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Abstract

In this papera set of sufiicient conditionsis developedin termsof controllability and obsenability
functionsunderwhich a given statespacerealizationof a formal power seriesis minimal. Specifically
it is shavn that positivity of thesefunctions,in additionto a stability requirementanda few technical
conditions,impliesminimality. In doing so, connectionsreestablishedetweerHamilton-Jacobtype
optimal controltheoryandthe well known necessarandsufficient conditionsfor minimality in terms
of Kalmantyperankconditionson the accessibilityandobsenability distributions. Usingthe nonlinear
analogueof the Kalmandecompositiongonnectionsrethenestablishedetweenminimality, singular
valuefunctions balancedealizationsandvariousnotionsof reachabilityandobsenability for nonlinear
systems.

Keywords minimal realizationscontrollability andobsenability enegy functions,formal power series,
nonlinearsystems

1 Intr oduction

The problemof determiningwhenthe dimensionof a statespacerealizationfor a giveninput-outputmap
is minimal is a fundamentaproblemin systems.It connectdo mary othertopicsin realizationtheory
like controllability andobserability propertiessimilarity invariants,balancedealizationsand modelre-
duction. The theoryis quite completein the caseof linear systems.For example,it is well known that
minimality is equivalentto joint controllability and obsenability, and for stablesystemsthis is further
equivalentto the positive definitenes®f the controllability and obserability Gramians. TheseGramian
matricesnaturallyappeain balancedealizationtheoryandoptimalcontrolproblems.n thenonlinearset-
ting, minimality theoryis notnearlyaswell developed.For example thereareseveralexisting theoriesor
minimality dependingon the exact naturein which theinput-outputmappingis describedi.e., in termsof
asetof input-outputdifferentialequationgsee20] andthereferencesherein),a Volterraserieq6, 11, 12]
or aformal power series/Chen-Fliedsinctionalexpansion[6]. At presentthe exactconnectiondbetween
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thesedifferentapproachearenot completelyunderstood Furthermoremotivatedby the linear case we
might expectthatminimality shouldhave connectiongo the nonlinearextensionsof the Gramianswhich
have beendevelopedfor nonlinearbalancing[3, 4, 14, 15, 16]. But theseconnectionsare also largely
unknavn atpresent.

The primary purposeof this paperis to develop a setof sufficient conditionsin termsof controllability
andobsenrability functionsunderwhich a given statespacerealizationof a formal power seriesis mini-
mal. Specifically it will be shavn thatpositivity of theseso calledenegy functions plusa few technical
conditions,implies minimality. Of coursethereexists well known necessarandsuficient conditionsfor
minimality in termsof Kalmantype rank conditionson the accessibilityand obserability distributions
[6, 11]. Sothenovelty of the approachtakenhereis in establishinga connectionbetweerthesediffer-
entialgeometrictype minimality conditionsandpropertiesof enegy functions,which areconnectedvith
Hamilton-Jacobtype optimal control theory Then,usingthe nonlinearanalogueof the Kalmandecom-
position,we establistconnectiondetweeminimality, singularvaluefunctionsandthe variousnotionsof
reachabilityandobsenability for nonlinearsystemsavhich preliminaryappearedn [16].

The paperis organizedasfollows. In Section2, the backgroundmaterialpertainingto all the rele-
vantsubjectds briefly reviewed, specifically: the definitionsand known propertiesof controllability and
obsenrability functions,balancedealizationdor nonlinearsystemsandminimality theoryfor statespace
realizationsof formal power series.In Section3 we thendevelop relationshipsetweerpositivity of the
enegy functionsandthe accessibility/obsembility rank conditions.This sectionconcludesvith themain
resultof the paperinvolving minimality. Thenin Section4 we introduceasan applicationof the newv min-
imality resultsthedecompositiomaterial. Section5 concludesvith two examples:anacademiexample
thatis meantto demonstratéhe mainideasof the paperandanexamplewith morephysicalrelesance.

Notation
Themathematicahotationusedthroughouis fairly standardVectornormsarerepresentety || x|| = vX" x

forxe R". L2(a, b) representthesetof Lebesgueneasurabléuinctions possiblyvectorvalued with finite

L2 norm |||, = \/ff [Ix(t)|[2dt. If L: R" — R is adifferentiablefunction, thenits partial derivative g—)L(

will be the row vector of partial derivatives % wherei = 1,...,n. Furthermorex(ty) = ¢(tz,t1,X1,U)
denoteghe solutionat time tp of the systemx = f(x) + g(x)u with initial conditionx(t1) = x; andinput
u: [ty,to] — R™. A conditionabout0 meansthat this conditionsholdsfor a neighborhoocf 0. Finally,

X(—o0) is anabbreviationfor lim¢_, _ . X(t).

2 Background

2.1 Controllability and observability functions for stablenonlinear systems

Controllability and obsenrability functionsplay animportantrole in balancingand modelreductionfor
stablenonlinearsystemg14]. In this sectiorwe give a brief review of theresultsthatareimportantfor the
minimality theorypresentedh Section3.

Considerasmooth,.e.,C>, nonlinearsystemof theform

x= f(x)+g(x)u

y=h(x)
whereu= (U, ...,um) € R™, y = (y1,...,yp) € R” andx = (xq, .., %) arelocal coordinategor asmooth
statespacemanifold denotedoy M. Throughoutwe assumehatthe systemhasan equilibrium. Without
lossof generalitywe takethis equilibriumto beatO0, i.e. f(0) = 0, andwe alsotakeh(0) = 0.

