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Abstract

This paper develops a control-oriented modeling approach to two-phase flow sys-
tems. The control-oriented two-phase flow model is established based on a set of sim-
plified relationships of the exact physical modeling with respect to the spatial domain,
which include one-dimensional (1D) approximation and approximation of the coupling
terms between the phases. The derived control-oriented two-phase flow model is gov-
erned by a set of partial differential algebraic equations (PDAEs) that describes the
propagation of fluid fractions and mixture velocity in 1D, and can be used to control
the flow by manipulation of the boundary conditions. The key element in our work
is the linearized model representation of the two-phase flow written in the Laplace-
space domain that connects the two-phase flow regimes and input/output structures.
Using the input/output structures, which have to satisfy causality conditions, the two-
phase flow can be regulated by applying a boundary controller. The advantage of
the Laplace-space approach and the effectiveness of the proposed boundary control
design are illustrated with a numerical example of a counter-current two-phase flow in
a vertical bubble column.

1 Introduction

Under the influence of unprecedented market demands in the petroleum, pharmaceutical,
food, and cosmetic industries, the chemical industry has evolved considerably over the last
two decades. Following the demands and achievements made in these fields, plant capacities
have greatly increased, incorporating new technologies to support the enlargement. New
technologies originate from different fields such as: material science (e.g., safe construction
of large-size reactors and pipes), mechanical engineering (e.g., construction of agitators that
enhance the mixing of reactants), chemical engineering (e.g., decreasing process time and
increasing productivity), and control engineering (e.g., safe regulation of pressure and tem-
perature inside the reactors). Due to the complex nature of the chemical processes and
equipment designs, the ability to build plants “a bit bigger” is slowly reaching its limita-
tions [5]. Operating the large-scale plants in an optimal and safe manner is becoming almost

1

*Manuscript
Click here to view linked References

http://ees.elsevier.com/jprocont/viewRCResults.aspx?pdf=1&docID=2573&rev=0&fileID=46182&msid={ECDEDA86-995F-4116-B3A7-D5A09E52759F}


impossible for some production processes (e.g., mixing inside large-scale reactors, transporta-
tion of fluid in long pipelines, distribution of particles in crystallizers, or pressure distribution
in distillation columns). This dictates a growing need to replace current large, expensive,
and energy-intensive equipment with smaller, less costly, and more efficient equipment for
a production process [24, 31]. The production-related problems in the large-scale plants
cannot be effectively solved with the current reactor design and are still not scaled-up to the
optimal volume. The scale-up technology is twofold and involves the design and optimal op-
eration of a chemical process. Obviously, the design has important consequences for chemical
engineering such as process modeling or process systems control. In this sense, the model
development and inclusion of innovative types of equipment in process design play a crucial
role in future developments. In order to be able to replace the current large-scale equipment
and to scale-up a plant more efficiently, a better understanding and more accurate models
of chemical process are needed to accurately predict the behavior of the processes and to
enable control of the processes.

A significant problem in modeling of chemical processes is the occurrence of transport
phenomena such as fluid flow that lead to low efficiency at larger scales. The benefit for
the chemical industry that can be gained from applying a flow control strategy to intensify
the chemical processes is enormous. The problem of controlling and modeling the fluid
flow systems is, however, extremely complex and involved. For flow control of single-phase
flow systems, we refer to [3, 1, 20]. Concerning the modeling of multiphase flow systems,
many contributions have been presented in the multiphase flow community, ranging from
fundamental studies [9, 17] to studies focused on specific two-phase flow regimes [4, 28, 16,
11]. Most of these currently used two-phase flow models require complex algorithms such as
computational fluid dynamics (CFD), due to the complex nature of the governing equations
[18]. Despite the fact that there is a large number of CFD models in the multiphase flow
community, there is a common agreement that the pure two-phase fluid transport has to be
governed by a set of first-order hyperbolic PDEs [28, 17, 25]. Essentially, this means that
the transport phenomena of the two-phase flow represent delays of the fluid properties from
one point in space to another, whereas the interactive terms between the phases represent
dissipation and/or instabilities of the flow. This is an important aspect of the two-phase flow
as it gives a new perspective on the two-phase flow control. The first step in this direction
has been presented in [14] where 1D two-phase flow hyperbolic-like PDE model was derived
for flow control.

In the control community, first-order hyperbolic PDE models have been widely studied
over the last two decades. The examples include control methods for heating in reactors
[29, 7, 23], flow in tubular reactors [32, 12, 10], and open channel flow [10]. The conventional
approach to PDE models is to discretize the model equations in space and then apply
control theory for ODE systems [8], or alternatively to derive an analytical solution of a
PDE model and apply spatially distributed controllers [21, 6]. Recent results extend the
existing control approaches to the stabilization of the hyperbolic PDE systems, proposing
a frequency domain approach to control the hyperbolic PDE systems [22]. This frequency
approach to fluid flow systems gives an input/output description of the fluid flow. The
work presented in [22] demonstrates the usefulness of the classical frequency approach and
functional relationships for analysis and control of a channel flow system represented by a
set of hyperbolic PDEs. The frequency approach to fluid flow systems eventually leads to
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an easy-to-implement algorithm for the fluid flow control and does not rely on the accuracy
of the chosen discretization method [13].

In this paper, we introduce a theoretical framework for deriving a control-oriented two-
phase flow mode based on the Laplace transformation of the governing hyperbolic-like PDEs
[14]. The main contribution is in the Laplace-space representation of the two-phase flow
model, which links the flow regimes and causal input/output structures. From the derived
causal input/output structures, the boundary control design then easily follows.

2 The control-oriented two-phase flow model

2.1 Two-phase flow

Many examples involving two-phase fluid systems appear in the chemical industry, such as
the partial oxidation of ethylene to acetaldehyde (i.e., the Wacker-Hoechst process) or the
carbonization of methanol to acetic acid. Other occurrences of two-phase flow appear in
the injection of steam into oil wells for enhanced oil recovery, in the condensation of higher
hydrocarbons, in natural gas pipelines due to low temperatures of surrounding air or soil,
in a boiling water nuclear reactor, in fluidized beds, and in fermentors for the production of
enzymes and drugs. For a more extensive overview, we refer to [11].
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Figure 1: Flow patterns of a vertical upward flow in a bubble column: (a) bubble, (b)
bubble-slug transition, (c) slug, and (d) annular.

