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Abstract— In prediction error identification, confidence re-  difference between the actual and desired coverage rate be
gions are most commonly derived from the asymptotic statis- and what are the factors influencing this difference whén
tical properties of the parameter estimator. Therefore, tese s fiyad? In our earlier contributions [6], [7], we startedsth
confidence regions are only asymptotically valid and, for fiite . . .
samples, their actual coverage rate can be smaller than the analysis by comparing, for dlfferent values of the number
desired coverage rate. In this paper, we analyze the influeec [V Of data, the actual and desired coverage rates when the
of the SNR and of the type of model structure on the difference true system has an ARX or an OE structure. The actual

between the actual and desired coverage rates. In additionve  coverage rate is estimated using Monte-Carlo simulations.
propose alternatives to the classical approach to constrtiog

probabilistic confidence regions for Box-Jenkins systems.

When we compare the results in the ARX and OE cases,
we observe that, for similar situations, the actual coverag

Prediction error methods have become a wide-spreagdte is (significantly) closer to the desired one when the tru
technique for system identification. Parametric dynamicalystem has an ARX structure than when the true system
models that are identified on the basis of measuremeR&s an OE structure. A contribution of this paper is to
data are usually accompanied by an indication of thewxplain this phenomenon by observing that the statistical
uncertainty. Probabilistic confidence regions for theyroperty used to build the classical confidence region in
system parameters are generally used as an indicationtaké OE case requires a first-order Taylor approximation
this uncertainty. An (exact)l00 «% confidence region in order to be established while the ARX case does not
is a region in the parameter space that contains the tregquire this approximation. This first-order approximatio
paramete, with probability« [11]. Apart from its intrinsic  is in fact required for all model structures for which the
importance in classical statistical parameter estimatibe prediction error is not linear (affine) in the parameter wect
need for quantifying model uncertainties has lately become:. OE, ARMAX, BJ. That a first-order approximation is
apparent also in many other fields of model applicationgequired in these cases is a well-known fact [10], however,
Confidence regions are indeed extensively used in recafie consequences of this first-order approximation on the
new approaches for robustness analysis [3] and for optimattual coverage rat&r(d, € U) of the confidence region
experiment design for control (see e.g. [9], [4], [2]). U are, to the best of our knowledge, unexplored. Another

contribution of this paper is to show that the actual coverag

In prediction error identification, confidence regions areate for BJ, ARMAX or OE structures, which, for small
most commonly derived from the (asymptotic) statisticalalue of N, differs from the desired rate more severely
properties of the parameter estimator, see e.g., [10]. Thisan in the ARX case, can nevertheless (significantly) be
leads to ellipsoidal confidence regiol5 centered at the improved by increasing the power of the excitation signal
identified parameter vector and shaped by the covariange. by increasing the signal-to-noise ratio.
matrix of this identified parameter vector. It is importaat t
note that the property used to derive the confidence ellipsoi
is an asymptotic property i.e. a property which is only valid 'T: for some reasons, both the number of data and the
when the numberV of data tends to infinity ¥ — o0). S|gnal-fco-r.1_0|se ratio of an |dent|f|cqt|0n experllment. isadim
Consequently, if\ is small, the actual coverage rate Gf the rgllab|llty of the obtained confidence regiéh will be.
i.e. Pr(f, € U) can be smaller than the desired coveragB9°' Le. Pr(dy € U) << a. In these cases, alternative

rate o. Based on this observation, Campi and CO_authOILéncertainty bounding schemes should be considered. In our

developed a new confidence region bounding scheme Whi&{evious contributions [6], [7], we presented such altévea

at the cost of an heavy computational burden, guarantegg'€mes for ARX and OE true systems. In this paper,
the coverage rate also for small values dF (see e.g. we extend these results to the more realistic case of a
[5]). However, perhaps surprisingly, few attention hasrbeeBox-Jenkms true system. In these new schemes, instead of

