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Abstract

A solution is presented for the problem of realizing a discrete-time LTI state-space model of minimal McMillan degree such
that its first N expansion coefficients in terms of generalized orthonormal basis match a given sequence. The basis considered, also
known as the Hambo basis, can be viewed as a generalization of the more familiar Laguerre and two-parameter Kautz constructions,
allowing general dynamic information to be incorporated in the basis. For the solution of the problem use is made of the properties
of the Hambo operator transform theory that underlies the basis function expansion. As corollary results compact expressions are
found by which the Hambo transform and its inverse can be computed efficiently. The resulting realization algorithms can be
applied in an approximative sense, for instance, for computing a low-order model from a large basis function expansion that is
obtained in an identification experiment. © 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The idea of decomposing a system in terms of ba-
sis functions is widely applied in system theory and
related problems such as system approximation and
identification. It is, for instance, common to represent
a stable discrete-time system G(z) in the form of its
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Laurent expansion as

G@)=> gz ", (1)

k=1

where the functions {z=*} form an orthonormal basis for
the space of functions (1) with °.7 |gx|* < oo, denoted
as H, in the following. The associated expansion coeffi-
cients g, also known as the Markov parameters, play an
important role in systems theory, realization theory, sys-
tem approximation and identification. The representation
of a system in terms of a finite set of Markov parameters
is known as finite impulse response (FIR) modeling. In
spite of its apparent simplicity the FIR model is widely
applied, e.g. in filter synthesis problems in signal process-
ing (Roberts & Mullis, 1987), adaptive filtering problems
(Haykin, 1996), and in the context of finite horizon opti-
mal control problems (Richalet, Rault, Testud, & Papon,
1978; Furuta & Wongsaisuwan, 1995).

Generalized orthonormal basis constructions have been
proposed that offer the flexibility to tune them so as to
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perform better than the FIR models in particular situa-
tions. These are the expansions of the general form

G(2)=Y afu(), 2)

k=1

in which the functions f(z) represent general orthonor-
mal basis functions while ¢, € R are the correspond-
ing expansion coefficients. Examples of such basis
function expansions are the well-known Laguerre and
two-parameter Kautz basis constructions (Lee, 1960;
Kautz, 1954, Wahlberg, 1991, 1994). Further general-
izations were proposed in Heuberger (1991), Heuberger,
Van den Hof, and Bosgra (1995) and Ninness and
Gustafsson (1997). Their general form is given by

filr= Y1 Hl‘“ 3)

Z—G

where {&;},—1.« is a collection of poles to be chosen
by the user. The origin of these constructions lies in the
theory on rational orthonormal bases as developed by
Takenaka and Malmquist in the 1920s (Walsh, 1956).
The functions constitute a complete orthonormal set in H,
provided that 2 (1 — |&|) = co. Typically, the rate of
convergence of the series expansion (2) is higher when
the pre-chosen poles ¢&; are closer to the poles of the un-
derlying system. The application of these functions in the
areas of model reduction and model approximation is an-
alyzed in Makild (1990), Wahlberg and Mikila (1996)
and Schipp and Bokor (1997). This paper will consider
the basis construction that was proposed in Heuberger
et al. (1995), sometimes denoted as the Hambo basis,
which in terms of (3) is equivalent to a finite pole selec-
tion {&;}, i=1,...,n, which is repeated periodically, i.e.
£k+nb = éka Vk.

The problem considered is as follows: given a par-
tial expansion {Ct}x—1..n, find a minimal state-space
realization (4,B,C,D) of a system G(z)=D + C(zl —
A)7'B of smallest order such that G(z) =7, ¢, fi(2)
and ¢, =, k=1,...,N. This problem can be viewed as
a generalization of the classical minimal partial realiza-
tion problem that was solved in Ho and Kalman (1966)
and Tether (1970). In the case of Laguerre function ex-
pansions, the problem has been solved in Nurges (1987).
For the Hambo basis case, the realization problem was
first considered in Szabd and Bokor (1997) and Szabo,
Heuberger, Bokor, and Van den Hof (2000), where
the problem was solved for the full-information case
(N — o0). However, in order to provide an algorithm,
that is able to deal with finite NV, a different approach has
to be followed.

In this paper, it will be shown that a solution for this
latter case can be constructed by exploiting the so-called
Hambo transform theory. This transform theory has
also been used to analyze the statistical properties of

identification algorithms, estimating series expansion co-
efficients (see Van den Hof, Heuberger, & Bokor, 1995).
As a result this paper has two main contributions:

e the development of an algorithm that solves the min-
imal partial realization problem for generalized basis
functions, and

o the further development and analysis of the under-
lying Hambo transform theory, by deriving explicit
(state-space) expressions for the transform and its
inverse.

The presented results will be limited to scalar transfer
functions. The generalization to multivariable systems
presents no great difficulties.

Besides being interesting from a system theoretic point
of view, the analysis in this paper finds its motivation
in the application of these bases in system identifica-
tion (Van den Hof et al., 1995; Szabd, Bokor, & Schipp,
1999). Owing to the linear parameterization (c; appears
linearly in G(z)) attractive computational properties re-
sult, e.g. in least-squares algorithms, which enables the
handling of large-scale problems. However, it is common
to estimate a high-order basis function model that is sub-
sequently reduced to a low-order state-space model by
means of model reduction. It seems appropriate to replace
this model reduction step by an (approximate) realization
procedure. When using model reduction the extension to
infinity of the estimated expansion is simply set to zero,
while approximate realization tries to infer the unknown
extension from the dynamics that reveals itself in the par-
tial expansion.

The outline of the paper is as follows. First, some pre-
liminaries about the Hambo basis and Hambo transform
theory are recalled in Section 2. In Section 3, some prop-
erties of the Hambo operator transform are established
that are instrumental for the solution of the realization
problem. In Section 4, the Hankel operator framework
is presented in which the realization problem is solved
for the case where one has knowledge of the full expan-
sion. In Sections 5 and 6, this approach is combined with
results from Hambo basis theory to derive the main re-
sults. The connection with a related interpolation prob-
lem is analyzed in Section 7, while in Section 8 appli-
cation of the results in the context of system identifica-
tion is discussed, which is illustrated with an example in
Section 9. The proofs of all results are collected in the
appendix.

