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Likelihood Based Uncertainty Bounding in Prediction Error
Identification using ARX models: A Simulation Study

Arnold J. den Dekker, Xavier Bombois and Paul M.J. Van den Hof

Abstract— The purpose of this paper is to evaluate the relia-
bility and finite sample properties of different likelihood based
methods for constructing probabilistic parameter confidence
regions in prediction error identification using ARX (Auto
Regression with eXogenous inputs) models. The paper presents
alternatives for the “classical” approach to constructing prob-
abilistic confidence regions in prediction error identification.

I. INTRODUCTION

Prediction error methods have become a wide-spread
technique for system identification. Parametric dynamical
models that are identified on the basis of measurement data
are usually accompanied by an indication of their reliability.
Probabilistic confidence regions for the estimated parameters
are generally used as an indication of this reliability (or
precision). A 100(1 — «)% confidence region is a region
in the parameter space that attempts to “cover” the true
parameter with probability (1 — «) [8]. These regions are
commonly constructed on the basis of prior information
on the data generating system and the noise disturbances
acting on the measurement data. The presence of the noise
disturbances together with a finite length of measurement
data is generally the underlying reason for the finite precision
of estimated parameters/models. Apart from its intrinsic
importance in classical statistical parameter estimation, the
need for quantifying model uncertainties has lately become
apparent also in many other fields of model applications.
When identified models are used as a basis for model-
based control, monitoring, simulation or any other model-
based decision-making, then robustness requirements impose
additional constraints on model uncertainties, which can
be taken into account to guarantee robustness properties
of the designed algorithms. Different methods to construct
confidence regions for the parameters exist. In prediction
error identification, confidence regions are most commonly
derived from the (asymptotic) statistical properties of the
parameter estimator, see e.g., [7]. Alternatively, the (asymp-
totic) statistics of the so-called Fisher score and likelihood
ratio may be used as a basis for constructing confidence
regions, see e.g., [1].

The goal of this paper is to evaluate, validate and compare the
reliability of different methods for constructing confidence
regions (for finite data lengths) for ARX models. This
is done by means of well-chosen Monte-Carlo simulation
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experiments, recording whether the true values of the pa-
rameters are contained within the confidence regions for each
realization of the data.

II. STATISTICAL INFERENCE IN PREDICTION
ERROR IDENTIFICATION

We will consider dynamical data generating systems of
the form

y(t) = Gol(q)u(t) + Ho(q)e(?) )

with y(¢) the stochastic (measurable) output signal, u(t)
the deterministic (measurable) input signal and e(t) (non-
measurable) Gaussian white noise. In (1), Go(z) and Hy(2)
are proper rational transfer functions that have no poles in
|z| > 1, which means that the system is stable. In addition,
Hy(z) will be restricted to be monic and minimum-phase.
The one-step ahead predictor of y(¢), given the system (1)
and given the observations {(y(s), u(s)),s < t—1}, is given
by

Gt — 1) = Hy ' (q)Golq)u(t) + [1 — Hy ' (@)]y(t), ()

which can be rewritten as

y(t) = g(tlt — 1) +e(?). ©)

The one-step ahead predictor (2) is the best one-step ahead
predictor in the sense of the conditional expectation [7]. In
reality, the true system (Go(z), Ho(z)) is generally unknown,
and predictor models determined by a collection of two ratio-
nal transfer functions (G(z), H(z)) are considered instead.
A predictor model set M is defined as any collection of
predictor models:

M :={(G(q,0), H(q,0))|0 € © CR"} 4)

with 6 a real valued parameter vector ranging over a subset
of R™. It is assumed that this model set is composed of
predictor models (i.e., transfer functions) that satisfy the
same conditions of properness, stability and monicity as
the transfer functions Hy(z) and Gy(z) described above.
Underlying the set of models, there is a parameterization
that determines the specific relation between a parameter
6 € © and a model M within M. If we assume that the data
generating system belongs to the model set (S € M), there
exists an exact parameter 6 reflecting the transfer functions
Gy and Hy and one may rewrite (3) as

y(t) = g(tlt — 1;600) + e(t). Q)
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with
gtlt—1;0) = H™'(q,0)G(g,0)u(t)
+ (1= H q,0)y(). ©)
The model of the observations is given by
y(t) = G(tt —1;0) + €(t, 0), )