paid to the following questions: how significant can thé'Sng the (asymptotic) Stat'St'Cs_ of the_ |<_jent|f|ed paramet
vectorfy, we use the (asymptotic) statistics of the so-called
X. Bombois, A.J. den Dekker and P.M.J. Van den Hof are withDletft ~ Fisher score and likelihood ratio as a basis for constrgctin
Center for Systems and Control, Delft University of Teclugyi Delft, The confidence reglons see e.g. [1] These new schemes can
Netherlandsx. j . a. bonboi s@ udel ft . nl . ' o . .
M. Barenthin is with the Automatic Control, School of Elécal Engi- be considered as alternatives for the uncertainty bounding

neering, KTH, Stockholm, Sweden scheme of [5].
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Il. CLASSICAL UNCERTAINTY BOUNDING Consequently, if we choog@ such thatPr(Fj, n_r < %) =
We suppose that we have collectéd input-output data @ We obtain the following (asymptotically valid)00a%
ZN = {y(t), u(t) | t = 1..N} from the following data- confidence region for the true parameter veégar
generating system: 1 . X
U=1{0]| ﬁ(e — )OIV (0 - 0n) < B} (6)
S y(t) = Go(2)u(t) + Ho(2)e(t) 1) o ¢ _
It is important to note that the property (4) used to deriwe th
_ confidence ellipsoidJ (via (5)) is an asymptotic property.
independent ofi(¢), andGio(z) and Hy(z) are two unknown - ,nsequently, itV is small, the actual coverage rate ©f
stable LTI transfer functions. The transfer functiéfy(z) o Pr(fo € U) can be smaller than the desired coverage
is furthermore supposed to be monic and inversely stablgyia ., This leads us to the question: Given a numbenf
We also suppose that we have kchose_n a model structyjg, \what are the factors influencing the difference batwee
M = {G(z,0), H(z,0) | 6 € R"} which contains the o actyal and desired coverage rates? This analysis should
true system i.e. there exists a parameter ve€orsuch j, narticular explain the significant difference betwees th
that G(z,60) = Go(z) and H(z,6)) = Ho(z). Depending regut for ARX and OE true systems that we observe when

on ?he true system, different types of model structures af®mparing the results in [6] and in [7]. In these papers, we
available: OE, ARX, ARMAX and BJ model structures.  j,qeed observe that, for equal, the actual coverage rate

is (significantly) smaller when the true system has an OE
structure {{y = 1) than when the true system has an ARX
structure {, is one over the denominator @f,). More

precisely, we considered in [6] and in [7] the same plant

where ¢(t) is a white noise sequence with varianeg

Using the model structure\t and the datazV, it is
possible to deduce an es}ima&@, of 6y using classical
prediction error theory [10]8y = argming V (6) with

1 X system Gy and, e.g. forN = 50, the observed coverage
Vn(0) = N 262(15,9) (2) rate was 0.93 in the ARX case while this coverage rate is
t=1 only 0.55 in the OE case.

and with ¢(¢,0) the so-called prediction error defined as:

hl Ill. FACTORS INFLUENCING THE ACTUAL COVERAGE
e(t,0) = H(2,0) (y(t) — G(z,0)u(t)).

RATE

Besides an estimatky of 6, the classical prediction error  In order to determine the factors influencing the difference
theory allows us to build arourttly an ellipsoidal confidence between actual and desired coverage rates, it is impodant t
region for #y, and this by making use of the asymptoticunderstand why property (4) is only valid fof — oco. For
statistics ofdy . Indeed, it can be proven that, asymptoticallythis purpose, we could use the reasoning in [10][Chapter
(i.e. for N — ), the identified parameter vectery is 9] However, here, we prefer to use the following (simpler)
normally distributed arounél, with a covariance matrix that alternative reasoning which is a generalization of the

can be estimated by reasoning in [8].
P = g2 (\I,T\I,)*l To prove (4), a first step is to deduce the following first
with w7 — (1/1(17éN)7 D2, B), s BN, éN)> (3) grd.er Taylor approximation of(¢, 6y) around the identified
N-
and ¢ (t,0) 2 —w. This asymptotic property can also . de(t, )T .
be equivalently rewritten as: €(t,b0) ~ €(t,0n) + Tb'éN (0o —0On)  (7)