All these processes take place in reactors that are often referred to as bubble column
reactors. As shown in Figure 1, a bubble column reactor is a vertical cylinder, where a gas
phase enters at the bottom of the column through a gas distributor. The column is filled
with liquid which expands under the influence of the gas injection. Different flow regimes can
be created on the microscopic scale depending on the magnitude of the gas injection. Figure
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1 shows different flow regimes and levels of coalescence of bubbles present in the column.
In the bubble flow, the gas consists of discrete bubbles immersed in the liquid phase that
moves against the gas flow. Increasing the gas injection at the bottom of the column, these
small bubbles coalesce into slugs. The transition from bubble flow (Figure 1(a)) towards
annular flow (Figure 1(d)) depends on the size of the bubbles, injection techniques, and
surface-tension effects. The large number of bubbles, which can coalesce into slugs, increases
the gas volume fraction and decreases the presence of the liquid phase. Consequently, the
gap between the gas and the wall narrows, and the downward flow dominates the column.
This causes a rather strong relative velocity between the gas and the liquid phase.

As shown in Figure 1(c), the coalescing effect inside the bubble column can be observed
only on the microscopic scale. On the reactor scale, the coalescing of the bubbles into slugs
is mainly observed in decreased mass rates due to the small contact area between the gas and
the liquid phase. In principle, the bubble column reactor is characterized by a lack of any
mechanical means of agitation, and the mixing is carry on by motion of the fluid phases. For
this reason, bubble flow is particularly efficient for mixing which can increase transfer rates
due to the large contact area between the phases. The transfer rates are mainly determined
by the size of the contact area and the circulation rates of the liquid and gas phase, and can
be increased by enlarging the contact area between the phases. A poor liquid circulation has
an adverse effect on the transfer rate and the residence time of the gas phase, whereas a well-
circulated liquid phase increases the reactor volume. In reactor design, the main objective is
to keep a large contact area between the phases while maintaining an ideal balance between
these two extreme circulation phenomena.

2.2 1D two-phase flow model

In order to develop a comprehensive strategy for a two-phase flow system inside a reactor
column, the first step is to define a set of assumptions needed to simplify the flow problem.
The following assumptions have been made for deriving a control-oriented microscopic two-
phase flow model based on microscopic conservation laws:

1. The fluids (gas and liquid) are considered to be incompressible.

2. The entire volume is occupied by gas and liquid, which is defined by the volume
fractions of the gas phase αg and the liquid phase αl, and for each volume element
αg + αl = 1 holds.

3. The flow over the entire cross section is uniform, i.e., the flow variations occur only in
1D.

4. The gas phase is dispersed and consists of bubbles which are spherical in shape and
uniform in size. The processes of coalescence and breakage are neglected.

5. No mass transfer occurs between the two phases.

6. Each phase is treated as a continuum in the spatial domain under consideration.

7. In each volume element, there is a sufficiently large number of bubbles that create the
continuum gas phase.
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8. The pressure influence is modeled by distinguishing a bulk pressure and an interfacial
pressure.

9. The pressure in each volume element is proportional to the fractional area occupied
by the phases.

10. The interfacial tension also causes the pressure 4pg for the tension from the gas side,
and 4pl for the tension from the liquid side at the surface.

11. The drag force is considered to be the only coupling term between the phases; all the
other coupling terms are neglected.

According to the given assumptions, a 1D form of the microscopic conservation laws can be
obtained using the following set of PDEs for the mass conservation laws

∂αg
∂t

+
∂αg
∂x

vg + αg
∂vg
∂x

= 0, (1)

∂αl
∂t

+
∂αl
∂x

vl + αl
∂vl
∂x

= 0, (2)

and the following set of PDEs for the momentum conservation laws

αgρg
∂vg
∂t

+ αgvgρg
∂vg
∂x

+ αg
dp

dx
+4pg

∂αg
∂x

= −αgρgg − F, (3)

αlρl
∂vl
∂t

+ αlvlρl
∂vl
∂x

+ αl
dp

dx
+4pl

∂αl
∂x

= −αlρlg + F, (4)

where ρg is the density of the gas phase, ρl is the density of the liquid phase, vg is the velocity
of the gas phase, and vl is the velocity of the liquid phase, with F as the coupling force.
In principle, the balance equations are derived for each phase separately, which are coupled
via interactive terms [15]. Many of the presently used two-phase flow models use different
interfacial coupling forces with sometimes ambiguous physical background and empirical
closure equations [19]. Thus, we consider only the most dominant coupling term which is
the drag force

F = Fd = β (vg − vl) ,
closed by the following equation

β =
3Cd
4db

αgαlρl|vg − vl|,

where Cd is the drag coefficient and db is the diameter of a single bubble.
In deriving the momentum balance equations, we use the interfacial pressures 4pg and

4pl in (3) and (4) respectively. Since the interfacial pressures are functions of vg and vl, they
can also be considered as coupling terms. The liquid interfacial pressure can be obtained
from the following expression

4pl = Cpαlρl(vg − vl)2,
where Cp is the interfacial pressure coefficient [28], whereas the gas pressure difference 4pg
can be neglected due to the low density of the gas phase.
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As far as the total pressure is concerned, the momentum balance equations (3) and (4)
share the pressure term proportional to the gas fractions. This fact can be used to derive a
more compact representation of the two-phase flow. The pressure term can be eliminated by
dividing (3) and (4) by αg and αl, respectively, and subtracting one from the other. Under
the conditions αg 6= 0 and αl 6= 0, we can obtain the total momentum equation of the
two-phase flow system as

ρg
∂vg
∂t
− ρl

∂vl
∂t

+ ρgvg
∂vg
∂x
− ρlvl

∂vl
∂x

+ Cpρl(vg − vl)2
∂αg
∂x

(5)

= −(ρg − ρl)g − (vg − vl)
(
β

αg
+
β

αl

)
.

Equation (5) describes the total momentum of the mixture with no pressure variation outside
the system boundaries. The signs in front of the time derivatives can be assigned to the
direction of the fluid velocities.

Before writing the final form of the two-phase flow model, we can make one more sim-
plification step. Due to the assumption that a volume is occupied with gas and liquid, i.e.,
αg + αl = 1, (2) can be rewritten in terms of αg only as

∂(1− αg)
∂t

+
∂(1− αg)

∂x
vl + (1− αg)

∂vl
∂x

= 0. (6)

After rearranging, (6) reads as

∂αg
∂t

+
∂αg
∂x

vl − (1− αg)
∂vl
∂x

= 0. (7)

The last step includes subtracting (1) from (7). Now, the final set of PDEs can be written
as

∂αg
∂t

+
∂αg
∂x

vg + αg
∂vg
∂x

= 0,

ρg
∂vg
∂t
− ρl

∂vl
∂t

+ ρgvg
∂vg
∂x
− ρlvl

∂vl
∂x

+ Cpρl(vg − vl)2
∂αg
∂x

= −(ρg − ρl)g − (vg − vl)
(
β

αg
+

β

1− αg

)
,

∂αg
∂x

(vg − vl) +
∂vg
∂x

αg + (1− αg)
∂vl
∂x

= 0,

which in a compact form reads as

E
∂Φ

∂t
+ A(Φ)

∂Φ

∂x
= c(Φ), (8)

where Φ =
[
αg vg vl

]T
is the vector of fluid variables. The matrices

E =


1 0 0

0 ρg −ρl
0 0 0

 , (9)
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and

A(Φ) =


vg αg 0

Cp ρl (vg − vl)2 ρgvg −ρlvl
vg − vl αg 1− αg

 , (10)

are the system matrices, and

c(Φ) =


0

−(ρg − ρl)g − (vg − vl)
(
β
αg

+ β
1−αg

)
0

 (11)

is the coupling force vector. A similar set of simplification steps has been published in [25]
where the coupling forces between the phases were studied using a two-phase flow model
for adiabatic two-phase bubble flow. The interfacial momentum exchange in [25] includes
the surface stress developed on the interface which is induced by the relative motion of the
phases, interfacial pressure, and the drag force. In this work, we focus on the drag force and
interfacial pressure only for incompressible two-phase fluid flow systems.