1)

Definition 2.1 [14] The contllability andobservabilityfunctionof a system(1) aredefinedas

1 /0
L = [ = 2
o0)=" _min_ 2/ml\li(t)l\ dt (2)
X(—o0) = 0,X(0) = %o



1 [ee]
Lo =5 [ Iv0) Pt xO0=%.  ut)=0, 0<t<o, ©
respectiely. O

Thevalueof the controllability functionat xg is the minimumamountof controlenegy requiredto reach
the statexg, andthe valueof the obsenability functionat Xp is the amountof outputenegy generatedy
Xo. Obviously, L¢(x) andL(X) arenon-ngative.

It is assumedhroughouthatlL. andL, arefinite andsmoothfunctionsof x.

Theorem 2.2 [14] If f(x) is asymptoticallystableon a neighborhoodV of 0, thenfor all x e W, Lo(X) is
theuniquesmoothsolutionof thefollowing Lyapunowypeequation:

%(x) f(x)+ =y (xh(x) =0, Lo(0)=0. (4)
ox 2
Furthermoefor all x e W, L¢(X) is theuniquesmoottsolutionof thefollowing Hamilton-Jacobiequation:
oL 1oL, T, 0Le, B
I W)+ 52-(09(x)g" (x)—=(x) =0,  Lc(0)=0 5)
. T 0L .
with —(f(x)+ g9(X)g’ (x) (x)) asymptoticallystableonW. ]

0X

Remark 2.3 If we assumethat f(x) is asymptoticallystableandthat (4) hasa smoothsolution, it then
followsthatL,, asin (3), exists,i.e.,is finite, [14]. See[1] for moreresultsaboutthe existenceandthecon-
tinuity of L, (in [1] Lo alsoplaysanimportantrole in thecontet of stability andinvariance) Furthermore,

if we assumehat (5) hasa smoothsolutionL thatis anti-stabilizing(i.e., —(f (x) + g(x)g(x)" % (x)) is

asymptoticallystable),t followsthatL., asin (2), exists[14]. |

Theorem 2.4 [14] Assumef (x) is asymptoticallystableon a neighborhoodV of 0 and (5) hasa smooth
solutionLe onW. ThenLc(x) > 0 for x e W, x # 0, if andonlyif —(f(x)+g(x)g" (x) 0L (x)) is asymptot-

Tox
ically stableonW. O

For the analysisin this paperthe definitionsof local reathability, (strong) accessibility and observability
areneeded.We referto standardeferencedike [5, 6, 11, 13]. Thesedefinitionsareusuallygivenin the
contet whereonly piecavise constaninputsare admissible.However, the effects of approximationof
moregenerainputsby piecavise constaninputshasbeenconsideredn earlierwork [18], andstatements
aboutthesepropertiesholdingfor larger classe®f inputscanbefoundin [17, 19]. For clarity we give the
definition of a specialcaseof obsenability, thoughalsowell-known, it is lessstandard.

Definition 2.5 Considerthesystem(1).

e The systemis zeo-stateobservabléf ary trajectorywhereu(t) = 0,y(t) = 0 impliesx(t) = 0, i.e., for
allxe M, h(¢(t,0,x,0))=0,t >0= ¢(t,0,x,0)=0,t > 0.

e The system(1) is locally zeo-stateobservableif thereexists a neighborhoodV of 0 suchthatfor all
xeW, h(¢(t,0,x,0))=0,forallt > 0= ¢(t,0,x,0)=0forallt > 0. O

Thefollowingtheoremis closelyrelatedo resultsthatappeain [5, 13]. It revealsanimportantrelationship
betweerzero-stat@bsenability andpositive definitenes®sf the obserability function.

Theorem 2.6 [14] Assumef (x) is asymptoticallystableon a neighborhoodV of 0. If the system(1) is
zeo-stateobservableonW, thenLy(x) > 0, Yx e W, X #£ 0. O

For local obserability onecangive well known sufficient conditionsin termsof Lie derivatives. Further
more,thelocal accessibilityandlocal strongaccessibilitypropertiescanbe characterizedby well-known
conditionsin termsof Lie brackets(e.g.,[11]). The only extensionneededhereis the definition of the
zero-obserability space.



Definition 2.7 Considerthesystem(1).

¢ Thezen-observatiorspacey is thelinearspaceof functionsonM containinghy. . . ., hp andall repeated
Lie dervativesLkhj, j€1,...,p,k=1,2,....

e Thezeo-observabilityco-distribution dOq is givenby dOp(q) = spaf{dH(q)| H € Oo}, whereq € M.
]

It is well-known that for the accessibilitydistribution, C, the strongaccessibilitydistribution, Cy, and
the obsenration space,O, thereexist rank conditionsimplying (strong)accessibilityand obserability.
For zero-obserability a similar rank condition exists. As a consequencdpcal zero-stateobsenability
implieslocal obserability at 0. Furthermoreijt follows thatlocal strongaccessibilityat xg implieslocal
accessibilityat xp.

2.2 A more generalobservability function for stablesystems

Local zero-stateobserability is certainly morerestrictive thanlocal obserability. The previous results
in a more generalobsenability settingrequirethe input to play a role. Given the system(f, g, h), the
correspondingiomogeneousystemis denotedby ( f, gn, h), wheregs(x) = g(x) — g(0). Thus,underour
generalassumptiong f (0), gn(0),h(0)) = (0,0,0). It is easilyshavn that (f, g, h) andit homogeneous
counterparialwayshave the sameobsenability spacesandthus have basicallythe sameobsenability
properties Considetthefollowing definition.

