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Abstract

In this papera set of sufficient conditionsis developedin termsof controllability and observability
functionsunderwhich a givenstatespacerealizationof a formal power seriesis minimal. Specifically,
it is shown thatpositivity of thesefunctions,in additionto a stability requirementanda few technical
conditions,impliesminimality. In doingso,connectionsareestablishedbetweenHamilton-Jacobitype
optimal control theoryandthewell known necessaryandsufficient conditionsfor minimality in terms
of Kalmantyperankconditionson theaccessibilityandobservability distributions.Usingthenonlinear
analogueof theKalmandecomposition,connectionsarethenestablishedbetweenminimality, singular
valuefunctions,balancedrealizations,andvariousnotionsof reachabilityandobservability for nonlinear
systems.

Keywords: minimal realizations,controllability andobservability energy functions,formal power series,
nonlinearsystems

1 Intr oduction

Theproblemof determiningwhenthedimensionof a statespacerealizationfor a giveninput-outputmap
is minimal is a fundamentalproblemin systems.It connectsto many othertopicsin realizationtheory
like controllability andobservability properties,similarity invariants,balancedrealizationsandmodelre-
duction. The theoryis quite completein the caseof linear systems.For example,it is well known that
minimality is equivalent to joint controllability andobservability, and for stablesystems,this is further
equivalentto the positive definitenessof the controllability andobservability Gramians.TheseGramian
matricesnaturallyappearin balancedrealizationtheoryandoptimalcontrolproblems.In thenonlinearset-
ting, minimality theoryis notnearlyaswell developed.For example,thereareseveralexisting theoriesfor
minimality dependingon theexactnaturein which theinput-outputmappingis described,i.e., in termsof
asetof input-outputdifferentialequations(see[20] andthereferencestherein),aVolterraseries[6, 11, 12]
or a formalpower series/Chen-Fliessfunctionalexpansion[6]. At present,theexactconnectionsbetween(
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CRG-971135.

1



thesedifferentapproachesarenot completelyunderstood.Furthermore,motivatedby the linearcase,we
might expectthatminimality shouldhave connectionsto thenonlinearextensionsof theGramians,which
have beendevelopedfor nonlinearbalancing[3, 4, 14, 15, 16]. But theseconnectionsarealso largely
unknown atpresent.

Theprimarypurposeof thispaperis to developasetof sufficientconditionsin termsof controllability
andobservability functionsunderwhich a givenstatespacerealizationof a formal power seriesis mini-
mal. Specifically, it will beshown thatpositivity of thesesocalledenergy functions, plusa few technical
conditions,impliesminimality. Of coursethereexistswell known necessaryandsufficient conditionsfor
minimality in termsof Kalmantype rank conditionson the accessibilityandobservability distributions
[6, 11]. So the novelty of the approachtakenhereis in establishinga connectionbetweenthesediffer-
entialgeometrictypeminimality conditionsandpropertiesof energy functions,whichareconnectedwith
Hamilton-Jacobitypeoptimal control theory. Then,usingthenonlinearanalogueof theKalmandecom-
position,weestablishconnectionsbetweenminimality, singularvaluefunctionsandthevariousnotionsof
reachabilityandobservability for nonlinearsystemswhichpreliminaryappearedin [16].

The paperis organizedas follows. In Section2, the backgroundmaterialpertainingto all the rele-
vantsubjectsis briefly reviewed,specifically: the definitionsandknown propertiesof controllability and
observability functions,balancedrealizationsfor nonlinearsystems,andminimality theoryfor statespace
realizationsof formal power series.In Section3 we thendeveloprelationshipsbetweenpositivity of the
energy functionsandtheaccessibility/observability rankconditions.This sectionconcludeswith themain
resultof thepaperinvolving minimality. Thenin Section4 weintroduceasanapplicationof thenew min-
imality results,thedecompositionmaterial.Section5 concludeswith two examples:anacademicexample
thatis meantto demonstratethemainideasof thepaper, andanexamplewith morephysicalrelevance.

Notation
Themathematicalnotationusedthroughoutis fairly standard.Vectornormsarerepresentedby ) x )�*,+ xT x
for x -/. n

. L2 0 a1 b 2 representsthesetof Lebesguemeasurablefunctions,possiblyvector-valued,with finite

L2 norm ) x ) L2 * 3 b
a ) x0 t 24) 2 dt. If L : . n 56 . is a differentiablefunction,thenits partialderivative ∂L

∂x

will be the row vector of partial derivatives ∂L
∂xi

where i * 11879797:1 n. Furthermore,x0 t2 2;* ϕ 0 t2 1 t1 1 x1 1 u 2
denotesthesolutionat time t2 of thesystemẋ * f 0 x2�< g 0 x2 u with initial conditionx0 t1 2=* x1 andinput
u : > t1 1 t2? 6 . m

. A conditionabout0 meansthat this conditionsholdsfor a neighborhoodof 0. Finally,
x0�@BA 2 is anabbreviationfor limt C�D�E x0 t 2 .
2 Background

2.1 Controllability and observability functions for stablenonlinear systems

Controllability andobservability functionsplay an importantrole in balancingandmodelreductionfor
stablenonlinearsystems[14]. In thissectionwegiveabrief review of theresultsthatareimportantfor the
minimality theorypresentedin Section3.

Considera smooth,i.e.,CE , nonlinearsystemof theform

ẋ * f 0 x2F< g 0 x2 u
y * h 0 x2 (1)

whereu * 0 u1 1979797G1 um 2H-I. m
, y * 0 y1 1879797G1 yp 2;-J. p

andx * 0 x1 1879797:1 xn 2 arelocalcoordinatesfor asmooth
statespacemanifolddenotedby M. Throughoutwe assumethat thesystemhasanequilibrium. Without
lossof generalitywe takethis equilibriumto beat0, i.e. f 0 0 2&* 0, andwealsotakeh 0 0 2&* 0.

Definition 2.1 [14] Thecontrollabilit yandobservabilityfunctionof a system(1) aredefinedas

Lc 0 x0 2&* min
u K L2 L D�ENM 0O

x L D�E�OQP 0 M x L 0ORP x0

1
2

S 0

D�E ) u 0 t 2T) 2 dt (2)
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Lo 0 x0 2�* 1
2

S E
0

) y0 t 2T) 2 dt 1 x0 0 2�* x0 1 u 0 t 2;U 01 0 V t W A 1 (3)

respectively. X
Thevalueof thecontrollability functionat x0 is theminimumamountof controlenergy requiredto reach
thestatex0, andthevalueof theobservability functionat x0 is theamountof outputenergy generatedby
x0. Obviously, Lc 0 x2 andLo 0 x2 arenon-negative.