Notation

AT, A* transpose, respectively, complex conjugate

transpose, of matrix 4

LY*™  Hilbert space of complex matrix functions of
dimension p x m that are square integrable on
the unit circle. The superscript p x m will be
suppressed if p=m=1
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H}*™  Hardy space of complex matrix functions of
dimension p x m which are analytic in the ex-

terior of the unit disc such that

2n ) )
lim o / Trace( f(re'”)* f(re'”))dw < o
" 0

and f(c0)=0.2 The superscript p x m will be
suppressed if p=m=1

RH, subspace of rational (strictly proper) transfer
functions of H,

(X,Y)), matrix “inner” product between X eL?*'
and YeLy™' defined as (X,Y)y=5

fozn X(e”)Y(e) dw. For p=m=1 the
subscript M will be suppressed
Hi+ the orthogonal complement of H, in L,3

Hy"  the same as H ™", without the restriction that
the functions must be zero at infinity

RHJ "  subspace of rational (proper) transfer func-
tions of HY ;™"

Py orthogonal projection onto the subspace X

No N extended with zero

/5(J)  the space of square summable vector
sequences, of vector dimension n, where J
denotes the index set of the sequence. The
superscript n will be omitted if n =1

e; the ith canonical Euclidean basis (column) vec-
tor.

diag{x;};—;,..» diagonal matrix with diagonal elements
XigeoesXp.

At various instances in this paper use is made of
Sylvester equations of the form

AXB+ C=X

Existence and uniqueness of the solution matrix X will
be everywhere guaranteed by the fact that—wherever
used—the matrices 4 and B both have eigenvalues with
modulus strictly smaller than 1.

In this paper, we assume that all transfer functions and
state-space realizations have real-valued coefficients, i.e.
poles of transfer functions appear in complex conjugate
pole pairs.

2. Preliminaries

2.1. Orthogonal basis functions—Hambo basis

One way to construct the Hambo basis functions
(Heuberger et al., 1995) is by considering a finite set of

’Here, H, is identified with the subspace of L, with
vanishing non-positive Fourier-coefficients. More precisely, for
feHy, f(2)=f1z7" + faz7? + -, and 122, | fi]? < oo

*For feH;h, f(2)=372 fizt, and 322 | ful* < oo

poles {¢;}io1, .., that are stable, i.e. |&;| < 1, generating
an all-pass transfer function

o113

having a minimal balanced realization (A4, By, Cy, Dyp)
that satisfies

T
Ay, By

=1 4
Co Dy )

Due to these properties the input-to-states transfer func-
tions of Gy:

qS,-(z)::el-T(zI—Ab)’le, i:1,...,nb,

form an orthonormal set. An orthogonal basis for H, is
created by introducing

bi(z) = i(z)Go(2) ",

In order to facilitate analysis, we also denote: Vj =

[P1x P2k ... Puil', leading to Vi(z)=(zI — 4y)"'By
and the basis function vectors

k=1,..., 0.

Vi(z)=V1(2)Gy(2)" . )

.....

mal basis, any element G of H, can be written as
ooy
Gz)=Y > lutin(z) with ljx=(G, pix) (6)
k=1 i=1
with /;; being the expansion coefficients. Equality here
should be interpreted in the two-norm sense. Through-
out this paper, it will be assumed that all state-space re-

alizations and expansion coeflicients /;; are real-valued.
Similar to (6) we can write

G(z)=)  LiVi(z) (7
k=1

with L :=[lix lag ... Lnix)=(G,Vi)u. The all-pass

function Gy(z) also generates a basis for the H;- space

(and thereby for the entire L, space) by repeatedly mul-
tiplying V,(z) with Gy(z)~! = Gy(1/2).

Lemma 1. Defining Uy(1/z):=V1(z2)Gp(1/z), it holds
that

Uo(1/2)= S AT Gl = (o)1) — DY CE. (8)
=0

Clearly, Uy(1/z) is an element of Hz""L and Gy(1/z)
is an element of H;-. This implies that all the functions
Ui(1/z) defined as

Ui(1/z) = Up(1/2)G(1/2) ©®
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for k € Ny lie in HJ**. In fact the functions e} Uy, with
1 <i < my, and k € Ny constitute an orthonormal basis of
Hjt, as is shown, e.g. in Szabd et al. (1999).

2.2. Signal and operator transforms

By the isomorphic property of the z-transform there
exist equivalent time-domain representations of ¢;; that
form an orthonormal basis of the signal space /,(N).
They are written as ¢; x(¢), or V() for the vectors, where
the index ¢ € N denotes time.

The Hambo signal transform (Heuberger & Van den
Hof, 1996) of a signal x in /,(N) is then defined by

Z()=>_ 2™ with (k)= (Vie,x)u
k=1
and A a complex indeterminate.

This signal transform gives rise to a transform opera-
tion on a dynamical system, as formulated next.

Proposition 2. Suppose that ue/,(N), G € RH,,y and
let y(z)=G(z)u(z). Let % and U denote the Hambo
signal transform of y, respectively u. Then,

Y(m)=> My 2()) (10)

j=1
with the Markov parameters My given by

My = (Vi(2), V1(2)Go(1/2)FG(2))
= (V1(2)Gp(2)*, V1(2)G(2)) .- (11)

The resulting dynamical system G € RH}'™ determined
by

G(A)= iMk)f", (12)
k=0

is referred to as the Hambo operator transform of G.

It follows from this proposition that the Hambo oper-
ator transform of the scalar system G is a causal, linear
time-invariant 7, X n, system. Several properties of this
transform have been derived (Heuberger & Van den Hof,
1996):

e G(4) is obtained by a simple variable substitution ap-
plied to the transfer function G(z). It holds that

G(1)=) N (13)
k=0

with g, the Markov parameters of G as in (1) and N(4)
a transfer matrix that has the state-space realization
(Dv, Co, By, Ap).

e The transform of Gy, is a simple shift, i.e.
Go(2)=2"1,. (14)
e G(/) and G(z) have the same McMillan degree.

In Section 5, it will be shown how the analysis involved
in solving the realization problem produces a means for
directly computing a minimal state-space realization of
G(/) on the basis of a minimal state-space realization of
G(z) and vice versa.

3. Transformation of expansion coefficients

As stated in the previous section, one can expand any
G(z) € RH; in terms of the Hambo basis function vectors
as in (7). We will now recall from Szabo et al. (2000)
the connection that exists between the coefficient vector
sequence {L;} and the sequence of Markov parameters
{M} of the Hambo operator transform G(/.). The rela-
tion will prove to be essential for the solution of the gen-
eralized realization problems.

Proposition 3. Let G € H) have a generalized expansion
as in (6). Then,

(a) the Markov parameters M, of the Hambo opera-
tor transform G(J.) satisfy

S L PF+10f, k=1,

M=< "t (15)
> 1Py, k=0.
i=1

(b) 2G(2)(2) = Y02, Mi~ 2~ with

Ny
M =L By T+ {L{, Ap}:PT

i=1

+{LiAo}: 07
where {-}; denotes the ith element of the corresponding
vector.

