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Abstract

We present a method of balancing for nonlinear systems which is an extension of balancing for
linear systems in the sense that it is based on the input and output energy of a system. It is a local
result, but gives ‘broader’ results then we obtain by just linearizing the system. Furthermore the
relation with balancing of the linearization is dealt with. We propose to use the method as a tool
for nonlinear model reduction and investigate some of the properties of the reduced system.
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1 Introduction

Balancing for linear systems is a well known subject on which there has been a lot of research in the
last decade. It started with a paper of Moore [11] in 1981, where balancing is introduced with the aim
of using it as a tool for model reduction. If a linear system is in balanced form the Hankel singular
values are a measure for the importance of state components. This means that the influence of the
corresponding state component on the output and input energy is measured by a Hankel singular value.
If a Hankel singular value is relatively small the influence of the corresponding state component on the
output and input energy is respectively low and high, and thus this state component can be deleted in
order to obtain a reduced-order model. There also has been research on the optimality of this model
reduction method (Glover [3]), the properties of the reduced system (Pernebo and Silverman [16]) and
other ways of balancing, i.e. LQG-balancing (Opdenacker and Jonckheere [15]) and H..-balancing
(Mustafa and Glover [12, 13]).

In this paper we give a set up of balancing for nonlinear systems. The intuitive idea behind model
reduction for linear systems can be extended to nonlinear systems. Again, as in the linear case, the
importance of state components can be measured in terms of the input and output energy. Instead
of the Hankel singular values we define for nonlinear systems singular value functions, measuring
again the importance of a state component. If a singular value function is relatively small then the
corresponding state component is not important, and thus can be deleted in the nonlinear model.

In section 2 we give a very brief review on balancing for linear systems. Section 3 contains properties
of the input and output energy functions for nonlinear systems. These properties are instrumental in
the set up for balancing of nonlinear systems. In section 4 we go into balancing for nonlinear systems
and define the singular value functions. We propose a procedure to bring a nonlinear system in
balanced form. We also consider the linearized version of this procedure and conclude that it matches
with the linear theory. Furthermore we study model reduction based on the concept of balancing in
section 5. Finally in section 6 we give some conclusions.

Throughout this paper we will use a fairly standard notation. We denote by 27z or || z || the
squared norm of a vector z(t), z : R — R". We say that u : (—00,0) — R™ is in Ly(—0o0,0) if
IO u(t) ||? dt < co. By IL(z) we denote the row-vector of partial derivatives of a differentiable
function L : R™ — R. Furthermore we denote by z(t2) = ¢(t2,t1, 21, u) the solution on time #5 of the
system & = f(z) + g(x)u with initial condition z(¢1) = 21 and input u : [t;, 1] — R™.

2 Review of balancing for linear systems
Consider a linear system:

& = Az + Bu, y=Cz (1)
where u € R™, z € R" and y € R”. We assume throughout (1) is stable, controllable and observable.

Definition 2.1 The controllability and observability function of a linear system are defined as

. 10 )
Lz = min o[ ) ar (2)

. z(—o0) = 0,z(0) = o
respectively

Lieo) =5 [ a0 Pdt,  2(0) =20, u(t)

0, 0<t<o (3)



The value of the controllability function at zg is the minimum amount of control energy required to
reach the state zp and the value of the observability function at z( is the amount of output energy
generated by the state zg. The following results are well known (cf. [11]):

Theorem 2.2 For system (1) we have L.(zo) = 22 W zg where W = [;° AT BBT ATt dt is the
controllability gramian and L,(z0) = 32§ Mzo where M = [J° eATICTCeMdt is the observability
gramian. Furthermore W and M are the unique positive definite solutions of the following Lyapunov

equations:
AW + WwAT = —BBT (4)
ATM + MA=-CTC (5)

Theorem 2.3 There exists a state space transformation x = Sz for system (1) such that the trans-
formed system

z = Az + Bu, y=Cz (6)
is in balanced form, i.e.:

g1 0
W=M=%= with o1 > 09 > ...> 0y, (7)

0 O

are the controllability and observability gramian of the transformed system (6), where W = M =
SWS—T = STMS. Here the o;’s, i=1,..,n, are the Hankel singular values, i.e. the singular values
of the Hankel operator of the system (see [3]).