It is assumedthroughoutthatLc andLo arefiniteandsmoothfunctionsof x.

Theorem 2.2 [14] If f 0 x2 is asymptoticallystableon a neighborhoodW of 0, thenfor all x - W, Lo 0 x2 is
theuniquesmoothsolutionof thefollowingLyapunovtypeequation:

∂Lo

∂x 0 x2 f 0 x2F< 1
2

hT 0 x2 h 0 x2=* 01 Lo 0 0 2&* 07 (4)

Furthermorefor all x - W, Lc 0 x2 is theuniquesmoothsolutionof thefollowingHamilton-Jacobiequation:

∂Lc

∂x 0 x2 f 0 x2F< 1
2

∂Lc

∂x 0 x2 g 0 x2 gT 0 x2 ∂T Lc

∂x 0 x2�* 01 Lc 0 0 2�* 0 (5)

with @�0 f 0 x2Y< g 0 x2 gT 0 x2 ∂TLc

∂x 0 x2�2 asymptoticallystableonW. X
Remark 2.3 If we assumethat f 0 x2 is asymptoticallystableandthat (4) hasa smoothsolution, it then
followsthatLo, asin (3), exists,i.e.,is finite, [14]. See[1] for moreresultsabouttheexistenceandthecon-
tinuity of Lo (in [1] Lo alsoplaysanimportantrole in thecontext of stabilityandinvariance).Furthermore,

if weassumethat(5) hasa smoothsolutionLc that is anti-stabilizing(i.e., @Z0 f 0 x2F< g 0 x2 g 0 x2 T ∂TLc
∂x 0 x2Y2 is

asymptoticallystable),it followsthatLc, asin (2), exists[14]. X
Theorem 2.4 [14] Assumef 0 x2 is asymptoticallystableon a neighborhoodW of 0 and(5) hasa smooth

solutionL̄c onW. ThenL̄c 0 x2�[ 0 for x - W, x \* 0, if andonly if @�0 f 0 x2]< g 0 x2 gT 0 x2 ∂T L̄c
∂x 0 x2Y2 is asymptot-

ically stableonW. X
For theanalysisin this paperthedefinitionsof local reachability, (strong)accessibility, andobservability
areneeded.We refer to standardreferenceslike [5, 6, 11, 13]. Thesedefinitionsareusuallygivenin the
context whereonly piecewise constantinputsareadmissible.However, the effectsof approximationsof
moregeneralinputsby piecewiseconstantinputshasbeenconsideredin earlierwork [18], andstatements
aboutthesepropertiesholdingfor largerclassesof inputscanbefoundin [17, 19]. For clarity wegive the
definitionof a specialcaseof observability, thoughalsowell-known, it is lessstandard.

Definition 2.5 Considerthesystem(1).^ Thesystemis zero-stateobservableif any trajectorywhereu 0 t 2;U 01 y0 t 2;U 0 impliesx0 t 2�U 0, i.e., for
all x - M, h 0 ϕ 0 t 1 01 x1 02Y2%* 01 t _ 0 ` ϕ 0 t 1 01 x1 0 2a* 01 t _ 0.^ Thesystem(1) is locally zero-stateobservable, if thereexists a neighborhoodW of 0 suchthat for all
x - W, h 0 ϕ 0 t 1 01 x1 0 2Y24* 0, for all t _ 0 ` ϕ 0 t 1 01 x1 0 24* 0 for all t _ 0. X
Thefollowingtheoremis closelyrelatedto resultsthatappearin [5, 13]. It revealsanimportantrelationship
betweenzero-stateobservability andpositivedefinitenessof theobservability function.

Theorem 2.6 [14] Assumef 0 x2 is asymptoticallystableon a neighborhoodW of 0. If the system(1) is
zero-stateobservableonW, thenLo 0 x2b[ 0, c x - W, x \* 0. X
For local observability onecangive well known sufficient conditionsin termsof Lie derivatives.Further-
more,the local accessibilityandlocal strongaccessibilitypropertiescanbecharacterizedby well-known
conditionsin termsof Lie brackets(e.g., [11]). The only extensionneededhereis the definition of the
zero-observability space.
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Definition 2.7 Considerthesystem(1).^ Thezero-observationspaced 0 is thelinearspaceof functionsonM containingh1 1879797G1 hp andall repeated
Lie derivativesLk

f h j , j - 11979797G1 p, k * 11 218797Y7 .^ Thezero-observabilityco-distributiond d 0 is givenby d d 0 0 q 2�* spane dH 0 q 2gf H -hd 0 i , whereq - M.X
It is well-known that for the accessibilitydistribution, C, the strongaccessibilitydistribution, C0, and
the observation space,d , thereexist rank conditionsimplying (strong)accessibilityand observability.
For zero-observability a similar rank conditionexists. As a consequence,local zero-stateobservability
implies local observability at 0. Furthermore,it follows that local strongaccessibilityat x0 implies local
accessibilityatx0.

2.2 A more generalobservability function for stablesystems

Local zero-stateobservability is certainlymorerestrictive than local observability. The previous results
in a more generalobservability settingrequirethe input to play a role. Given the system 0 f 1 g1 h 2 , the
correspondinghomogeneoussystemis denotedby 0 f 1 gh 1 h 2 , wheregh 0 x2H* g 0 x2 @ g 0 0 2 . Thus,underour
generalassumptions0 f 0 0 2�1 gh 0 0 2g1 h 0 0 2�2=* 0 01 01 0 2 . It is easilyshown that 0 f 1 g1 h2 and it homogeneous
counterpartalwayshave the sameobservability spaces,and thus have basicallythe sameobservability
properties.Considerthefollowingdefinition.

Definition 2.8 [3, 4] Thenatural observabilityfunctionfor thesystem(1) is definedas

LN
o 0 x0 2�* max

u K Bα
x j 0kml x0 n x j E�kml 0

1
2

S E
0

) ỹ0 t 2Q) 2 dt 1 (6)

whereBα :*oe u - L2 > 01 A 2 : ) u ) L2 V α i with α _ 0 a fixed realnumber, andỹ is theoutputresponseof
thecorrespondinghomogeneoussystem. X
ClearlyLN

o 0 x0 2 is themaximumoutputenergy onecouldexpectfrom initializing thehomogeneoussystem
at x0 0 2=* x0 andapplyingany input with energy boundedby α. Whenα * 0, we have the observability
functiongivenin Definition2.1. A definingequationfor LN

o analogousto equation(4) exists. We refer to
[3, 4] for thedetails.A smoothsolutionto thisequationimpliestheexistenceof LN

o , andasis alsothecase
for Lo, theconversecanbestated.The following theoremreviews therelationbetweenobservability and
positivity of LN

o .