Definition 2.8 [3, 4] Thenatural observabilityfunctionfor the system(1) is definedas

1 o]

LN(xg) = = / (t)[|% ot 6

o (¥o) max 5 SO, 6)
X(0)=Xg, X(c0)=0

whereBy = {u € L2[0,00) : ||ul[, < a} with a > 0 afixed realnumbey andy is the outputresponsef

thecorrespondindniomogeneousystem. O

ClearlyLY (xo) is the maximumoutputenegy onecould expectfrom initializing thehomogeneousystem
at x(0) = xp andapplyingary input with enegy boundedby a. Whena = 0, we have the obsenrability
functiongivenin Definition2.1. A definingequationfor LY analogouso equation(4) exists. We referto
[3, 4] for thedetails.A smoothsolutionto this equatiorimpliesthe existenceof LY, andasis alsothe case
for Lo, the corversecanbe stated.The following theoremreviews therelationbetweerobserability and
positivity of LY.

Theorem 2.9 [3, 4] Supposé is an asymptoticallystableequilibrium of the system( f, g, h) on a neigh-
borhoodwW of 0 andh(0) = 0. If thesysten( f, g, h) is observablavith respecto By thenL (x) > 0 when
xeW, x=#£0. O

2.3 Balancedrealizations

Balancedrealizationgplay animportantrole in a variety of realizationand control problems.The classic
linearcasewasfirst introducedoy Moorein [10]. The extensionto thenonlinearcaseappearsn [14, 15].

Considemnonlinearsystenof theform (1) with smoothandwell-definedcontrollability andobsenrability
functionL. andL,, respectiely, asin Definition 2.1. Additionally, assume

1. f(x) is asymptoticallystableon someneighborhood of 0.
2. thesystemis zero-stat@bsenableonY.

02L¢ 0L

W(O) > OandW(O) > 0.

FromMorses Lemma,e.g.[8], onecanbring the systeminto input normalform. Furthermoreby apply-
ing the Fundamental'heoremof Integral Calculusand smoothnessesultsfrom [7], the following input-

normal/output-dagonaresultsareobtained.

3.



Theorem 2.10 [14] Considersysten(1) with certaintedinical conditions(se€[7, 8]). Thenthere existsa
neighborhood) of 0 anda coodinatetransformatiorxk = Y(z), Y(0) = 0, sud thatin thenew coodinates
ze W := ~1(U) thefunctionsL, andL, are of theform

11(2) 0
L) == LeW@) = 5772 Lol@) == Lo(0(2) = 57 :
0 n(2)
whee11(2) > ... > tn(2) arethesmoothsingularvaluefunctions O
Remark 2.11 For alinear systemthe singularvaluefunctionsrt;, i = 1,.., nareconstanandequalto the
squaredHankelsingularvalues. O

Theform of the controllability andobserability functionis notyet entirelybalanced For thatwe needa
simpleadditionalcoordinataransformationWe referto [14] for thedetailson this matter

2.4 Minimal realizationsvia formal power series

In this sectionwe briefly review a theoryof minimal statespacerealizationdor input-outputsystemghat
canberepresentetly aformal power seriegChen-Fliessunctionalexpansion) A detailectreatmenmay
befoundin [6]. Ultimatelythisleadsto thewell-knownrankconditionswhich arenecessargndsuficient
conditionsfor arealizationto be minimal.

Let Sbea giveninput-output maprepresentely acorvergentgeneratingeries
Stu—y(t) = Z c(n) Eq [u](t; to), @
ner*

wherel* is the setof multi-indicesfor theindex setl = {0,1,...,m},c(n) € RP, and
t

By io[ul(t,to) = /t Ui (DB io [U](T,to) dT (8)

fort € [to, T] with Ey(t,to)[u] := 1 andup(t) := 1. ThemappingS canthenalsoberepresentetly aformal
power seriesin noncommutingnonomialsZ = {2y, 1, ..., Zm} Viac = y ¢+ ¢(N)2, Wherezy =z, ...z,
whenn = (ik...i0). Now definethesets:

R < Z > : thesetof polynomialsin Z overR;

RP <« 2> : thesetof formal power seriesin Z over R”.

The (block) Hankelmappingassociateavith ¢ is definedasthe R-vectorspacemorphism : R < 2 >—
RP < Z>>, uniquelyspecifiecby the generalizedshifting property[H(z)](n) = c(n {), wheren, { € I*.
In this context we have the following definition.

Definition 2.12 The Lie rank of a formal power seriesc is definedas p.(c) := dim(H(L(Z))), where
L(Z) denoteghesmallest_ie algebracontainingZ. O

An analyticstatespacerealization( f, g, h) definedlocally aboutx, is saidto realizea formal power series
cif
C(Ik...lo)Zinoinl...inkh(Xo) (9)

for every (ix...ip) € 1, whereX; € {f,01,...,0m}. It is well known thatif a certaingrowth conditionon
thecoeficients{c(n) }nci+ is satisfiedthenthereexistsarealizationof cif andonly if theLie rankof cis
finite. A realization(f, g, h) aboutxy of a formal power seriesc is minimalif its dimensionis lessthanor
equalto thedimensiorof ary otherrealizationof c. Thefollowing resultscharacterizeninimality.

Theorem 2.13 An analyticrealization(f, g, h) aboutxy of a formal powerseriesc is minimalif andonly
if its dimensionis equalto the Lie rankp (c). O

Theorem 2.14 An analyticrealization(f, g, h) aboutxy of a formal powerseriesc is minimalif andonly
if dim C(Xp) = nanddim dO(xg) =n. O



3 Minimality and energy functions

3.1 The controllability function and the accessibilityrank condition

In this sectionwe develop connectiondetweerthe controllability functionandthe accessibilityrank con-
ditionin orderto apply Theoren?.14.1t is assumedhroughouthatthesystem(1) is asymptoticallystable
onaneighborhood’ of 0.

Thefollowing relationis easilydeducedfollowing thelinesof the proof of Theoreml3in [13]).