2.3 Well-posedness of the model formulation

One of the first steps in deriving a control-oriented two-phase flow model is to verify the well-
posedness of the model formulation and to classify the derived partial differential algebraic
equations (PDAE) model, suggesting well-posed initial-boundary conditions. The physical
intuition of the well-posed PDAE problem formulation suggests that the well-posed prob-
lem has a unique solution for time-dependent problems. Parabolic and hyperbolic PDAE
models are known to be well-posed problems with a stable and unique solution, whereas
elliptic PDAE models are ill-posed with a solution that propagates in all directions which is
characteristic of time independent problems, i.e., static potential problems. In general, an
ill-posed problem usually means that the PDAE has to be solved backwards in time domain,
which is not physically possible, and therefore it represents ill-posed model formulations.

In principle, the nature of possible solutions to (8) is characterized by the coefficients
of the characteristic polynomial obtained from the system matrices of the derived model
(9) and (10), which describes the fluid flow phenomena. For the PDAE model given by
(8), the degree of the characteristic polynomial is smaller than or equal to the number of
states. This means that the eigenvalues corresponding to the algebraic part have eigenvalues
with infinitely many solutions, and the eigenvalues with the finite solutions correspond to
the dynamical part. For the model given as (8), the eigenvalue analysis shows that the
system has one infinite eigenvalue and two finite eigenvalues which can be obtained from the
characteristic polynomial

det(λE−A(Φ)) = a1λ
2 + a2λ+ a3, (12)

where

a1 = −αgρl − ρg + ρgαg,

a2 = 2 ρgvg − 2 vgρgαg + 2αgρlvl,

a3 = −Cp ρl (vg − vl)2 αg2 +
(
ρgvg

2 − ρlvl2 + Cp ρl (vg − vl)2
)
αg − ρgvg2.
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The discriminant of (12) is then defined by

Dc = a22 − 4a1a3. (13)

Since αg < 1, the discriminant is negative, i.e., Dc < 0 for all values of the velocities
vg and vl. After deriving the characteristic polynomial (12), we can directly obtain the
eigenvalues of (8) from the following expressions

λ1(Φ) =
αgρlvl + αlρgvg
αgρl + αlρg

+
√
Dc, (14)

λ2(Φ) =
αgρlvl + αlρgvg
αgρl + αlρg

−
√
Dc. (15)

These eigenvalues represent the characteristic velocities of the gas/liquid phase in the two-
phase fluid flow system. Due to the fact that ρg > 0 and ρl > 0, the signs of the eigenvalues
change according to the velocities vg and vl. The results of the eigenvalues and the range of
the velocities for which the model is well-posed are given in Table 1. In the range outside
the given velocity ratios, the model is ill-posed. In Figure 2, we present an analysis of the
characteristic polynomial for αg = 0.1, ρg = 1 kg/m3, and ρl = 1000 kg/m3 in order to
illustrate the velocity influence on the eigenvalues.
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Figure 2: Influence of the velocities vg and vl on the characteristic polynomial with the
eigenvalues determined by det(λE−A(Φ)) = 0 for (a) vg = 0.2 m/s and (b) vl = −0.02 m/s.

If Dc > 0, the system (8) is said to be hyperbolic. The eigenvalues of the hyperbolic
equations are real and distinct. If Dc = 0, the system is parabolic with real repeated
eigenvalues. If Dc < 0, the system is elliptic with complex eigenvalues. Elliptic systems
with one coordinate being time is inherently non-causal, and for that reason is ill-posed. For
modeling, it means that the assumptions used to derive the model are not correct. In general,
elliptic system with one coordinate being time are proven to be ill-posed, whereas parabolic
and hyperbolic systems are well-posed with a stable and unique solution [27, 28]. In order to
define a critical point between the well-posed and ill-posed solutions to the two-phase flow
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Table 1: Well-posed regions of the two-phase flow model based on the eigenvalues (14) and
(15) for a wide range of the velocities vg and vl, where αg = 0.1, ρg = 1 kg/m3, and ρl = 1000
kg/m3.

Eigenvalues Velocity conditions Ratio between the velocities
obtained from (14) and (15)

λ1 = λ2 −0.45vg + 1.45vl = vl/vg = 1
= 0.47vg + 0.53vl

λ1 > 0 vl/vg > −0.89 vl/vg > 0.3
λ2 > 0 vl/vg > 0.3

λ1 < 0 vl/vg > −0.89 −0.89 < vl/vg < 0.3
λ2 > 0 vl/vg < 0.3

λ1 < 0 vl/vg < −0.89 vl/vg > −0.89
λ2 < 0 vl/vg < 0.3

model (8), we evaluate (13) as

Dc = D

(
1−

(
ρlαg + αlρg

ρg

)
Cp

)
, (16)

where D = αgρgρl (vg − vl)2 (−1 + αg). Since αg < 1, then for all values of the velocities vg
and vl the discriminant is negative, i.e., D < 0. This implies that the well-posedness of the
PDAE model (8) is determined by the interfacial pressure coefficient Cp. The critical Cp,
for which the discriminant Dc = 0 and the system is parabolic, can be obtained from the
system parameters ρg and ρl, and the volume fraction αg as

Cp =
ρg

αgρl + ρgαl
.

There have been many studies over the last two decades focusing on the interfacial pres-
sure coefficient Cp for different fluid systems [19]. For the air-water system, the interfacial
pressure coefficient Cp is reported to be between 0.25 and 0.5 [25]. For this value of Cp, the
derived two-phase flow model (8) is in the hyperbolic region for a wide range of gas fractions
αg (see Table 1), and (8) is valid for that region only.