Theorem 2.9 [3, 4] Suppose0 is an asymptoticallystableequilibriumof thesystem0 f 1 g1 h 2 on a neigh-
borhoodW of 0 andh 0 0 2&* 0. If thesystem0 f 1 g1 h 2 is observablewith respectto Bα thenLN

o 0 x2b[ 0 when
x - W, x \* 0. X
2.3 Balancedrealizations

Balancedrealizationsplay animportantrole in a varietyof realizationandcontrolproblems.Theclassic
linearcasewasfirst introducedby Moorein [10]. Theextensionto thenonlinearcaseappearsin [14, 15].

Consideranonlinearsystemof theform (1) with smoothandwell-definedcontrollability andobservability
functionLc andLo, respectively, asin Definition2.1.Additionally, assume

1. f 0 x2 is asymptoticallystableonsomeneighborhoodY of 0.

2. thesystemis zero-stateobservableonY.

3.
∂2Lc

∂x2 0 0 2�[ 0 and
∂2Lo

∂x2 0 0 2p[ 0.

FromMorse’s Lemma,e.g. [8], onecanbring thesysteminto inputnormalform. Furthermore,by apply-
ing theFundamentalTheoremof Integral Calculusandsmoothnessresultsfrom [7], the following input-
normal/output-diagonalresultsareobtained.
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Theorem 2.10 [14] Considersystem(1) with certaintechnical conditions(see[7, 8]). Thenthere existsa
neighborhoodU of 0 anda coordinatetransformationx * ψ 0 z2 , ψ 0 0 2&* 0, such that in thenew coordinates
z - W :* ψ D 1 0 U 2 thefunctionsLc, andLo are of theform

L̆c 0 z2 :* Lc 0 ψ 0 z2Y2�* 1
2

zT z1 L̆o 0 z2 :* Lo 0 ψ 0 z2�2=* 1
2

zT

τ1 0 z2 0
...

0 τn 0 z2
z1

where τ1 0 z2�_q7m7m7r_ τn 0 z2 are thesmoothsingularvaluefunctions. X
Remark 2.11 For a linearsystemthesingularvaluefunctionsτi , i * 1187m7m1 n areconstantandequalto the
squaredHankelsingularvalues. X
Theform of thecontrollability andobservability functionis not yet entirelybalanced.For thatwe needa
simpleadditionalcoordinatetransformation.Wereferto [14] for thedetailson thismatter.

2.4 Minimal realizationsvia formal power series

In this sectionwebriefly review a theoryof minimal statespacerealizationsfor input-outputsystemsthat
canberepresentedby a formalpowerseries(Chen-Fliessfunctionalexpansion).A detailedtreatmentmay
befoundin [6]. Ultimatelythis leadsto thewell-knownrankconditions,whicharenecessaryandsufficient
conditionsfor a realizationto beminimal.

Let Sbea giveninput-outputmaprepresentedby aconvergentgeneratingseries

S: u
6

y0 t 2&* ∑
η K I
( c0 η 2 Eη > u?�0 t 1 t0 2�1 (7)

whereI s is thesetof multi-indicesfor theindex setI *te 01 119787Y7G1 mi , c0 η 2b-N. p
, and

Eik u u u i0 > u?g0 t 1 t0 2&*
S t

t0
uik 0 τ 2 Eik D 1 u u u i0 > u?g0 τ 1 t0 2 dτ (8)

for t -I> t0 1 T ? with Ev 0 t 1 t0 2�> u? :* 1 andu0 0 t 2 :* 1. ThemappingScanthenalsoberepresentedby a formal
powerseriesin noncommutingmonomialswx*ye z0 1 z1 1979797z1 zmi via c * ∑η K I

( c0 η 2 zη, wherezη * zik
79797 zi0

whenη * 0 ik 79797 i0 2 . Now definethesets:

.oW{w|[ : thesetof polynomialsin w over . ;

. p } wq~ : thesetof formalpowerseriesin w over . p
.

The(block)Hankelmappingassociatedwith c is definedasthe . -vectorspacemorphism� : .oW�w�[ 6. p } w�~ , uniquelyspecifiedby thegeneralizedshifting property > � 0 zζ 2 ?g0 η 2&* c0 η ζ 2 , whereη 1 ζ - I s .
In thiscontext wehave thefollowing definition.

Definition 2.12 The Lie rank of a formal power seriesc is definedas ρL 0 c2 :* dim0 � 0���0 wI2�2Y2 , where��0 wI2 denotesthesmallestLie algebracontainingw . X
An analyticstatespacerealization0 f 1 g1 h2 definedlocally aboutx0 is saidto realizea formal powerseries
c if

c0 ik 79797 i0 2&* LXi0
LXi1

79787 LXik
h 0 x0 2 (9)

for every 0 ik 79797 i0 2�- I s , whereXi -he f 1 g1 1979797G1 gmi . It is well known that if a certaingrowth conditionon
thecoefficients e c0 η 2 i η K I

( is satisfied,thenthereexistsa realizationof c if andonly if theLie rankof c is
finite. A realization0 f 1 g1 h2 aboutx0 of a formalpower seriesc is minimal if its dimensionis lessthanor
equalto thedimensionof any otherrealizationof c. Thefollowing resultscharacterizeminimality.

Theorem 2.13 An analyticrealization 0 f 1 g1 h 2 aboutx0 of a formalpowerseriesc is minimal if andonly
if its dimensionis equalto theLie rankρL 0 c2 . X
Theorem 2.14 An analyticrealization 0 f 1 g1 h 2 aboutx0 of a formalpowerseriesc is minimal if andonly
if dim C 0 x0 2�* n anddim d d 0 x0 2�* n. X
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3 Minimality and energy functions

3.1 The controllability function and the accessibilityrank condition

In this sectionwedevelopconnectionsbetweenthecontrollability functionandtheaccessibilityrankcon-
dition in orderto applyTheorem2.14.It is assumedthroughoutthatthesystem(1) is asymptoticallystable
ona neighborhoodY of 0.

Thefollowing relationis easilydeduced(following thelinesof theproof of Theorem13 in [13]).

Lc 0 x0 2&* Lr 0 x0 2 :* inf
u K L2 L D t̄ M 0O

t̄ � 0
x L D�E�OQP 0 M x L 0ORP x0

1
2

S 0

D t̄
) u 0 t 2�) 2 dt 1 (10)

andthusreachabilityfrom x0 implieswell-definednessof Lr for all x - M, andlikewisefor Lc. However,
reachabilityis not implied from a well-definedandpositivedefiniteLc. For ourapplicationit is sufficient
(asobserved from Theorem2.4) to consideronly the anti-stabilizability of the solutionof the Hamilton-
Jacobiequation(5), which is a conditionthatcanbeseenasreachabilityfrom 0 in infinite time (socalled
asymptoticreachabilityfrom 0). Thisnotionis formally definedbelow.