with €(¢,0) the prediction errors. Since (S € M), the
prediction errors evaluated at 6

e(t,00) = y(t) — g(tlt — 1;00) (8)
are equal to e(t) and thus zero mean, independent, normally
distributed, with probability density function (PDF)

et tu)ito) = = exp |~z (too)| - ©

2mo
with o2 the variance of e(t) and 6 the true value of the
parameter vector . The joint probability distribution of the
observations y~ = {y(¢)};=1.... n (conditioned on the given
deterministic input sequence ') is given by:

N
fo™i00) = T fe(u(®) = 4(tlt — 1560))

N
= [ fe(e(t.60); 60). (10)
t=1
Taking the logarithm yields:
N
log f,(y":00) = Y _log fe(e(t, 00);60), (1)

t=1

which can be written as

N N
log f,(y™;60) = Y log(27m) — Nlogo — ﬁVN(eo)

(12)
with
1 2
V(o) = ;e(t,aw : (13)
A. The Fisher score
The Fisher score S(6) is defined as
N. _

00 202 08
It can be shown that the Fisher score (14) evaluated at the
true value 6y of 6 has mean zero [8]:

E[S(60)] = 0. (15)
B. The Fisher information matrix
The covariance matrix of S(6) is described by

E [S(60)S™ (60)]

N? ((avge(e)) (axg@(e))T)

40t

F(0y) =

9—001

(16)
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which is known as the Fisher information matrix [4]. It can
be shown that F'(6y) may alternatively be written as

0% log f, (yN ;0
F(f)) = -E —ggzgy ) ]
0=0q
N _ [
202 00%  |,_y, (7

Furthermore, by the multivariate central limit theorem, it is
generally derived that, for N — oo,

S(00) — N(0, F(6o)),

that is, the Fisher score is asymptotically normally distributed
with expectation value zero and covariance matrix F'(6))
[10].

(18)

C. The likelihood function and the maximum likelihood
estimator

Next, suppose that we substitute the available observations
y™ for the corresponding indeterminate variables in (10) and
regard the resulting expression as a function of the parameter
vector 6 for fixed observations yN . To express this, we write
fy(0;y™). This function is called the likelihood function.
The maximum likelihood estimator (MLE) of 6 is given by

On = arg max fy(0;9™) = arg mein Vn(9). (19)
Note that the MLE of o2 is given by
62 = Vn(On) (20)
It can be shown [4] that, for N — oo,
On — N (0o, F~"(60)). 1)

Furthermore, Wald [9] k}as shown that, under very general
conditions, the MLE 6y is known to be a consistent
estimator.

D. Test statistics

The (asymptotic) statistical properties of the Fisher score
and the MLE described above provide a basis for con-
structing confidence regions. As there is a close connection
between confidence regions and hypothesis tests, let us first
consider the latter. It follows from (18) and (21) that the
quadratic forms

S(60)" F~1(60)S(60) (22)

and
(On — 00)TF(80)(On — 0o)

both have asymptotically (i.e., for N — o) a x2 distribu-
tion, i.e., a chi-square distribution with n degrees of freedom,
with n the dimension of the parameter vector 6 [5], [6]. Then,
if we want to test the null hypothesis

(23)

H() : 00 =40 (24)
against the alternative hypothesis
Hy 200 #9, (25)
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the test statistics

Tr = S(O)"F~1(0)S(0), (26)

which is known as the Rao (or score) test statistic [6], and

Tr = (6 — 0)"F(0) (O — 0) 27)

may be used. Asymptotically, both test statistics have a x?2
distribution under H. A third test statistic, which is known
as the Wald test statistic [6], is given by

Tw = (On — 0)"F(0n)(Ox — 6). (28)

Its use is justified by the fact that the MLE is a consistent
estimator (i.e., éN — 0y if N — 00). Asymptotically, the
test statistic (28) will also have a X% distribution under
Hy [6]. A fourth test statistic is based on a comparison
of maximized likelihood functions under both hypotheses.
Since the models underlying these hypotheses are nested,
the generalized likelihood ratio

foOsy™) Sy (05y™)
supy fy(059™N) £, (On;yN)
is bound to be between O (likelihoods are non-negative) and