2.4 Linearized two-phase flow model

Suppose that Φ is a steady-state solution of the derived two-phase flow model (8), and Φ′

is a small perturbation around the steady-state solution, then the flow variable Φ can be
written as

Φ = Φ + Φ′, (17)

and the linearized two-phase flow model can be defined as

E
∂Φ′

∂t
+ A(Φ)

∂Φ′

∂x
+ A(Φ′)

∂Φ

∂x
= FΦ′, (18)
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with

A(Φ) =


vg αg 0

Cp ρl (vg − vl)2 ρgvg −ρlvl
vg − vl αg 1− αg

 ,

A(Φ′) =


vg
′ αg

′ 0

2Cp ρl (vg − vl) (vg
′ − vl′) ρgvg

′ −ρlvl′

v′g − v′l αg
′ −αg ′

 ,
representing the linearized system matrices, and

F =


0 0 0

0 −3/2
Cd ρl

√
(vg−vl)2

db
3/2

Cd ρl

√
(vg−vl)2

db

0 0 0


representing the linearized force vector. The derivation of (18) is given in Appendix A.
Essentially, the space-dependent steady-state solutions represent the flow patterns in the
observed domain. If there is no variation of the steady-state solution with respect to space,
i.e., Φ = const, the linearized two-phase flow model reduces to the following equation

E
∂Φ′

∂t
+ A(Φ)

∂Φ′

∂x
= FΦ′. (19)

In order to demonstrate the linearization technique while enforcing the well-posedness of
the model formulation, simulations are carried out using a space-independent steady-state
solution i.e., quasi steady-state solution. The quasi steady-state solution, which is spatially
uniform, can be used as an equilibrium point for the linearization of the two-phase flow
model. Section 3 will discuss the possible quasi steady-state solutions and their physical
interpretations.

2.5 Coordinate transformations

In this section, we use the linearized two-phase flow model (19) to reformulate the linear
PDAE problem into a linear PDE using standard coordinate transformation techniques. It
is important to emphasize that the coordinate transformations do not change the system
dynamics, instead with the coordinate transformation the model is represented by another
coordinate system. The linearized two-phase flow model written as a linear PDE model is
rather beneficial for control designs, which will be illustrated in Section 5.1.

Here, we introduce two sets of coordinate transformations: one that eliminates the alge-
braic part of the linearized two-phase flow model (19), and one that decouples the charac-
teristic wave velocities λ1(Φ) and λ2(Φ). The first coordinate transformation is introduced
in order to simplify the computations involving the algebraic equation in the linear PDAE
model (19). For that, the system matrix E in (19) has to be diagonalized, so that in the
new coordinate system the linearized PDAE model (19) can be reduced by eliminating the
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algebraic equation. This means that the system can be decomposed into the dynamic and
algebraic part by diagonalizing E. Using the following coordinate transformation

T =


1 0 0

0 ρg
−1 ρl

0 0 ρg

 ,
the state vector Φ′ can be transformed into a new state vector Ψ′ such that according to the

given fluid variables Φ′ =
[
α′g v′g v′l

]T
, the new states read as

Ψ′ = T−1Φ′ =


α′g

ρgv
′
g − ρlv′l
v′l
ρg

 ,
and the diagonalizing E reads as

ET =

 1 0 0
0 1 0
0 0 0

 .
The two-phase flow model in the new coordinates Ψ′ can be written as

ET
∂Ψ′

∂t
+ A(Ψ′)T

∂Ψ′

∂x
= FTΨ′. (20)

Here, we present a symbolic representation of the linearized model 1, and later on we will
present some numerical results. We start with the two-phase flow model (19) in the coordi-
nates Ψ′


1 0 0

0 1 0

0 0 0

 ∂Ψ′

∂t
+


vg

αg
ρg

αgρl

Cp ρl (vg − vl)2 vg ρgvgρl − ρlvlρg

vg − vl
αg
ρg

αgρl + (1− αg) ρg


∂Ψ′

∂x
= (21)


0 0 0

0 −3

2

Cd ρl

√
(vg − vl)2

db ρg
−3

2

Cd ρl
2

√
(vg − vl)2

db
+

3

2

Cd ρl

√
(vg − vl)2ρg
db

0 0 0

Ψ′,

where the state Ψ′3 can be obtained from the last equation in (21) as

∂Ψ′3
∂x

=
(ρgvg − ρgvl)

ρg (−αgρl − ρg + ρgαg)

∂Ψ′1
∂x

+
αg

ρg (−αgρl − ρg + ρgαg)

∂Ψ′2
∂x

. (22)

1The notation (·)′ is used to emphasize the linear approximation of the nonlinear two-phase flow model
written in different coordinate systems.
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After the elimination of Ψ′3, the system takes the following form

∂

∂t

[
Ψ′1
Ψ′2

]
+ Ared

∂

∂x

[
Ψ′1
Ψ′2

]
= Fred

[
Ψ′1
Ψ′2

]
. (23)

with

Ared =

 −ρgvg+vgρgαg−αgρlvl
−αgρl−ρg+ρgαg

αg(−1+αg)

−αgρl−ρg+ρgαg

(vg−vl)2ρl(−Cp ρlαg+ρgαgCp+ρg−ρgCp)

−αgρl−ρg+ρgαg

−ρgvg+vgiρgαg−αgρlvl
−αgρl−ρg+ρgαg

 ,
and

Fred =

[
0 0

−3
2

Cdρl(vg−vl)(−ρlvg+ρlvl+ρgvg−ρgvl)
db(−αgρl−ρg+ρgαg)

−3
2

Cdρl(vg−vl)
db(−αgρl−ρg+ρgαg)

]
,

where Ared has the same eigenvalues as the pair (A(Φ),E).
Now, we will introduce the second coordinate transformation which is used to decouple

the directional derivatives
∂Ψ′

∂x
as to diagonalize Ared. First, we introduce the following

coordinate transformation
Ψ′ = VW′,

where V is the transformation matrix that gives

∂VW′

∂t
+ Ared

∂VW′

∂x
= FredVW′, (24)

which reads as follows in the new coordinate system W′

∂W′

∂t
+ V−1AredV

∂W′

∂x
= V−1FredVW′. (25)

Equation (25) describes the linearized two-phase flow model written as the PDE with the
decoupled wave propagation. The final form of the linearized two-phase flow model with the
decoupled directional derivatives can be written as

∂

∂t

[
W ′

1

W ′
2

]
+

[
λ1 0
0 λ2

]
∂

∂x

[
W ′

1

W ′
2

]
=

[
c11 c12
c21 c22

] [
W ′

1

W ′
2

]
. (26)