For system (6) the controllability and observability function are respectively L.(Zo) = 3z¢%7'7g
and ic(io) = %:EOTE:EO. For small o; the amount of control energy required to reach the state & =
(0...02; 0...0) is large while the output energy generated by this state Z is small. Hence if o}, >>
Ok+1, the state components zx4q to z, are not important from this energy point of view and can
be removed to reduce the number of state components of the model. As we already stated in the
introduction these results as well as the optimality of this model reduction method in terms of optimal
approximation and the properties of the reduced system can be found in [3, 16]. Another way to
characterize the Hankel singular values can be found in [1, 2].

3 The controllability and observability function of nonlinear systems

Consider a smooth, i.e., C'*°, nonlinear system of the form

&= f(z) + g(2)u, y = h(z) (8)

where u = (uq ... up) € R™ y=(yn ... y)€eR andz = (27 ... z,) arelocal coordi-
nates for a smooth state space manifold denoted by M. Throughout we assume that the system has
an equilibrium. Without loss of generality we take this equilibrium in 0, i.e. f(0) = 0 and we also
take h(0) = 0. The controllability and observability function, respectively L. and IL,, of system (8)
are defined in the same way as in section 2 for linear systems. Again the value of the controllability
function at zq is the minimum amount of control energy required to reach the state zg and the value
of the observability function at zq is the amount of output energy generated by zg.



Definition 3.1 The controllability and observability function of a nonlinear system are defined as

. 1[0 )
Lieo)= i o[ ) ar (9)
z(—o0) = 0,z(0) = xo

respectively
1 [ee]
Lo(z0) = 5/ | () ||* dt, z(0) = zo, u(t) =0, 0<t < (10)
0

These functions do not necessarily exist, i.e. are finite. In particular, L, can be infinite if the system
is unstable and if z¢ can not be reached from 0, then by convention L.(zo) will be infinite. In this
section we assume throughout that L. and L, are finite. Also, for the rest of this paper we assume L.
and L, are smooth functions of .

Theorem 3.2 If 0 is an asymptotically stable equilibrium of f(z) on a neighborhood W of 0, then for
allz € W, L,(z) is the unique smooth solution of

0L,

S a)f(2) + ST (@) =0, Lo(0) =0 ()
under the assumption that (11) has a smooth solution on W. Furthermore for all x € W, L.(z) is the
unique smooth solution of

L. 10L. r OTL,
@)+ g e () @) = 0, L(0) =0 (12)
under the assumption that (12) has a smooth solution L. on W and that 0 is an asymptotically stable

T
equilibrium of —(f(z)+ g(m)gT(m)aaLc(m)) on W. .
Proof Assume (11) has on W as smooth solution Lo(z). Then 1nT(2)h(z) = —22(2) f(2). Since L,
is defined as in definition 3.1 we have:
Lo(wo) =3 Jo~ Il y(t) " di =3 fo BT (2 (t)h(a(t))dt = = J5° Fee (1)) f (2 (1))t
= —Jo" G Lo(x(1))dt = —Lo(2(00)) + Lo(2(0)) = Lo(0), Vao € W

since z(0) = zo and z(co) = 0 by the asymptotic stability of f(z). Hence part 1 is proven. For

e . . - L. _
part 2 we assume (12) has on W a smooth positive definite solution L.(z). Then F*=(z)f(z) =

%aa%(m)g(ac)gT(x)%(m). As in definition 3.1 we consider the inputs » such that z(0) = zg € W

and z(—o0) =0, thﬁen ) 7
file(e) = 83%(95)56 = aaL;( (@) + Fe(@)g(r)u = —§ 5= (0)g()g" (2) 52 (2) + Her(a)g()u

= julu = juTu+ G (a)g(a)u— 35=()g(2)g" () 2514 ()
=5llu \!2 % |u— g7 (x) 25k () |12,
and thus
Ec(mo)

<

T
J2o g Le(a()dt = 3 [0 (| u(t) [ dt =5 [2, || u(t) = g7 (2(1) Zk=(2(1)) || dt
320 Il ult) |17 dt, Voo € W

Hence L.(z¢) is a lower bound for % f || w(t) ||? dt. It is clear that for u = g7 (x )agfc (z), L. is equal
to this lower bound. By the asymptotic stability of —(f(z) + g(z)g”(z )8 Le(2)) on W this latter

dx
input is such that z(—oo) = 0. Therefore for all zo € W

T.(z0) = min 2/ | u(t) |2 di = Lo(xo) .

uELg —oo O)
z(—o0) = 0, I(O)—L‘o




Remark 3.3 Equation (11)is a nonlinear Lyapunov type of equation and equation (12) is a Hamilton-
Jacobi equation associated with an optimal control problem. If we take for system (8) a linear system
we see that the Lyapunov equation for the observability gramian is given by (11) and that multiplying
the Lyapunov equation for the controllability gramian from the left and the right by the inverse
controllability gramian results in an equation which is given by (12).