1. It has been shown that under certain regularity conditions,
the test statistic

(29)

TLR = -2 log LG (30)

has asymptotically a x?2 distribution under Hy [6]. The
general test principle now states that the null hypothesis H
is rejected if the sample value of the test statistic used is
larger than some user specified threshold. Knowledge of the
PDF of the test statistic under H; allows one to compose
tests (i.e., set thresholds) with a desired significance level,
where the significance level is defined as the probability of
rejecting Hy when Hj is true. This principle can now be
used to compose confidence regions for the parameters 6.
This is done as follows. First, select a test statistic for testing
the null hypothesis 8y = 0 against the alternative 6y # 6, at
significance level a. A 100(1 — «)% confidence region for
6o is then constituted by the set of all values € for which the
null hypothesis 6y = 6 would be accepted [1] .

E. Parameter inference

Based on the test statistics described in subsection II-D,
the following asymptotically valid 100(1 — )% confidence
regions for the true parameter 6 can be specified:

« Confidence region based on the likelihood ratio test
statistic T, :

0o € Dy(l—a,ly)wp.1—a, with

; FyOnsy™) _ o
Do(l—a,by) = {0]2log LY o2
o( N) { 2log £,0:9™) Xn,1

€29

where X%,pa is the 1 — « quantile of the chi-square
distribution with n degrees of freedom (cfr. [8]). Using
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(12), Dy(1 — o, ) may also be written as:

R A 2
Dg(l*&,@]\/) = {9|VN(9) - VN(GN) < (;ngz,l—aj
(32)

« Confidence region based on the Wald test statistic Tyy:
0o € Dy(1 — o, Oy) w.p. 1 — a, with
Do(1 — a,0y) ==

{8165 = 0)"F(0x)(0n — 0) < 2210 |

« Confidence region based on the Rao test statistic T'g:

(33)

o € Dy(l—a)wp.1l—a, with
Do(l—a) = {O1S(O)"F71(0)S(0) < x71-a}
(34)

Note that this confidence region can be constructed
without calculation of the MLE éN. Howeyver, its con-
struction is computationally expensive, requiring the
evaluation of S(f) and F(6) at a sufficient number of
points to produce a contour.

« Confidence region based on the test statistic 77:

0o € Dp(1 — a,éN) w.p. 1 — a, with
D@(l - Oé,é]\[) =
{010n = 0)TF(0)(Bn = 0) <310}

Note that the construction of (35), requiring repeated
evaluation of F'(0), is computationally expensive as
well.

(35)

Sometimes calculating F'(#), which is sometimes denoted as
the expected information matrix, is difficult and the so-called
observed Fisher information matrix, given by

s = —(Feeht))

is used instead. The observed Fisher information matrix
can be calculated by evaluating the likelihood function. If
the derivatives can not be found analytically, they can be
approximated by finite differences.

In the remainder of this paper, we will assume the noise
variance o2 to be known, but the analysis that follows can
easily be extended to include the case of unknown noise
variance.

(36)

III. ARX MODELLING
The ARX model set is determined by

g " B¢ ",0) 1
G(q,0) = ———"—=  H(q,0) = ——, (37
(Q7 ) A(q_l, 9) ) (q7 ) A(q_l, 9)7 ( )
with q_1 the backward shift operator, nj, the delay, and
A(q’l, ) = 1+ arqg b+ Gn,q "
B(gh0) = bo+big by, 1g7 ™ (38)
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with 67 = [ay---an,bo -+ bp,—1]. For an ARX model
structure the one-step ahead predictor can be written as [7]
gt —1;0) = " (1)0 (39)

with

ol (t) = [~y(t=1) - -—y(t—n)u(t—ny) - - - u(t—np—np+1)].