Due to the model simplicity given in the W′(t, x) coordinate system, (26) is well-suited for a
boundary control that will be discussed in Section 5. Essentially, the applied transformations
represent a permutation of the model equations written in a compact matrix form, involving
a full state transformation. In the case of full state transformation of Φ′(t, x), the new
states W′(t, x) cannot be associated with physical states any more, but the relationships
between new and old states are fixed by the transformation matrices T and V. Although
the main purpose of the coordinate transformation presented in this section is to decouple
the directional derivatives that lead to the determination of a well-posed boundary actuation
strategy, the coordinate transformations also suggest a well-suited numerical scheme for
spatial discretization of (26). This has been discussed in [30].
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3 Operational regimes

3.1 Steady-state solutions

As discussed in Section 2.1, there is a wide range of possible operational regimes in a bubble
column [11]. For example, the bubble column reactor in a homogeneous regime is char-
acterized by a more or less uniform gas volume fraction distribution within the reactor,
whereas a heterogeneous regime is characterized by a non-uniform distribution and an in-
ternal re-circulation of the phases (see Figure 1). This means that a steady-state solution is
space-dependent for the non-uniform flow, whereas for the uniform flow the gas distribution
is constant in the entire space: Φ = const. This space-independent steady-state solution will
be called a quasi steady-state solution. In the quasi steady-state situation, the gravitational
force and the drag force are in balance, and the flow is uniform through the whole domain
[0, L] as illustrated in Figure 3. The figure also illustrates two different flow regimes that
often appear in bubble columns. Figure 3(a) illustrates a co-current flow, while Figure 3(b)
illustrates a counter-current flow. The distinction between those flows is based on the di-
rection of the phase velocities. Roughly speaking, if both phases move upwards (i.e., from
bottom to top), the flow is considered to be co-current; whereas for fluid systems in which
the phases move in opposite directions, the flow is considered to be counter-current. To
determine the direction of the velocities in the quasi steady-state regime, we introduce a slip
velocity vs as a difference between the velocity of the gas phase and the velocity of the liquid
phase vs = vg − vl. According to the definition of the slip velocity and relationship between
vg and vl, we can obtain the following expression from the momentum equations (3) and (4):

vs =

√
4

3

(ρl − ρg)gdb(1− αg)
Cdρl

.

To determine the gas and liquid velocities vg and vl in the quasi steady-state regime, we
need an additional relation that will link vg and vl. The additional equation can be obtained
from the volumetric fluxes across the volume section. For the bubble column with an open
flow through the boundaries illustrated in Figure 3, the compensating volumetric flux across
the volume in the quasi steady-state equals zero, i.e.,

αgvg + αlvl = 0.

In this case, the velocity of each phase can be computed as

vg = αlvs,

vl = −αgvs.

In the case of real flows, a certain amount of fluid moves downwards and a certain amount
moves upwards. For the 1D two-phase flow, the liquid velocity simply represents a sum of
the upwards and downwards flow:

vdown
l + vupl = vl.

Which of the two liquid velocities is more dominant depends on the gas and liquid injec-
tion techniques at the boundaries. In Section 5.1, we will illustrate the use of the quasi
steady-state operational regimes in analyzing the boundary conditions, which leads to the
development of well-posed actuation strategies.
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(a) (b)

Figure 3: The two-phase flow in the bubble column reactor with open boundaries operating
in two regimes: (a) co-current and (b) counter-current.

3.2 Pressure recovery

In the previous section, we studied the gas and liquid velocities in the quasi steady-state
regime. Here, we will return to the momentum equations (3) and (4) to define the pressure
in the quasi steady-state regime. Due to the fact that the model is obtained after a few
simplification steps, in order to recover the pressure term in the steady-state regime, we

have to consider (3) and (4) for
∂vg
∂t

= 0 and
∂vl
∂t

= 0 which are given by

αgvgρg
∂vg
∂x

+ αg
dp

dx
= −αgρgg − β (vg − vl) , (27)

and

αlvlρl
∂vl
∂x

+ αl
dp

dx
− Cpρl(vg − vl)2

∂αg
∂x

= −αlρlg + β (vg − vl) . (28)

Adding (27) and (28), the pressure gradient can be calculated directly as

dp

dx
= −αgvgρg

∂vg
∂x
− αlvlρl

∂vl
∂x

+ Cpρl(vg − vl)2
∂αg
∂x
− (αgρg + αlρl)g, (29)

for the steady-state solution, and

dp

dx
= −(αgρg + αlρl)g,

for the quasi steady-state where αg = const. As expected, the pressure in the quasi steadiness
equals a hydrostatic pressure. Equation (29) has a form similar to the Bernoulli equation

14



written for the two-phase flow model [2]. To prove this statement, we can set αg = 1 in (29)
for the single-phase flow, which gives the following relation between the pressure and the gas
velocity

dp

dx
= −vgρg

∂vg
∂x
− ρgg. (30)

Equation (30) represents the Bernoulli equation for the single-phase flow [17]. This verifies
that our modeling assumptions introduced in Section 2 are well-posed.

4 Causal structures in PDE systems

4.1 Input/output structures

In a control design, one of the first modeling concepts for causal systems is developed in the
frequency domain using the Laplace transformations. As discussed in Section 2.3, the Laplace
representation of PDE models can also be efficiently used to choose a causal input/output
structure between quantities at the boundaries, i.e., any location in space. Applying the
Laplace transformation to the model (26) yields

s

[
W ′

1(s, x)
W ′

2(s, x)

]
+

[
λ1 0
0 λ2

]
∂

∂x

[
W ′

1(s, x)
W ′

2(s, x)

]
=

[
c11 c12
c21 c22

] [
W ′

1(s, x)
W ′

2(s, x)

]
, (31)

which can be reordered so as to provide a set of ODEs parametrized by the Laplace variable
s in the space coordinate x

d

dx

[
W ′

1(s, x)
W ′

2(s, x)

]
=

[
λ1 0
0 λ2

]−1([
c11 c12
c21 c22

]
− sI

)[
W ′

1(s, x)
W ′

2(s, x)

]
. (32)

The advantage of the Laplace-space representation of the two-phase flow model given by
(32) is that it can be solved analytically by integrating (32) over the space. This means
that the relationships between potentially chosen inputs and outputs are determined by
transfer functions that link boundary conditions. The following relationship between the
flow variables defined at the bottom boundary x = 0 and at any location x > 0 can be
obtained [

W ′
1(s, x)

W ′
2(s, x)

]
= exp (A(s)x)

[
W ′

1(s, 0)
W ′

2(s, 0)

]
, (33)

with A(s) being the system matrix parametrized by s

A(s) =


c11 − s
λ1

c12
λ1

c21
λ2

c22 − s
λ2

 . (34)