The matrices P; and Q; are obtained as unique solu-
tions to the following Sylvester equations:

AvP; A} + Byel Af = P;, (17)

k=1, (16)

Ay 0idy, + Chel = 0. (18)

A proof of this proposition can be found in Szab¢ et al.
(2000), except for Eq. (18), which is proven in de Hoog,
(2001).

The expression for the Hambo transform of the shifted
system zG(z) will turn out to be useful when construct-
ing the realization algorithm in the sequel. The main im-
plication of part (a) of Proposition 3 is that the Markov
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parameters of G(/.) can be derived directly from the ex-
pansion coefficients. More precisely, M, solely depends
on the coefficient vectors L and L. In the next section,
this fact is used to solve the realization problem.

4. Realization on the basis of the infinite expansion

The solution to the classical minimal realization prob-
lem, due to Ho and Kalman (1966), is based on the rep-
resentation of a system G(z) =Y., gxz~* in the Hankel
operator form, reflecting the mapping from past input sig-
nals u € /,(—0o0,0] to future output signals y € /,[1,00).
This operator is represented by an infinite Hankel matrix
H that operates on the infinite vectors u and y, as in

y(1) Jgi 92 9z - u(0)
n2) 92 93 9ga u(—1)
Y=1yB®) | T |95 94 95

(19)

The Ho—Kalman realization algorithm employs the prop-
erty that any full-rank decomposition of H corresponds
to a minimal realization (4, B, C):

C

c4
H=I'A= | p|[B 4B 4B -] (20)

Hence, the B and C matrices of a minimal realization are
obtained by extracting the first column of 4 and the first
row of I', respectively, while the 4 matrix is obtained by
solving the equation

H™ =T44, 21)

where H™ is the Hankel matrix that is obtained by re-
moving the first column of H or equivalently by shifting
the columns of H one place to the left. Note that the ma-
trix H— can be viewed as the Hankel matrix associated
with the system zG(z). This algorithm yields an exact re-
alization provided that an underlying finite dimensional
system exists.

In our situation, the problem is to find this system not
on the basis of {g; }, but by starting with {Z }. To this end,
it is expedient to formulate the Hankel operator of system
(19) in terms of a matrix representation that considers
the signals to be decomposed in terms of the generalized
basis functions chosen. We then define the vectors § and @
containing the expansion coefficient sequences according
to

()" #2)" 1" and

y:
a=[u0) u-1»)" ... (22)

[
[

Since the -coefficients satisfy % (k)= (Vi, y)y» and
U(—k)= (U, u)p one can express the vectors ¥ and ii as

Vi Uy
y=(V2|y=Ty and = | |u=T,u, (23)
where v, and u; are given by
=D V@) -] and o)

w =[Ur(0) Up(=1) ---].

The matrices T; and T, consist of inverse z-transforms of
the orthonormal basis functions V;(z) and U, (z). Hence,
they are unitary (orthogonal) matrices: T T) =TT, =1.
From Eqgs. (19) and (23), it then follows that one can
write

§=T,HT;a=Hi. (25)

The matrix H is the Hankel operator representation asso-
ciated with expansions of signals in terms of the Hambo
basis functions.

Proposition 4. With y and u as defined in Eq. (22) it
holds that § =Hu with H given by

M, M, M;
| MM,
H: ]\43 1‘44 ]‘45 5 (26)

where My are the Markov parameters of the Hambo
operator transform of G(z) as defined by Eq. (11).

It follows that the matrix H coincides with the block
Hankel matrix that is associated with system G(1), the
Hambo operator transform of G(z). This matrix can hence
be constructed from the expansion coefficients L; using
the result of Proposition 3.

The construction of a minimal realization (4, B, C) ac-
cording to (20) and (21) requires a full-rank decomposi-
tion of H and the availability of H.

A full-rank decomposition of H is obtained by any
full-rank decomposition of H = I' A, because since (25) it
follows that H="T]I - AT, is a full-rank decomposition.

The shifted Hankel matrix H is obtained by observ-
ing that it is the Hankel matrix related to the shifted sys-
tem zG(z), satisfying H~ = TTH T, where H™ is the

——~

Hankel matrix related to zG(z). The Markov parameters
of this latter system are specified by Proposition 3(b),
and so H  can be constructed.

We can now formulate a realization algorithm for com-
putation of a minimal realization of system G from the
coefficient vectors L;. This algorithm is essentially the

same as the minimal realization algorithm in Szabd et al.
(2000).
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Algorithm 1. Let L, for k=1,...,00 be the expansion
coefficient vectors of a system G€RH,. A minimal
state-space realization (4,B,C) of G is obtained as
follows:

(1) Compute the Markov parameters My and M|~ from
the expansion coefficient Ly vectors according to
formulas (15) and (16), and build the corresponding
block Hankel matrices H and A~ (as in Eq. (26)),

(2) calculate a full-rank decomposition H=1T4,

(3) obtain B and C as the first column of AT, and
the first row of TII, respectively, and A accord-
ing to A= I:TI:IHANT, with (-)' denoting the pseudo-
inverse.

While Algorithm 1 gives insight into the method of
solving the realization problem, it has limited practical
value as it requires knowledge of the expansion coeffi-
cients of G up to infinity. The situation of a given finite
expansion is considered next.

5. Minimal realization on the basis of a finite expansion

For the classical basis, it is well known that when
a finite sequence {gi}s—1...n 1s given, the Ho—Kalman
algorithm can be applied to a finite submatrix Hy, y, of
the full matrix H (with N, + N, = N), leading to an exact
realization of the underlying system if N is sufficiently
large. The Ho—Kalman algorithm in this case is equal to
the one sketched at the beginning of Section 4 with the
modification that now the Hankel matrices involved are
of finite dimension, containing only the parameters that
one actually knows.

In this section, we treat the (intermediate ) problem that
a finite number of expansion coefficients {L;}i—1,._ n is
given of a system G € RH, with known McMillan degree
n. The results obtained here will be instrumental in solv-
ing the partial realization problem in the next section,
where the McMillan degree of the underlying system is
not assumed to be known.

When given a finite number of expansion coefﬁcients
be translated to a finite number of Markov parameters
{Mj}k=0...n—1 of G according to (15). If N is sufficiently
large, allowing the construction of a finite matrix Hy, y,
with Ny + N, =N — 1 that has the same rank as ﬁ a
standard Ho— Kalman algorithm can be applied to arrive
at a minimal realization (4, B, C,D) of G.