Definition 3.1 A system(1) is saidto beasymptoticallyreachablefromx0 on a neighborhoodW of x0 ifc x - W thereexistsa u - L2 0 01 A 2 suchthatϕ 0 τ 1 01 x0 1 u 2=- W for τ _ 0, andlimt C�E ϕ 0 t 1 01 x01 u 2r* x.
A system(1) is saidto be locally asymptoticallyreachablefromx0 if thereexistsa neighborhoodW of x0

suchthatthesystemis asymptoticallyreachablefrom x0 onevery neighborhoodV � W of x0. X
Clearly, this notion of asymptoticreachabilitycorrespondsto the notion of anti-stabilizability, which is
relatedto thepositivity andfinitenessof Lc in Remark2.3andTheorem2.4. In thefollowing theorem,we
obtaintherelationbetweenlocalasymptoticreachabilityfrom x0 andlocalaccessibilityfrom x0.

Theorem 3.2 Assumethat the accessibilitydistributionC hasconstantdimensionaboutx0. Thenlocal
asymptoticreachability fromx0 impliesthat thesystemis locally accessiblefromx0.

Proof Supposethat the systemis not locally accessiblefrom x0, thenwe know from standardresultsin
the literature(e.g., [11]) that dimC 0 x0 2�* k W n. Hencefrom Proposition3.12 in [11] theremustexist
a neighborhoodV of x0 andlocal coordinatesx1 1979787:1 xn suchthat thesub-manifoldSx0 *�e q - V f xi 0 q 2�*
xi 0 x0 2g1 i * k < 11979787�1 ni containsRV̄

T 0 x0 2 for any neighborhood̄V � V of x0 andfor all T [ 0. This implies
thatall q - V suchthatq \- Sx0 arenotasymptoticallyreachablefrom x0 onV, andthusthelocalasymptotic
reachabilityfrom x0 is contradicted.

Our mainaim now is to relatethepositivedefinitenessandfinitenessof thecontrollability functionto the
accessibilityrankcondition.Notethathaving Lc 0 x2 finite onW implicitly impliesthatϕ 0 τ 1 @ZA 1 01 u 2&- W
for all τ V 0. This,combinedwith Remark2.3andTheorem2.4givesriseto thefollowing corollary:

Corollary 3.3 Assumethat the accessibilitydistributionC hasconstantdimensionabout0, andassume
that f is locally asymptoticallystable. If there existsa neighborhoodW of 0 such that thecontrollabilit y
functionLc 0 x2 is smooth,finite andsatisfiesLc 0 x2�[ 0 for x - V, x \* 0, for all V � W, thendimC 0 0 2&* n.X
Remark 3.4 Theabove corollaryis restrictedby localrequirementsonLc, sinceweneedlocalasymptotic
reachabilityfrom 0 in orderto useTheorem3.2. Only asymptoticreachabilityon a neighborhoodW of 0
doesnot suffice. An exampleof a smoothsystemthat is asymptoticallyreachableon a neighborhoodW
of 0 andthat is not locally accessibleis easyto construct.However, if we assumethat the system(1) is
analytic, thenwecanrelaxthelocalrequirementsonLc to requirementsonaneighborhoodW of 0. This is
dueto thefactthatasymptoticreachabilityfrom x0 implieslocalaccessibilityfrom x0 for analyticsystems,
e.g.,[17]. Analyticity is actuallynotastrongrestrictionin oursetting,sinceit is alsoastandingassumption
for therealizationtheoryin Section2.4. X
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Theanalysisin Remark3.4resultsin thefollowing corollary:

Corollary 3.5 Let the system(1) be analytic. Assumethat the accessibilitydistributionC hasconstant
dimensionabout0, and assumethat f is asymptoticallystableon a neighborhoodW of 0. If the con-
trollabilit y functionLc 0 x2 is smooth,finite and satisfiesLc 0 x2�[ 0 for x - W, x \* 0, thendimC 0 0 2=* n.X
So far, the focus hasbeenon the conceptof local accessibility. However, for the statespaceanalysis
presentedin Section4, we usethenonlinearcounterpartof theKalmandecomposition,andthuswe need
to usetheconceptof local strongaccessibility(seeDefinition 2.5). The local strongaccessibilityversion
of Theorem3.2is givenbelow.

Theorem 3.6 Assumethat thestrongaccessibilitydistributionC0 hasconstantdimensionaboutx0. Then
local asymptoticreachability fromx0 impliesthat thesystemis locally stronglyaccessiblefromx0.

Proof Supposethat the systemis not locally stronglyaccessiblefrom x0, thenwe know from standard
resultsin theliterature(e.g.,[11]) thatdimC0 0 x0 2�* k W n. Hencefrom Proposition3.22in [11] thereare
two possibilities:
(i) If f 0 x0 2�- C0 0 x0 2 , thentheproof herefollowssimilar to theproofof Theorem3.2.
(ii) If f 0 x0 2
�- C0 0 x0 2 , thenby continuity f 0 q 2
�- C0 0 q 2 for all q - Ũ , Ũ � U is a neighborhoodof x0, and
dimC 0 q 2�* dimC0 0 q 2&< 1 for all q - Ũ . In this case,onecanselectthecoordinates̃xk� 1 1979787:1 x̃n in sucha
way thatST

x0
*oe q - Ũ f x̃k� 1 0 q 2&* T 1 x̃k� 2 0 q 2�*t�8�9�9* x̃n 0 q 2�* 0i containsRŨ 0 x0 1 T 2 for any T [ 0. Again,

we have two cases:(a) If dim C0 0 x0 2�W n @ 1, thenthis implies that all q - Ũ suchthat q \- ST
x0

arenot
asymptoticallyreachablefrom x0 onV, andthusthelocal asymptoticreachabilityfrom x0 is contradicted.
(b) If dimC0 0 x0 2&* n @ 1, thenall q - Ũ suchthatx̃n * @ K, K [ 0, arenotasymptoticallyreachablefrom
x0 onŨ . Thisconcludestheproof.

This theoremgivesrise to corollariessimilar to Corollary3.3 and3.5,exceptwith accessibilityreplaced
by strongaccessibility.