(40)
having dimension n = n, + np. Let us denote
¢T(1)
¢ = : andy = [y(1)---y(N)]" @D
¢"(N)

If the data generating system belongs to the model class
(S € M), then it holds that y = ®fy + e, with e an N
dimensional vector of samples from a white noise process.
If we furthermore assume that this white noise is Gaussian
distributed (with variance o?), such as we do in this paper,
it follows that the MLE 6y of 6 is obtained by minimizing
the quadratic prediction error criterion

N
: 1 2
On = arg min Vn(0); Vn(0) = N ;Zl €(t,0)°,(42)

with €(t,0) = y(t) — §(t|t — 1;6). Then it follows that
On = (@70) 0Ty =0, + (07D) 'dTe (43)
Furthermore, the expressions
1

Vi (0) = (v = 20)" (v — @0), (44)
—N OVn (0 1
S(0) = 952 gg( ) _ ;‘I)T(y — @0), (45)
N2 OV (6 OV (0)\ "

o - 22](%5) (252)] |

0=0¢
= %E [T ee” @], (46)

and

J= %@T«p @7)

can be derived for the quadratic prediction error criterion, the
Fisher score, the expected Fisher information matrix and the
observed Fisher information matrix, respectively. Note that
the observed Fisher information matrix (47) is independent
of 0. Since e(t) is a white noise sequence and @7 (t) is
uncorrelated with e(s) for s > ¢ (cfr. [7]), (46) simplifies
to

1
F(6) = —E[®"®]. (48)
g
If we know the true system, the term E [®7'®] in (48) can
be calculated analytically. This can be seen as follows. It can

be shown that

(1) = su(t) + se(t), (49)
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where the n x 1 vector s,(t) is given by

_ AG(q_17 90)

)= F(g T 0y)

u(t) (50)

with Ag(g~t,0) the n x 1 gradient vector of the transfer
function G(q~*, #) with respect to 6. Equivalently, the n x 1
vector s.(t) in (49) is given by

_ AH(q_lveo)

se(t) = H{a.00) e(t), (51)

with Az (g~!,0) the n x 1 gradient vector of the transfer
function H(g~!,6) with respect to 6. Now, let us define
R(6y) = E [®7®] . Then it can be shown that

N N
R(6o) = sult)sh (t) + > Elsc(t)sl(t)]  (52)

Using a state space representation of (51), i.e.,

A(6o)z(t) + K (60 )e(t)
C(0o)z(t) + D(o)e(t),

z(t+1) =

se(t) =
it follows that, for all ¢,
E [se(t)s! ()] = C(60)P(80)C" () + D (o) D" (6)0”,
54

with P(6) = E[z(t)z (t)]. P(6)) is obtained as the positive
definite solution of the stationary Liapunov equation:

P(6y) = A(60)P(60) AT (60) + K (60) K" (69)0”.

(53)

(55)

Using the expressions derived in subsection II-E, the follow-
ing asymptotically valid 100(1 — «)% confidence regions for
0y can be derived.

A. Confidence region based on the likelihood ratio test
statistic

0o € Dy(1 — a,éN) w.p. 1 — a, with

Dg(]. — Q, éN) =
~ 0'2 2
01V (0) = Vv (On) < S5 Xn1—a (56)
It can easily been shown (see Appendix) that
N(Vn(0) =V (0n)) = (0 — 0x)TTD(0 — ).  (57)

Therefore, Dy(1 — av, fy) in (56) may also be written as:
DH(]- —Q, éN) =

{0|(9—éN)T¢>T¢>(0—éN) < aQXSM_a}. (58)

This confidence region corresponds with the one imple-
mented in the Matlab System Identification Toolbox and the
one derived by Douma and Van den Hof using an alternative
paradigm for probabilistic uncertainty bounding based on
the analysis of data-dependent mappings of the parameter
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estimator [2], [3]. Alternatively, using (47), (58) may be
written as

Do(1 — a,ly) =
{9|(9 —On)TT(0 = n) < X2 } (59)
with J the observed Fisher information matrix.
B. Confidence region based on the Wald test statistic
0o € Dy(1 — a,éN) w.p. 1 — a, with
Do(1 — a,éN) =
{0165 = 0) RN On —0) <o™2 1 a}. (©0)

with R(fy)/o? the expected Fisher information matrix eval-
uated at 0 = 6 ~. Note that substitution of the observed Fisher
information matrix (47) for the expected Fisher information
matrix in (60) yields (58).

