z �L� ] | ÍIÄE�lÉ��� G �;���Q:
Hence,thetheoremis proven.

In Example2.1,thefirst setof singularvaluefunctionswere
theconstantvalues� | �����O� i and �7�Q�R�O�ý8 . Thus,in light
of equation(4), they are invariantunderall orthogonalco-
ordinatetransformations.This eliminatesthepossibilitythat
suchatransformationcanrelate

Ú � z Ü to thesecondsetof sin-
gularvaluetransformations

Ú � �z Ü derivedfrom addinga null
matrix. The next theorem,describesthe effect of a general
normpreservingcoordinatetransformationon a givensetof
singularvaluefunctions.Thisresultis acombinationof The-
orems3.2 and4.1 andprovidesmorepossibilitiesto relate
thevariousnon-uniquenessphenomena.

Theorem 4.2 Consider a system ��?R��C@��HE� with singular
valuefunctions� z , 6P��83��:�:�:���< derivedfroma specificinput-
normal form: �BST�L�U��� |� � 	 �O�Ý� j �L�U�I� |� � 	 � �(�&�(� de-
fined on a neighborhoodt of

�
with � ��Î ~ ��½ _ �QtX�;�

and � � � � simple. Any norm preservingcoordinate trans-
formation,�M�vÄE�LÅX�E�ÀÆÇ�LÅ¤�LÅ , yieldsthefollowing singu-
lar valuefunctionsexpressedin thediagonalizedcoordinate
framefor � ��Ä@�;þ¾�;� functions

� � z � É�Ë� � ��:�:�:�� � � G zQ� � ��:�:�:�� � �;�l�
�L�TzEÍB� ] | ÍIÄ�Í É���;� � ��:�:�:{� � � G zì� � ��:�:�:;� � �EA�øÇ� G �z ���
6P��83��:�:�:;�;<U�

for G z sufficiently close to
�
, and where ���Õ���Q��� and

Å²� É�g� G � are the diagonalizing transformationfor � �;þ¾�
and � ��Ä@�;þ(��� , respectively.
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Proof : Applying thecoordinatetransformationÄ andusing
theidentity

Æ 	 �LÅ¤�Ï�mÆ ] | �LÅ¤�;ã ÈÇAµÆÇ�LÅ¤� ¼ 	 �LÅ¤�LÆ ]
| �LÅ¤�¾æì�

where
¼ 	 is a null matrix, givesa new input-normalform

where

��Bj��(ÅX�l� 8iEÅ 	 Ú ã ÈÇA ¼ 	 �LÅX�eæxÆ ]
| �(ÅX� � �QÄE�LÅX���LÆÇ�(ÅX�ÿ� \���c

Ü�Å

(c.f. equation(5)). Letting

� � �LÅ¤�@� É� �LÅX�EA ¼ 	 �LÅ¤� É� �(ÅX�Q�
theproofproceedssimilar to thatof Theorem4.1,using

� � �(�&�²� � �L�U�EA ¼ �L�U� (6)

� ���L�U�
	��L�U��� 	 �(�&�EA ¼ �L�U�
� 	 �L�U� � � �L�U�����(�&�ó \ 2 c

� 	��(�&�EA�� 	 �(�&� ¼ �L�U���Ç�L�U�

 \ 2 c

:

Thatis, let É� ����	�� 	 bethespectraldecompositionnear
theorigin. Then

� 	 �(ÅX� � � �LÅ¤�����(ÅX�ó \���c
��	��LÅ¤�
A�� 	 �(ÅX� ¼ 	 �(ÅX���Ç�LÅX�
 \���c

	��(ÅX�Q:

After settingG ��� 	 Æ ] | ÅÁ� É� ] | �LÅ¤� it followsthat

� � É����� G �­� 	�� É��� G �d�Qß�� É�Ç� G ���
	�� É�Ë� G �;�
�� � G �­� �	�� G �BA �ßX� G � �	Ë� G �Q:

Asbefore, �� hasthesameeigenvaluesas � � , and �ß is anull
matrix. Along the 6 -th coordinatedirectionandsufficiently
closeto theorigin

�� � � ��:�:�:�� � � G z � � ��:�:�:�� � �Ï� �	�� � ��:�:�:�� � � G z � � ��:�:�:�� � �;A
���� 4 �ß�� � ��:�:�:d� G zì��:�:�:d� � � �	*� � ��:�:�:d� G z���:�:�:d� � � � 4 hEb

G z
A*ø�� G �z �
� �	�� � ��:�:�:d� � � G z � � ��:�:�:�� � �;A)
)�G z �ßX� � ��:�:�:�� � � G z � � ��:�:�:�� � � � 4 hEb
 4

�	�� � � G z AàøÇ� G �z �

Applying Lemma3.3andTheorems3.1and4.1,

� � z � É�g� � ��:�:�:d� � � G zì� � ��:�:�:�� � �;�l�
É�
� É��� � ��:�:�:d� � � G z � � ��:�:�:;� � �;�EA�� 	z ß z �	�� � ��� z AàøÇ� G �z �
���L� z ÍB� ] | ÍIÄ�Í É�Ë�;� � ��:�:�:d� � � G z � � ��:�:�:;� � ��A
� 	z ßIz��dzP�"z{� � �BAÃø�� G �z �

���L� z ÍB� ] | ÍIÄ�Í É�Ë�;� � ��:�:�:d� � � G z � � ��:�:�:;� � �EA�øÇ� G �z ��:

Thisprovesthetheorem.

The orthogonaltransformationsthat areconsideredin The-
orem4.1 area specialcaseof thenormpreservingtransfor-
mationsthat areconsideredin Theorem4.2. In generalwe
preferto work with orthogonaltransformationsdueto their
“eigenvalue” preservingproperties.The following theorem
givesconditionsunderwhich an orthogonaltransformation
canbesubtractedfrom a givennormpreservingtransforma-
tion.

Theorem 4.3 Supposethat ���L�U�@�,t��L�U�L� is a smooth,non-
singular, norm preservingcoordinatetransformationon an
openneighborhood¡ of 0, i.e., �E�(�&� 	 ���L�U�¤�®� 	 � , and
tX�L�U� is a smooth<Ç�P< matrix. Then

¼ �(�&�U+ ��t��(�&� 	 tX�L�U��°
Èà��ÐD�Q¡�� . Definea smooth<Á�º< matrix �×�(�&� such that
�×�L�U�L�M� � for all � ��¡ . Then�E�(�&�����QtÇ�L�U�PA��×�L�U�;�L�
is anorthogonaltransformationif �×�(�&� fulfills thefollowing
statedependentmatrixequation

�×�(�&� 	 t��(�&�3A¤t��(�&� 	 �×�(�&�3A��×�L�U� 	 �×�L�U�3A ¼ �L�U�l� � : (7)

Proof : By definition �QtÇ�L�U�
A��×�L�U�;�(� is anorthogonalfac-
torizationof �E�(�&� if

�QtX�L�U�EA��×�(�&��� 	 ��t��(�&�EA �×�L�U�;�@�mÈ�:
Rewriting the latter equation,andusing the expressionfor¼ �(�&� yields(7).

5 A coordinate fr eefactorization pro-
cedure

In this sectionwe formulate a problem that involves the
searchfor a kind of “canonical” factorization procedure
that exhibits somekind of consistency underarbitrarynon-
singularcoordinatetransformations.In particular, if two sys-
temsthat arerelatedby a non-singularcoordinatetransfor-
mationarebroughtinto balancedform by the sameproce-
dure, thenonewould like to obtaindiagonalforms that do
not differ by anull matrix, i.e., their singularvaluefunctions
will beidentical.

