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Abstract

In this paper we first study the normalized right and left coprime factorizations of
a nonlinear system from a state space point of view. In order to do so, we introduce
the notion of inner and co-inner nonlinear systems. Secondly we deal with balancing for
unstable nonlinear systems. For linear systems there are several ways to approach this
problem, and we generalize the ideas of balancing the normalized coprime factorization
and of LQG balancing to the nonlinear case. LQG balancing can be seen as measuring the
influence of a state component on a certain future and past energy function. We extend
this interpretation to the nonlinear case. Furthermore we use the normalized coprime
factorization to give another way of balancing the unstable nonlinear system. We give the
relation between these two methods of balancing, which is similar to the relation in the
linear case.
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1 Introduction

In the last decade significant advance has been made in the theory of model reduction for
linear systems. One of the tools is to bring the system in balanced form and apply model
reduction based on the Hankel singular values of the system. This method, which applies
to stable linear systems, has been introduced by Moore 1981, with the motivation that the
order of the system can be reduced based on the future output and the past input energy.
These energies are related to the observability and controllability gramian. The same method
has been extended for stable nonlinear systems in Scherpen 1993, using the observability and
controllability function of a nonlinear system.

For model reduction of unstable linear systems, other forms of balancing have been pro-
posed. One method makes use of the normalized coprime factorization of an unstable linear
system and has been studied in e.g. Meyer 1988 and Ober/McFarlane 1989. Another method
is LQG balancing, which is based on the standard LQG problem and the corresponding Ric-
cati equations, see e.g. Jonckheere/Silverman 1983 and Opdenacker/Jonckheere 1985. In
Ober/McFarlane 1989 the relation between these two methods has been given. Balancing
for linear systems and the relation between LQG balancing and balancing of the normalized
coprime factorization is treated from another point of view in Weiland 1991. We will extend
these ideas to nonlinear systems.

In recent years, some authors have been developing theory about coprime factorizations
for nonlinear systems. Some of them treat this concept from an input-output point of view,
where the Bezout identity plays an important role (see e.g. Hammer 1984, 1989, Paice 1992).
Others consider it from a state space point of view, with some nice results on the right coprime
factorization (see e.g. Sontag 1989, Moore/Irlicht 1992, Verma/Hunt 1993), but as far as we
know the results on the left coprime factorization are not very well-developed. Furthermore
we think there are no results yet on normalized coprime factorizations. In this paper we
give a characterization of inner and co-inner nonlinear systems, and based on this we give
a state space characterization of a normalized right, respectively a normalized left coprime
factorization.

In analogy with the linear theory we can perform balancing for an unstable nonlinear
system on the basis of the normalized coprime factorization, and then apply the theory of
balancing for stable nonlinear systems from Scherpen 1993. In order to extend LQG balancing
to the nonlinear case we generalize the point of view given in Weiland 1991. We propose a
method to balance unstable nonlinear systems based on a certain future and past energy
function, which replace the input and output energy function used for balancing of a stable
system. We call this HJB (Hamilton-Jacobi-Bellman) balancing and we give the relation
between this method and balancing of the normalized coprime factorization. As we already
said before, in the linear case this method is the same as LQG balancing, but in general this
is not true in the nonlinear case. It is difficult to extend the usual stochastic formulation
of the LQG problem to the nonlinear case. On the other hand, there exists a deterministic
formulation of the LQG problem for linear systems which can be extended to nonlinear
systems, see Hijab 1980. The difference however with the linear case is that in general we
get an infinite dimensional compensator that solves the problem. In case the measurements
are zero this compensator becomes finite dimensional and HJB balancing corresponds to this
case.

In section 2 we give a brief review on LQG balancing and coprime balancing for linear
systems and in section 3 we give a brief review on balancing for stable nonlinear systems. In



section 4 we treat the normalized coprime factorizations. First we give a characterization of
an inner nonlinear system and then of the corresponding normalized right coprime factoriza-
tion. We do the same with a co-inner nonlinear system and the corresponding normalized
left coprime factorization. In section 5 we define HJB balancing and we propose a procedure
to bring a nonlinear system into HJB balanced form, which is related to the procedure to
balance stable nonlinear systems. Furthermore we go into balancing for the normalized right
coprime factorization and study the relation of HJB balancing with balancing of the normal-
ized coprime factorization. Section 6 contains model reduction based on the concept of HJB
balancing and on the concept of balancing the normalized coprime factorization for nonlinear
systems. Finally in section 7 we give some conclusions.

Throughout this paper we will use a fairly standard notation. We denote by 27z or || z ||?
the squared norm of a vector z € R". We say that u : (—o0,0) — R™ is in Ly(—00,0)
if O || u(t) ||> dt < co. By 9L(z) we denote the row-vector of partial derivatives of a
differentiable function I : R" — R. Furthermore we denote by z(t2) = @(t2,%1,21,u) the
solution on time 3 of the system @ = f(z)+ g(z)u with initial condition z(#;) = z; and input
w: [ty ty] — R™

2 Review on balancing for linear systems

2.1 The LQG problem

LQG-balancing for linear systems has been introduced in Jonckheere/Silverman 1983, and in
Opdenacker/Jonckheere 1985 this concept is developed further. The set of invariants defined
in these two papers are treated from another point of view in Weiland 1991. First we will
give a review of the formulation of Jonckheere/Silverman 1983 and Opdenacker/Jonckheere
1985.

LQG compensation is formulated for a minimal state-space system
z = Az + Bu + Bd (1)
y=Cr+v

where u € R™, z € R", y € R” and d and v are Gaussian white noise processes with covariance
functions I6(¢ — 7). The criterion

T—oco

J(zo,u(t)) = E ( lim % /0 T(xTCTC:C + uTu)d.t) (2)

is required to be minimized and the corresponding optimal compensator is given by
2= Az+ Bu+ SCT(y—C=) )
w=—BTPz
where ' is the stabilizing solution (i.e. o(A — SCTC) C C7) to the Filter Algebraic Riccati
Equation (FARE)
AS +SAT + BBT — 5CTCs =0 (4)

and P is the stabilizing solution (i.e. o(A — BBT P) C C7) to the Control Algebraic Riccati
Equation (CARE)

ATP4+ PA+CTC - PBBTP =0 (5)



Theorem 2.1 (Jonckheere/Silverman 1983, Opdenacker/Jonckheere 1984) The eigenvalues
of PS are similarity invariants and there exists a state space representation where

pi 0
M:=P=5= with gy > pg > ... > iy > 0. (6

0 Lin

~—

This is called a LQG balanced representation.

In Jonckheere/Silverman 1983 and Opdenacker/Jonckheere 1985 it is argued that if p; >>
fk+1, then the state components 1 up to z; are more difficult both to control and to filter
than zz41 up to z, and a synthesis based only on z1 up to x; probably retains the stability
and sensitivity properties of the system. Corresponding to the partitioning of the state in the
first £ components and the last n — £ components, the partitioning of the matrices is

All Al?) (B1>
A=  B= L C=(C Cy).
(A21 Aoy B (G C2)

If we assume system (1) is LQG balanced, then the reduced order system is

T = A11£C + Blu + Bld

7
y=Ciz+wv (7)

Under some mild conditions the reduced order system (Aq1, By,C1) is minimal, see Jonck-
heere/Silverman 1983.

Theorem 2.2 (Jonckheere/Silverman 1983, Opdenacker/Jonckheere 1985) If (A11, B1,Ch)
is minimal, the reduced order system (7) is LQG balanced again and the optimal compensator
for system (7) is the reduced order optimal compensator of the full order system (1).