By noticing thate(t,0y) = e(t) (the true system lies in the
model structure) and by using the definitionft, §), we
obtain:

1 /5 ror i 2

- (9N - 90) Ty (9N - 90) ~ A (4)
where x? is the x2-distribution with & degrees of freedom
(k is the dimension o#). This property leads to the the

Sy T 5 5
following (asymptotically valid)100a% confidence region e(t,0n) = e(t) =y~ (t,0n) (On — o) (8)
for the true parameter vect: {0 | Sz (0—0n) T (0 - Now, sincefy minimizes the cost functioi/y (6), we
On) < x} with y defined asPr(xi < x) = a. In have that the gradient of this cost function is zero when

this expression, the varianeg® of the noise is generally evaluated aby. This delivers thus the following equality:
unknown antjziV is therefore often replaced by its estimate
62 = 25 €(t,0y). In this case, thec?-distribution 1 - -
in (4) Jgeéozr:ntesl aF(-distri)bution with degreeég of freedoi N Z (t, On)e(t, O) =0 ©)
and N — k (see [10][page 558]) i.e. =t
lwith respect to the OE case, the signal-to-noise ration (SKR.
W) was 30 times smaller in the ARX case. Consequently, the

L1 (0w - 90)T U Oy~ 00) ~ AsFin—r (B) O

&_g k bad resufts in the OE case cannot be due to a bad signalge-naio.



Replacinge(t, éN) in (9) by its approximation (8) yields:  that (8) is not an approximation in the ARX case.

(") (On —6p) ~ UTe (10) This observation constitutes an explanation for the phe-

with e = (e(1), e(2), ..., e(N)) and W defined in (3). Let nomenon observed in [6], [7] i.e. the fact that the actual

: s .. coverage rate of the ellipsoidal confidence redibis closer
us introduce theconomy sizeingular value decomposition o the desired one in the ARX case than in the OE case
of ¥7: ¥T = UxVT where ¥ is a diagonal matrix of

dimensionk andU € R*"* VT ¢ R®™N are such that (where (8) is an approximation).

UTU = V'V = I;. The expression (10) can then bep. the role of the signal-to-noise ratio for non-ARX model
rewritten as: structures

T A T Let us now consider the case where (8) is an
W(On — o)~ Ve (11) approximation (BJ, OE, ARMAX systems). In order
Using the central limit theorem, it can be shown [13] thato reduce the impact of the approximation (8) on the actual

the right-hand side of (11) is asymptotically a normallycoverage rate of the confidence regidnwe need to ensure
distributed random vector with zero mean and covariandbat the identified parameter vectbx is close to the true
matrix o2I,. Consequently, the left-hand side is alsgparameter vecta,. As mentioned above, this can of course
(asymptoticaly) a normally distributed random vector withbe achieved by taking a large number of data. However,
zero mean and a covariance matw$l;. We can thus this is of course not the only possibility. Indeed, for a give
write that p = LVTU(dy — 6)) ~ AsN(0,I;) and (small) value ofN, dy can also be made clogeto ¢, by
thus thatp”p ~ Asxi This observation and the fact thatincreasing the power of the input signal(t), or in other
= UxVT with V'V = I, leads to the distribution (4) words by increasing the signal-to-noise ratio (SNR).
(Which can be transformed into (5) by replacing by 52).
Consequently, we would expect that the actual coverage
Itis important to realize that the property (4) (and thusalsrate becomes closer to the desired one if, for a given value of
the property (5)) is obtained by making two approximationgv, we increase the signal-to-noise ratio. This claim will be
ie. verified in the next subsection via simulations. Equivdignt
1) the first-order approximation (8). Note that the impactn the light of Section IlI-A and if we can neglect the
of this approximation reduces for large value f eventual influence of the SNR on the convergence rate of
and disappears wheN — oo 5|nce9N is a consistent VTe, we expect that the chosen SNR will not affect the
estimate o, actual coverage rate in the ARX case since (8) is then not

2) the fact thatv e is N'(0, 021;,) only for N — oo. an approximation.