Remark 3.4 If L, is a solutions of (11), we can conclude from the negative semi-definiteness of

%(m)f(m) that L, is decreasing along f. Since 0 is an asymptotically stable equilibrium of f, 0

is a minimum for L, and hence I, is non-negative. Furthermore, if L. is a solution of (12), we

can conclude from the negative semi-definiteness of 2= (z)(—(f(z) + g(m)g(m)T%(:ﬁ)), that L. is

decreasing along —(f(z) + g(m)g(:ﬁ)T%(m)) Again, since 0 is an asymptotically stable equilibrium

of —(f(z)+ g(m)g(m)Tagﬁc(x)), 0 is a minimum for L, and hence L, is non-negative.

Remark 3.5 If A = %(0) is asymptotically stable then locally about 0 (11) and (12) have smooth
solutions, see [17].

Remark 3.6 If we replace the condition that (12) has a smooth solution L.on W and that 0 is an
asymptotically stable equilibrium of —(f(z) + g(m)gT(m)%(m)) by the condition that (12) has a
smooth solution L. that is positive definite, then we get the same result, see theorem 3.8.

Definition 3.7 A Lyapunov function on W for system (8) is a positive definite function L such that
%(m)f(:v) <Oforall z ¢ W.

Lyapunov functions are well known and can be used to show stability properties of a system. In the
following we will do this and we will also use LaSalle’s invariance principle. See for example [9].

Theorem 3.8 Assume 0 is an asymptotically stable equilibrium of f on W and (12) has a smooth
solution L. on W. Then L.(zg) > 0 Jfor zg € W, zo # 0, if and only if 0 is an asymptotically stable

equilibrium of —(f(z)+ g(x)gT(m)agljfc (z)) on W.
Proof Assume Ec(mo) > 0 for zg € W, z¢g # 0. We know that on W

, - , .
L)) + g1 (0 Lo @) = 2 2@yl (0) () < 0

Hence L. is a Lyapunov function for —( f(z) + g(m)gT(m)aTEC (z)) which therefore is stable on W. To

dx v
prove asymptotic stability we need to find the maximal invariant set of —( f(z)+ g(m)gT(x)%(x))

in V= {z| aazc(ac)g(w) = 0}. This is the same as finding the maximal invariant set of — f(z) in V. By

(12) we know that V = {m|83—€°(ac)f(m) = 0} = {z|£L.(z(t)) = 0}. Since f is asymptotically stable
and L. positive definite on W we conclude from this that the maximal invariant set in V' is {0} and
LaSalle’s invariance principle thus implies that —(f(z) + g(x)gT(m)agljfc (z)) is asymptotically stable
on W.

For the if part of the theorem we use theorem 3.2. This states that L, = L. on W, where L, is the

controllability function of system (8). Furthermore we know from the proof of theorem 3.2 that the
minimum is taken for u = gT(m)%(m) Hence

0 T
Loy = 5 [ SO0 (o (0) %5 = a0




Let now 2 # 0. If 222(2(¢))g(2(t)) = 0 for —co < ¢ < 0 then u(t) = 0,for all £, —co < ¢ < 0. However,
since f is asymptotically stable, we cannot have z(—oc0) = 0 and z(0) = zo # 0. Hence we have a

contradiction and thus there exists at, —oo < ¢ < 0, such that 38];:(a;(t))g(m(t))gT(m(t))aggc(ac(t)) > 0.

This implies that L.(z¢) > 0,Vzo € W, 20 # 0. ]

For the following definition see e.g. [17].

Definition 3.9 The system (8) is reachable from zg if for any z € M there exists a ¢ > 0 and input
u such that z = ¢(¢,0, zq, u).

The system (8) is zero-state observable if any trajectory such that u(t) = 0, y(¢t) = 0 implies z(t) = 0,
ie., forall z € M, h(p(t,0,2,0))=0,t> 0= ¢(,0,2,0)= 0,7 > 0.