The original idea of balancing for stable linear systems, introduced in Moore 1981, considers
the Hankel singular values which are a measure of the importance of a state component.
This is based on the input energy which is necessary to reach this state component and the
output energy which is generated by this state component. A similar kind of reasoning,
using a different pair of energy functions, can be used to achieve the similarity invariants p;,
1 =1,..,n, as above, see Weiland 1991. For this we consider a minimal system

z = Az + Bu
y=Cx

(8)

where v € R™, z € R" and y € R” (N.B.: no noise is entering the system). We define the
following energy functions

o L . Lo 2 ) 2
Ko(o)i= i o [y 4 ) )
z(—o00) = 0,z(0) = zg
1 o0
e . : - 2 ; 2
K¥wo)i= min o [ (ly(e) 17 4+ [ u(e) )

z(o0) = 0,z(0) = zo

K~ (zg) will be called the past energy and KT (xq) the future energy of the system in the state
Q.



Theorem 2.3 (Weiland 1991) K~ (z¢) = jaf 57 2o and K*(z¢) = {2l Pzo, where S and

P are the stabilizing solutions of respectively (4) and (5).

For the LQG balanced representation from Theorem 2.1 the past and future energy function
are respectively K~ (zg) = Sa§ M~'2g and K*(20) = 32 Mo, where M is diagonal. Then
the importance of the state 2 = (0...0 z; 0...0) in terms of past and future energy can be
measured by the similarity invariant ;. For large y; the influence of the state & on the future
energy is large while the influence on the past energy is small. Hence if py >> pr41, the state
components zx4q to x, are not important from this energy point of view and can be removed

to reduce the number of state components of the model.

2.2 The normalized coprime representation

In Meyer 1988 and Ober/McFarlane 1989 balancing of the normalized coprime representation
of a linear system is dealt with. In the first paper it is treated for the normalized right
coprime factorization and in the second paper for the normalized left coprime factorization of
a linear system. Here we will give a brief review on this subject. We consider system (8) and
its transfer function G(s) = C(sI — A)~'B. First we go into the normalized right coprime
factorization and then into the normalized left coprime factorization.

The transfer matrix G(s) can be represented as a normalized right coprime fraction over the
ring of stable transfer matrices such that G(s) = N(s)D~!(s), where N(s) = C(sl — A)~'B,
D(s)=1—- BTP(sI — A)7™'B, A= A — BBT P is stable and P is the stabilizing solution to
the CARE (5). Moreover, a state space realization of the so called Graph operator (%Eg)

i = (A - BBTP)z + Bu, <Z>: <_BCTP);C+G)w (9)

with w a (fictitious) input variable. This Graph operator is representing the normalized right
coprime factorization of system (8), see Meyer 1988.

In a similar way the transfer matrix G(s) can be represented as a normalized left coprime
fraction over the ring of stable transfer matrices such that G(s) = D(s)"'N(s), where N(s) =
C(sT—A)"'B, D(s) = C(sI = A)~'SCT — I, A = A— SCTC is stable and § is the stabilizing
solution to the FARE (4). Obviously §(s) = G(s)i(s) is equivalent with 0 = N(s)a(s) —
D(s)9(s). Moreover, a state space realization of ( N(s) D(s)) is

i=(A-SCTC)e+ (B SCTYyw, 2=Cz+(0 —I)w (10)

If we take w = (u) as the input variable, then the zero-dynamics of (10) for z = 0 is a

state space representation of GG(s). This represents the normalized left coprime factorization
of system (8), see Ober/McFarlane 1989.

For balancing we first consider system (9). The Hankel singular values of this system (for a
definition of Hankel singular values see e.g. Glover 1984) are called the Graph Hankel singular
values of system (8). It is not difficult to obtain that they are also the Hankel singular values
of system (10). These singular values have the following property



Theorem 2.4 (Meyer 1988, Ober/McFarlane 1989) The Graph Hankel singular values of
system (8) are strictly less than one.

Denote the Graph Hankel singular values by 7;, ¢ = 1,..,n, and assume 7, > ... > 7,. The
relation between 7;, ¢ = 1,..,n, and the similarity invariants y;, ¢ = 1, .., n, of Theorem 2.1 is
given by the following theorem:

Theorem 2.5 (Ober/McFarlane 1989, Weiland 1991) p; = (1 — Tf)_% fori=1,..,n.

In particular, this means that the reduced model that is obtained by model reduction based
on the concept of balancing the normalized coprime factorization is the same as the reduced
model that is obtained by model reduction based on the concept of LQG balancing.

3 Review on balancing for stable nonlinear systems

Balancing for stable nonlinear systems is dealt with in Scherpen 1993. As in the linear case,
this is a method based on the input energy that is necessary to reach a state and the output
energy that is generated by this state. We will give a brief review on this subject in this
section.

Consider a smooth, i.e., C'"*°, nonlinear system of the form

&= f(z)+ g(z)u
y = h(z)

where u = (uy,...,u,) € R, y = (y1,...,yy) € R” and 2 = (21,...,2,) are local coor-
dinates for a smooth state space manifold denoted by M. Throughout we assume that the
system has an equilibrium. Without loss of generality we take this equilibrium in 0, i.e.

f(0) = 0 and we also take h(0) = 0.

(11)

Definition 3.1 The controllability and observability function of a nonlinear system are de-

fined as
L= _min [ g a (12)
u € Ly(—00,0) 2 J_w
z(—c0) = 0,2(0) = =0
respectively
Lo(z0) = %/OOO | y(t) ||? dt, z(0) = zg, u(t) =0, 0<t< (13)

The value of the controllability function at zg is the minimum amount of control energy
required to reach the state zg and the value of the observability function at xzg is the amount
of output energy generated by 2. These functions do not necessarily exist (i.e. are finite), in
particular, L, can be infinite if the system is unstable and if zg can not be reached from 0,
then by convention L.(zg) will be infinite. We throughout assume L. and L, are finite. Also,
for the rest of this paper we assume L. and L, are smooth functions of x.



Theorem 3.2 (Scherpen 1993) If f(z) is asymptotically stable on a neighborhood W of 0,
then for all x € W, L,(x) is the unique smooth solution of the following Lyapunov type of
equation:

oL,
Oz

Furthermore for all x € W, L.(z) is the unique smooth solution of the following Hamilton-
Jacobi equation:

(2)/(@)+ GhT (@) =0, L,(0)=0 (14)

T
L)@+ 1 2 @g(o)g" (1) 5 = 0, 1(0)= 0 (15)

oTL,
oz

satisfying —(f(z)+ g(x)g” (x) (z)) is asymptotically stable on W.

Remark 3.3 (Scherpen 1993) L. and L, are non-negative.

Remark 3.4 If we assume that f(z) is asymptotically stable and that (14) has a smooth
solution, it follows that L,, as in (13), exists, i.e. is finite. Furthermore, if we assume that
(15) has a smooth solution L and that —(f(z)+ g(x)g(:v)Tag—IL(x)) is asymptotically stable,
it follows that L., as in (12), exist, i.e. is finite.

Theorem 3.5 (Scherpen 1993) Assume f is asymptotically stable on W and (15) has a
smooth solution L. on W. Then L.(xq) > 0 for zg € W, zg # 0, if and only if —(f(z) +

g(x)gT(,r)%(x)) is asymptotically stable on W.
For the following definition see e.g. Hill/Moylan 1976 and van der Schaft 1992.

Definition 3.6 The system (11) is reachable from z if for any z € M there exists a ¢ > 0
and input w such that z = (%, 0, zg, u).

The system (11) is zero-state observable if any trajectory where u(¢) = 0,y(¢f) = 0 implies
z(t) =0, ie., forall z € M, h(¢(t,0,2,0))= 0,1 > 0= ¢(¢,0,2,0)=0,t > 0.

The following theorem is closely related to some results in Hill/Moylan 1976 and van der
Schaft 1992. For the proof, see Scherpen 1993.

Theorem 3.7 Assume f(z) is asymptotically stable on a neighborhood W of 0. If the system
(11) is zero-state observable on W, then L,(zo) > 0, Vzg € W, 2o # 0.