In [8], [13], simulations show thatV7e converges C. Simulation result
relatively fast to a normal distribution. In the following

two subsections, we will analyze the factors influencing the !N order to verify our results of the previous section, we
Taylor approximation (8). will analyze the influence of the SNR on the actual coverage

rate of the confidence regiof when U is designed to
contain the true parameter vector with a probability0cfs

A. the ARX case (i.e. the desired coverage rateis 0.95). For this purpose,
Suppose that both the true system and the model structwe consider first the same OE true system as in [7]:
are ARX (with a given delay:) i.e. Go(2)
B(z,0
Gz, 9) = acn H0) =iy S “(bo+baz )
B(z,0) = z~™ (bo b —i—bnbz_"b) or:y(t) = 1+ 11 a2 vt e,

Az, 9) =1l+4+az7t+..+ay,2z " _ )
07 = (a1 as ... an, bo ... bn,) with e(t) a white noise of variance? = 1 and with

by = 0.1047,b2 = 0.0872, f; = —1.5578, fo = 0.5769.
The true parameter vectadty, € R* is here given by:

(bo, b1, f1, f2).

a

In this case, the true system can be rewritten as:

y(t) = o(t) o + () (12)
with ¢(t) = (—y(t —1) ... —y(t —ng) u(t —ng) ... u(t — For different data length&/, we performk Monte-Carlo
ny — ny))7 the so-called regression vector. Moreover, weimulations on the systenSoz. More precisely, K data
have that: setsZN = {y(t), u(t) | t = 1...N} are generated using
Sor With u(t) a white noise with given variance?. From
e(t,0) = y(t) — ()70 (13) each data setdy € R* is identified using a full-order

Con§equently, usmg (12)A and (13)' we can write: 2We neglect the bias of the finite-time estimatg i.e. the fact that, for
et,0n) = e(t) — ¢T(t) (On — 6p), and we see thus finite N, Edy # 6.
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Fig. 1. OE system: observed coverage raté = 10000) versus the Fig. 2. BJ system: observed coverage rat€ = 10000) versus the
number of data points whem? = 1 (red ‘0'), wheno2 = 5 (blue ‘(T),  number of data points whem? = 1 (red ‘0’), wheno?2 = 5 (blue (1),
wheno?2 = 10 (‘black *’) and wheno2 = 100 (‘magenta+’). The desired wheno2 = 10 (‘black *’) and wheno2 = 100 (‘magenta+’). The desired
coverage rate is 0.95. coverage rate is 0.95.