Equation (33) directly connects the flow variable at different locations of the bubble column,
which can be considered as inputs and outputs. In this case, the system dynamics are
described by the system matrix A(s). The specification of appropriate inputs and outputs,
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which lead to a causal input/output structure, can now be done by analyzing the eigenvalues
of A(s). The causal input/output structures can be determined by decoupling the system in
a similar manner as it was presented in Section 2. In contrast to the decoupling presented in
Section 2.5, decoupling of (33) includes the directional derivatives λ1 and λ2 and the coupling
coefficients c11, c12, c21, and c22. The advantage of the decoupled system is that the system
dynamics can be fully decoupled preserving the dynamics described by the eigenvalues of the
system matrix A(s). The coordinates W′(s, x) can be transformed to the new coordinate
system Z′(s, x) using the following general expression

Z′(s, x) = Q(s)W′(s, x), (35)

where Q(s) represents the transformation matrix which contains the eigenvectors corre-
sponding to the eigenvalues of A(s) in the right order, i.e.,

Q(s) =

[
q11(s) q12(s)
q21(s) q22(s)

]
,

with the following elements

q11(s) = 1, q12(s) =
1

2c21λ1

(
λ2c11 − λ1c22 + (−λ2 + λ1)s+

√
µ(s)

)
,

q21(s) = 1, q22(s) = − 1

2c21λ1

(
−λ2c11 + λ1c22 − (−λ2 + λ1)s+

√
µ(s)

)
,

where
µ(s) = ((λ1 − λ2) s+ (c11λ2 − λ1c22))2 + 4λ1λ2c21. (36)

Note that the elements q12(s) and q22(s) are irrational functions since they are functions of√
µ(s).
Using the coordinate transformation (35), the fully decoupled system in the new coordi-

nate system Z′(s, x) can be written as[
Z ′1(s, x)
Z ′2(s, x)

]
=

[
eλ

∗
1(s)x 0

0 eλ
∗
2(s)x

] [
Z ′1(s, 0)
Z ′2(s, 0)

]
. (37)

Then, the eigenvalues of A(s) can be obtained from the following expression

λ∗1(s) =
1

2

−(λ1 + λ2)s+ λ1c22 + λ2c11 +
√
µ(s)

λ1λ2
, (38)

λ∗2(s) =
1

2

−(λ1 + λ2)s+ λ1c22 + λ2c11 −
√
µ(s)

λ1λ2
. (39)

The signs of the eigenvalues λ∗1(s) and λ∗2(s) determine the causality of the input/output
structure for the linearized two-phase flow system. Different input/output structures are
possible according to the signs of λ∗1(s) and λ∗2(s). Table 2 outlines four different cases.

For example, suppose that λ∗1(s) < 0 and λ∗2(s) < 0 for all s (case 1 in Table 2), then
the inputs have to be defined at x = 0 and the outputs at x = L as illustrated in Figure
4(a). Then, according to (37), the connections between the inputs Z ′1(s, 0) and Z ′2(s, 0)
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Table 2: Wave propagation and input/output structures based on the eigenvalue analysis in
the Laplace-space domain in the Z′(s, x) coordinate system.

Case Eigenvalues of the system Inputs Outputs
parametrized by s

1
λ∗1(s) < 0
λ∗2(s) < 0

[
Z ′1(s, 0)
Z ′2(s, 0)

] [
Z ′1(s, L)
Z ′2(s, L)

]
2

λ∗1(s) > 0
λ∗2(s) < 0

[
Z ′1(s, L)
Z ′2(s, 0)

] [
Z ′1(s, 0)
Z ′2(s, L)

]
3

λ∗1(s) < 0
λ∗2(s) > 0

[
Z ′1(s, 0)
Z ′2(s, L)

] [
Z ′1(s, L)
Z ′2(s, 0)

]
4

λ∗1(s) > 0
λ∗2(s) > 0

[
Z ′1(s, L)
Z ′2(s, L)

] [
Z ′1(s, 0)
Z ′2(s, 0)

]

and the outputs Z ′1(s, L) and Z ′2(s, L) are defined by the delay functions eλ
∗
1(s)L and eλ

∗
2(s)L,

respectively, i.e., [
Z ′1(s, L)
Z ′2(s, L)

]
=

[
eλ

∗
1(s)L 0

0 eλ
∗
2(s)L

][
Z ′1(s, 0)
Z ′2(s, 0)

]
. (40)

Suppose now that λ∗1(s) > 0 and λ∗2(s) < 0 (case 2 in Table 2), then the first equation
in (37) is the inverse of a time delay function which is not physically realizable. In terms
of dynamics, (37) represents a non-causal relationship between Z ′1(s, 0) and Z ′1(s, L). This
means that the wave with λ∗1(s) > 0 propagates in the opposite direction to the predicted
direction, i.e., from top to bottom. By reordering (40), the system can be put into a causal
input/output form that follows the direction of the wave propagation, i.e.,[

Z ′1(s, 0)
Z ′2(s, L)

]
=

[
e−λ

∗
1(s)L 0

0 eλ
∗
2(s)L

][
Z ′1(s, L)
Z ′2(s, 0)

]
. (41)

This inversion of the relationship between the input Z ′1(s, L) and the output Z ′1(s, 0) renders
the set of equations (41) into a causal form. Figure 4(b) illustrates the inversion which
implies that the resulting system is bilaterally coupled [26]. As illustrated in Figure 4, the
causal input/output structures between the properties at the boundaries can be viewed as
an extension of the system boundaries to their surroundings.

As already discussed in Section 2, a simple coordinate transformation allows us to trans-
form a PDE model from one coordinate system to another by applying the inverse of the
transformation matrix (see Section 2.5). However, a coordinate transformation for PDE
models in the Laplace-space domain is a bit more involved. In the remainder of this section,
we will present two coordinate transformations for the two-phase flow model (33) for: the
co-current flow (see Figure 4(a)) and the counter-current flow (see Figure 4(b)).
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(b)

Figure 4: Input/output structures for (a) a co-current flow and (b) a counter-current flow.
The blue arrows represent inputs, whereas the red arrows represent the outputs.