3.2 The observability function and the observability rank condition

For theobservability counterpartof theprevioussectionweconsidertheobservability functionsasdefined
in (3) and(6). It is assumedthroughoutthat thesystem(1) is asymptoticallystableon a neighborhoodY
of 0. We startwith theobservability functionin (6) for whichobservability with respectto theinput class
Bα playsanimportantrole. Thecorrespondingresultsfor the observability function(3) thenfollow asa
specialcasewhenα * 0.

Lemma 3.7 Let LN
o 0 x2 bethenatural observabilityfunction(6) for somefixedα [ 0. Assumethat LN

o 0 x2
is smoothandfinite for system(1) on a neighborhoodW of 0. ThenLN

o 0 x2�[ 0 for x - W, x \* 0, implies
that thesystem(1) is locally observableat 0 with respectto Bα.

Proof Assumethatsystem(1) is not locally observableat 0 with respectto Bα. Thenthe corresponding
homogeneoussystemis alsonot locally observableat 0 with respectto Bα. Hencethereexists an initial
statexa \* 0 suchthath 0 ϕ̃ 0 t 1 01 01 u 2Y2%* h 0 ϕ̃ 0 t 1 01 xa 1 u 2 , t _ 0, c u - Bα, whereϕ̃ 0 ��2 denotesthesolutionto
homogeneoussystem.By definitionof thenaturalobservability function,we have thatLN

o 0 0 2�* 0 andby
the positivity of LN

o it follows that LN
o 0 xa 2�[ 0. However, from equation(6) it follows immediatelythat

themaximumover u - Bα for bothstates0 andxa resultsin thesameoptimal input u. This implies that
LN

o 0 0 2&* LN
o 0 xa 2 , andyieldsthedesiredcontradictionto prove thelemma.

Motivatedby the minimality conditionsof Theorem2.14,we next obtainthe following corollary, which
followsstraightforwardlyfrom thepreviouslemmaandsomestandardresultsfrom [6, 11].

Corollary 3.8 Assumethattheobservabilityco-distributiond d hasconstantdimensionabout0. If thenat-
ural observabilityfunction(6) is smooth,finiteandsatisfiesLN

o 0 x2H[ 0 for x - W, x \* 0, thendimd d 0 0 2%* n.X
7



Now, if we let α * 0, thenwe obviously returnto theobservability functionof (3), andtheobservability
with respectto theinputclassBα becomeszero-stateobservability. Thefollowingspecialcaseof Corollary
3.8is usefulin Section4.

Corollary 3.9 Assumethat thezero-observabilityco-distributiond d 0 hasconstantdimensionabout0. If
theobservabilityfunction(3) is smooth,finite andsatisfiesLo 0 x2�[ 0, x - W, x \* 0, thendimd d 0 0 0 2&* n.

Remark 3.10 It is interestingto comparetheresultsof this sectionto thoseof theprevioussection.They
donot completelyfollow alongsimilaror “dual” lines.Specifically, theresultsrelatedto theobservability
functionsasgivenby (3) and(6) aregivenin termsof thezero-stateobservability andobservability rank
condition, respectively. Startingwith the rank conditionsthe converseof Corollary 3.8 and Corollary
3.9 alsohold by applyingTheorem2.6. However, for the controllability function, we are considering
asymptoticreachabilitywhich implies local accessibility, which in turn canberelatedto theaccessibility
rankcondition.Thereversedirectionis far lessobviousin thiscase,however, becauseaccessibilityfrom 0
is notsufficientfor asymptoticreachabilityfrom0. If asymptoticreachabilitycansomehow beassumedfor
a givensystem,thentheconverseof Corollary3.3 andCorollary3.5 would follow for thecontrollability
function.

3.3 Sufficient conditions for minimality

Briefly summarizedbelow is a mainresultof thepaper.

Theorem 3.11 Assumethat theobservabilityco-distributiond d (or thezero-observabilityco-distribution
d d 0, respectively)andtheaccessibilitydistributionC of a system0 f 1 g1 h2 each haveconstantdimension
about0. Furthermore,assumethat theanalyticsystem0 f 1 g1 h2 is a realizationof theformal powerseries
c, andthat f 0 x2 is asymptoticallystable. Then,if 0 W Lc 0 x2�W A and0 W LN

o 0 x2�W A (or 0 W Lo 0 x2bW A ,
respectively)for x - W, x \* 0, then 0 f 1 g1 h 2 is a minimalrealizationof c. X
Theseconditionsarenotnecessarydueto thefactthat,contraryto thelinearcase,accessibilityandcontrol-
lability arenotequivalentin general.Only underadditionalassumptionscanaconverseresultbeobtained.

4 Local statedecompositions

For linear systemsit is well known that the Hankelsingularvaluesare independentof the chosenstate
spacerealizationandonly dependon theinput-output behavior of thesystem.In fact,they arethesingular
valuesof theHankeloperatorof thesystem(e.g.,Glover [2]). If we considera non-minimallinearstate
spacesystemwith controllability GramianW andobservability GramianM, the non-zeroeigenvaluesof
MW correspondexactly to thesquaredHankelsingularvalues,andthenumberof zeroeigenvaluesof MW
equalsthedifferencebetweenthestatespacedimensionof thegivensystemandthestatespacedimension
of any minimal representation.In this sectionwe extendtheseobservationsto the nonlinearsetting. We
areinterestedin theHankel structureof thesystemandtherelatednonlinearbalancingconceptpresented
in Section2.3. Sincethe systemHankeloperatorcorrespondsto the mappingfrom pastinputsto future
outputs(wheretheinput is zerofor positivetime)weconsiderthecontrollability functionasdefinedin (2)
andtheobservability functionasdefinedin (3).

Considerthenonlinearsystem(1) andassumethatit is locally asymptoticallystable.In thissectionwedo
not assumelocal zero-stateobservability, andhencetheobservability function is not necessarilypositive

definite.Furthermore,wedo not assumethat @�0 f 0 x2F< g 0 x2 g 0 x2 T ∂TLc
∂x 0 x2Y2 is locally asymptoticallystable

(or in otherwords:wedonotassumeasymptoticreachabilityfrom 0), andthusthecontrollability function
neednotbefinite for all x.

OnecanuseFrobenius’Theoremto constructthezero-stateobservable‘part’ of thesystem.In orderto be
ableto do thesamefor theasymptoticallyreachable‘part’ of thesystem,onemustconsiderthepartof the
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statespacesystemthatis asymptoticallyreachablefrom 0, i.e.,where

@ f 0 x2&< g 0 x2 gT 0 x2 ∂Lc

∂x 0 x2 (11)

is asymptoticallystable. In the linear casethis part equalsthe controllablepart of the system. In the
nonlinearcase,theconversesof Theorem3.2andTheorem3.6arenotalwaystrue.So,in orderto beableto
constructa decompositionanalogousto theknown nonlineargeneralizationof theKalmandecomposition
(e.g.,Theorem3.51in [11]), wemustconsiderthestronglyaccessiblepartof thesystem.