The following theorems are related to some results in [6] and [17].

Theorem 3.10 If the system (8) is zero-state observable and (11) has a smooth positive definite
solution L,, then the system & = f(z) is locally asymptotically stable. If L, is proper (i.e. for each
¢ >0 the set {z € M|0 < L,(z) < ¢} is compact), then & = f(x) is globally asymptotically stable.

Proof 33%(56)]‘(36) = —1AT(2)h(z) < 0 and by the zero-state observability 8LO( )f(z)=0=>2=0
for & = f(z). Global asymptotic stability now follows by LaSalle’s invariance principle. ]

Theorem 3.11 Assume 0 is an asymptotically stable equilibrium of f(z) on a neighborhood W of 0.
If the system (8) is zero-state observable and (11) has the smooth solution L, on W, then L,(zq) > 0,
Yeg € W, $07£0

Proof By theorem 3.2 and definition 3.1 we have Vg € W

Lowo) = 5 [Ty 17 db a(0) = 20

Zero-state observability implies that for some 7 > 0 we have h(¢(t,0,20,0)) # 0 for 0 < ¢ < 7. Hence
for 29 # 0

Ly(20) = %/OOO BT (2(1)h(z(1))dt > 0 .

4 Balancing for nonlinear systems

In the rest of this paper we consider nonlinear systems of the form (8) with controllability and ob-
servability function L. respectively L, as given in definition 3.1 and with the following standing
assumptions:

0 is an asymptotically stable equilibrium of f(z) on some neighborhood Y of 0

A= 8f(O) is asymptotically stable

the system is zero-state observable and reachable from 0 on Y

L, exists on Y

(11) and (12) have smooth solutions on Y

0 is an asymptotically stable equilibrium of —(f(z) 4+ g(z)g” (x )aaLc( ))onY

ZLe(0) > 0 and ZLe(0) > 0

-~ O O e W N =




The reachability from 0 implies that L. exists on Y, i.e. is finite. Assumption 6 can be replaced by
det(32LC(0)) # 0 and det(82Lo(0)) # 0, since we already know that both are non-negative definite

dx? dx?
matrices. By section 3 we know that these assumptions imply among other things that L, is the
smooth positive definite solution of (11) and L. the smooth positive definite solution of (12). They

also imply that (A, B) is controllable and that (C, A) is observable, where B = ¢(0) and C' = %(0).

Lemma 4.1 There exists a coordinate transformation x = ¢(z), ¢(0) = 0 (defined on a neighborhood
of 0), such that L.(z) in the new coordinates T = ¢~ () is of the following form:

1
L(o(@) = 127z (13)
Furthermore we can write L,(x) in the new coordinates T = ¢~ '(z) in the following form:
1 L,
L(6(%)) = 5:ETM(i)f where  M(0) = % ~(0) (14)
z

with M(Z) a n X n symmetric matriz with entries which are smooth functions of .
Proof Since 0 is a minimum of the observability and controllability function we have beside L,(0) = 0
and L.(0) = 0 that 222(0) = 0 and 22<(0) = 0. Therefore we can apply Morse’s Lemma (see lemma

2.2 in [10]) to L.. In this case it means that there exists local coordinates z = (z; ... Z, ) such
that * = ¢(7), ¢(0) = 0 and such that L.(z) in the new coordinates z = ¢~'(z) has the form (13).
Finally (14) follows by repeated application of lemma 2.1 from [10]. ]

Lemma 4.2 If there exists a neighborhood V' of 0 where the number of distinct eigenvalues of M(z)
is constant for T € V', then on V' the eigenvalues \i(Z), i = 1,..,n, are smooth functions of z, as well
as the associated eigenvectors.

Proof We can conclude this from Theorem 5.13a in [8]. ]

Theorem 4.3 Consider system (8) and assume the condition of lemma 4.2 is fulfilled. On a neigh-
borhood U of zero there exists a coordinate transformation x = 1(z), ¥(0) = 0, such that L.(z) in the
new coordinates z € W := 1~1(U) is of the following form:

- 1
Lu(z) 1= L(i(z)) = 327 (15)
while L, is for the new coordinates of the following form:
| m1(2) 0
Lo(2) := Lo(¥(2)) = §ZT z (16)
0 To(2)

where 7 (2) > ... > 1,(2) are smooth functions of z, called the singular value functions.