The coordinate transformation for the co-current flow as illustrated in Figure 4(a) and
for the counter-current flow as illustrated in Figure 4(b) can be recovered using the following
relationship [

W ′
1(s, x)

W ′
2(s, x)

]
= Q−1(s)

[
Z ′1(s, x)
Z ′2(s, x)

]
. (42)

• Co-current flow

The following model representation in the W′(s, x) coordinates can be obtained on
basis of the actuation strategy given in Figure 4(a)[

W ′
1(s, L)

W ′
2(s, L)

]
= Gco(s)

[
W ′

1(s, 0)
W ′

2(s, 0)

]
, (43)

where

Gco(s) = Q−1(s)

[
eλ

∗
1(s)x 0

0 eλ
∗
2(s)x

]
Q(s).
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• Counter-current flow

Figure 4(b) shows the way to recover the W′(s, x) coordinates for the counter-current
flow. The bottom boundary can be recovered as[

Z ′1(s, 0)
W ′

2(s, 0)

]
=

[
q11(s)− q12(s)q21(s)

q22(s)
q12(s)
q22(s)

− q21(s)
q22(s)

1
q22(s)

][
W ′

1(s, 0)
Z ′2(s, 0)

]
, (44)

whereas the top boundary can be recovered as[
W ′

1(s, L)
Z ′2(s, L)

]
=

[
1

q11(s)
− q12(s)
q11(s)

q21(s)
q11(s)

q22(s)− q12(s)q21(s)
q11(s)

][
Z ′1(s, L)
W ′

2(s, L)

]
. (45)

Using the linear combination of the given boundaries (44) and (45), the original coor-
dinates can be fully recovered as[

W ′
1(s, 0)

W ′
2(s, L)

]
= Gcc(s)

[
W ′

1(s, L)
W ′

2(s, 0)

]
, (46)

where

Gcc(s) =

[
q11(s) −q12(s)e−λ

∗
1(s)

q21(s)e
λ∗2(s) −q22(s)

]−1 [
q11e

−λ∗1(s) −q12(s)
q21(s) −q22(s)eλ

∗
2(s)

]
.

Equation (46) represents a causal input/output structure between the properties at
the boundaries, where the system dynamics are described by the elements of Gcc(s).

The functional relationships (43) and (46) are algebraic representations of the two-phase
flow model using the Laplace transformation. Due to the simple algebraic expressions Gco(s)
and Gcc(s), the behavior of the system between the boundaries in the Laplace-space domain
can be easily simulated with a little computational effort. In general, a rational transfer
function has many useful interpretations and features which are often associated with im-
portant system properties and control designs. The computational complexity associated
with the complex CFD models of two-phase flow and control of such models can be greatly
simplified by making use of the theory associated with the rational transfer functions and
the Padé approximations. The simulation time required for rational transfer functions in
Matlab is just a few seconds compared to CFD models. This is a huge advantage of the
Laplace-space representation of the two-phase flow model.

5 Boundary control design

The main control objective is to stabilize the flow around the quasi steady-state and suppress
any fluctuation caused by disturbances or secondary flow. This control objective can be
achieved by a unique input/output strategy and boundary control design. For a laminar flow
regime which is characterized by less drag force between the phases, the flow can be stabilized
around the laminar flow applying a controller at the boundaries. Enhancement of the plug
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Figure 5: Boundary control strategies for the two-phase flow model for (a) co-current and
(b) counter-current flow.

flow regime in the laminar two-phase flow inside a bubble column can be easily obtained
by introducing more valves at the boundaries and using a more powerful pump/compressor
equipment.

Using the derived two-phase flow model in the Laplace-space representation (33), the
boundary control law can be derived using the following conditions for:

1. Co-current flow [
W1(s, L)
W2(s, L)

]
=

[
K11 0

0 K22

][
W1(s, 0)
W2(s, 0)

]
, (47)

2. Counter-current flow[
W1(s, 0)
W2(s, L)

]
=

[
K11 0

0 K22

][
W1(s, L)
W2(s, 0)

]
. (48)

The boundary conditions (47) and (48) contain the tunable control parameters K11 and K22

illustrated in Figure 5 that can control the two-phase flow in a desirable manner ensuring
stabilization of the specific flow regimes.

5.1 Numerical example

In this section, we give simulation results of an uncontrolled and controlled two-phase flow
based on the derived two-phase flow model given as (37) for the counter-current flow illus-
trated in Figure 5(b). For air/water system with αg = 0.1, vg = 0.155, and vl = −0.017,
according to the discusion presented in Section 3 the slip velocity vs = 0.17. Following the
theoretical framework given in Sections 2.4 and 2.5, the system parameters of the linearized
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Figure 6: Step responses for an uncontrolled and controlled flow with the proportional gain
K11 = 0.3 for the exact and approximate solutions of the controlled flow using a fourth-order
Padé approximation.

two-phase flow model written as (26) can be easily computed. The values of the system
parameters are given in Table 3.

Table 3: Fluid properties and system parameters.

Symbol Value
λ1 0.0954
λ2 -0.064
c11 521
c12 1647
c21 -521
c22 -1647

As shown in Figure 4(b) for counter-current flow, the top and bottom boundary blocks
represent the coordinate transformations between the coordinates which can be recovered
following the causal flow directions. The exponential functions, which represent the trans-
portation delays characterized by the eigenvalues λ∗1(s) and λ∗2(s), can be approximated by
rational transfer functions Gcc(s) for the counter-current flow. In order to understand possi-
ble means of the complex eigenvalues and check the causality requirement given in Section 4,
we use the Padé approximations of the eigenvalues λ∗1(s) and λ∗2(s). In the example shown in
Figure 6, we use a fourth-order Padé approximation of the eigenvalue λ∗1(s). Figure 6 com-
pares the uncontrolled and controlled flow with the exact solution and approximate solution.
The exact solution is replaced by a Padé approximation.

As can be seen, the boundary controller for the upward propagation can push the flow
faster from one side of the boundary to the other side with fluctuations that fade out with re-
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Figure 7: The time responses of the controlled flow with and without the drag force for the
wave that propagates from the bottom.

spect to time. The fluctuations are mainly caused by the drag force which can be suppressed
by tuning K11 for the internal delay function as illustrated in Figure 4(b). The plug flow
that is created in this way has to travel with the shortest possible time from one boundary
to the other boundary. This means that the controller has to place the eigenvalue λ∗1(s)
closer to zero, since this would mean that there is almost no delay of the fluid properties
between the boundaries. Figure 6(b) shows the control results obtained applying the propor-
tional gain K11 at the boundaries that can achieve this goal. As can be seen, the controller
K11 influences the internal delay of the flow between the properties at the bottom and top
boundaries, forming flow oscillations according to the magnitude of K11. The oscillations of
the flow should be as small as possible in order to keep the flow close to the plug flow regime.
Furthermore, the plug flow regime that is created in this way has the shortest traveling time
of the two-phase flow from one boundary to the other. This means that the control objective
is to place the eigenvalues λ∗1(s) and λ∗2(s) closer to zero. The zero eigenvalues represent the
flow without the delays e−λ

∗
1(s)L and eλ

∗
2(s)L of the two-phase flow between the boundaries.