1 /0
Le(%) =L = inf = t) ]| dt 1
00)=Libo) = it o [Pt (10)
t>0
X(—o0) = 0,x(0) = Xo

andthusreachabilityfrom xg implieswell-definednessf L; for all x € M, andlikewisefor L.. However,
reachabilityis notimplied from a well-definedand positive definiteL.. For our applicationit is sufficient
(asobseredfrom Theorem2.4) to consideronly the anti-stabilizabiliyy of the solutionof the Hamilton-
Jacobiequation(5), which is a conditionthat canbe seenasreachabilityfrom 0 in infinite time (socalled
asymptotiaeachabilityfrom 0). This notionis formally definedoelow.

Definition 3.1 A system(1) is saidto be asymptoticallyreatablefromxy on a neighborhoodV of xg if
Vx € W thereexistsa u € L»(0, co) suchthat¢(t,0,Xo, u) € W for T > 0, andlim;_,« §(t, 0, Xo, U) = X.

A system(1) is saidto belocally asymptoticallyreadablefromxg if thereexists a neighborhoodV of xg
suchthatthe systemis asymptoticallyreachabldrom xy onevery neighborhood/ € W of xo. a

Clearly, this notion of asymptoticreachabilitycorrespondso the notion of anti-stabilizabilty, which is
relatedto the positivity andfinitenessof L in Remark2.3andTheorenm?.4. In thefollowing theoremwe
obtaintherelationbetweerocal asymptotiaeachabilityfrom xo andlocal accessibilityfrom xo.

Theorem 3.2 Assumehat the accessibilitydistribution C has constantdimensionaboutxg. Thenlocal
asymptotiaceatability fromxg impliesthatthe systemis locally accessibléromxg.

Proof Supposédhatthe systemis not locally accessibldrom xg, thenwe know from standardresultsin
the literature(e.g.,[11]) thatdimC(xp) = k < n. Hencefrom Proposition3.12in [11] theremustexist
aneighborhood/ of xg andlocal coordinates, . .., X, suchthatthe sub-manifoldS,, = {q € V|x(q) =
X (X0),i=k+1,...,n} containsRY (xo) for ary neighborhood/ C V of xg andfor all T > 0. Thisimplies
thatall g € V suchthatq ¢ S, arenotasymptoticallyeachablérom x; onV, andthusthelocal asymptotic
reachabilityfrom xg is contradicted. ]

Our mainaim now is to relatethe positive definitenessandfinitenessof the controllability functionto the
accessibilityrank condition.Notethathaving L¢(x) finite onW implicitly impliesthat(t, —oco,0,u) € W
for all T < 0. This,combinedwith Remark2.3andTheorem?.4 givesriseto thefollowing corollary:

Corollary 3.3 Assumehat the accessibilitydistribution C has constantdimensionabout0, and assume
that f is locally asymptoticallystable If there existsa neighborhoodV of 0 sud that the contmollability
functionL¢(x) is smoothfinite andsatisfied_¢(x) > O for x e V, x# 0, for all V. c W, thendimC(0) = n.
O

Remark 3.4 Theabove corollaryis restrictedby local requirement®n L, sincewe needocal asymptotic
reachabilityfrom O in orderto useTheorem3.2. Only asymptoticreachabilityon a neighborhood of 0
doesnot suffice. An exampleof a smoothsystemthatis asymptoticallyreachableon a neighborhoodV
of 0 andthatis not locally accessiblés easyto construct. However, if we assumdhatthe system(1) is
analytic thenwe canrelaxthelocalrequirementsn L to requirementsnaneighborhoodV of 0. Thisis
dueto thefactthatasymptotiaeachabilityfrom Xp implieslocal accessibilityfrom xg for analyticsystems,
e.g.,[17]. Analyticity is actuallynotastrongrestrictionin our setting sinceit is alsoastandingassumption
for therealizationtheoryin Section2.4. |



Theanalysisn Remark3.4resultsin thefollowing corollary:

Corollary 3.5 Let the system(1) be analytic. Assumehat the accessibilitydistribution C has constant
dimensionabout 0, and assumehat f is asymptoticallystableon a neighborhoodV of 0. If the con-
trollability functionL¢(x) is smooth finite and satisfiesLc(x) > 0 for x e W, x # 0, thendimC(0) = n.
O

Sofar, the focus hasbeenon the conceptof local accessibility However, for the statespaceanalysis
presentedn Section4, we usethe nonlinearcounterparbf the Kalmandecompositionandthuswe need
to usethe conceptof local strongaccessibility(seeDefinition 2.5). The local strongaccessibilityversion
of Theorem3.2is givenbelow.

Theorem 3.6 Assumehat the strongaccessibilitydistributionCy hasconstantdimensioraboutxg. Then
local asymptotiaeadability fromxg impliesthatthe systemis locally stronglyaccessibléromxg.

Proof Supposeéhat the systemis not locally strongly accessiblédrom xg, thenwe know from standard
resultsin theliterature(e.g.,[11]) thatdimCo(Xo) = k < n. Hencefrom Proposition3.22in [11] thereare

two possibilities:

(i) If f(x0) € Co(x0), thentheproof herefollowssimilar to the proofof Theorens.2.