OE model structure and it is recorded whether or not thE7(fo € U) = 0.83 wheno? = 5 in the BJ case and
corresponding confidence regidn contains the true value P (0o € U) = 0.81 for o, =1 in the OE case.
0y. The observed coverage)o; is then defined as the
percentage of the total number of data s&tsfor which the
true parameter value%, lay within the confidence region.
In this study, we used< = 10000. If, for some reasons, both the number of data and the
signal-to-noise ratio of an identification experiment are
The circles ‘0’ in Figure 1 represent the observed coveraggnall, the reliability of the obtained confidence regitn
rateso.o5 for different values of N when the powers?  will be poor i.e. Pr(6, € U) << a (see Figures 1 and 2).
of the input signal is equal to 1. The whole Monte-Carldn those cases, alternative uncertainty bounding schemes
procedure is then repeated for other valuesrpf(i.e. for are required. In [6], [7], we presented several of these
other values of the SNR) and the corresponding values afternative uncertainty bounding schemes for the special
70.905 are also represented in Figure 1. As expected, weases where the true system has an ARX or an OE model
observe that, for a given value d¥, the actual coverage structure. In this contribution we extend those resultshto t
rate (estimated here by 95) becomes closer to the desiredmore realistic case of a Box-Jenkins (BJ) true system.
coverage rate of 0.95 wher? increases. It is to be noted
that the coverage rates we obtain for high valuespfare Unlike the classical approach, the alternative results
very close to the coverage rates we obtain when the sapeesented in [6], [7] use the (asymptotic) properties okoth
system has the ARX form [6]. Note that, in the ARX casequantities tharfy as a basis to construct confidence regions
the simulations show that the coverage rate is independefot 6,. These other quantities (also called test statistics)
of the SNR. are here the so-called likelihood ratio and the so-called
Fisher score. Note that, like (4), the statistical prosrti
We have also repeated the same operation for a BJ troé these quantities are generally also asymptotic and that,
system (1) for whichGy(z) is identical as inSpor and consequently, the actual coverage rate for finie can
Ho(z) = (1 +c1z7t + 0272 (1 + diz71 + dez72) with  be different from the desired coverage rate However,
c1 = 0.02, ¢ = 0.07, di = —1.2 andd, = 0.63. The our former results for the ARX and OE cases show
varianceo? of e(t) is here also chosen equal to one. Thehat the reliability of these alternative confidence region
corresponding results are given in Figure 2. In this figuresan outperform the reliability of the classical confidence
we observe the same increase of the reliabilityCofvhen regionU.
the SNR increases. We observe also that, for giemand
o2, Pr(fy € U) is smaller in the BJ case than in the Let us first introduce some concepts. We suppose the noise
OE case. However, for a fair comparison, we have to notgt) in (1) to be Gaussian and the input sequence applied to
that || Ho(2)e(t)||3 is four times larger in the BJ case. Letthe true system to generate the datd is considered as
us thus compare the results for similar SNR and obsendeterministic. In this case, it can be shown [10][page 216]
that they are then very close. For example, for= 200, that the joint probability distributiorf (y*V; 6y) of the output

IV. ALTERNATIVE UNCERTAINTY BOUNDING SCHEMES
FORBJSYSTEMS



sequencey = {y(t) | t = 1...N'} generated by (1) is given B. Fisher score-based uncertainty bounding for BJ systems

by: The Fisher score-based uncertainty bounding is based on
the statistical properties of the so-called Fisher scorbefV
e(t) is Gaussian, the Fisher sca$gf) is defined as [12]:

1 1
Fw™i00) =] ——=e [— e(t, 90)} (14) _ —NaVy(0)
=1 271'0'2 20’3 S(@) = F 89 . (18)
It can be shown that the Fisher score (18) evaluated at the
true valuef, of 6 has mean zero [11]:

For a given output sequengé’, we can consider (14) as a
function of # and this function ofd is called the likelihood

function and is denoted bf(6; 4" ). Note that the prediction E[S(6o)] = 0. (19)
error estimatedy is here also the maximum likelihood

. . X N Furthermore, by the multivariate central limit theorem,
estimate i.efy = arg ming f(0;y"). Note also that:

we can derive [14] thatS(6y) is asymptotically normally

distributed:
S5(60) ~ AsN(0, F(6o)), (20)
1 ; yN _——1 (27) — Nlog /o2
s f(:y7) og(2m) 8 o2 (15) with F'(6y) the so-called Fisher information matrix i.e.:
— T
A. Likelihood ratio-based uncertainty bounding for BJ sys—F(HO) = F [5(90)5 (90)]
tems _ Ny [((avN(m) (avN(o))T> 1
. P
Since, for Gaussian(t), the prediction error estimatgy 4o 2 9 9=6

is equivalent to the maximum likelihood estimate, the so- (21)

lled lized likelihood ratio is defined as:
called generalized fikelinood raflo IS defined as The distribution (20) is equivalent to:

. N
Trr = -2 log (%) ST (60) F~1(60)S(60) ~ Asxi, (22)
FOn;y™) which leads to the following (asymptotically validpoa%

Using (15), the expression fdf; z can be simplified: confidence region fof:
{01 STO)F(0)S(0) < x}, (23)

N .
Tir=23 (VN(GO) B VN(GN)) ' (16)  with x such thatPr(y? < x) = a.