C. Confidence region based on the Rao test statistic

0y € D@(l -, éN) w.p. 1 —a, with
Dy(1 — o, by) =

{0](y — ®0)" @R (0)" (y — ®0) < 0°X21_o} (6D

Since it follows from (43) that ®7 (y — ®6) = &7 (A —6),
(61) may also be written as

0y € Dy(1 — a, 9N) w.p. 1 — a, with
D9(1 — Oé,éN) =

{9|(éN —9)ToTOR 1 (9)dTD(y — 0) < U2X371_a} .

(62)
D. Confidence region based on the test statistic Tt
0o € Do(1 — o, Oy) w.p. 1 — a, with
De(l — Q, éN) =
{0105 = OTRONON ~0) <02, o). ©3)
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IV. SOME RESULTS FROM ASYMPTOTIC THEORY

Following [7], an asymptotically valid expression for the
covariance matrix of the estimator 6 is given by

02 ™ " y .
Fo = 2nN (/_F (FG(e ,00)Py(w) + (e ,90)02) dw)
(64)
Te(ei® ) = —G\¢ »70)AGe Y%
G(e ;90) H(ewvgo)H*(eW,Qo) s (65)
and A w 0, A% iw 0
FG(eiw,HO): H(e 3 O) H(e R 0) (66)

H(e“", QQ)H* (ei“’, 90)

and @, (w) the power spectrum of u(t) (where it has been
assumed that u(t) a quasi-stationary signal). An asymptot-
ically valid 100(1 — «)% confidence region for 6 is then
given by

0o € Dy(1 — a,éN) w.p. 1 — a, with
Dg(l - OL,éN) =

{0105 =0 P 0n = 0) <3210 }-

Although Pj can only be calculated exactly if the true system
is known, which is, of course, not the case in practice, ex-
pression (64) is often used for experimental design purposes.
Py is then usually estimated by substitution of some initial
value for 6y in (64). In our simulation study described in
section V, the confidence region (67) will also be included
so as to test its validity for finite data lengths.

(67)

V. SIMULATION EXPERIMENT

In a MATLAB environment, a Monte Carlo simulation
experiment was performed to evaluate and compare the
methods for computing confidence regions described in the
preceding sections. For different data lengths N, K data
sets (y™,u™N) = {y(t),u(t)}s=1... N were generated using
a data generating system S that is completely known and
belongs to the ARX model class:

y(t)+ary(t—1)+asy(t—2) = bou(t—1)+byu(t—2)+e(t),
(68)
with a; = —1.5578,a2 = 0.5769,bp = 0.1047 and
b1 = 0.0872. For each value of N, we used a fixed input
sequence u”, with u” a realization of a zero mean, Gaussian
distributed white noise process with variance o2 = 1 being
uncorrelated with the zero mean, Gaussian distributed white
noise process {e(t)} having a variance o2 = 0.5. For each
value of N, K different data sets were obtained by repeating
the same experiment K times, where each time only the
noise realization e’ was different. From each data set, the
model was identified using a model set M with the same
ARX structure as the data generating system (S € M):

~ bog' +big7?
G(q7 9) - 1 4 alq_l 4 a2q_2 9 (69)
1
H(q,0) (70)

14 aig ! +axg?
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Fig. 1.

The results of the simulation experiment described in section V, where the data sets are generated using a fixed realization of the input sequence

w!V. Observed coverage rates of the confidence regions based on the likelihood ratio test (58)(L]), the Wald test (60)(o) and the Rao test (61)(X), and the
confidence regions described by (63)(*) and (67)(+). The data generating system is given by (68) and the ARX model set described by (69) and (70). The
nominal confidence level is 0.05. All results have been obtained from 50000 realizations.