(ii) If f(x0) ¢ Co(%o), thenby continuity f(q) ¢ Co(q) for all g € U, U c U is aneighborhoodf x, and

dimC(q) = dimCo(q) + 1 for all g € U. In this case onecanselectthe coordinatesi1, - - -, % in sucha

waythatS; = {qe U%:1() = T, % 2(q) = - -- = %(q) = 0} containsRY (xo, T) for ary T > 0. Again,

we have two cases:(a) If dim Co(x) < n— 1, thenthis impliesthatall q € U suchthatq ¢ SL) arenot

asymptoticallyreachabldrom xg onV, andthusthelocal asymptotiaeachabilityfrom xg is contradicted.
(b) If dimCy(x9) = n— 1, thenall q € U suchthat%, = —K, K > 0, arenotasymptoticallyreachablérom

xo onU. This concludeghe proof. m

This theoremgivesrise to corollariessimilar to Corollary 3.3 and 3.5, exceptwith accessibilityreplaced
by strongaccessibility

3.2 The observability function and the observability rank condition

For the obsenrability counterparbf the previoussectionwe consideithe obserability functionsasdefined
in (3) and(6). It is assumedhroughoutthatthe system(1) is asymptoticallystableon a neighborhoodr

of 0. We startwith the obsenrability functionin (6) for which obsenrability with respecto theinput class
By playsanimportantrole. The correspondingesultsfor the obserability function (3) thenfollow asa
specialcasewhena = 0.

Lemma 3.7 LetLY(x) bethenatural observabilityfunction(6) for somefixeda > 0. Assumehat LY (x)
is smoothandfinite for systen(1) on a neighborhoodV of 0. ThenL}(x) > 0 for x € W, x # 0, implies
thatthesysten(1) is locally observableat 0 with respecto By.

Proof Assumethatsystem(1) is not locally obserableat O with respecto By. Thenthe corresponding
homogeneousystemis alsonot locally obsenableat 0 with respecto By. Hencethereexists aninitial
statex, # 0 suchthath(§(t,0,0,u)) = h(§(t,0,Xs,u), t > 0, Vu € By, whered(-) denoteshe solutionto
homogeneousystem.By definition of the naturalobserability function,we have thatL)(0) = 0 andby
the positivity of LY it follows thatLN(xa) > 0. However, from equation(6) it follows immediatelythat
the maximumover u € By for both states) andx, resultsin the sameoptimal input u. Thisimpliesthat
LN(0) = LN(xa), andyieldsthe desiredcontradictiorto prove thelemma. [

Motivatedby the minimality conditionsof Theorem2.14,we next obtainthe following corollary, which
follows straightforwardlyfrom the previouslemmaandsomestandardesultsfrom [6, 11].

Corollary 3.8 Assuméhattheobservabilityco-distributiond© hasconstantlimensioraboutO. If thenat-
ural observabilityfunction(6) is smoothfinite andsatisfied ) (x) > 0for xe W, x# 0, thendimdO(0) = n.
O



Now, if we let a = 0, thenwe obviously returnto the obsenrability function of (3), andthe obsenability
with respecto theinputclassBy becomezero-stat@bsenability. Thefollowing specialkcaseof Corollary
3.8is usefulin Sectior4.

Corollary 3.9 Assumehatthe zen-observabilityco-distributiondOg hasconstantdimensioraboutO. If
the observabilityfunction(3) is smoothfinite andsatisfied (x) > 0, x € W, x# 0, thendimdOg(0) = n.

Remark 3.10 It is interestingto comparehe resultsof this sectionto thoseof the previoussection.They

do not completelyfollow alongsimilar or “dual” lines. Specifically theresultsrelatedto the obsenrability

functionsasgivenby (3) and(6) aregivenin termsof the zero-stateobsenrability andobsenability rank
condition, respectiely. Startingwith the rank conditionsthe corverseof Corollary 3.8 and Corollary
3.9 alsohold by applying Theorem2.6. However, for the controllability function, we are considering
asymptoticreachabilitywhich implieslocal accessibilitywhich in turn canberelatedto the accessibility
rankcondition. Thereversedirectionis far lessobviousin this case however, becausaccessibilityfrom 0

is notsufficientfor asymptotiaeachabilityfrom 0. If asymptotiaeachabilitycansomeha beassumedor

a givensystemthenthe converseof Corollary 3.3 andCorollary 3.5 would follow for the controllability

function.

3.3 Sufficient conditionsfor minimality

Briefly summarizedelow is a mainresultof the paper

Theorem 3.11 Assuméhatthe observabilityco-distributiondO (or the zeo-observabilityco-distribution
dOy, respectivelypndthe accessibilitydistribution C of a system(f, g, h) ead haveconstantdimension
about0. Furthermoe, assumehat the analyticsystem(f, g, h) is a realizationof the formal powerseries
¢, andthat f (x) is asymptoticallystable Then,if 0 < L¢(x) < oo and0 < LY (x) < oo (or 0 < Lo(X) < o0,
respectivelyjor x e W, x #£ 0, then(f, g, h) is a minimalrealizationof c. O

Theseconditionsarenotnecessargueto thefactthat,contraryto thelinearcaseaccessibilityandcontrol-
lability arenotequivalentin general Only underadditionalassumptionsanacorverseresultbe obtained.

4 Local statedecompositions

For linear systemst is well known that the Hankel singularvaluesare independentf the chosenstate
spacerealizationandonly depencbn theinput-outpu behaior of the system.In fact, they arethesingular
valuesof the Hankeloperatorof the system(e.g.,Glover [2]). If we considera non-minimallinear state
spacesystemwith controllability GramianwW andobsenability GramianM, the non-zeroeigervaluesof
MW corresponaxactly to thesquaredHankelsingularvalues,andthenumberof zeroeigewaluesof MW
equalghedifferencebetweerthe statespacedimensiorof the givensystemandthe statespacedimension
of ary minimal representationin this sectionwe extendtheseobsenationsto the nonlinearsetting. We
areinterestedn theHankel structureof the systemandtherelatednonlinearbalancingconcepipresented
in Section2.3. Sincethe systemHankeloperatorcorrespondso the mappingfrom pastinputsto future
outputs(wheretheinputis zerofor positive time) we consideithe controllability functionasdefinedin (2)
andtheobsenrability functionasdefinedin (3).