Proof From lemma 4.1 we know that there exists a transformation z = ¢(z), ¢(0) = 0 such that in
the new coordinates L, and L, are of the form (13) respectively (14). By lemma 4.2 we know that on
V the eigenvalues of M (Z) and the associated eigenvectors are smooth functions of z. Furthermore we
know that M (0) > 0 which means that 3 (0) is diagonalizable. By the smoothness of the eigenvalues
and eigenvectors this implies that M (Zz) is diagonalizable on V. Indeed, since M(Z) is symmetric, we

can write M(z) = T(z)A(z)TT(z) where
A(Z) 0
A(z) = with A(7) < ... < A (%)
0 An(Z)




Ai(Z),1 = 1,..,n, are the eigenvalues of M(z) and T(z) is the corresponding matrix of eigenvectors
with 7(%) an orthogonal matrix, i.e. T7(2)T(z) = I,z € V. Now we can rewrite (14) as

Lo(¢(2)) = 32T T(2)A(2)TT(2)z, z€V

Define a new coordinate transformation z = v(z) := T7(z)z. In these coordinates we get:
L6 ())) = 3:TAW 1 (2))z, =€ W= (V).
From (13) and z = T(z)z we get:

L(6(v(2))) = %ZTTT(QE)T(@)Z - %ZTZ

Define 7;(2) := \;(v™1(2)),i=1,..,n, ¢ :=¢pov™ and U := ¢~ 1(V), then the theorem is proven. m

Remark 4.4 TFor a linear system the singular value functions 7;, ¢ = 1, .., n are constants and are the
squared Hankel singular values.

The form of the controllability and observability function in (15) and (16) is not yet entirely balanced.
For that we need another additional coordinate transformation. We take as transformation z; =
ni(z) == 1;(0,..,0, 2,0, ..0)4122', i=1,.,nand hence z = n(z) :== (m(z1) ... Mu(z,))on z€ W :=
n(W). Since L,(2) > 0 we have that 7;(0,..,0,2,0,..,0) > 0,7 = 1,..,n, for 2 € W, z # 0 and
therefore 7 is a well defined transformation. Define L.(2) := i (™ (2)) and L,(%) := L.(n7'(%)).
Then (15) and (16) become respectively:

1 0'1(21)_1 0
L(%) = §2T z (17)
0 Un(én)_l
. o1(z1) " m(n7 (%) 0
Lo(2) = =zT : z (18)
0 on(Zn) " a7 H(2))
where 0(%;) = 7:(0, .., 0, n7Y(%),0, ..,0)2l for i =1,..,n. Now L.(0,..,0,%;,0,..,0) = 1z%0i(2;)"" and
L,(0,..,0,%,0,..,0) = é z20,(%;) for i = 1,..,n. This corresponds with the linear theory, since in
that case o; is constant for ¢ = 1,..,n, and thus the o;’s are the Hankel singular values. We know
T1(2) > ... > (%) for z € W. In energy terms we have for 7;(2) > 7,41(%) that the state variable z;

is more important then the state variable z;411 on W.
Similar to the concept of balancing for linear systems we call the nonlinear system balanced if it has
a controllability and observability function of the form of (17) and (18). This means that we can

balance system (8) by a coordinate transformation of the form z = x(z) := ¥(n7'(2)) where ¥ is as
in theorem 4.3, which results in:
Z=f(2) + 9(2)u, y = h(2) (19)

Remark 4.5 For 7;(z) > O forall i = 1,..,n, 2 € W C W, we can transform (15) and (16) by the
coordinate transformation %; = x;(2) := 7i(2)~ zifori=1,..,n, z € W. In the new coordinates, ¥ =
K(2) = (K1(2), ..., kn(2)), for ¥ € W := k(W), we have the following controllability and observability
function:



n(x1 ()7 0

L) = L) = 57 . (20)
v N A (51 (2))”
Lo(2) = Lo(k7(2)) = 22 (21)

Now we can follow a same kind of reasoning as above to get a form which we also could call balanced by
the same type of arguments. If we change the role of L. and L, in theorem 4.3 then the controllablhty
and observability function in the new coordinates z, Z € W are respectively L. and I, of the form

(20) and (21).