Theorem 4.1 Assumethat the distributions C0, kerd d 0 andC0 < kerd d 0 all haveconstantdimension
andthatC0 < kerd d 0 is involutive. Thenonecanfind local coordinatesx * 0 x1 1 x2 1 x3 1 x4 2 such thatC0 *
spane ∂

∂x1 1 ∂
∂x2 i andkerd d 0 * spane ∂

∂x2 1 ∂
∂x4 i . Thesystemtakestheform

ẋ1 * f 1 0 x1 1 x3 2F< m

∑
j l 1

g1
j 0 x1 1 x2 1 x3 1 x4 2 u j (12)

ẋ2 * f 2 0 x1 1 x2 1 x3 1 x4 2F< m

∑
j l 1

g2
j 0 x1 1 x2 1 x3 1 x4 2 u j (13)

ẋ3 * f 3 0 x3 2 (14)

ẋ4 * f 4 0 x3 1 x4 2 (15)

y * h 0 x1 1 x3 2�7 (16)

Proof Theproof is similar to thatgivenin Theorem3.51of [11], whichusesFrobenius’Theorem.Thepri-
marydifferenceis thatherewedealwith thezero-observablepartinsteadof theobservablepart.Therefore,
for this proof it is enoughto observe that the co-distribution d d 0 is invariantfor thedynamicsẋ * f 0 x2
sinceL f d d 0 � d d 0. Hencekerd d 0 * spane ∂

∂x2 i is aninvariantdistributionfor ẋ * f 0 x2 . Sincekerd d 0 �
kerdh, thetheoremis proven.

Remark 4.2 Another way to view the differencebetweenthe decompositionabove and that given by
Theorem3.51 in [11] is in the form of the input vectorfield in (12). For zero-stateobservability, the
input vectorfield doesnot matter, while for themoregeneralconceptof observability it maymatter. That
meansthatx1 andx3 arezero-stateobservable,andthusobservable,andthatx2 andx4 arenot zero-state
observable,but they still maybeobservable!However, sinceweareinterestedonly in theHankelstructure,
andspecificallyin thesingularvaluefunctionsof thenonlinearsystem,theabovedecompositionis themost
suitable. X
Let ni bethedimensionof xi , i * 11 21 31 4,andletY beaneighborhoodof 0 wherethedecompositionabove
is valid. Thenclearly(12), (14) and(16) form thezero-stateobservablepartof thesystem,while (12) and
(13) is thestronglyaccessiblepartof thesystem.To assurethat for (12), (14) and(16) the observability
functionexists,weassumethatin theselocalcoordinatesequation(4) in Theorem2.2hasasmoothsolution
for 0 x1 1 01 x3 1 0 2�- Y. Furthermore,notethat 0 f 3 0 x3 2 T 1 f 4 0 x3 1 x4 2 T 2 T is asymptoticallystable,andby the

form of (14)and(15) it is impossiblefor @�0 f 0 x2]< g 0 x2 g 0 x2 T ∂TLc
∂x 0 x2�2 to beasymptoticallystableonY. To

assurethat for (12) and(13) thecontrollability functionexists, we assumethat in theselocal coordinates
equation(5) hasananti-stabilizingsolutionasin Theorem2.2for 0 x1 1 x2 1 01 0 2�- Y. In fact, theassumption
on the existenceof thecontrollability function for thestronglyaccessiblepartof thesystemimplies that
thepart of thesystemthat is asymptoticallyreachablefrom0 correspondsexactlyto thestronglyaccessible
part of thesystem.

Theorem 4.3 If theaboveassumptionsonexistenceof solutionsandanti-stabilizingsolutionsto theequa-
tions(4) and(5), respectively, onpartsof thestatespaceare fulfilled, then:

1. Lo 0 x1 1 x2 1 x3 1 x4 2p[ 0 whenever 0 x1 1 x4 1 x3 1 x4 2;- Y, and 0 x1 1 x3 2T\* 0 01 0 2 .
2. Lo 0 01 x2 1 01 x4 2�* 0 for all 0 01 x2 1 01 x4 2;- Y.
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3. Lc 0 x1 1 x2 1 x3 1 x4 2 is infinitewhenever 0 x1 1 x2 1 x3 1 x4 2�- Y, 0 x3 1 x4 2T\* 0 01 0 2 .
4. 0 W Lc 0 x1 1 x2 1 01 0 2FW A for all 0 x1 1 x2 1 01 0 2�- Y, 0 x1 1 x2 2T\* 0 01 0 2 .

Proof Proofof 1 and2: It is clearthath 0 01 x2 0 τ 2�1 01 x4 0 τ 2�2�* 0 for all τ _ 0. By theform of (12) and(14)
weobtainthat

Lo 0 01 x2 1 01 x4 2�* 1
2

S E
0

h 0 01 x2 0 τ 2g1 01 x4 0 τ 2Y2 Th 0 01 x2 0 τ 2�1 01 x4 0 τ 2�2 dτ * 01
for u U 0, andfor all 0 01 x2 1 01 x4 2;- Y. Again,by theform of (12), (14),and(16)we thenhave

Lo 0 x1 1 x2 1 x3 1 x4 2&* 1
2

S E
0

h 0 x1 0 τ 2�1 x3 0 τ 2�2 T h 0 x1 0 τ 2�1 x3 0 τ 2�2 dτ * Ľo 0 x1 1 x3 2
for u U 0, whereĽo is theobservability functionof (12), (14),and(16). By assumptioňLo * Lo existsand
is smooth.By Theorem2.6Lo 0 x1 1 x2 1 x3 1 x4 2&* Ľo 0 x1 1 x3 2�[ 0 for 0 x1 1 x3 2
\* 0 01 0 2 .
Proofof 3 and4: Thecontrollability functionLc mustsatisfyequation(2). Sincethesystemformedby (14)
and(15) is asymptoticallystable,it follows immediatelythat Lc 0 x1 1 x2 1 x3 1 x4 2=* A for all 0 x1 1 x2 1 x3 1 x4 2- Y, with 0 x3 1 x4 2
\* 0 01 0 2 . By Theorem2.2 Lc 0 x1 1 x2 1 01 0 2�W A for all 0 x1 1 x2 1 01 0 2�- Y. Furthermore,by
Theorem2.4it followsthatLc 0 x1 1 x2 1 01 0 2H[ 0 for all 0 x1 1 x2 1 01 0 2�- Y, 0 x1 1 x2 2�\* 0 01 0 2 .
Remark 4.4 Lc is infinite on thesubsystemthat is not stronglyaccessible.Hence,thatsubsystemis also
notasymptoticallyreachablefrom 0. This in essenceyieldsanotherproofof Theorem3.6. X
Remark 4.5 Now assumethat the full systemis locally accessible(rememberthat this is, togetherwith
localobservability, aconditionthatimpliesminimality),but not locally stronglyaccessible.Weknow from
Theorem4.3thatthestateswhicharenot locally stronglyaccessibleforcethecontrollability functionLc to
becomeinfinite. Thus,onecanconclude,contraryto thelinearcase,thatminimality for anonlinearsystem
asdiscussedin theprevioussectionsdoesnot insurethatthecontrollability functionis finite. X
Remark 4.6 Theobservability counterpartto Remark4.5is similar, but in facteasierto describe.Assume
that the full systemis locally observable,but not locally zero-stateobservable. We know from Theorem
4.3 that thepartof thesystemwhich is not locally zero-stateobservablecorrespondsto theobservability
function Lo beingzero. Thusonecanconclude,againcontraryto the linear case,that minimality for a
nonlinearsystemdoesnot insuretheobservability function to bepositive. However, we have introduced
thenaturalobservability functionLN