Considetthe nonlinearsystem(1) andassumehatit is locally asymptoticallystable.In this sectionwe do

not assumdocal zero-statebsenrability, andhencethe obsenrability functionis not necessarilypositive
. T aTL . .

definite. Furthermorewe do notassumehat —(f (x) +9(x)g(x)" %5 (X)) is locally asymptoticallystable

(orin otherwords:we do notassumesymptotiaeachabilityfrom 0), andthusthe controllability function

neednotbefinite for all x.

OnecanuseFrobeniusTheorento constructhezero-statebsenable‘part’ of thesystem.In orderto be
ableto dothesamefor theasymptoticallyreachablepart’ of the systemponemustconsiderthe partof the



statespacesystemhatis asymptoticallyreachabldrom O, i.e.,where

- (100-+909" 9 2 ) )

is asymptoticallystable. In the linear casethis part equalsthe controllablepart of the system. In the
nonlinearcasethecornverseof TheorenB.2andTheorenB.6arenotalwaystrue. So,in orderto beableto
constructa decompositioranalogougo the known nonlineargeneralizatiorof the Kalmandecomposition
(e.g.,Theorem3.51in [11]), we mustconsiderthe stronglyaccessibl@artof the system.

Theorem4.1 Assumehat the distributions Cy, kerdOg and Cq + kerdOg all have constantdimension
andthat Cy + kerdOy is involutive Thenonecanfind local coodinatesx = (x}, x?,x3, x*) such thatCop =
spar{ 521, 32, } andkerdOp = spar{ 3%, ;% }. Thesystentakestheform

o= 1) + Eg}(xl,xz,ﬁ,x“)u,— (12)
j=1
2 = fz(xl,xz,x3,x4)+§gjz(xl,xz,x3,x4)uj (13)
=1
e o= 1303 (14)
o= 1403,x) (15)
y = h(xF). (16)

Proof Theproofis similarto thatgivenin Theorem3.510f [11], which usesFrobeniusTheorem.The pri-
marydifferenceds thatherewe dealwith thezero-obserablepartinsteadof theobserablepart. Therefore,
for this proof it is enoughto obsere thatthe co-distritution dOg is invariantfor the dynamicsx = f(x)
sinceL +dOp C dOp. HencekerdOp = span{a%} is aninvariantdistributionfor x= f(x). SincekerdOg C
kerdh, thetheoremis proven. ]

Remark 4.2 Anotherway to view the differencebetweenthe decompositiorabose andthat given by
Theorem3.51in [11] is in the form of the input vectorfield in (12). For zero-stateobsenability, the
input vectorfield doesnot matter while for the moregeneralkconceptof obsenrability it maymatter That
meanghatx; andxz arezero-stateobsenable,andthusobsenable,andthatx, andxs arenot zero-state
obsenable,but they still maybeobsenable! However, sincewe areinteresteanly in theHankelstructure,
andspecificallyin thesingularvaluefunctionsof thenonlinearsystemtheabore decompositioris themost
suitable. a

Letn; bethedimensiorof X', i = 1,2, 3,4,andletY beaneighborhooaf 0 wherethedecompositiombore
is valid. Thenclearly(12), (14) and(16) form the zero-statebsenablepartof the systemwhile (12) and
(13) is the stronglyaccessiblgart of the system.To assurghatfor (12), (14) and(16) the obsenability
functionexists,weassumehatin thesdocal coordinategquation4) in Theoren?.2 hasasmoothsolution
for (x1,0,x3,0) € Y. Furthermorenotethat (f3(x3)T, f4(x3,x)T)T is asymptoticallystable,and by the
form of (14) and(15)it is impossiblefor —( f (x) +g(x)g(x) " % (X)) to beasymptoticallystableonY. To
assurehatfor (12) and(13) the controllability function exists, we assumehatin theselocal coordinates
equation(5) hasananti-stabilizingsolutionasin Theoren.2for (x!,x?,0,0) € Y. In fact,theassumption
on the existenceof the controllability functionfor the stronglyaccessiblgart of the systemimplies that
thepart of thesystenthatis asymptoticallyreadhablefromO correspond®xactlyto the stronglyaccessible
part of thesystem

Theorem 4.3 If theaboveassumptionsn existenceof solutionsandanti-stabilizingsolutionsto theequa-
tions(4) and(5), respectivelyon partsof the statespaceare fulfilled, then:

1. Lo(X, %2, x3,x%) > 0 whenwer (x}, x4 x3,x*) € Y, and (x,x3) # (0,0).
2. Lo(0,x%,0,x*) = 0for all (0,x%,0,x*) €Y.



3. Lc(X, %2, %3, x4 is infinitewheneer (xt, x2,x3, x*) € Y, (x3,x%) # (0,0).
4. 0< Lc(xt%%,0,0) < e forall (x4,%x2,0,0) €Y, (x},x%) # (0,0).

Proof Proofof 1 and2: It is clearthath(0, x?(t),0,x*(t)) = O for all T > 0. By theform of (12) and(14)
we obtainthat

Lo(02,0¢) = 3 [~ (0,21, 0.,¢)Th(0,(1), 0.1kt =0,
for u= 0, andfor all (0,%2,0,x*) € Y. Again, by theform of (12), (14), and(16) we thenhave
Lo(xt, %2, 33, xH = % /0 - h(x}(1),>3(1)) Th(xt (1), 53(1))dt = Lo (X, x°)

for u= 0, whereL, is the obsenability functionof (12), (14),and(16). By assumptior_, = L, existsand
is smooth.By Theorem2.6 Lo(x}, X2, x3,x*) = Lo(xt, x%) > 0 for (xL,x%) # (0,0).