For linear systems the largest Hankel singular value is equal to the Hankel norm of the system. This
norm can be expressed in the notation of section 2 as follows:
Lo(z 2T Mz iTy?s
HGHH—m ()— max —m——— = max = o}

R L(z)  LeR"2TW-lz R 272

where G is the transfer function of the linear system, see [3]. In fact the Hankel-norm for a linear
system gives the Ly-gain from past inputs to future outputs. Similarly for nonlinear systems we can

consider 7 )
o(Z
max — 22
sew Lo(2) (22)
Define 7/ := max7,(z), ¢ = 1,..,n, then
2eW
n n
o . 272(2)22-2 Zrzm“zf
max Lo(2) _ max Lo(2) max =1 < max =1 Y i
= N T - n = n — 1
zeW Lo(Z)  zeW L. (z) z2eW ) 2EW )
szi Zzi

This means we only get an upper bound for the L-gain from past inputs to future outputs.

Now we consider the linearized version. We linearize system (8) and system (19), which is (8) after a
coordinate transformation 2 = x(Z). Linearization of system (8) in z = 0 and u = 0 gives:

i = Ai + Bu, y=Ci (23)

where A = g—f( ), B = g(0), and C = 2%(0). This system has as controllability and observability
function respectively J[ ( ) and M,(&). Linearize (19) in 2 = 0 and u = 0, then we get:

2= A%+ Bu, y=C32 (24)

where A = gf(O) B = §(0) and C 9L(0). This system has as controllability and observability
o

function respectively M.(%) and !

)

Theorem 4.6 Define 5 := ( ) then (23) is transformed into (24) by the coordinate transformation
= S3. Therefore A = 9 1AS = S7'Band C = CS. A and A are asymptotically stable.
Furthermore
1. p0*L., . 1. p0*L,, .
M. (%)= 38 53 (0)z, M,(z) = 58 53 (0)2 (25)



I I o 1 .70%L,
J,[C(,o) 52’ 822 (O),c, J,[O(Z) 52 622 (0) (26)
with
~ 0)~! 0 _ 0 0
oL 1(0) | oL 1(0)
gz 0 = - and 5=-(0) = :
0 a,(0)7! 0 a,(0)

The gramians are connected as follows:

0%, 9L, 9*L,

%L,
72 dz? (0)5 072

02

(0)= 57" (0)=5"=—=(0)8 (27)

Proof This follows by taking the Taylor series expansions in zero. [

Hence system (23) can be brought in a balanced form by a linear coordinate transformation which is
the linearization of the coordinate transformation that is used to balance the nonlinear system (8).
The balanced linear system (24) is the linearization of the balanced nonlinear system (19).

5 Model reduction

Model reduction for linear systems is explained briefly in section 2. If we want to reduce system (8)
we can use the same kind of reasoning. Hence if for k < n we have 74(2) > T441(2), 2 € W, which is
actually the same as o(z;) " e (n71(2)) > 0(Zk41) ' Ter1(n71(2)), 2 € W, then the state variable z is
more important in terms of energy than the state variable zZx4q1. Hence 2z, until z; are more important
than zzy1 until z, due to the ordering of the singular value functions. A possibility to reduce the
number of states in the system (19) is to put Zz41 = ... = 2, = 0. We will partition the system in a

corresponding way as follows:
_ F(za zb g (z° b _ _
1= (2205)). s@=(2000)), he=hen

where 2* = (21,...,%) and 2* = (%41, ..., 2,). Hence to reduce the system we set 2° = 0. From (17)

it is clear that 225(2“, 0) = 0. The Hamilton-Jacobi equations (11) and (12) of system (19) for 2> = 0,

(z%,0) € W, become:

8io a (s aio za £ (52 17T @ h(z® =
(5 0 Lul,0) 4 52 (2%, 0)fy(2%,0) + SAT (2%, 0)h(z",0) = 0 (28)
8ic =a £ (=a 18ic =a — (=za ~“T/za OTEC Za _
@(2 70)fa(z 70)+ 585“ (Z 70)96(2 70)ga (Z 70) PEL (Z ” )—0 (29)

The reduced system is the following:
Z=f(5)+3(2)u, g=

where Z = 2%, (%) = fu(2%,0), §(%) = 9(2%,0) and h(Z) = h(z%,0), for all Z € W := {2|(%,0) € W}.