Now we consider nonlinear systems of the form (11) with controllability and observability
function L. respectively L, asin definition 3.1, and with the following additional assumptions:

1. f(z) is asymptotically stable on some neighborhood Y of 0
2. L.(z) and L,(z) are smooth and finite functions of z on Y’

3. the system is zero-state observable on Y

0*L, 0%L,



Lemma 3.8 (Scherpen 1993) There exists a coordinate transformation z = ¢(z), ¢(0) = 0,
such that L.(z) in the new coordinates T = ¢~ (z) is of the following form:

L(8(2)) = 52" (16)

Furthermore we can write L,(x) in the new coordinates T = ¢~ '(z) in the following form:

2
Lo(é(i)):%iTﬂl(i)i where M(O):%(O) (17)

with M(Z) a n X n symmetric matriz with entries which are smooth functions of z.

Theorem 3.9 (Scherpen 1993) Consider system (11) and assume there exists a neighborhood
V' of 0 where the number of distinct eigenvalues of M(z) is constant for & € V. Then there
exists a neighborhood U of zero and a coordinate transformation x = (z), ¥(0) = 0, such
that L.(z) in the new coordinates z € W := ¢=1(U) is of the following form:

~ 1
Lo(z):= L(9Y(2)) = §sz (18)
while in the new coordinates L,(z) is of the following form:
. m(2) 0
Lo(2) 1= Lo($(2)) = 527 z (19)
0 Tn(2)

where T(2) > ... > T,(2) are smooth functions of z, called the singular value functions.

Remark 3.10 For a linear system the singular value functions 7;, 2 = 1,..,n are constant
and are equal to the squared Hankel singular values.

The form of the controllability and observability function in (18) and (19) is not yet en-
tirely balanced. For that we need another additional coordinate transformation. We take

as smooth transformation z; = ni(z) := Ti(O,..,(),zi,O,..OA)%zi, i = 1,..,n and hence z =
7(z) = (m(z1) ... 7a(2a)) on 2 € W= n(W). Define L.(2) := Lo(n7'(2)) and Ly(2) :=
Lo(n7'(%)). Then (18) and (19) become respectively:
1 0'1(21)_1 0
L(%) = §5T : z (20)
0 Un(én)_l
L[ E) T TE) 0
Lo(2) = §5T .. z (21)
0 on(Zn) " (0 71(2))

where (%) = 7:(0,..,0,77 (%), 0, ..,0)2l for 2 = 1,..,n. It follows that ﬁc((), . 0,2,0,..,0) =
%22-202-(22-)_1 and iO(O, . 0,2,0,..,0) = %22-202-(22-) for i = 1,..,n. We call a nonlinear system
balanced if it has a controllability and observability function of the form of respectively (20)
and (21). This means that we can balance system (11) by a coordinate transformation of the

form z = x(2) := ¥(n~Y(2)) for z € W, where 1 is as in Theorem 3.9.



4 Coprime representations

4.1 The normalized right coprime factorization

In this section we will give the characterization of a normalized right coprime factorization
of a nonlinear system. Before we do this we discuss the concept of inner nonlinear systems,
which is an extension of inner linear systems. For linear systems we have the following;:

Definition 4.1 A stable transfer matrix G(s) = D + C(sl — A)™'B of a linear system
(A,B,C, D) is called innerif G(—s)TG(s) = I for all s € C.

Consider the following nonlinear system:

&= f(z)+ g(2)u,

y=h(z)+ Du (22)

with the same properties as system (11), D a p X m constant matrix and f(z) asymptotically
stable. Let the observability function of this system be smooth and finite. The Hamiltonian
extension of this system is (see Crouch/van der Schaft 1987):

&= f(z)+g(x)u , .
p=— (L) + L) p- (L) u (23)
{ y=nh(z)+ Du

Ya = g(‘r)Tp + DTua

Now we take u, = y = h(z) + Du which results in:

/(@) +g< ) ]
(3 (2)u) p— GL(2)(h(z) + Du) (24)
~ g(2) p+DTh< % D7D

For a linear system (A, B,C, D), the transfer matrix of (24) is given as G(—s)TG(s), with
G(s) = D+ C(sI — A)~'B. Now we can give a characterization of an inner nonlinear system:

Definition 4.2 System (22) is called inner if the input-output map of system (24) from u
to yq, with z(0) = 0, is the identity.

The next theorem coincides with the linear case, see e.g. Ober/McFarlane 1989.

Theorem 4.3 System (22) is inner if

e DTD =1 and
oL,
®
oz

Furthermore, if system (22) is reachable from 0, these conditions are also necessary.

(2)g(x) + h(2)"D = 0



Proof System (24) is a Hamiltonian system with Hamiltonian:

A(z,p,u) = pT(f(2) + g(2)u) + %h(m)Th(m) +u" DT h(z) + %UTDTDU (25)

Write p=p + 83];0 (z), then the Hamiltonian H transforms into H:

Az pu)= p7(f(2) + g(x)u) + Sh(x)Th(z) + uT DTh(z) + Lu” DT Du

+ G2 () (2) + He(x)g(x)u) + gu” DT Du = p' f(z) + pTg(z)u
+ulg(z )T8 Lo(2) + uTDTh(z) + LuT DT Du
From this we conclude: (DTD = I and Z2(z)g(z) + h(z)TD = 0) < H(z,0,u) =
H(z, aafo(:ﬁ),u) = LyTu, and since p(t) = %(.ﬁ(t))ls the solution of p(t) = —ag—rf(:c(t))p(t)—

'u(t)TaaTg(m(t))p(t) 8STI}L(;I:(t)) (h(z(t)) + Du(t)), where p(0) = 0 and z(#) is the solution of
(t) = f(x(t)) + g(z(t))u(t), for (0) = 0, we have proven the if part of the theorem. If we

assume system (22) is reachable from 0 (e.g. the case that g(z) = 0 is excluded), it immedi-
ately follows that the reverse implication is also true. [

This characterization of inner nonlinear systems is of importance for the characterization of
a normalized right coprime factorization of a nonlinear system. To make a right coprime
factorization we consider a system of the form (11), i.e

& = f(z) + g(z)u, y = h(z) (26)

with the same properties as (11) and let the system be zero-state observable. Contrary to
what is assumed in section 3 we do not assume the asymptotic stability of the system. Now
consider the following two systems:

i = f(z)+ g(a)w,

y = h(z) 27

i = f(2) + g(a)w

w=h(z)+w (28)
and the inverse system of (28):

= J(&) ~ g()h2) + (o) 2

w=u—h(z)

If we can choose f(z) and h(z) such that f(z) — g(z)h(z) = f(z) and f(z) asymptotically
stable, then taking the output of system (29) as an input of system (27) exactly results in
system (26). This is a right factorization of system (26). Comparing this with the theory
for linear systems at the end of section 2, we should take for system (26) the linear system
(8) with transfer matrix G(s) = N(s)D~'(s), where N(s) is the transfer matrix of system
(27), D(s) is the transfer matrix of system (28) and hence D~1(s) is the transfer matrix of
the inverse system (29). Both N(s) and D(s) are stable transfer matrices and they have
no zeros in the right half plane in common, which implies that the factorization is coprime.
Furthermore the Graph operator is inner and therefore this is a normalized right coprime
factorization.

10



As a nonlinear equivalent of coprimeness we say that, if f (z) is asymptotically stable, the
factorization given by (27) and (28) is coprime, if the zero dynamics of the combination of
both systems is trivial. Together with the notion of an inner nonlinear system, this results in
the following definition for a normalized right coprime representation:

Definition 4.4 A normalized right coprime factorization of system (26) is given by two sys-
tems of the form (27) and (28) where f is asymptotically stable and the combination of both
systems, i.e.