If we would be able to apply an inverse Hambo trans-
form to this realization (/],E, C’,D~) this would solve our
problem; however, such a direct inverse relation main-
taining state-space dimension is not yet available. Actu-
ally the realization algorithm that is developed here is
going to provide us with such an inverse relation.

For constructing a realization of G we need to have
knowledge of H and H™ . The realization (4,B,C,D)
characterizes H completely. Next, it is shown that it also
contains all information to construct H

Lemma 5. Given a realization (A4,B,C,D) of the
Hambo transform of a system G(z). Then realizations

of the proper part of the system zG(z)(1) are given by
A B
ALC+CixcAd AID + CIXxcB

4, B

(1) & B

with Xc the solution to DIXcA + BIC = Xc.
A BAY + AXzB!
C DAL + CXB]

2 E2
C, D,

(2)

with Xp the solution to AXzD} + BCI =

—~——

The state-space matrices associated with zG(z)(/1) bear
the necessary information to construct the infinite Hankel
matrix H ™ . Note that this implies that once a state-space
realization of G(/) is known, one does not need to com-
pute the parameters M, according to (16), because the
realizations of Lemma 5 can be used to derive them.

One can now write down factorizations of the matri-
ces H and H ™ in terms of extended controllability and
observability matrices. Define for instance the matrices
I and I'; to represent the extended observability matri-
ces associated with the pairs (4, C) and (4;, C), respec-
tively. Similarly, define the extended controllability ma-
trices 4 and A4, on the basis of (Zl E) and (4,,B 1)- It then
holds that H=I"4 and H =TI, A1 Note that Al =A.

According to Algorithm 1, one can now obtain a real-
ization (4, B, C) of the system G(z) according to

B=AT,e;, C=elTIT, (27)

A=T"F A A =F'F,. (28)

Because of the particular structure of T, and T,, the
state space matrices can be calculated by taking ma-
trix inner products between known stable, strictly proper
transfer functions, which can be formulated in terms of
Sylvester equations.

One can interpret Egs. (27) and (28) as expressions to
recover a minimal state-space representation (4, B, C) for
G(z) from the state-space matrices (/I,E, o) ) represent-
ing the strictly proper part of G(z). In other words, they
represent the inverse Hambo transform operation. Hence,
the following proposition.

Proposition 6 (Inverse Hambo transform). Given a mini-
mal state-space realization (4,B,C)_of the strictly-
proper part of a Hambo transform G(A) of a system
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G € RH,, then a minimal state-space realization (4, B, C)
of G(z) is given by

A=X.'X°, B=X; C=X (29)

where X, is the observability Gramian of the pair (4, C)
and X, Xc and X, are the solutions to the following set
of equations:

AXzD{ + BCY = X3, (30)
D{XcA+BIC =X, (31)
T ooy 5T 14 T 1 0

A XA+ C (A4LC + ClXcAd) =X (32)

Note that the expression for 4 in (29) simplifies to 4 = X7
if the system (4,B,C) is in output balanced form, i.e.
when X, =1. Also, note that the matrices 4 and 4 have
the same dimension, which is consistent with the fact that
McMillan degree is invariant under the Hambo transfor-
mation.

It should be mentioned that the particular form of
expressions (29) and (32) depends on the factorization
I—:IH :l:” IA:I used in the derivation. If the factorization
H =14, were to be used, representing the observabil-
ity and controllability matrices associated with the second
realization in Lemma 5, one would have found an alter-
native expression for the matrix 4. In that case, it holds

that 4 :Xj)? . " with X ¢ the controllability Gramian of
the pair (4, B) and X the solution to

AXSA' + (BAY + AXsBN)B' =Xt (33)

The expression for 4 simplifies to 4 =X if (4,B,C) is
in input balanced form.

It now is easy to formulate the following minimal re-
alization algorithm for finite expansions.

Algorithm 2. Let Ly for k=1,...,N be the first N ex-
pansion coefficient vectors of a system G in RH, having
McMillan degree n. A minimal state-space realization
(4,B,C) of G is obtained as follows:

(1) Compute the Markov parameters M; for k=
1,...,N—1 from the corresponding expansion coef-
ficient vectors Ly according to formula (15).

(2) Check whether rank(Hy, y,)=n with N; + N, =
N — 1. If not then the algorithm fails.

(3) Compute from Hy, n, a minimal realization
(4,B,C), of McMillan degree n, by applying a
Ho—Kalman algorithm.

(4) Compute (4,B,C) from (4,B,C) by applying the
inverse Hambo transform using (29)—(32).

It is interesting to note how the solution of the min-
imal realization problem has produced a set of expres-

sions to compute the Hambo inverse transform. Along
similar lines of reasoning, a dual set of equations can
be derived to compute a minimal state-space realization
of the Hambo transform G(/) on the basis of a minimal
state-space realization of G(z).

Proposition 7 (Hambo transform). For a system G¢&
RH,, with minimal state-space realization (A4,B,C), a
minimal state-space realization of its Hambo transform
is given by

A=X7'x3, B=X; C=Xa D=X, (34

where X, is the observability Gramian of the pair (4,C)
and X, Xs, X; and X are the solutions to the following
set of equations:

AXzA, + BC, = X;, (35)
ApXeA + ByC = Xg, (36)
AX5A48 + (BuD + AuX:B)BE = X5, (37)
ATX4 + CT(DyC + CoXpd) =X} (38)

As before the expressions for the matrix A can alter-
natively be written as 4 :XEXC*I, with X, the controlla-
bility Gramian of the pair (4, B) and X? the solution to

AXSAT + (BDy + AX3B,)BT = X¢, (39)

Also, the expressions for 4 again simplify when (4, B, C)
is in input or output balanced form.

An interesting corollary result of Proposition 7 is as
follows.

Corollary 8. Given a system G(z) € RH, with minimal
state-space realization (A,B,C), its expansion coeffi-
cients satisfy

Li=C1'B, (40)
with A and C as given by Eq. (34).

This result might suggest that a realization of G can be
obtained through application of a Ho—Kalman algorithm
to the sequence {L;} followed by application of formu-
las (30) and (32). The problem, however, is that the
pair (4, B) is not reachable, for a large class of systems.
Hence, application of a Ho—Kalman algorithm to the se-
quence {L;} might produce a matrix 4 that has a dimen-
sion smaller than the McMillan degree of G. However,
as shown in the next section, Corollary 8 turns out to be
a key result in the solution of the minimal partial realiza-
tion problem.