It follows immediately that the controllability function of the reduced system (30), L.(2), is equal to

the solution of (29). Hence, L.(Z) = L.(%*,0). We can not conclude (as in the linear case) that the

observability function of the reduced system (30), L,(Z), equals the reduced observability function of

the original system (19).

h(Z) (30)

10



Theorem 5.1 If f,(2,0) = 0 or if aLO 9(2%,0) = 0 for (2%,0) € W then L,(2) =
system (30) is in balanced form and has as singular value functions T1(2%,0)
2% = n71(2%,0) and n defined as in section 4.

Proof For f,(2%,0) = 0 or 3L° 2(2%,0) = 0 the term %Lb (2%,0) f5(2%,0) in equation (28) is zero and thus
Lo(3) = L,(2%,0). Then the reduced system (30) is in balanced form. Since the coordinate transfor-
mation z = n(z) = (7(z1),-..,7(2,)), defined in section 4, for 2° = 0 becomes z* = (5(21),...,7(z1))

we have that the singular value functions of system (30) are 74(2%,0) > ... > 7(2%,0), where

2" = (z1,...,2,) = (771_1(21),...,77;1(2;9)). ]

Remark 5.2 If we change the role of L, and L. as in remark 4.5, then L,(3) = L,(3*,0) and we
can not conclude that the controllability function of the reduced system, L., equals the reduced
controllability function of the original system. Here (30) is taken as the representation of the reduced

L ( ,0), the reduced
> > (2%,0), for

system and z = (3¢, éb)T is the partitioning of the state components of the balanced system. In other
words: this implies that the roles of L, and L. also change in this section.

For the asymptotic stability of the reduced system we can use the first method of Lyapunov, i.e.
linearization. Therefore we partition the balanced linearized system (24) of section 5 as we partitioned
the nonlinear balanced system above. Hence:

- Ay A12) = <B1) - -~ A
A= (A Ay g (B e ©
<A21 Agg By (Cr C2)

where A;; = %(0)7 B; = g,(0) and C; = ‘% —(0), 7,j = a,b. We already assumed the asymptotic

stability of A. Therefore also A is asymptotlcally stable.

Theorem 5.3 The subsystems (f,(2,0),94(2%,0),(2%,0)) and (f5(0,2),35(0,2%), h(0,2%)) are lo-
cally asymptotically stable.

Proof From theorem 3.2 in [16] we know that both linearized subsystems (Ay, B;, Cy), i = 1,2, are
asymptotically stable. Since Ay = gjg (0,0) = 8—g(O) and Agy = g—iﬁg(0,0) we conclude that the
subsystems are locally asymptotically stable. [

Note that the subsystem (f,(2%,0),g4(2%,0),h(2%,0)) is the reduced system (30) and therefore (30) is
locally asymptotically stable. With regard to global asymptotic stability we can state the following:

Theorem 5.4 If f,(2%,0) = 0 and L, is proper on W, the reduced system (30) is asymptotically stable
on W.

Proof We know system (19) is zero-state observable. This implies that for all (%,0) € W, h(¢(t,0,
(2,0),0)) = 0, t > 0, = ¢(¢,0,(2%,0),0) = 0, ¢ > 0. Since f(2*,0) = 0 this implies that also the
reduced system (30) is zero-state observable. Furthermore by theorem 5.1 we know that the singular
value functions of the reduced system are the first £ singular value functions of the original system for
7" = 0. Hence

o1(z1) " m(n™1(%,0)) 0
. 1_p .
o(2) = 52 z
0 or(Zr) ' me(n7(£,0))
Therefore we know that io(é) >0forze W,z # 0. Now we can apply theorem 3.10 and state that
the reduced system (30) is asymptotically stable on W. ]
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6 Conclusions

We introduced balancing for stable nonlinear systems. The method is an extension of balancing for
stable linear systems, since we considered the input and output energy function of a stable nonlinear
system in a similar way as we do this for stable linear systems. The properties of the input and
output energy functions for a nonlinear system match with the properties of these functions for a
linear system. Therefore we used these functions to balance the system about the equilibrium and
applied model reduction. In general the nonlinear reduced system will not be balanced again, but we
gave some sufficient conditions for which this holds. It is not clear yet how we should interpret the
nonlinear reduced system if these conditions are not fulfilled. A nice property of the proposed method
is that the linearized version of it gives exactly the method of balancing for linear systems applied to
the linearized system.
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