&= flz)+ g( Jw,
30
¢ ) (i) + () v
is inner and has the property that y = 0 and u = 0 implies that z = 0.

Consider the following Hamilton-Jacobi-Bellman equation, which is known from optimal con-
trol theory (see e.g. Lee/Markus 1967):

T
g—,‘;(w)f(l‘) - %%(w)g(w)g($)T%(m) + %h(w)Th(m) =0, V(0)=0 (31)

Now assume (31) has a smooth non-negative solution V(z) and consider the following system:
. Ty
i = (f(2) - 9(2)g(2)T 5L (2)) + g(a)w,
{ y = h(z) (32)

u=—g(x)T 5 (z) + w

The following lemmas are related to results from e.g. Lee/Markus 1967:

Lemma 4.5 System (32) is zero-state observable.

Proof For (32) with w = 0 and z a solution to & = f(z) — g(m)g(ac)TaaT—xV(ac) we have

T
@) ) =05 5 = f(o)

Together with the zero-state observability of system (26) this results in

<—g(x;bT(!§)T_V($)) =0=>2z=0

ox

This proves the lemma. [

Lemma 4.6 Let V be a smooth positive deﬁmte solution to the Hamilton-Jacobi-Bellman
equation (31), then & = f(z) — g(l‘)g(m)T‘aa;/( ) is locally asymptotically stable and globally
asymptotically stable if V is proper.

Proof

T T
(Z)_L(m)f(m) - %(m)g($)9($)Taa;/(x) = —%%(m)g(m)g(m)T%(m) _ %h(m)Th(x) <0

11



By the zero-state observability of system (32) this implies for & = (f(z) — ¢g(z)g(z )TSST;/ (z):
19V v 1 v
A e Y ) - L)) = 0= {g(mf V@)= 0. ha) = o} 2 =0

Asymptotic stability now follows by LaSalle’s invariance principle. ]

We can use this lemma to show that (32) represents the normalized right coprime factorization:

Theorem 4.7 Let V' be a smooth proper positive definite solution to the Hamilton-Jacobi-
Bellman equation (31), then a normalized right coprime factorization of system (26) is given

by the systems (27) and (28) where f(z) = f(z)—g(z)g(x )T%Q/( ) and h(z) = —g(z)T STV(;C).

Proof By lemma 4.6 we know f(z) = f(z) — g(m)g(:v)T%J_}/( ) is globally asymptotically
stable. Therefore we only have to prove that (32) is an inner system and that for (32) y =0
and u = 0 implies that 2 = 0. By section 3 the observability function of (32) is given by the
smooth solution L, > 0 of the following Hamilton-Jacobi equation:

Ty ' T
OLe (o) () - a()at@) T ) + @) he) + 2 2 g1 2 ) = 0 (33)

where L,(0) = 0. Obviously this equation has as the solution L, = V. Therefore we have

aaio(éﬁ)g(:f)‘}‘ (k)" _%(x)g(x)) @) =0, (0 1) (g) -y

and thus system (32) is inner. Furthermore, (y = 0 and v = 0) = ( h(z) = 0 and w =
g(x)TagT—IV(.r) ) = (2 = f(z) and h(z) = 0) and by zero-state observability of the original
system (26) this implies that = 0. This proves the theorem. [

If we consider the linearization of all systems in this section, we find that this gives us the
theory for normalized right coprime factorizations for linear systems, see section 2.

Theorem 4.8 Consider the linearization of system (26) in z = 0 and u = 0 and assume it is
minimal. Then it is of the form (8) of section 2, where A = %(0), B = g(0) and C = 22(0).
The linearization of system (32) gives exactly the state space realization, given by (9), of the
Graph operator of system (8), where P = 2 LO(O).

Proof Follows directly from linearization, see also Scherpen 1993. ]

In this section we developed a representation of the normalized right coprime factorization,
which is stable and zero-state observable. With some extra assumptions we can apply the

theory of balancing for stable nonlinear systems to this representation. This is done in section
5.2.

4.2 The normalized left coprime factorization

Similar to the foregoing section, where we discussed the concept of an inner nonlinear system,
we discuss here co-inner nonlinear systems, which again is an extension of the theory for linear
systems. We will use this to define a normalized left coprime factorization of a nonlinear
system. For linear systems we have the following:

12



Definition 4.9 A stable transfer matrix G(s) = D + C(sI — A)™'B of a linear system
(A,B,C,D)is called co-innerif G(s)G(—s)T = I for all s € C.

Consider system (22) and its Hamiltonian extension (23). Let the controllability function of
(22) be smooth and finite. Now we take u = y, = g(z)"p + DT u,, which results in:

&= f(z)+g(x)g(x)Tp+ g(z)DTu, .
p=—(5()+ 32)9(0)Tp + F(2)DTu) p— Gh()u, (34)
y = h(z)+ Dg(z)"p+ DD,

For a linear system (A, B,C, D) the transfer matrix of (34) is given as G(s)G(—s)T, where
G(s) = D+C(sI—A)"'B. Now we can give a characterization of a co-inner nonlinear system:

Definition 4.10 System (22) is called co-inner if the input-output map of system (34) from
u, to y , with 2(0) = 0, is the identity.

Theorem 4.11 System (22) is co-inner if

e DDT =171 and
T

0" L.
T Clp) =
" (z)=0

Furthermore, if (22) is reachable from 0, these conditions are also necessary.

e h(z) + Dy(x)

Proof System (34) is a Hamiltonian system with Hamiltonian:

. 1 1
A (z,p,ua) = p" f(2) + 5p" g(2)g(2) P+ p" 9(2)D s + h(2) g + Sug DD uy (35)

Write p = p+ aLC( ), then the Hamiltonian H transforms into H:

ﬁ(;r,f),ua) = ﬁTf(;r)_l_ aajic(x)f(, )+ éﬁTg(‘ )g(z ) p+p g(r)g( )TB Lc( )+
L0Le(0)g(2)g(2) 2Le(2) + pTg(2) DTuy + Lo (2)g(2) D uy+
hz)Tug + $ul DT Du, = p" f(z) + 597 g(z)g(x) p+
pry(z

g(2)g(2)" 255 (2) + pTg(2) DTy + %25 (2)g(2) DTuy + h(w)Tuat
ul DT Du,

From this we conclude: (DDT = I and h(z) + Dg(z )T8 Le(z) = 0) <= H(z,0,u,) =

H(z, agfc(l‘) u,) = tul'u, and since p(t) = %(m(t)) is the solution of p = i f( )p—

plg(x ) I(z)p — uTDa 2 (z)p — ﬂ(r)ua where p(0) = 0 and (%) is the solution of & =
f(z )—I—g( )9(z) p+g(z )D g, for 2(0) = 0, we have proven the if part of the theorem. If we
assume system (22) is reachable from 0, it immediately follows that the reverse implication
is also true. |

As we said before, this characterization of co-inner nonlinear systems is of importance for the
characterization of a normalized left coprime factorization of a nonlinear system. To make a
normalized left coprime factorization we consider a system of the form (11) and also (26), i.e

&= f(z)+g(z)u,

y = h(z) (30)

13



with the same properties as (11) and let the system be zero-state observable. Again, contrary
to what is assumed in section 3 we do not assume the asymptotic stability of the system.
Now we consider the equation z = h(z) — y to make a left coprime factorization. In the linear
case, see section 2, the realization (10) of the transfer matrix ( N(s) D(s))is such that the
transfer from y and u to z gives the left factorization of the system. This formulation does
not hold for nonlinear systems, since we can not give two independent input-output maps
from y to z and from u to z, but if we consider z = h(z) — y and its kernel, we can extend
the linear theory to come up with the following definition:

Definition 4.12 A normalized left coprime factorization of system (36) is represented by a
system of the form

f(2)+ (g(z) g(z))w
h(z)+ (0 —T) (37)

z
z

where f is asymptotically stable. The system is co-inner and if we take & = (u) as the

input variable, then the zero-dynamics of (37) for z = 0 gives the dynamics of system (36).
Additionally, the system has a stable right inverse, i.e. there exists a stable system

b (38)
such that for 2(0) = (0) and @ = 2, the output z of system (37) is z = s.