Due to the fact that the value eλ
∗
2(s)L is rather small, the effect of the flow in the opposite

direction can be neglected.
To demonstrate the effectiveness of the boundary controller, we also compare the con-

trolled flow with the drag force and without the drag force. Figure 7 illustrates the simulation
results. As can be seen, the proposed boundary controller minimizes the effect of the drag
force almost completely. Although we present the numerical results obtained by applying a
unity step, which is unlikely to happen in reality for the two-phase flow, the results show
the system dynamics of the two-phase flow model and influence of the controllers on the
dynamics. The input can be easily scaled in the control design in order to described the real
injections and suctions throughout the valves for different practical setups.
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6 Conclusions

In this paper, we have presented a control-oriented two-phase flow model with a theoretical
framework for a boundary control of the two-phase flow system. The given framework
establishes the analysis of causal input/output structures for two-phase flow systems, and
proposes a new modeling approach based on the Laplace-space representation of the derived
two-phase flow model. The main advantage of the Laplace-space approach is that it fully
determines the causality of the input/output structures for a wide range of operating regimes,
and it provides insights needed for the boundary control design. The implementation of the
proposed boundary control design involves the actuation of the flow at different locations
according to the flow regimes. The control action at the boundaries means suction and
injection of the fluid into the system. The injection/suction at the boundaries particularly
affects the shape of the velocity profile near the boundaries and changes the flow regime. The
benefits that can be gained from the boundary control include the reduction of the influence
of the drag force in the fluid flow. The proposed boundary control design can reduce the
residence time of the flow between the top and bottom boundary of the column and can
suppress the fluctuations at the boundaries, which can be seen as a delay. Applying a small
gain at the boundaries, the delay can be considerably reduced with a small fluctuation of
the fluid flow. The main contribution of the paper includes an implementable boundary
controller for a uniform flow regime of the two-phase flow in the vertical bubble column that
can be extended for more complex flow cases.
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Appendix A

First, we start with the two-phase flow model (1), (5) and (6), where (17) is inserted for
each state separately

∂(αg + α′g)

∂t
+
∂(αg + α′g)

∂x
(vg + v′g) + (αg + α′g)

∂(vg + v′g)

∂x
= 0,

ρg
∂(vg + v′g)

∂t
− ρl

∂(vl + v′l)

∂t
+ ρg(vg + v′g)

∂(vg + v′g)

∂x
− ρl(vl + v′l)

∂(vl + v′l)

∂x

+ Cpρl((vg + v′g)− (vl + v′l))
2
∂(αg + α′g)

∂x

= −(ρg − ρl)g −
(
(vg + v′g)− (vl + v′l)

) 3

4

Cd
db

√(
(vg + v′g)− (vl + v′l)

)2
,

∂(αg + α′g)

∂x
((vg + v′g)− (vl + v′l)) +

∂(vg + v′g)

∂x
(αg + α′g)

+ (1− (αg + α′g))
∂(vl + v′l)

∂x
= 0.

Notice that the drag force is simplified using the following relation

αgαl

(
1

αg
+

1

αl

)
= 1.
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Now, we can evaluate each equation separately in order to obtain the linearized two-phase
flow model, which can be written as

∂αg
∂t

+
∂αg
∂x

vg + αg
∂vg
∂x

= 0,

where α′g
α′g
∂x
≈ 0 for the perturbation in the vicinity of the steady-state solution, i.e.,

∂α′g
∂t

+
∂α′g
∂x

vg + αg
∂v′g
∂x

+
∂αg
∂x

v′g + α′g
∂vg
∂x

= 0. (49)

Equation (49) is the linearized mass equation which accounts the variation of the steady-

state solution with respect to space
∂αg
∂x

v′g and α′g
∂vg
∂x

. If the steady-state solution is space-

independent, the linearized mass equation equals

∂α′g
∂t

+
∂α′g
∂x

vg + αg
∂v′g
∂x

= 0.

In contrast to the linearization of the mass equation, the linearization of the momentum
equation is more computationally involved due to the nonlinear interfacial pressure and the
drag force

ρg
∂(vg + v′g)

∂t
− ρl

∂(vl + v′l)

∂t
+ ρg(vg + v′g)

∂(vg + v′g)

∂x
− ρl(vl + v′l)

∂(vl + v′l)

∂x

+ Cpρl((vg + v′g)− (vl + v′l))
2
∂(αg + α′g)

∂x

= −(ρg − ρl)g −
(
(vg + v′g)− (vl + v′l)

) 3

4

Cd
db

√(
(vg + v′g)− (vl + v′l)

)2
,

ρg
∂vg
∂t
− ρl

∂vl
∂t

+ ρgvg
∂vg
∂x
− ρlvl

∂vl
∂x

+ Cpρl(vg − vl)2
∂αg
∂x

= −(ρg − ρl)g − (vg − vl)
3

4

Cd
db

√
(vg − vl)2.

The linearized momentum equation is given by

ρg
∂v′g
∂t
− ρl

∂v′l
∂t

+ ρgvg
∂v′g
∂x

+ ρgv
′
g

∂vg
∂x
− ρlvl

∂v′l
∂x
− ρlv′l

∂vl
∂x

+ Cpρl (vg − vl)2
∂α′g
∂x

+ Cpρl
(
v′g − v′l

)2 ∂α′g
∂x

+ 2Cpρl(vg − vl)
(
v′g − v′l

) ∂α′g
∂x

+ Cpρl
(
v′g − v′l

)2 ∂αg
∂x

+ 2Cpρl(vg − vl)
(
v′g − v′l

) ∂αg
∂x

= −3

4

Cd
db

(
v′g − v′l

)2 − 2
3

4

Cd
db

(vg − vl)
(
v′g − v′l

)
.
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Note that the terms
(
v′g − v′l

)2 ∂α′g
∂x
≈ 0,

(
v′g − v′l

) ∂α′g
∂x
≈ 0, and

(
v′g − v′l

)2 ≈ 0, thus the

final form of the linearized momentum equation is

ρg
∂v′g
∂t
− ρl

∂v′l
∂t

+ ρgvg
∂v′g
∂x

+ ρgv
′
g

∂vg
∂x
− ρlvl

∂v′l
∂x
− ρlv′l

∂vl
∂x

+ Cpρl (vg − vl)2
∂α′g
∂x

+ 2Cpρl(vg − vl)
(
v′g − v′l

) ∂αg
∂x

= −2
3

4

Cd
db

√
(vg − vl)2

(
v′g − v′l

)
.

Finally, we linearize the algebraic part of the two-phase flow model suggested in Section 2.4.
The linearized algebraic equation can be written in terms of perturbations as

∂(αg + α′g)

∂x
((vg + v′g)− (vl + v′l)) +

∂(vg + v′g)

∂x
(αg + α′g) (50)

+ (1− (αg + α′g))
∂(vl + v′l)

∂x
= 0.

The final form of the linearized algebraic equation (50) can be obtained from the following
equation

∂αg
∂x

(v′g − v′l) +
∂α′g
∂x

(vg − vl′) +
∂vg
∂x

α′g +
∂v′g
∂x

αg + (1− αg)
∂v′l
∂x
− α′g

∂vl
∂x

= 0.

Now, by letting Φ′ =
[
α′g v′g v′l

]T
we can obtain the compact form witten as (18).
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