Proofof 3and4: Thecontrollability functionL; mustsatisfyequation2). Sincethesystenformedby (14)
and(15) is asymptoticallystable,it follows immediatelythat L¢(x*, %%, x3,x*) = oo for all (xt,x2, x3, x*)
e Y, with (x3,x*) # (0,0). By Theorem2.2 L¢(x,%?,0,0) < oo for all (x',%%,0,0) € Y. Furthermorepy
Theorenm?.4it followsthatL(x}, x?,0,0) > O for all (x},x2,0,0) € Y, (x},x?) # (0, 0). [

Remark 4.4 L. is infinite on the subsystenthatis not stronglyaccessibleHence thatsubsystenis also
notasymptoticallyreachabldrom 0. Thisin essencgieldsanotherproof of Theorem3.6. O

Remark 4.5 Now assumehatthe full systemis locally accessibldremembethatthis is, togetherwith
local obsenrability, aconditionthatimpliesminimality), but notlocally stronglyaccessibleWe know from
Theoremd.3thatthestatesvhicharenotlocally stronglyaccessibléorcethecontrollability functionL to
becomenfinite. Thus,onecanconcludecontraryto thelinearcasethatminimality for anonlinearsystem
asdiscussedh the previous sectiongdoesnot insurethatthe controllability functionis finite. O

Remark 4.6 Theobsenability counterparto Remark4.5is similar, butin facteasierto describe Assume
thatthe full systemis locally obsenable,but not locally zero-stateobsenable. We know from Theorem
4.3 thatthe partof the systemwhich is not locally zero-statebsenrablecorrespondso the obserability
functionL, beingzero. Thusone canconclude,againcontraryto the linear case that minimality for a
nonlinearsystemdoesnot insurethe obsenability functionto be positive. However, we have introduced
the naturalobsenability functionL) in Section2.2. For this functionto be positive definite,we only need
obsenrability with respecto By, andnotthe morerestrictive zero-stat®bsenability. If obsenrability with
respecto By is equivalentto obserability (whichis notvery restrictve, sincewe only requiretheinputto
have finite enegy), we canrepeathe analysisof this sectionfor LY with zero-statebsenability replaced
by obsenability. Thenew analysisresultsin the generalize&almandecompositiorasfoundin [11], and
straightforwardlywe obtainsimilar resultsasfor Lo, with the additionalpropertythatfor LY theresultsdo
coincidewith theusualresultsfor the obsenrability functionin thelinearcase. O

If additionallyoneassumemat%(O) >0 and %(O) > 0, thenit becomeslearfrom Theoremd.3
thatLo(x!, 0,0, 0) andL(x*, 0, 0,0) maybetransformednto theform of Theoren?.10. In fact, thereexists
alocalx! coordinateransformatiorx* = (i(z), (0) = 0, (~1(x!),0,0,0) € Y, suchthatL.(y(z),0,0,0)
andLo(W(2),0,0,0) arein the form of Theorem2.10. Thusthis part of the systemmay be balancedon

aneighborhooaf 0 with singularvaluefunctionsty(z) > --- > 1y, (). Furthermorejf we alsoconsider
x2, thenthereexist local coordinategz!, 72) = ¢~1(x}, x2) suchthatL¢(@(z}, 2),0,0) = %212—1— %222. Now

write Lo(9(Z4,22),0,0) = %(le 2NM(Z,2)(ZT 27)T. If theassumptionsf Theoren.10arefulfilled,

onemay diagonalizeM(z%,Z2). The functionson the diagonal:T1(z},22) > -+ > Tn,4n, (2}, %) aresuch
thatt;(z,0) =T1i(2),i=1,...,ny, andt; (0, Z)=0,j=n;+1,...,nm+ny. Thisis analogouso thelinear
case,wherethe unobserable part corresponds$o zero Hankelsingularvalues. Note thatit is not possi-
ble to transformthe whole systeminto the form of Theorem2.10, sinceL¢(0, 0,x3,x*) is infinite. This
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is still in agreemenwith the linear theory sinceherewe aredealingwith the ‘inverseof the controlla-
bility Gramian’. Hencethat part of the systemthatis not strongly accessibleyields an ‘inverseof the
controllability Gramian’thatis infinite, andthusa ‘controllability Gramian’thatis singular

5 Examples

Thefirstexampleis anacademionemeanto simplyillustratethebasictheorypresentedh thispaper The
secondexampleis physicalin natureandrevealssomecomputationalssuesrelatedto solving Hamilton-
Jacobiequations.

Example5.1 Considetthefollowing system(1), where:

43 0 —\/2—2(x1+x3)2+2x§
s o 24 +2x
f(x) = 0 ., gx=1| o \/2—2(x1+x3) +28 | heo=( 050
—X3 + X1 X5 + X3X5 —
W TRe TR V2 \/272(x1+x3)2+2x§

This systemis asymptoticallystableand analyticon a neighborhoodf 0. Therank of the accessibility
distributionC at 0 is 2 (it is easily seenthatthe Lie bracketdirectionsare alreadygiven by g;(0), and
02(0)). Theaccessibilitydistribution equalsin this casethe strong-accessibilitgistribution. The rank of
the obsenability co-distritution dO at 0 is also 2 (the two directionsof the zero-stateobsenrability co-
distributionin 0 aregivenby dh;(0), anddhy(0)). Theobsenability co-distritutionequalsin this casethe

zero-obserability co-distritution. By Corollary3.5andCorollary3.9we know now thatthereexist x € R®
suchthatLy(x) = 0 with x ## 0 andL¢(x) infinite, with x finite. Now, to bring the systemin the form of
Theoremd.1lapplythetransformation