Remark 4.13 The above definition is not strictly analogous to the definition of the nor-
malized right coprime factorization (Definition 4.4), since here the coprimeness is stated in
terms of a stable right inverse. It seems complicated to give a satisfying definition for the left
coprimeness in terms of the input, output and the state, while this is easier done for the right
coprimeness. The existence of a stable right inverse means that the Bezout identity (see e.g.
Paice 1992) is fulfilled, which implies the left coprimeness of the system (37). Using stable
left inverses, we can give a similar definition for right coprimeness, but this is a little more
restricted than the definiton we used, see Remark 4.17.

It is easily checked that the linear system (10) of section 2 is a normalized left coprime
factorization according to Definition 4.12. In section 2 we saw that the linear theory makes use
of the FARE. Similarly, here we introduce the following Hamilton-Jacobi-Bellman equation:

T
I @)+ 5 D @)g()aa) S (@)~ Sh(a) hz) =0, W) =0 (39)

Assume this equation has a smooth non-negative solution W(z) on a neighborhood Y of 0.
The following result is known from optimal control theory, see e.g. Lee/Markus 1967.

Lemma 4.14 Let W be a smooth positive definite solution on Y to the Hamilton-Jacobi-
. T

Bellman equation (39), then & = —(f(z) + g(2)g(z)T 25 (2)) is locally asymptotically stable

and asymptotically stable on'Y if W is proper on'Y .

14



Proof From (39) we obtain

Ge (@) (— (f(w) + g(m)g(m)Tag;V(x))) = _

W (2)g(z)g(x )Taézv (2)

—3h(z)Th(z) <

Together with the zero-state observability of system (36) we have

l\')l)-‘ [

( hz) ) 0=>2=0
T = xr =
9(z)" 55 (x)
Asymptotic stability now follows by LaSalle’s invariance principle. ]

This lemma explains why sometimes W is called the anti-stabilizing solution of (39). To
construct a normalized left coprime factorization we need a stable vectorfield f, see definition
4.12. It follows from (39) that 22(0) = 0 and thus we can write 2% (z) = 2T M(z), where

M(z) an n x n matrix is, with all entries smooth functions of z and M(0) = 3;7?(0), see
Milnor 1963. We assume 33‘/;/(0) > 0 and therefore there exists a neighborhood U of 0 for

which M(z) is nonsingular and thus is invertible on U. Furthermore, since ~(0) = 0, we can

write h(z) = C(z)z where C'(z) is an p X n matrix with entries that are smooth functions of
z and C(0) = 22(0). Now consider for z € U

i = (o) = ()™ €O CLe) +(510) ()™ €l 0
h(z)+ (0 —I)w

Lemma 4.15 Let W be a smooth positive definite solution to the Hamilton-Jacobi-Bellman
equation (39), then & = f(z) — (M(z))™' C(z)'C(2)z is locally asymptotically stable and
asymptotically stable on U if W is proper on U.

Proof Writing (39) with 2%(z) = 2TM(z) and h(z) = C(z)z, we get

2T M (z)f(z) + 32T M (2)g(z)g(z)"M(z)Tz — 527 C(2)TC(2)z =
STM (@) (£(2) = (M(2)) C()TC(o)a) + 1aT M(a)g(w)g() M (2) o+
LaTC(2)TC(z) =0

From this we obtain

STM(2) (f(2) - (M) C(a)TC(2)a) = ~LaTM(2)g(a)g(x)TM (2) 2
—327C(2)TC(2)x <0

By the zero-state observability of system (36) this implies for & = f(z)—(M(z))™" C(2)7C(z)z:
—22TM(z)g(z)g(z)"M(z)Tz — 127C(2)TC(2)2 =0 =
{9(2)™M(2)Tz =0, h(z) = C(z)z =0} =2 =0

Asymptotic stability now follows by LaSalle’s invariance principle. ]

Theorem 4.16 Let W and V' be a smooth proper positive definite solutions to the Hamilton-
Jacobi-Bellman equation (39) respectively (31), then a representation of the normalized left
coprime factorization of system (36) on U is given by the system (40).

15



Proof By Lemma 4.15 we know & = f(z) — (M(z))™" C(2)TC(z)z is asymptotically stable.
Obviously for @ = <; and z = 0 we get the dynamics of the original system (36). Therefore

we only have to prove that (40) is an co-inner system and that there exist a stable right
inverse of the form (38) for (40). By section 3 the controllability function of (40) is given by
the smooth solution L. > 0 of the following Hamilton-Jacobi equation:

83%7(53) (f(JE)—(M(:E))_1 C(2)TC(z)x )_|_ %83%( )g(2)g(z )TBach( )+
OLe (3) (M(2))™" C(2)TC(2) (M (2)) T L5k (a) = 0

0) = 0. Obviously this equatlon has as solution L. = W and thus the controllability

(41)

1
2

where L,

function exists on U. Therefore 2 LC( )= M(z)Tz and we have

7
Clz)e+ (0 ~I) (cmﬁfn?(r:))*) 8;56(95) —0, (0 —I) <_01) _

and thus by Theorem 4.11 system (40) is co-inner. Furthermore, consider the system
r=f(z)- (2 9(2)T 5 (2) - (M(2))7'C(2)Ts
L (- (x)( 3 (x)) N <—1)5 (42)

then by Lemma 4.6 we know that f(z) — g(z)g(z)" 88;/($) is asymptotically stable. Take
b = Z as input for system (40) and z(0) = Z(0), then the output for system (40) is z = s and
hence the system is left coprime. This proves the theorem. [

Remark 4.17 In Remark 4.13 we mentioned that right coprimeness can be defined in a
similiar way as left coprimeness. Then we need to construct a stable left inverse of system
(32), such that the serial connection of the two systems is the identity mapping. This can
be done by considering the smooth proper positive definite solution to the Hamilton-Jacobi
equation (39) and by constructing the left inverse in a similar way as (42) is constructed.
Such a construction is analogous to the linear case which is treated in Nett/Jacobson/Balas
1984. This paper considers a doubly coprime fractional representation for a linear system,
and if we follow this approach, we can construct a similar representation for the nonlinear
case. For the normalized right coprime factorization this approach is a little more restrictive
than the approach of section 4.1, since the inverse of the matrix M(z) is needed, which might
not exist globally.

Similar to the right coprime factorization, we have the following connection with the lineariza-
tion.

Theorem 4.18 Consider the linearization of system (36) in x = 0 and u = 0, which has the

form of system (8) with transfer matriz G(s), see section 2. The linearization of system (40)

gives exactly the state space realization (10) of (N(s) D(s)), where N(s) and D(s) are the
- -1

left factors of G(s). Moreover, S = (%(0)) = (M(0))"!