o in Section2.2. For this functionto bepositivedefinite,weonly need
observability with respectto Bα, andnot themorerestrictivezero-stateobservability. If observability with
respectto Bα is equivalentto observability (which is notvery restrictive,sinceweonly requiretheinput to
have finite energy), wecanrepeattheanalysisof this sectionfor LN

o with zero-stateobservability replaced
by observability. Thenew analysisresultsin thegeneralizedKalmandecompositionasfoundin [11], and
straightforwardlyweobtainsimilar resultsasfor Lo, with theadditionalpropertythatfor LN

o theresultsdo
coincidewith theusualresultsfor theobservability functionin thelinearcase. X
If additionallyoneassumesthat ∂2Lo

∂x1∂x1 0 0 2p[ 0 and ∂2Lc
∂x1∂x1 0 0 2�[ 01 thenit becomesclearfrom Theorem4.3

thatLo 0 x1 1 01 01 02 andLc 0 x1 1 01 01 02 maybetransformedinto theform of Theorem2.10.In fact,thereexists
a local x1 coordinatetransformationx1 * ψ 0 z2 , ψ 0 0 2�* 0, 0 ψ D 1 0 x1 2g1 01 01 02�- Y, suchthatLc 0 ψ 0 z2�1 01 01 0 2
andLo 0 ψ 0 z2�1 01 01 0 2 arein the form of Theorem2.10. Thusthis part of the systemmay be balancedon
a neighborhoodof 0 with singularvaluefunctionsτ1 0 z2�_,�9�9��_ τn1 0 z2 . Furthermore,if we alsoconsider

x2, thenthereexist localcoordinates0 z1 1 z2 2&* φ D 1 0 x1 1 x2 2 suchthatLc 0 φ 0 z1 1 z2 2�1 01 0 2%* 1
2z12 < 1

2z22
. Now

write Lo 0 φ 0 z1 1 z2 2g1 01 0 24* 1
2 0 z1T

z2T 2 M 0 z1 1 z2 2 0 z1T
z2T 2 T . If theassumptionsof Theorem2.10arefulfilled,

onemay diagonalizeM 0 z1 1 z2 2 . The functionson the diagonal: τ̄1 0 z1 1 z2 2�_,�9�9�]_ τ̄n1� n2 0 z1 1 z2 2 aresuch
thatτ̄i 0 z1 1 0 2r* τi 0 z2 , i * 11879797G1 n1, andτ̄ j 0 01 z2 2&* 0, j * n1 < 11979797z1 n1 < n2. This is analogousto thelinear
case,wherethe unobservablepart correspondsto zeroHankelsingularvalues. Note that it is not possi-
ble to transformthe whole systeminto the form of Theorem2.10, sinceLc 0 01 01 x3 1 x4 2 is infinite. This
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is still in agreementwith the linear theory, sinceherewe aredealingwith the ‘inverseof the controlla-
bility Gramian’. Hencethat part of the systemthat is not stronglyaccessibleyields an ‘inverseof the
controllability Gramian’thatis infinite, andthusa ‘controllability Gramian’thatis singular.

5 Examples

Thefirst exampleis anacademiconemeantto simplyillustratethebasictheorypresentedin thispaper. The
secondexampleis physicalin natureandrevealssomecomputationalissuesrelatedto solvingHamilton-
Jacobiequations.

Example5.1 Considerthefollowing system(1), where:

f 0 x2�* @ x1 < x3
2@ x2 @ x3
2@ x3 < x1x2

2 < x3x2
2 @ x3

2

g 0 x2&*
0 @ 2 @ 2 0 x1 < x3 2 2 < 2x2

2

0 2 @ 2 0 x1 < x3 2 2 < 2x2
2

+ 2 2 @ 2 0 x1 < x3 2 2 < 2x2
2

h 0 x2&* 2x1 < 2x3+ 2x2

This systemis asymptoticallystableandanalyticon a neighborhoodof 0. The rank of the accessibility
distributionC at 0 is 2 (it is easilyseenthat the Lie bracketdirectionsarealreadygiven by g1 0 0 2 , and
g2 0 0 2 ). Theaccessibilitydistributionequalsin this casethestrong-accessibilitydistribution. Therankof
the observability co-distribution d d at 0 is also2 (the two directionsof the zero-stateobservability co-
distributionin 0 aregivenby dh1 0 0 2 , anddh2 0 0 2 ). Theobservability co-distributionequalsin thiscasethe

zero-observability co-distribution.By Corollary3.5andCorollary3.9weknow now thatthereexist x -/. 3

suchthatLo 0 x2H* 0 with x \* 0 andLc 0 x2 infinite, with x finite. Now, to bring the systemin the form of
Theorem4.1applythetransformation

x * Tz * 0 @ 1 1
0 1 0
1 1 @ 1

z7
Thesystemthentransformsinto

ż1 * @ z1 < z1z2
2 < u1 + 2

ż2 * @ z2 @ z3
2 < u2 2 @ 2z2

1 < 2z2
2

ż3 * @ z3

y1 * 2z1

y2 * + 2z2

Obviously, z3 is thenon-accessibleandnon-observablepartof thesystem.By Theorem4.3,we have that
Lo 0 01 01 z3 2&* 0, thatLo 0 z1 1 z2 1 z3 2�[ 0 for 0 z1 1 z2 2�\* 0 01 0 2 , that0 W Lc 0 z1 1 z2 1 0 2HW A , andthatLc 0 z1 1 z2 1 z3 2
is infinite for z3 \* 0. This alsodirectly follows from trying to solve the correspondingHamilton-Jacobi
equations(4) and (5). For the 0 z1 1 z2 2 subsystem(i.e., the minimal subsystem)note that Lc andLo are
alreadyin theform of Theorem2.10,i.e.,