The formulas for computing the Hambo transform and
its inverse, as given in Propositions 7 and 6 are useful
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spinoff results of the analysis involved in solving the re-
alization problem, for the case where a finite number of
expansion coefficients are given. They provide us with
compact expressions to compute the transforms directly
in terms of the state-space matrices of minimal realiza-
tions, in an efficient and reliable manner. Previously, sim-
ple formulas were available only for the Laguerre trans-
form and its inverse (Nurges, 1987; Heuberger, 1991;
Fischer & Medvedev, 1998) while the computation of
the Hambo transform, and especially its inverse, still re-
quired quite elaborate computations (Heuberger & Van
den Hof, 1996).

6. Minimal partial realization

In this section, an algorithm is given that provides a
solution to the minimal partial realization problem for
expansions in the Hambo bases as formulated in the in-
troduction. A solution to this problem is called a minimal
partial realization of the sequence {L; };—;,._n. In Tether
(1970), it was shown that a unique solution (modulo sim-
ilarity transformation) to the classical minimal partial re-
alization problem is obtained through application of the
Ho—Kalman algorithm, provided that a certain rank con-
dition is satisfied by the sequence of Markov parameters
{9k} i=1,..7-

A similar result can be derived for the general-
ized problem. Given the expansion coefficients L; for
k=1,...,N one can calculate the Markov parameters
M, for k=0,...,N — 1 as described in Section 3. This
would perhaps suggest that the problem can be solved
by means of Algorithm 2 under condition that the se-
given by Tether (1970). This condition is, however,
not sufficient to guarantee that the resulting realization
(/],E, C~',M0) constitutes a valid Hambo transform. We
require a realizability criterion that is specifically tuned
to our problem.

The key to find such a realizability condition is pro-
vided by Corollary 8. This result shows that for a sys-
tem G € RH, the sequences {L;} and {M;} are realized
by state-space realizations that share the state transition
matrix 4. This leads us to consider the sequence of con-
catenated matrices

K = [My|Li|Lis1] (41)

for k=1,...,N — 1. Parameter L, is included in view
of the fact that parameter M, is obtained on the basis of
Lk and Lk+1.

The following lemma provides the conditions under
which the minimal partial realization problem can be
solved.

s

ny X 1 vectors and let My, and K, for k=1,...,N — 1 be

derived from Ly via relations (15) and (41). Then, there
exists a unique minimal realization (modulo similarity
transformation) (4, B, C) with McMillan degree n, and
an n x 1 vector B such that

(a) My=CA" "B fork=1,...,N — 1, and
Li=CA 'Bfork=1,...,N,

(b) the infinite sequences [My. Li]:= ci! [B B] satisfy
relation (15) for all k € N,

if and only if there exist positive N\, N, such that Ny +
No=N — 1 and

rank Hy, n, =rank Hy, 5, =rank Hy, n,11 =n, (42)

where W, ; is the Hankel matrix built from the matrices
{Ki} with block-dimensions i x j.

Note that condition (42) is in fact equal to the con-
dition given by Tether (1970) applied to the sequence
{Kk}k=1...n—1. Also, note that it can only be checked for
N > 2. On the basis of Lemma 9 and its proof we can for-
mulate the following proposition that also provides an al-
gorithm to solve the minimal partial realization problem,
i.e. given a sequence of expansion coefficients, when does
there exist a system with minimal degree that matches
these coefficients.

Proposition 10. Let {L;}x—1...n be an arbitrary se-
quence of ny, x 1 vectors, then there exists a minimal
realization (4,B,C) of McMillan degree n, such that
{Li}k=1,..v are the first N expansion coefficients of
G(z)=C[zl — A"'B, if

(1) there exist positive Ny, N, such that Ny+N>, =N — 1
and condition (42) of Lemma 9 holds, _

(2) the minimal realization (4,[B X, X3],C,D), result-
ing from application of the Ho—Kalman algorithm
to the sequence {Kj }i—1,. .n—1, is stable.

Furthermore, the matrices A, B, C are derived by appli-
cation of the inverse Hambo transform to the realization
(4,B,C,D) using Egs. (29)—(32).

Remark 11. The requirement that 4 is stable assures that
the Ho—Kalman algorithm yields a valid Hambo trans-
form of a stable system. It should be mentioned that it is
possible to give a formal definition of the Hambo oper-
ator transform that applies to rational transfer functions
that are in L, and which therefore may be unstable. Such
a setup lies beyond the scope of this paper.

However, it is straightforward to extend the algorithm
provided by Proposition 10 to the case where A has no
poles on the unit circle. If G has unstable poles, it has to
be separated in a stable and unstable part. The unstable
part is transformed by mirroring it to a stable function
and after transformation, mirroring the transform back
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to an unstable function. Hence, the only situation which
is actually not covered by this algorithm is when A4 has
poles on the unit circle, if 4 has poles that are reciprokes
of poles of Gy, the resulting system may be non-causal.

If condition (42) is not fulfilled one can—as in the
classical case—investigate the set of all minimal realiza-
tions that matches the given sequence of the Markov pa-
rameters and choose a component of this set to proceed.
The problem of parameterizing these extensions will be
the subject of future research.

7. The underlying interpolation problem

It is well known that the classical problem of minimal
partial realization from the first N Markov parameters is
equivalent to the problem of constructing a stable strictly
proper real-rational transfer function of minimal degree
that interpolates to the first N — 1 derivatives of G(z)
evaluated at infinity (Anderson & Antoulas, 1990). Sim-
ilarly, the least-squares approximation of a stable trans-
fer function G(z) in terms of a finite set of rational ba-
sis functions interpolates to the function G(z) and/or its
derivatives in the points 1/£; with &; being the poles of
the basis functions involved (Walsh, 1956).

In the basis construction considered in this paper the
error function of an N'th order approximation G(z) takes
on the form

E@)= Y LiV(=2)=GY ()Y Ly Vi(2)Gu(z) .

k=N+1 k=1

Due to the repetition of the all-pass function Gy(z) in
Vi, the error E(z) will have as a factor the function
G)(z). This means that E(z) has zeros of order N at
each of the points 1/¢; and subsequently G(z) interpo-
lates to (d*~'G)/(dz*") inz=1/¢; for k=1,...,N and
i=1,...,m. This interpolation property in fact holds true
for any model of which the first N expansion coeffi-
cient vectors match those of the system, in particular, for
a model found by solving the partial realization prob-
lem.