Proof Follows directly from linearization. [
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5 Balancing for unstable nonlinear systems

5.1 The HJB balanced form

For closed loop balancing we first follow the idea of Weiland 1991 which has been treated
briefly in section 2.1. Consider the system (11)

&= f(z)+g(z)u
y = h(z)

We assume the system is zero-state observable. First we define the following energy functions
(see also section 2.1):

(43)

Definition 5.1 The past and future energy function of a nonlinear system are defined as

—rN . Lo 2 2
Ko(@o)= _min o [ I 1) e (44)
z(—o0) = 0,z(0) = zg
respectively
K@= min 5 [TU0 1 + o [ (45)

z(o0) = 0,z(0) = zo

We assume that K ~(zg) and K (zg) are smooth and finite. From optimal control theory we
know that KT is the smooth non-negative solution to the Hamilton-Jacobi-Bellman equation
(31) from section 4.1. Furthermore, K~ is the smooth non-negative solution to the Hamilton-
Jacobi-Bellman equation (39) from section 4.2, see e.g. Lee/Markus 1967. K+ is minimized
by an input u = —g(x)TaTa%(r) and K~ by an input u = g(r)TaTa%(x) Summarizing we
get the following theorem:

Theorem 5.2 K7 is the smooth non-negative solution to the following Hamilton-Jacobi-
Bellman equation:

OK* LOK* r0TK* 1,7 I
@7~ 2 2 ) ) i (@) + SHT@)() =0, KH(0)=0  (46)
OTK+
satisfying f(z)— g(m)g(:c)T (z) is asymptotically stable. Furthermore, K~ is the smooth

non-negative solution to the following Hamilton-Jacobi-Bellman equation:

- - T g -
1)+ 3 A @yg@)g (1) o () ~ Shia)h() =0, K(0)=0  (4)

70K~
oz

satisfying —(f(z)+ g(z)g(z) (z)) is asymptotically stable.

Note that equation (46) is the same as equation (31) and that equation (47) is the same as
equation (39).

Remark 5.3 If we assume there exists a smooth solution K of (46), such that f(z)-—

g(x)g(:v)Tagf(x) is asymptotically stable, then KT as in (45) exists, i.e. is finite. Simi-

larly, it is also valid for (47) and K ~, see cf. Lee/Markus 1967.
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Theorem 5.4 Assume (46) has a smooth proper solution K on W. Then K(zq) > 0 for
rg € W, zg # 0, if and only if f(z) — g(m)g(m)TaaT—xB(l‘) is asymptotically stable on W.
Similarly, assume ({7) has a smooth proper solution K on W, then K(xq) > 0 for zo € W,
zo # 0, if and only if —(f(z)+ g(w)g(m)Tagf(x)) is asymptotically stable on W .

Proof Assume K > 0, then by Lemma 4.6 f(z) — g(x)g(r)TaaT—xI‘(:c) is asymptotically stable
on W. .

Now assume f(z) — g(z)g(z)T22(z) is asymptotically stable on . By Theorem 5.2 we
know that K = K+ on W, where K is the future energy function of system (43).

. . 1 e
Keo)= min o [ I 4 ) e

z(o0) = 0,z(0) = xo

Furthermore we know from optimal control theory that the minimum is reached for v =

—g(x)TaTa%(:U) Hence

o0 ( T (
K4 ) = 5 [ O a0 o (a(0)) + b (1) h(a(0)

Now let 2o # 0. If 25X (2(1))g(2(t)g(2())T 2L (2(1)) + h(2(1))Th(x(t)) = 0 for 0 < t < oo
then u(t) = 0 and h(z(t)) = 0, for all ¢, 0 < ¢ < co. But by the zero-state observability of
system (43) this means that z(¢) = 0 for all 0 < ¢ < oo and this contradicts zg # 0. Hence
K+(ac0) >0,Veg € W, zq 7£ 0.

The second part of the theorem can be proven by using the same type of arguments. [

Now we consider nonlinear systems of the form (43) with future and past energy function
respectively KT and K~ as in definition 5.1 and with the following additional assumptions:

1. KT and K~ are smooth and finite on a neighborhood Y of 0

2 o+ 2 g
%(0) > 0 and %(0) >0

3. the system is zero-state observable on Y

2.

Similar to Lemma 3.8 and Theorem 3.9 we can bring KT and K~ into a special form:

Lemma 5.5 There exists a coordinate transformation z = ¢(z), ¢(0) = 0, such that K~ (z)
in the new coordinates T = ¢~ (z) is of the following form:

K=(¢(2) = 5277 (48)

Furthermore we can write K*(z) in the new coordinates T = ¢~ '(z) in the following form:

KT (p(2)) = %:ETN(JE)QE where  N(0) = a;%;(()) (49)

where N(Z) is a n X n symmetric matriz with entries which are smooth functions of .

Proof This follows the proof of Lemma 3.8. ]
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Theorem 5.6 Consider system (43) and assume there exists a neighborhood V' of 0 where
the number of distinct eigenvalues of N(z) is constant for z € V. On a neighborhood U of
zero there exists a coordinate transformation x = vy(z), v(0) = 0, such that K~ (z) in the new
coordinates z € W := y~Y(U) is of the following form:

~ . 1
K™ (2):=K (y(2)) = §ZTZ (50)
while in the new coordinates K+ (z) is of the following form:
v1(z) 0
2T z (51)
0 vn(2)

where v1(z) > ... > v,(2) are smooth functions of z, called the HJB singular value functions
(HJB stands for Hamilton-Jacobi-Bellman).

Proof This follows the proof of Theorem 3.9. ]

Remark 5.7 For linear systems the HJB singular value functions v;, 7 = 1, .., n are constant
and are equal to the squared similarity invariants of Theorem 2.1.

Like in section 3.1 the form of the past and future energy function in (50) and (51) is not yet
entirely the form we want. For that we need an additilonal coordinate transformation. We
take as transformation z; = &(z) := v;(0,..,0,2,0,..0)t 2, i = 1,..,n and hence z = £(z) :=

(&(z1) .. Ea(zn)) on z € W = &W). Define K—(2) := K=(¢7(2)) and K*(2) :=
K*(£71(2)). Then (50) and (51) become respectively:

i L (mET 0

K= (z) = §§T . z (52)

0 pn(Zn) 7!
L (mE) T E(E) 0
K*(z) = §2T - z (53)
0 fn(Zn) " on(€71(2))

W=

where p;(%;) = v;(0, ..,0,£7%(%),0,..,0)2 fori = 1,..,n. It follows that K(0,..,0,%;,0,..,0) =
%Ef,ui(éi)_l and K+(0,..,0,%,0,..,0) = %52'2,&2'(52') for 2+ = 1,..,n. In terms of the past and
future energy we can infer from v;(£71(2)) > v;41(£71(2)) that the state component z; is more
important than the state component z;.; on W. We call a nonlinear system HJB balanced if
it has a past and future energy function respectively of the form (52) and (53). This means
that we can bring system (43) in a HJB balanced form by a coordinate transformation of the
form z = a(z) := y(67'(2)) where 7 is as in Theorem 5.6. For a linear system this means that
the system is in the LQG balanced form, since then K ~(z) = 32757z and K*(z) = ;2T Pz
with P =5 = M as in Theorem 2.1.

For linear systems HJB balancing is the same as LQG balancing. However, the formulation
of LQG balancing for linear systems can not be extended easily to nonlinear systems. This
is nevertheless an interesting problem to consider. The usual stochastic formulation of the
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LQG problem seems not to be the right formulation for nonlinear systems. However, there
exists a deterministic formulation of the LQG problem, which is equivalent to the stochastic
formulation, and which has been extended to nonlinear systems, see Mortensen 1968 and
Hijab 1980. Consider the following system:

&= f(z)+g(x)u, 2(0) =20

y=nh(z)+v (54)

where v is the (deterministic) noise that enters the system. We want to minimize the following
energy functional:

oo, ), o(0)) = Wotzo) + 5 [ () 2+ 1 () | dr (55)

over the input triple (zg, u(-),v(+)), which corresponds uniquely with an input pair (z, u(+)),
if the observations y(-) are given, see Hijab 1980. Wy(x¢) is a real-valued function representing
the initial costs, with Wy(0) = 0. Let #(t) € R" be a deterministic estimate of the state at
time ¢, t > 0, given the observations y(7), 0 < 7 < t (i.e. &(t) is the endpoint of the state
trajectory of an input pair (&g, 4(-)) that is minimizing the energy functional (55) based on

the observations). Let Wy generate a non-degenerate estimate &g, i.e. det(agzgo (a%(O))) #0,

then for small £ > 0 and for z near £(0) we will have det (82W (t, m)) # 0. Now the dynamics

dz2

of the deterministic etimate #(t) is given by (see Hijab 1980):