Problem: Consider the smooth realization
�Q?E�L�U�Q�;CE�(�&����HE�L�U�;� with a smooth energy function ���(�&� ,
which is related via a smooth non-singular coordinate
transformation��� ÄE�L�U� , Ä@� � ��� �

, to the realization�?
�Q�R�Q���CE�����Q� �HE�Q����� with energy function ��������������QÄ ] | �Q����� .
Supposethat the energy function fulfills ��� � �à� �

and
1  132 �
� �@� � . It is well known thatona convex neighborhood

of 0 thereexist <��Ç< matricest��(�&� , � �(�&� , and �� �Q�R� such
that

Ä@�(�&�Ý� t��(�&�(�
���(�&� � � 	 � �(�&�(�
��x�Q��� � � 	 �� �Q�R�Q���
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where the entriesof t��(�&� , � �L�U� and �� ����� are smooth
functionsof � , � and � , respectively, and where � �(�&���� �L�U� 	 , �� ������� �� �Q�R� 	 . It follows directly that ���(�&���Ä@�(�&� 	 �� �QÄE�L�U�;�QÄE�L�U� . Furthermore,for all factorizationsit is
clearthat � � � �P�÷tX� � � 	 �� � � �QtÇ� � � . Themainquestionis
whetherthereexist a systematicfactorizationprocedureto
producet��(�&� , � �(�&� , and �� �Q�R� suchthat

tX�L�U� 	 �� �QÄE�L�U�;��t��(�&�E� � �(�&��: (8)

Theproblemdescriptionis visualizedin thediagrambelow

� �?
�����Q���CE������� �HE�Q�R�Q� ����Q�R�;�
! ]#"%$�&�')(�*)+ ,�$�')+ ( �°
/ �� �����

- h�.�\ 2 c0/ Þ�\ 2 c1/
�Q?E�L�U�Q�;CE�(�&����HE�L�U�Q�����L�U�;�  ]#"%$�&�')(�*)+ ,�$�')+ ( �°
/ � �L�U�

It is easily verified by examplethat a procedurebasedon
Lemma2.1,resultingfrom theFundamentalTheoremof In-
tegral Calculus,doesnot exhibit the requiredproperty(8),
exceptwhenrestrictedto linearsystems.Furthermore,in or-
der to yield theusuallinear case,anadditionalpropertyfor
theprocedureis required.Namely,

Additional requirement: If the coordinatetransformation
Ä@�(�&� is linear, thenthe factorizationprocedureshouldpro-
ducea constantmatrix, i.e., t��(�&� is a constantmatrix. If
the energy function ���L�U� is a true quadraticform, thenthe
factorizationproceduremustresultin a constantmatrix, i.e.,� �L�U� is a constantmatrix.

Observe thatwith this additionalrequirement,it follows im-
mediatelythatfor normpreservingtransformations,thepro-
cedurewill producean orthogonalfactorization. Namely,
since � �(�&�P�»È and �� �Q�R�O�yÈ , thenfrom (8) therequired
procedureresultsin tX�L�U� 	 t��(�&�l�mÈ .

6 Conclusions

In thispaperwepresenteda studyof energy functionswhich
are statedependentquadraticforms, i.e., quadraticforms
with a statedependentmatrix. The factorizationinto state
dependentquadraticforms is not unique,andthusdifferent
statedependentmatricesresult in distinct eigenvalue func-
tions.Thishasamongothersconsequencesfor nonlinearbal-
ancingmethods,the correspondingsingularvaluefunctions
andmodelreduction.

In orderto characterizedifferentfactorizations,so-called
null matriceswereintroduced.It wasshown thatat leastlo-
cally, to first order, the singularvaluefunctionsareunique.
Furthermore,preserve thesingularvaluefunctionsexactly in
anaturalsense.However, in general,thereis aneedfor a co-
ordinatefree factorizationprocedure,onethat resultsin the
samesingularvaluefunctions,startingfrom any admissible

statespacesystem.Thesearchfor suchaprocedureis atopic
of futureresearch.
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