with 67 = [aj ag by by]. Thus for each data set the MLE
0 ~ was calculated and it was recorded whether or not the
confidence regions described by (58), (60), (61), (63) and
(67) contained the true value 6j. Note that determining
whether the true parameter values lay within the confidence
regions did not require the construction of the full confidence
regions. The observed coverage ,, for a particular nominal
confidence level 1 — a, is defined as the percentage of the
total number of data sets K, for which the true parameter
values lay within the confidence region. In this study, we
used K = 50000. Furthermore, a nominal confidence level
o = 0.05 was chosen. This means that the asymptotical
theory predicts an observed coverage of 95%. Figure 1 shows

the observed coverage rates 7 g5 as a function of the number
of data points N. The 95% confidence intervals for ~yg o5
can be obtained from the binomial distribution. For K =
50000, the maximum width of these confidence intervals was
approximately 0.01. The results show that for increasing data
lengths, all observed coverage rates tend to 0.95, as predicted
by asymptotic theory. For finite data lengths, however, the
different confidence regions show different reliability. Of all
confidence regions evaluated, the one based on the likelihood
ratio test statistic turns out to be the most reliable one.
Furthermore, it is clearly seen that the confidence regions
(63) and (67) are unreliable for small N. Since (67) was
constructed on the basis of the theoretical, asymptotically
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The results of the simulation experiment described in section V. Observed coverage rates of the confidence regions based on the likelihood ratio

test (58)(LJ), the Wald test (60)(o) and the Rao test (61)(x), and the confidence regions described by (63)(*) and (67)(+). The data generating system is
given by (68) and the ARX model set described by (69) and (70). Each data set is obtained by generating new realizations of both the input sequence u™v
and the noise e’N. The nominal confidence level is 0.05. All results have been obtained from 50000 realizations.

valid, expression for the covariance matrix (64), the results of
our simulation experiment indicate that the latter expression
is inaccurate for small V.

Next, the whole simulation was repeated for data sequences
obtained using different realizations of both the noise con-
tribution e and the input sequence u’ in each of the
K = 50000 experiments (for each value of N). The results,
as shown in Figure 2, are similar to those obtained with a
fixed input sequence u” (see Figure 1).

More simulation experiments have been performed, using
alternative model generating systems (all belonging to the
ARX model class), parameters and nominal confidence rates.
All experiments yielded similar results.

VI. CONCLUSIONS AND FUTURE WORKS
A. Conclusions

Different methods for constructing probabilistic parameter
confidence regions in prediction error identification using
ARX models have been reviewed and their reliability has
been evaluated by means of simulation experiments. In the
ARX case, all uncertainty regions considered in this paper
assume the form:

{0165 —0)"X(0y = 0) <310 }

with X an n x n matrix. The results of the simulation
experiments indicate that those confidence regions for which

(71)
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X incorporates information on the unknown noise realization
eV are the most reliable. This information is either contained
in the regressor vector ¢ (likelihood ratio test (58), Rao
test (61)), or in the identified parameter vector éN (Wald
test (60)). For the remaining confidence regions (i.e., (63)
and (67)), X does not incorporate any information on the
particular noise realization e?.

Furthermore, the results of the simulation experiments sug-
gest that the confidence region described by (58), which
has been obtained using the observed Fisher information
matrix, gives the most reliable results. This method, which
can be shown to be based on the likelihood ratio test
statistic, outperforms alternative methods evaluated in this
paper, including the ones based on the Wald and Rao test
statistics, especially for finite data lengths. Moreover, since
the construction of (58) only requires the observed Fisher
information matrix, the method is not only more reliable but
also simpler and computationally less expensive than variants
such as (60), (61) and (63), which use the expected Fisher
information and/or the Fisher score instead.

Finally, it has been shown that the use of the well
known (asymptotically valid) theoretical expression for the
covariance matrix (64) to construct confidence regions may
lead to unreliable results for small numbers of observations.
Therefore, one should be careful when applying expression
(64) for experimental design purposes.

B. Future Works

More simulation experiments have to be performed to
further substantiate the conclusions of the study described
in this paper. Furthermore, the evaluation presented should
be extended to include other model structures, such as Output
Error and Box Jenkins. Both aspects are subject of current
research.
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APPENDIX
Proof of (57).

It follows form (44) that the term N(Vy(0) — Vi (On))
can be rewritten as
(y — 20)"(y — ®6) — (y — ®0n)" (v — ®On) =
07dT®0 — yT®(9 —On) — (0 — On) Ty — 0T DT DOy (72)
Since it follows from (43), that Ty = <I>T<I)9N, (72) may
also be written as
07T D0 — GLBT D0 — Oy)
— (0—0)TTDON — 0T DT DOy
= (6-065)T0TD(0 - 6y) (73)

This completes the proof.
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