. 2 -1 T
= s ot (G (o) w0 -he) (56)

where W(t,z) is a smooth solution of the Mortensen equation:

oW oW 10W aTw 1
3;+M@uﬂ+5;ﬂ@+§5;ﬂ@ﬂ@1§;—5M@”Mﬂ=m (57)

W(0,-) = Wy(-), and V(z) is the smooth positive solution of the Hamilton-Jacobi-Bellman

equation (46):

// T
O (11(@) ~ 3 T @)@ Y @)+ Lh @)h() = 0, V(0) =0 (59)

Based on the separation principles, this motivates to consider the nonlinear compensator (56)
together with

oTv .
Ta$@) (59)

If system (54) is linear, then (56) is equal to the compensator (3) of section 2.1. In that

u=—g(%)

-1
case (S;va(t,:c)) is constant, i.e. is equal to the matrix S that is the stabilizing solution

of equation (4) (the FARE). This results directly from (57), see e.g. Hijab 1980 and van
der Schaft 1993. For general nonlinear systems equation (57) does not have a solution such

that 8;;2’ (t,z) is independent of the time ¢. Nevertheless we observe that equation (47) is
part of the equation (57). Indeed for y(¢) = 0 for all —oco <t < 0, W(t,z) = K~ (2) is a
smooth solution of (57). In this case we can obtain the HJB singular value functions from

the solutions W and V of the equations (57) and (58) as is done above for respectively K+
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and K, and then the HJB singular value functions are a measure for the difficulties both to
control and filter the corresponding state component.

Like in the linear case, we can use HJB-balancing for model reduction. The HJB singular
value functions are a measure for the importance of a state component in terms of the past
and future energy functions and, as we argued above, in a weaker sense they are a measure
for the difficulties both to control and filter a state component.

5.2 Balancing of the coprime representation

In section 4 we discussed the normalized coprime factorization of a nonlinear system. We
explain here how to balance the representation of the normalized right coprime factorization
of a nonlinear system. We don’t go into balancing of the representation of the normalized
left coprime factorization, since we saw that in the linear case this comes down to the same
singular values as for balancing the normalized right coprime factorization and thus the same
reduced model. In the nonlinear case we obtain something similar. Furthermore, the nor-
malized left coprime factorization is more restricted, since we need that the matrix M(z) in
equation (40) is nonsingular.

Consider section 4.1 and the representation of the normalized coprime factorization of system
(26) given by system (32). From the proof of Theorem 4.7 we conclude that the observability
function L,, of system (32) is well defined and is the positive definite solution of (31). Addi-
tionally, let us assume that the controllability function L. of (32) is smooth and exist. Then
it fulfills

oL, 'L, 10, 2OTL.

@) f - g(@)g(0) S @) + 5 (@ )a()g () = 0 (60)
satisfying L. > 0. To apply the theory of section 3 we also assume that
0L, %L,
[ W(O) >0 and a$2 (O) >0

We can apply Theorem 3.9 to the system (32) and we call the singular value functions of
this system the Graph singular value functions of the original system (26). Analogously to
Theorem 2.4 for linear systems we obtain in the nonlinear case the slightly weaker result:

Theorem 5.8 I, < L..

Proof After subtracting (60) from (33) and rewriting the resulting equation, we get:
d(Le=Lo T (Le—Lo (Le=Lo 9T (Le=Lo
2l (@)(~(f(o) + g(2)g() T @) + 32 o) ()0 (@) e o)

oz ( 2 ox
+3h(z)Th(z) =0

By the asymptotic stability of —(f(z) + g(r)g(.r)T%(x)) we have that L. — L, > 0
and thus L, < L.. [ ]
In particular, this implies that the Graph singular value functions 7;(z), ¢ = 1,..,n, of a

nonlinear system satisfy 7;(0,..,0,2;0,..,0) < 1fori=1,..,n.

In section 2.2 we discussed balancing of the coprime representation of a linear system. We also
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gave the relation between the Graph Hankel singular values, 7;, 7 = 1,..,n, and the similarity
invariants u;, ¢ = 1,..,n, which gives the relation between LQG-balancing and balancing of
the normalized right coprime representation. For nonlinear systems we can find a similar
relation.

Consider a system of the form (43) and assume the assumptions 1 to 3 from section 5.1
are fulfilled. Now we consider the Hamilton-Jacobi-Bellman equations (46) and (47), which
have as smooth solutions the future and past energy function Kt and K~. Furthermore
consider the equations (31) and (60) which have as solution the observability respectively
controllability function, L, and L. of system (32), which is representing the normalized right
coprime factorization of the original system (43).

Theorem 5.9 The solutions of (31) and (60) are related to the solutions of (46) and (47)
by Kt =L, and K- = L. — L,.

Proof Obviously (31) and (46) are the same equations and hence K* = L,. From (60) we
obtain:

8Le () f(x) + L 2Lo=L) (3)g(a)g(a) T2 L= Le) () —

If we subtract (31) from this, we obtain:

OLe(2)g(z)g(x)  Zgla(2) = 0

B =

Mlemlo) (3) f(2) 4 1 2e=Lod (4)g()g () TE L) (3) — Lp(2)Th(a) = 0

and hence K~ = L. — L,. [ ]
Corollary 5.10 L,(z) < L.(z) for z # 0.

To find the relation between the HJB singular value functions and the Graph singular value
functions, we assume that the representation of the normalized right coprime factorization
(32) of system (43) has the form such that the observability and controllability function for
x € U are of the following form:

L(z) = %me
71(z) 0
EO(:U) = ll‘T . z
0 To(z)

where the 7;(z)’s are the Graph singular value functions as defined in section 3.2. From
Corollary 5.10 we obtain that 7;(0,..,0,2;,0,..,0) < 1 for i = 1,..,n. Furthermore we assume
that for z € U, with U a neighborhood of 0, the transformation which is necessary to bring
the system in the form of Theorem 5.6, is z = y(z), v(0) = 0, for z € W := 4(U). Hence
K=(2):= K=(y7'(2)) is of the form (50) and K~ (z) := KT(y7'(2)) is of the form (51) where
the v;(2)’s are the HJB singular value functions.

Theorem 5.11 There exists a neighborhood U of 0 such that by the coordinate transformation
z=7(z) forallze W =~(U):
~ -1
(z) = 0”2 (f)) . i=1,
1= 7i(y='(2))

)
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Proof Since 7;(0,..,0,2;,0,..,0) < 1,7 = 1,..,n, and by continuity, there exists a neigh-
borhood U of 0 such that 7;(z) < 1 for all z € U. By the forms of the observability and
controllability functions we infer that K+ and K~ are of the following form:

71(z) 0
K*(z)= =27 . T
0 ()
1—7(x) 0
K~ (z)=-aT .. T
0 1 —7(z)

It follows that the coordinate transformation necessary to bring K~ and KT in the form of
respectively (50) and (51) is given by 2z = v;(z) := (1 — ﬁ(r))%x“ i=1,..,nand z =v(z) =
(71(z) - +yn(z)) for z € y(U) = W. After this transformation it follows that the HJB singular
= (n—1
value functions are v;(z) = Ti(j—fz)), 1=1,..,nforz e W. ]
1-7i(77(2))

From this theorem it is clear that 7(y~1(z)) > ... > 7F.(77(2)) is equivalent with v(z) >
... > vu(2). Furthermore the form of the transformation z = y(z) in the proof of Theorem
5.11 is such that z; = 0 is equivalent with z.=0 and hence if we want to reduce the order of
the original model based on these singular value functions, HJB-balancing and balancing of
the coprime representation for x € U both result in the same reduced order model.