In view of the interpolating property of the basis
function expansion it is not surprising that there ex-
ists a one-to-one correspondence between the expan-
sion coefficient vector sequence {L;}i—...n and the
explicit expression for this relation can be derived
by exploiting the linear transformation that links the
set of basis function vectors ¥V} and the set of vec-
tors that consists of single-pole transfer functions as
given by

1 1 T

Si(z)= CoaF G E ]

with &; the poles of the basis generating function Gy(z).
If the poles &; are assumed to be distinct one can write
Vi(z) Ty 0 - [Si(2)
Vz(Z) — T21 Tzz Sz(Z)

with T}, € R™>*"  The coefficient vectors L, are obtained
according to (7) as

1 dz
Lk:Tmek(l/Z)G(Z)7

When substituting V;(1/z) = ZI;:1 TuS;(1/z) and apply-
ing Cauchy’s integral formula one finds the following
expression for the coefficients Ly:

d . ~1 gy AN
Lk:;Tkldlag{(_éi)l} Z( m )m‘

i=1,..,m ;=0

{d’”G a6

T
T a) e s

In matrix/vector notation, the relation between the inter-
polation data and expansion coefficients can be expressed
as

L1 T11 0 F()
Ly | — | Ta Tx IARE
with
1 [1d"G 1 d"G !
T 1 _———(1 e, ——(1/&,
m (m)' fé,ln dZm( /51)3 > :’nb dZm( /éb) ’
and IT a matrix that is given by
A7 0 (o)1 0
_| 0 -4 1 1
= (1 () (43)

with A% =diag {1/}, . Since 1/&; exists only for
& #0, we must make the additional assumption that
& #0, Vi. Actually, the corresponding elements in I1
simplify considerably when &; =0 for some i but we will
not consider that situation here. Eq. (43) shows that there
exists a direct correspondence between the first N coef-
ficient vectors L; and the first N vectors F} that contain
the data (d*~'G)/(dzF"") for k=1,...,N evaluated at
the points 1/&;.

A similar relation can be derived that shows the cor-
respondence between the generalized Markov param-

s
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.....

Another option is to use expression (15) to compute the
Markov parameters {M;_;} from the coefficients {L;},
fork=1,...,N. One can hence solve the following inter-
polation problem, by means of the algorithm of Proposi-
tion 10.

Problem 12 (Interpolation problem). Given the interpo-
lation conditions

e
F(l/@) =Ciks

for i=1,...,nmy and k=1,...,N, with & #0 distinct
points inside the unit disc, find the RH, transfer function
of least possible degree that interpolates these points.

Cik € C

The problem is solved for N >2 by construct-
ing an all-pass function G, with balanced realization
(A4p, By, Cy, D) such that the eigenvalues of A4, are ¢&;.
From this all-pass function one can then obtain all the
parameters that are necessary to compute the set of
Markov parameters M; that correspond to the interpola-
tion data. Proposition 10 gives the desired transfer func-
tion, provided that the necessary conditions are satisified.
Note that the &; should come in conjugate pairs to en-
sure that the resulting transfer function has real-valued
coefficients.

The relation between the Markov parameters M, and
the derivatives of G(z) evaluated at 1/&; has been treated
in a similar context in Audley and Rugh (1973) on the
representation of systems in the so-called H-matrix form.
The H-matrix is not to be mistaken for the Hankel op-
erator discussed earlier but it is closely connected to it.
It takes on a Toeplitz instead of a Hankel matrix form
but the basic elements of the A -matrix for the basis con-
sidered in this paper are still the Markov parameters M.
Audley and Rugh provided an algorithm to realize a trans-
fer function of minimal degree from a finite dimensional
H-matrix representation by directly solving the underly-
ing interpolation problem.

8. Approximate realization

The classical partial realization algorithm can be ap-
plied as a system identification method, as in e.g. Zeiger
and McEwen (1974) and Kung (1978), building a Hankel
matrix with (possibly noise corrupted) expansion coeffi-
cients and by applying rank reduction through singular
value truncation. This approach can be applied similarly
to the generalized situation using Algorithm 2. In Sec-
tion 9, an example is given in which this method is com-
pared with the classical approximate realization method.
Aside from this identification context, the approximate
realization procedure can also be applied as a model
reduction method.

In comparison with the classical case, approximate re-
alization in the generalized case has one additional dif-
ficulty. It is due to the fact that not every system in
RH;'™ is the Hambo transform of a system in H,. A
necessary condition* is that it commutes with the trans-
fer matrix N(4). This follows directly from the variable
substitution property of the Hambo transform according
to (13). Naturally, this commutative property of Hambo
transforms is not true for general approximate realiza-
tions {/1,173, é} obtained with Algorithm 2, respectively
realizations (4, [X; |Xz|X;], C) obtained through the algo-
rithm of Proposition 10. Although formulas (29)—(32)
for the inverse transform still can be applied, the resulting
system will not have a one-to-one correspondence with
the approximate realization. In the exact realization set-
ting, this problem does not arise. The full implications of
this phenomenon, such as the topological properties of
the approximation, are not fully understood yet and will
be the subject of further research. The problem can be
circumvented, however, by using the approximate real-
ization (4,X,,C) for {L;} resulting from the algorithm
of Proposition 10 and considering the approximation

G(=)=3_ (€4 X))
k=1

which (under the condition that 4 is stable) is finite
dimensional with McMillan degree smaller or equal to
n, dim(4). A minimal realization for G(z) can subse-
quently be obtained by application of Algorithm 2. For
the example in the next section the first approach and
Algorithm 2 are used.

The formulas for the inverse Hambo transformation
(Egs. (29)—(32)) make it possible to transfer not only
the realization problem to the transform domain but also
the whole identification procedure itself. This idea has
been applied before for the Laguerre and two-parameter
Kautz case in Fischer and Medvedev (1998) and Diaz,
Fischer, and Medvedev (1998), where a subspace identifi-
cation method is used for the extraction of the state-space
matrices of the transformed system from expansions of
the measured data in terms of these basis functions. A
state-space representation in the time domain is then ob-
tained by applying inversion formulas. This idea can
straightforwardly be extended to the general case using
the formulas provided in this paper. It should be noted,
however, as explained above, that in general the out-
come of the identification procedure does not immedi-
ately result in a valid operator transform, not even in the
Laguerre case. Therefore, care should be taken when
the inverse transformation formulas are applied in such
a context.

41t can be shown that for Hambo transforms of systems in RH, ¢
this is even a necessary and sufficient condition.