€

If we regard the observationg’ as random variables, it can Now, let us particularize this confidence region to the
be proven that the generalized likelihood rafigr is x3- case of a BJ true system and model structure i.e. a model
distributed whenV — oo [11]. Consequently, the following Structure wherez(z,6) and H(z,0) are two arbitrary and
(asymptotically valid)100a% confidence region fof, can independently parametrized transfer functions. Applyting

be derived:{ 6 | % (VN(Q) —VN(éN)) <y}, wherey definitions, we obtain the following expressions for the

is determined such thaPr(Xk < y) = a. If we replace Fisher score and the Fisher information matrix:

the unknowns? by 62, the y2-distribution becomes a F-

distribution (see also Secuon ). This leads to the follogv = % Zw t,00)€(t,6o) (24)
(asymptotically valid)100a% confidence region [7] 9e =1

ZEw (t,60)9™ (t,60) (25)
Upp = {9| (vir(0) = Vi (6)) gﬁ} (17) 7=

where the latter expression is obtained from (21) if we use
the fact thaty(¢,0y) is uncorrelated with the white noise
€(s,0p) for s > t (cfr. [10]). It is important to note that
¥(t,0) evaluated at is equal to:

where g is defined as in (6). It is to be noted théi. i is
no longer an ellipsoid and that its construction is gengrall
computationally expensive, requiring the evaluatio/gb)

at a sufficient number of points to produce contours. Observe Ot ) = Ac(z, 9o)u(t)Jr AH(Z,9o)e(t)

also that the expression fdv,r is the same for each 0 H(z,0) H(z,6)h)

model structure. This will not be the case for the uncernaint 80) 80)
Su(t,00 Se 0

region based on the Fisher score that will be presented in

the next section and where the expression will have to heith Ag(z,0) = 2429 and Ay (z,0) = 2220 Using

particularized to the BJ-case. this expressionf'(6y) can be rewritten as foIIows



YLR,0.95 YFS,0.95

N=250,02=1 0.947 0.962
N =100,02 =1 0.949 0.952
N =200,02 =1 0.965 0.955
N =50, 02 =100 0.942 0.952
N =100, ¢2 = 100 0.950 0.943
N =200, o2 = 100 0.963 0.945

TABLE |

OBSERVED COVERAGE RATEy(.95 OF THE CONFIDENCE REGIONS/ g
AND Urs FOR DIFFERENT VALUES OFN AND o2. THE DESIRED
COVERAGE RATE« 1S 0.95AND K = 5000

N

F(OO): U Zsutoo (t 90 —i—NH
t=1

AH Z 90)
H Z 90)

(26)

the confidence regions.

In Table I, we represent the observed coverage 1atg
for the two confidence regions for different values/éfand
o2. We see that the observed coverage rate$/pf and
Urs is, even for smallvV anda?2, very close to the desired
coverage rater = 0.95; especially when we compare these
results with those in Figure 2 that correspond to the clabsic
confidence regioi/. The SNR does not seem to influence
the results fol/r,g andUpgs.

V. CONCLUSIONS

It is well known that the variance of the identified parame-
ter vectordy can be reduced either by increasing the number
N of data or by increasing the signal-to-noise ratio (SNR).
In this paper, we have shown that these two variables (i.e.
N and the SNR) are also interchangeable for increasing the
reliability of the classical uncertainty bounding schere. (
for decreasing the difference between the actual and desire
coverage rates of the classical confidence regiprAnother
contribution of this paper is to present alternatives far th

wherel||.||2 represents thél, norm. Consequently, the con- classical approach to constructing probabilistic confogen

fidence region (23) becomes:

{6‘|F90 <x}

t=N t=N
( p(t, 9)5(15,9)) R™1(6,52) ( 1/)(15,0)5(15,0))
t=1 t=1

=N
Ag(z,0) |
T o2 H(
;su(tﬁ)su (t,0) NH H2.0)

o~

with y as defined above. In the likely event th@ is
unknown,o? will be replaced by its estimaté? and a F-

distribution will be used. The (asymptotically valid)0a%
confidence region fof, becomes:

Urs = {0 | T(0,62) <3} (27)
with 3 as defined in (6). Note that, lik€, r, the confidence

regions for Box-Jenkins systems.
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