6 Model reduction

6.1 Model reduction of the coprime representation

Model reduction of linear systems based on the Graph Hankel singular values is treated in
Meyer 1988, see section 2.2. It turned out that model reduction applied to the normalized
right coprime representation (9) of the original linear system (8), results in a representation
of the normalized right coprime factorization of the reduced order original system. Here we
will study the same problem for nonlinear systems.

Consider section 4.1, where system (32) is a representation of the normalized right coprime
factorization of system (26). Assume system (32) is in balanced form. Then the controllability
and observability function, L. and L, are of a form as is described in section 3, i.e. are of the
form of equation (20) respectively (21) with the 7;’s replaced by the 7;’s. Reducing the order
of system (32) can be done in a way as is prescribed in Scherpen 1993. Hence if for k£ < n
Tk(2) > Te1(z), z € U, then for system (32) the state component z, is more important than
Zry1 in terms of input and output energy, see Scherpen 1993. To reduce the order of the
system we put 47 = ... = &, = 0. Corresponding to the partitioning of the state in the first
k components and the last n — & components, the partitioning is as follows:

sy = (Bn)) e = (2000, ) = he e

gb($a7 ‘rb)
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where 2% = (z1,...,2%), 2° = (¥441,...,2,) and thus = = (2%, 2%). This partitioning for

system (32) results in:

{wzﬁmwymwwﬂ§#u> 9a(2)g8(2)" 2 T2 () + galz)w
i’ = fi(2) - go(2)ga(2)T 52 (2) - go(2)gn(2)T L2 (2) + go(2)w

(61)

{y—M)
u = —ga(2)T%E2(2) — gy(2)" 2Lp(z) + w

We define the reduced system of system (61) as follows:

= f(7)+§(z)w
§=hi(2) (62)
i = ho(2) +w

(63)

R~

If we reduce the order of the system (61) by putting z; = 0, in general we will not get a
representation of the normalized right coprime representation of the reduced original system
(63). The next theorem will give a condition under which this does hold:

Theorem 6.1 If 8LO(:U ,0) = 0, then the reduced system (62) is a representation of the
normalized right coprime factorization of the system (63).

Proof If 8EO(:E ,0) = 0, the form of the Hamilton-Jacobi-Bellman equation (31), which has
as a smooth solution L,, implies that L,(z,,0) is the solution of:

0) (fa(2®,0) = ga(2%,0)ga(%,0)7 5 L2(22,0)) + Lh(2%,0)Th(2,0)
@0)ga(z™,0)g.(z" O)TaaﬁLao(x ,00=0

9L,

oz

(
Define f(&) := (fa(;r"“,O) — ga(2%,0)g,(2",0 ngzféo ) = go(2,0), h1(F) := h(z",0)
and hy(7) := —ga(x“,O)T—aaTﬁo(:ca,O) then L,(%):= L ( “ O) is the observability function of
system (62). Furthermore, define f(7) := f,(2%,0), §(#) := go(2*,0) and h(%) := h(z",0).

Then obviously (62) has a form that matches with the concept of a representation of a nor-
malized right coprime factorization of system (63). u

a
1
29

_|_

gig(m“, 0) = 0 is always fulfilled.

For system (61) and the reduced order system (62) we can find some more properties of model
reduction based on balancing in Scherpen 1993.
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6.2 Model reduction of the HJB balanced representation

A brief review on LQG balancing and model reduction based on that can be found in section
2.1, see Jonckheere/Silverman 1983 and Opdenacker/Jonckheere 1985. In section 5.1 we
treated HJB balancing for nonlinear systems and defined the HJB singular value functions.
HJB balancing makes use of the past and future energy functions and a state component
for which the corresponding HJB singular value function is small, can be removed from the
original model in order to obtain a reduced-order model.

Consider section 5.1 where we introduced HJB-balancing and consider the system (43) after
the transformation which brings it in HJB balanced form:

F= 1) +9(2)u
A (64)
y = h(2)
for Z € W. Hence the past and future energy function, K~ and K*, are respectively of the
form (52) and (53). Again, reducing the system (64) based on HJB balancing can be done in
the same way as is described in Scherpen 1993. If for £ < n the singular value functions fulfill
vr(2) < vg41(2), 2 € W, then we can state that for system (64) the state component zy is
more important in terms of the past and future energy than the state component z341. To
reduce the model we put z; = ... = 2z, = 0 and again the partitioning of the system is done
in a corresponding way, with 2% = (z,...,2), 2° = (Zk41,...,2n) and z = (22,2%). Define
the reduced system (64) as follows:

2= J(2) + g(2u
§=h(z)
Assume the past and future energy function of this system are respectively K~ and K.

Obviously by the form of K~ and the form of the corresponding Hamilton-Jacobi-Bellman
equation (47) we conclude that K—(%) = K~(z,0), but in general we can not conclude the

(65)

same for K.

Theorem 6.3 If 88122: (2%,0) fp(2%,0) = 0 and 386:3 (2%,0)g5(2,0) = 0 then the reduced system

(65) is in HJB balanced form again and the future energy function of (65) is I;"'(Z) =

K+ (z%,0).
Proof This follows directly from the form of the Hamilton-Jacobi-Bellman equation (46). m

If we consider the system (54) and the compensator (56), we can also consider model reduction
based on the HJB singular value functions. Hence assume we transformed (54) to the form
of (64) with additionally a noise working on the output y.

2= f(2)+9(2)u
y=nh(z)+v (66)

for z € W. Furthermore, assume W(t, Z) is the solution to Mortensen equation (57) of system
(66). Obviously, if W(t,z) = K~(z) and thus W is independent of ¢, then as above Theorem
6.3 holds. FFurthermore, by the form of K~ we get:
_ z 0
K~ A=) ‘
N (2) = . ,  where

0 Bn(Zn)
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3ou;t 10%u7t .
Bilz) = ui(z) + 5 g; (z:)7i + 5 8’; (5)2, for i=1,..n

This form ensures that the state equation of the compensator of the reduced system is the
reduced order state equation of the compensator of the original system (66). Otherwise, if
the solution to the Mortensen equation (57), W, is not independent of ¢, we can not conclude
this. Obviously, reducing the system based on the HJB singular value functions, results in a
reduced order system with a past energy function f(_(é) = K~(2%,0), as above and hence
under the conditions of Theorem 6.3 the reduced system is HJB balanced again. Nevertheless
we can not state in general that the reduced order compensator is a compensator of the
reduced order system. Therefore we need another condition (which is automatically satisfied
in the linear case):

Theorem 6.4 If the conditions of Theorem 6.3 are fulfilled and %(t,é“,O) = 0, then the
reduced order compensator of the reduced order system has the form of the compensator (56)

together with (59).

Proof This follows from the form of (56). |

7 Conclusions

We have given a characterization of normalized left and right coprime factorizations for non-
linear systems. This has been done by first giving a characterization of respectively an inner
and a co-inner nonlinear system.

Furthermore we have introduced two procedures to balance unstable nonlinear systems.
One of them is balancing of the normalized right coprime factorization and the other method,
called HJB balancing, is making use of the past and future energy of the system. We gave
the relation between both methods, which is in fact the same as for linear systems. Both
methods are extensions of the methods for unstable linear systems, with the difference that
in the linear case LQG balancing and HJB balancing are equivalent, but in the nonlinear case
the nonlinear version of the LQG problem is in general not of a form such that we can interpret
HJB balancing as a measure of the difficulty to control and to filter a state component.

Finally, we applied model reduction based on the concept of HJB balancing and balancing
of the normalized right coprime factorization. We gave some sufficient conditions under which
the reduced order system has some nice properties again, i.e. when it is a coprime factorization
or is in balanced form.
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