T.J. de Hoog et al. | Automatica 38 (2002) 655669 665

9. Example

In this example, we compare the application of the
generalized approximate realization method suggested
in Section 8 with the classical approximate realization
method of Kung (1978). We consider a sixth order SISO
transfer function G(z), given by

G(z)=10"3
—0.56425 +43.924 —21.723 — 1.04z2 — 95.7z+75.2
26 33525+ 48424 — 44423 +3.1122— 1482+ 0318

The impulse response of G(z), as shown in Fig. 1, re-
veals that the system incorporates a mix of fast and slow
dynamics.

Ten simulations are carried out in which the response
of the system G(z) to a Gaussian white-noise input with
unit standard deviation is determined. An independent
Gaussian noise disturbance with standard deviation 0.05
is added to the output. This amounts to a signal-to-noise
ratio (in terms of RMS values) of about 17 dB. The length
of the input and output data signals is taken to be 1000
samples. For each of the ten data sets two basis function
models of the form

N
62)=Y L), (44)

k=1

are estimated using the least-squares method described
in Van den Hof et al. (1995). The first model is a 40th
order FIR model. Hence, in this case V;(z)=z"* and
N =40. The second model uses a generalized basis that is
generated by a second-order all-pass function with poles
0.5 and 0.9. For this model 20 coefficient vectors are
estimated. Hence, the number of estimated coefficients is
equal for both models.

We now apply the approximate realization method us-
ing the estimated expansion coefficients of both models,
for all ten simulations. In either case a sixth order model
is computed, through truncation of the SVD of the finite
Hankel matrix. In Fig. 2, step response plots of the re-
sulting models are shown. It is seen that approximate re-
alization using the standard basis results in a model that
fits only the first samples of the response. This is a known
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0.05F B

_0.05 ! ! 1 ! ! ! ! ! !
0 5 10 15 20 25 30 35 40 45 50

Fig. 1. Impulse response of the example system.
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0 L I I I I
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Fig. 2. Step responses of the example system (solid) and the models
obtained in ten simulations with approximate realization using the
standard basis (dash-dotted) and the generalized basis (dashed).

drawback of this method. Employing the generalized ba-
sis, with poles 0.5 and 0.9 results in models that bet-
ter capture the transient behavior. Apparently, a sensible
choice of basis can considerably improve the performance
of the Kung algorithm.

10. Conclusions

In this paper, an algorithm is derived that solves the
minimal partial realization problem for expansions in
terms of generalized orthonormal basis functions, gener-
ated according to the Hambo basis construction. The re-
alization problem is solved by linking it to the classical
realization problem formulated in the Hambo operator
transform domain. As corollary results expressions are
obtained for directly computing the operator transform
and its inverse in terms of minimal state-space represen-
tations. The presented algorithm yields an original solu-
tion to a general minimal rational interpolation problem,
and can also be used in an approximate sense, e.g. for the
purpose of model reduction or in a system identification
setting.

Appendix

Proof of Lemma 1.

GV ()= g 2! S BL AT 27,

=0 k=1

Put the term for / = 0 aside for a moment. Making use of
the fact that ApA] + BB} =1 (this follows from (4)) the
remainder of the sums can be written as

S°3 Gt AT

—1 k=

o0 o0

o0

k
> Codp Ay 2.
k=1

~

=1
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It is obvious that most terms in this expression cancel
out. It can be simplified to

o0 o0 "
Z Codlz' + Z Codl z7F
=0 k=1
With CoA]

Zchbz - ZDbBbAg""z—k
k=1

The last term is exactly equal to minus the term for
/=0 which we set aside. So we end up with the desired
result. [

=—DyB{ (this follows from (4)) this becomes

Proof of Proposition 2. Because y = Gu, it follows from
(7) that

Y(m) =V, Gu)yy = <Vm,Gi%T(j)Vj>
M

J=1

= Vu VG (j).

Jj=1

Using the shift structure in the basis this can be written as

Y(m)=>_ (NG~ NG G a()). (45)

j=1

The adjoint of the transfer function G,(z) is equal to
G{(1/z), which by the all-pass property is also equal to
the inverse of Gy,(z). By these facts the last equation can
be expressed as

Y(m)=3" (@ V(G "G (46)

J=1

The outcome of the inner product term is equal to zero
for j > m. This follows directly from the fact that the ele-
ments of V;(z) are orthogonal to the space spanned by the
functions V} for k > 1 which is equal to the shift-invariant
subspace Gy(z)H,. O

Proof of Proposition 4. We partition the matrix H into
blocks of dimension ny, x n, with the 7, jth block denoted
as H, . It holds that H; ;) = v,Hu . The vector Hu!, i
corresponds to the output of the system G in response
to the input U;_; € /" (—o0, 0], restricted to the space of
future signals /3°[1,00). This output can be expressed as

P G(2)Uj—1(1/2)" = Pyn G(2)G, ' Vi(2)". (47)

The last equality follows from Egs. (9) and (8). We then
have that

ﬁ(i,j) = (Vi(2), sz”g G(2) Go(2) ™ V1(2))m
= (Go(2)"'V1(2), G(2)Go(2) ™ Vi(2))m-

Because Gy(z) is inner this expression simplifies to
Hp = (Go(2) ™' 1(2), G2, (48)

which is equal to M;,;_; as was established earlier, see
Proposition 2. [

Proof of Lemma 5. Using the variable substitution prop-
erty of the Hambo operator transform, reflected in expres-
sion (13), it follows that the system zG(z) has a Hambo
transform that is equal to NT(1/2)G(1), or equivalently
G())NT(1/4). These two forms lead to two different re-

alizations for the proper part of zG(z)(4). The first one,
NT(1/A)G(1) can be written as

SO alg (49)

t=0 k=0

where n; and g, represent the kth and ¢th pulse response
parameters of the transfer matrices N(4) and G(A), re-
spectively. To evaluate the proper part of zG(z)(1) we

make an orthogonal projection of (49) onto the space
Hj'™. We then find

o0 t
Py, NG => > nig ik~

t=0 k=0
o0 o0 o0 o0
— Ta k=t — 2
= g, .= Gor sk
k=0 t=k t'=0 k=0

with ¢/ =t — k. This is equal to

(in,{gk>+§<§:n; > B, (50)

Clearly, this system has realization (4;,B,, C1,D;) with

/]1 :/], gl :g, él :ZIZO n{@/]k and ﬁl :Z;io n,{gk.
The result now follows by observing that
Zn{CA —ATC + Z crpr' Br¢A"
k=0 k=1
=ALC + CixcA (51)
and
S g =AD+> Il BICA B
k=0 k=1
=AyD + CiXcB (52)

with X¢ the solution to D} XcA + Bl C = X¢. The second

realization for the proper part of zG(z)(/) follows simi-
larly when starting from the form G(A)NT(1/2). O