Lc 0 z2&* 1
2

zT z1 Lo 0 z2�* 1
2

zT
2 0

0 1 < z2
1

z7
Thesingularvaluefunctionsarethereforeτ1 0 z2�* 2 andτ2 0 z2�* 1 < z2

1. X
Example5.2 Considera frictionlessdoublependulum(or two-link robotmanipulator)with controltorque
u appliedat the first joint, seeFigure1. Thedynamicsof sucha doublependulummaybe obtainedvia
theHamiltonianformalism. We derive theequationsfor thesimpleHamiltonianform in orderto beable
to considertheassociatedgradientsystem,which is of smallerorder, andthereforecomputationallyeasier
to handle,but still capturesthephysicalpropertiesof thesystem.Furthermore,the frictionlesssystemis
only Lyapunov stable,but notasymptoticallystable,while theassociatedgradientsystemis asymptotically
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Figure1: Thedoublependulum

stable,and thus fulfills the requirementsof this paper. Let θ * 0 θ1 1 θ2 2 and θ̇ * 0 θ̇1 1 θ̇2 2 . The kinetic
co-energy is givenby thesumof thekineticco-energiesof themassesm1 andm2, respectively. Thisyields

T 0 θ̇ 2 :* 1
2

θ̇TM 0 θ 2 θ̇
with M 0 θ 2 asfollows

M 0 θ 2r* m1l2
1 < m2l2

1 < m2l2
2 < 2m2l1l2cosθ2 m2l2

2 < m2l1l2cosθ2

m2l2
2 < m2l1l2cosθ2 m2l2

2
7

NotethatM 0 θ 2 is a positivedefinitematrix for every θ. Similarly thepotentialenergy V is thesumof the
potentialenergiesof thetwo masses,i.e.,

V 0 θ 2&* @ m1gl1cosθ1 @ m2gl1cosθ1 @ m2gl2cos0 θ1 < θ2 2g7 (17)

Defineq :* θ, and p :* M 0 θ 2 θ̇, thus q̇ * M 0 q 2 D 1p. Furthermore,denoteby Q the manifold with local
coordinatesq1 1 q2. TheHamiltonianH canbewrittenas

H 0 q1 p 2]* 1
2

pTM 0 q 2 D 1p < V 0 q 2�1 (18)

wherethekinetic energy in the 0 q1 p 2 coordinatesis givenby theRiemannianmetricM 0 q 2 on Q andV 0 q 2
is thepotentialenergy givenby (17). We obtainthattheoutputmapC is givenby C 0 q 2&* q1. In the 0 q1 p 2
coordinatestheequationsof thedoublependulumin simpleHamiltonianform aregivenby

q̇ * ∂H
∂p 0 q1 p 2

ṗ * @ ∂H
∂q 0 q1 p 2F< 1

0
u

y * 0 1 0 2 q7
(19)

Let P0 q 2&* M 0 q 2 D 1. Theassociatedgradientsystemis givenby

ẋ * @ P0 x2 ∂TV
∂x 0 x2F< P0 x2 1

0
u

y * 0 1 0 2 x7 (20)

Here,weonly considerthecasewherel1 * l2 * 1, andm1 * m2 * 1. Mathematicasoftwarewasemployed
to approximatelysolvetheHamilton-Jacobiequationsfor theobservability andcontrollability function,Lo
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andLc, for thegradientsystem(20). Specifically, equations(4) and(5), aresolvedup to order4 usingan
iterativeprocedurefrom Lukes[9]. If wewrite

N * ∂2Lo

∂x2 0 0 2g1 R * P0 0 2g1 Q * ∂2V
∂x2 0 0 2g1 H * ∂C

∂x 0 0 2
then

Lo 0 x2 * 1
2xT Nx < Lh

o 0 x2
@ P0 x2 ∂TV

∂x 0 x2�* @ RQx< f h 0 x2
1
2C 0 x2 TC 0 x2 * 1

2xTHTHx < θh 0 x2�1
(21)

whereLh
o 0 x2 , f h 0 x2 andθh 0 x2 containhigher-orderterms(beginningwith degrees3, 2 and3, respectively).

TheLyapunov typeequation(4) splitsinto two parts:thefirst partis theLyapunov equationof theobserv-
ability Gramianof thelinearizedgradientsystem,while thesecondpartis thehigher-orderequation

∂Lh
o

∂x 0 x2 RQx* ∂Lo

∂x
f h 0 x2F< θh 0 x2�7 (22)

Them-th ordertermsL j mko 0 x2 of Lo 0 x2 cannow becomputedinductively for m _ 3. Denotethem-th order
termsin theright-handsideof (22)by Km 0 x2 . It followsthat

∂L j mko

∂x 0 x2 RQx* Km 0 x2g1 (23)

andsince @ RQhasall eigenvaluesin theleft half plane,this meansthat

L j mko 0 x2�* S E
0

Km 0 eD RQtx2 dt 7 (24)

It is easilyseenthat Km 0 x2 only dependson L j mD 1k
o 1 L j mD 2k

o 1979787�1 L j 2ko , andtherefore(23) determinesL j mko

inductivelystartingfromL j 2ko * 1
2xT Nx. Thisprocedurecanalsobefollowedfor thecontrollability function

Lc. It yieldsfor ourgradientsystemthefollowing result

Lo 0 x1 1 x2 2&* 07 034375x2
1 < 07 00212286x4

1 < 07 01875x1x2 @
07 0046596x1x3

2 @ 07 00168806x2
1x

2
2 <

07 00015811x3
1x2 < 07 003125x2

2 @ 07 000909133x4
21

(25)

and

Lc 0 x1 1 x2 2�* 360x2
1 @ 1077 411x4

1 < 400x1x2 @ 247 1667x1x3
2 @

1917 25x2
1x2

2 @ 2307 595x3
1x2 < 120x2

2 < 217 875x4
2 1 (26)

respectively. Examiningthesefunctionsnearthe origin (seeFigure2) it is evident that they arestrictly
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Figure2: Thecontrollability (left) andobservability (right) functionsfor Example5.2

positive, andhence,the systemis minimal. This correspondsto our physicalintuition. Observe that the
observability function is quitecloseto zeroat somevalues.This givesus a kind of measurefor “weak”
zero-observability. Likewise,for thecontrollability functionwecanmakeasimilarobservationfor “weak”
asymptoticreachability. X
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