0O -1 1
x=Tz=|0 1 0 |z
1 1 -1

The systemthentransformsnto

n=—-2+ 212% + u1\/§

. T y1=22
ZZZ—Zz—é—i-Uz 2—22%4—22% yzz\/zzz

3=—24

Olviously, z3 is the non-accessiblandnon-obserablepartof the system.By Theoremd.3, we have that
Lo(0,0,23) = 0, thatLo(z1, 22, z3) > O for (z1,22) # (0,0), thatO < L¢(z1,22,0) < 0o, andthatl¢(z1, 22, z3)
is infinite for z3 # 0. This alsodirectly follows from trying to solve the correspondingdamilton-Jacobi
equationg4) and(5). For the (z;,2) subsystendi.e., the minimal subsystemhotethatL. andL, are
alreadyin theform of Theorenm2.10,i.e.,

2 0
Le(2) = %ZTZ, Lo(2) = %ZT ( Z%) z
0 1+

Thesingularvaluefunctionsarethereforet; (z) = 2 andt,(2) = 1+ Z. 0

Example5.2 Considemfrictionlessdoublependulum(or two-link robotmanipulator)with controltorque
u appliedat the first joint, seeFigure1l. The dynamicsof sucha doublependulummay be obtainedvia
the Hamiltonianformalism. We derive the equationdor the simpleHamiltonianform in orderto be able
to considettheassociategradientsystemwhichis of smallerorder andthereforecomputationallyeasier
to handle but still captureghe physicalpropertiesof the system.Furthermorethe frictionlesssystemis
only Lyapuna stable but notasymptoticallystable while theassociatedradientsystems asymptotically
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Figurel: Thedoublependulum

stable,and thus fulfills the requirementsof this paper Let 8 = (81,8;) and® = (81,8,). The kinetic
co-enegy is givenby thesumof thekinetic co-enegiesof themassesm andmy, respectiely. Thisyields

T(6):= %GTM(G)G
with M(0) asfollows

M(8) = myl£ + mal £+ Mpl2 +2mplilacosBz - MplZ + mylil2cost,
mpl2 + mpl1l2cosH, mpl3 '

NotethatM(0) is a positive definitematrix for every 6. Similarly the potentialenegy V is the sumof the
potentialenegiesof thetwo masses,e.,

V(8) = —mgl; cosB; — mpgli cos8; — mpglacog 61 + 67). a7

Defineq:= 6, andp := M(8)8, thusq = M(q)p. Furthermoredenoteby Q the manifold with local
coordinates);, go. TheHamiltonianH canbewrittenas

H(q.p) = %pTM(Q>*1p+V(q), (18)

wherethekinetic enegy in the (g, p) coordinatess givenby the RiemanniarmetricM(qg) on Q andV (q)
is the potentialenegy givenby (17). We obtainthatthe outputmapC is givenby C(q) = gi1. In the (g, p)
coordinateshe equation®f thedoublependulumin simpleHamiltonianform aregivenby

oH

q= a—p(q, P)
. OH 1 (19)
P=—3q@P)+ (0) u
y=(1 0)q
Let P(q) = M(q)~L. Theassociatedradientsystemis givenby
. TV 1
X= —P(X)W(X) +P(x) (O) u (20)
y=(1 0)x

Here,we only considetthecasewherel; =1, = 1,andm; = mp = 1. Mathematicasoftwarewasemployed
to approximatelysolve the Hamilton-Jacobequationgor the obsenability andcontrollability function, L
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andLc, for the gradientsystem(20). Specifically equationg4) and(5), aresolvedup to order4 usingan
iterative procedurdrom Lukes[9]. If we write

62L0 aZV aC
- (0), R=P(0), Q:W(O), H:&(O)

- oox?
then
Lo(X) = IXTNx+LH(x)
PHEY() = —RQ4 (%) (21)
IC(X)TC(x) = 3xTHTHx+6"(x),

whereL!(x), f(x) and8"(x) containhigherorderterms(beginningwith degrees3, 2 and3, respectiely).
TheLyapuna typeequation(4) splitsinto two parts:thefirst partis the Lyapunw equationof the observ-
ability Gramianof thelinearizedgradientsystemwhile the secondoartis the higherorderequation

oLh 0oy, h

W(x)RQxf Wf (X)+06"(x). (22)
Themth ordertermsL™ (x) of Lo(x) cannow be computednductively for m > 3. Denotethe m-th order
termsin theright-handsideof (22) by Kn(x). It followsthat

Ly
3 WRQX=Km(X), (23)
andsince—RQhasall eigervaluesin theleft half plane this meanghat
LI (x) — / Km(e Rex)dt. (24)
0
It is easilyseenthat Km(x) only dependson L™V, LI™ 2 ... L?, andtherefore(23) determined ™

inductively startingfrom LE,Z) = %XT Nx. Thisprocedureanalsobefollowedfor thecontrollability function
L. It yieldsfor our gradientsystemthefollowing result
Lo(x1,%) = 0.034375¢ +0.00212286(¢ + 0.01875%2—
0.00465964x3 — 0.001688062x3+ (25)
0.0001581%3x, +0.0031253 — 0.0009091387,

and
Le(x, %) = 360 —107.411x + 400X, — 24.166 x5 —
19125x§x5 — 2305956, + 1206 + 21.875¢,

respectiely. Examiningthesefunctionsnearthe origin (seeFigure 2) it is evidentthatthey arestrictly

(26)

Figure2: Thecontrollability (left) andobserability (right) functionsfor Examples.2

positive, andhence the systemis minimal. This correspondso our physicalintuition. Obsenre thatthe
obsenability functionis quite closeto zeroat somevalues. This givesus a kind of measurdor “weak”
zero-obserability. Likewise,for thecontrollability functionwe canmakea similarobsenationfor “weak”
asymptoticeachability O
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