Proof of Proposition 6. Because (4,5,C) is minimal
it follows that a left-inverse of I' is given by X, .
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Hence it follows from (28) that 4 = X _lf r 1- The prod-
uct I' I 1 is equal to the solution of Eq. (32). From (27)

we have B = AT,e; and C =eITTI". The form of T, and
T, implies that

e/ T|=[By ByDy ByDy -], (53)

T, =[C, GCDy GCDy -1 (54)

It is then seen that AT,e; is equal to the solution of (30)
and e; TTF is equal to the solution of (31). [

Proof of Proposition 7. The derivation of this result is
completely dual to the derivation of the equations in al-
gorithm 2, except for the D term. That is, in this case we
use that H=T,HT}. A full-rank decomposition of H can
then be obtained from a full-rank decomposition of H:

H=IA—H=(T\I"(4TH=T4.

The B and C matrices can be extracted as the first
block-row and block-column (with block dimension )
of I' and 4, respectively. It then follows that

=(Vi(2),(zl —A")'CM)y,

B={((zI —A)"'B,z7'Us(2))u,
which corresponds to the Sylvester equations (35) and
(36). 4 is obtained through gl:FTﬁGbAT, where H”

is the matrix ~H with its first block-column removed.
To compute 4 we need to know the standard basis

equivalent of a* which is denoted by HGb Then with

THOTI =A® and I = ITT and ' =T,4" it fol-
lows that

A=TTH® AT,

Formally, A% is the Hankel matrix associated with the
transfer function AG(4). By Eq. (14) we know that this
corresponds, in the z-domain, to the strictly proper part of
(Go(2))"'G(z) = Gy(1/2)G(z) (hence the notation H™").
Similar to the derivation of the realizations in Lemma 5
we can derive, on the basis of a state-space realization
(4,B,C,D) of G(z) the following possible realizations of
the proper part of G,(1/z)G(z).

(1) (4, B, DyC + CoXpd, DyD + CoXB),
(2) (A, BDy, + AXzBy,, C, DDy, + CX3By)

with X and X defined as in Proposition 7. This then
gives us implicit full-rank decompositions of H®. More
precisely, with I'y, Ay, I', and 4, defined in the obvious
manner, as in the derivation of Algorithm 2, we then have
that

j:FTr|A1AT:FTrl :Xo_erFI, (55)

A=TTry4,A" = Ay AT = A, A"X 7Y, (56)

with X, and X. the observability and controllability
matrices associated with (4,B,C). It is straightforward
to see that FTF1:X/;3 and AZAT:XE, with X? and
X5 the solutions to the given Sylvester equations. For
the derivation of D we observe that it follows directly
from Eq. (13) that D=7 gsdk =DI + S22, gL
Pre-multiplication with 4, and post-multiplication with
AY, and using that 4,4} =1 — B,B{ (follows from (4))
yields

Ay(D — DA} =D — DI — 4, ZA{;—IBbCAk*IBBE,,
k=1

which is equal to D — DI — 4,X~BB}. Note that a dual
expression involving Xj; can be derived in the same man-
ner. Also, note that the expressions for 4 and D have
a remarkable symmetry. In fact, with (4,B,C) mini-
mal, the Sylvester equation for A can also be written as
A=3"12, gnA*, where gy, represent the pulse response
parameters of Gy(z). O

Proof of Corollary 8. Since L, = (Vi(z), G(z))y We can
also write

L ¢ ¢

: c4 X Ci
Ly | =, ca? |B=Ti[B=IB=| ~2|B
Ly

with I', I and (4, C) as defined in (the proof of) Propo-
sition 7. [J

Proof of Lemma 9. Sufficiency: Suppose that N > 2
and that condition (42) is satisfied for some n. Then the
classical minimal partial realization criterion of Tether
implies that application of the Ho—Kalman algorithm to
Hy, x, yields the unique (modulo similarity transforma-
tion) minimal realization (4, [X;|X2]X3], C) with McMil-
lan degree n, such that [My|L|Ly11]= C‘/]k_l[Xl X211
for k=1,...,N — 1. It therefore holds that

[y_2AX, =Ty _oX; (57)
with [y defined as [, =[C" 4'C --- C’TA/ITH]T. By
construction, I'y, is a full-rank fachr of Hy, y_». Be-
cause N; <N — 2 it follows thjit I'y_5 is full column
rank. Hence (57) implies that 4X; = X;. Consequently,
it holds that Lk:C'/]k_le for k=1,...,N. We now
show that the sequence M k:C’ZIkile, keN corre-
sponds to the coefficient sequence L= C‘/Ikile, keN

through Eq. (15). We know that this is true by construc-
tion for k=1,...,N — 1. Because {M}} and {L;} share
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the state transition matrix 4 there exists a sequence «;,
i=1,...,N — 1 such that

N—1 N—1
MN+p:ZO€iMi+p, LN+p:ZOCiLt+p (58)

i=1 i=1

for peNjy. Let us denote by {]\2 ¢} the parameters ob-
tained from {L;}, for k€N, through Eq. (15). It is
not difficult to see that it follows from Eq. (58) that

My=Y"" M, ,, for p>0. Hence we find that

~

M, =M, for k>N as well. We now have that the
~ ~h—
sequence M =CA 1X1 corresponds to the sequence

L= C~'/]k_IX2 via relation (15). Hence, if A is stable
then the sequence {M; }reo, ) represents a valid Hambo
transform. Hence with B =X, and B =X, (a) and (b) are
satisfied. It remains to be seen that (4, B, C) is the mini-
mal and unique (modulo similarity) realization for which
(a) and (b) hold true. Suppose that there exists another

realization (/1,]?, C) with dimA4 =7 < n that is not simi-
lar to (4,B,C) and an 72 x 1 vector B for which (a) and

A ak—1 A A
(b) hold. This would imply that K, =CA  [B|B|AB] for
k=1,...,N — 1 which contradicts the classical Tether
condition.

Necessity: Consider any realization (4,B,C) and

vector B that satisfy (a) and (b). Then the Hankel

matrices I:INIH,NZJU-, with 7,7 > 0 built from the pa-
rameters K =[M|Li|Ls+1] have rank equal to rank

HN],Nz =n. (]

Proof of Proposition 10. This is an immediate conse-
quence of Lemma 9, since the stability of A assures that
the system with realization (A,Ig’, C’,Ij) is a valid Hambo
transform. O
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