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prediction error methods; instrumental variables. reference signals are used as instrumental variables. This con-
nects to the (least squares) tailor-made identification method
Abstract for closed-loop identification that was recently introduced in

the literature, [7, 2]. This equivalence greatly facilitates the
A bias-correction method for closed-loop identification, indnderstanding and analysis of the BELS method.
troduced in the literature as the bias-eliminated least squares
(BELS) method [9], is shown to be equivalent to a basic instrg-  preliminaries
mental variable estimator applied to a predictor for the closed-
loop system. This predictor is a function of the plant param-
eters and the known controller. Corresponding to the related r v
method using a least squares criterion, the method is referred

to as the tailor-made IV method for closed-loop identification. o + Y u o +* e
The indicated equivalence greatly facilitates the understanding +_ 0

and the analysis of the BELS method.

1 Introduction Figure 1: Closed-loop configuration.

Least squares methods based on the bias-correction princ®i® sider a linear SISO closed-loop system shown in figure
_aim _at proyiding unbiased plant parameter estimates, while ys-1,o process is denoted wigk, (=) and the controller with
ing Imear-_m-the-parameters model structures, see e.g. [4,_ ]é,l.z); u(t) is the process input signaj(t) the process output
They retain all merits of the LS method and make it possiblgy a1 andy (#) describes the disturbances acting on the loop.
to cope with the bias problem in the identification of System§ e external signals, (t), r»(t) are assumed to be uncorre-
subject to colored disturbances. Recently these kind of mefhir. 4 with the noise disturbancét). For ease of notation we

ods have also been developed for identification under closeglsy introduce the signalt) = r1(t) + C(q)ra(t). With this
loop conditions [9, 10]. The proposed method, called the bigssiation the closed-loop system can be described as
eliminated least-squares (BELS) method, is able to estimate p .

0

unbiased plant parameters in indirect closed-loop system iden- S:y(t) = r(t) + (). (1)
tification. In [5], it has been shown, based on the work of 1+ CGy 1+ CGo

[6], that the bias-eliminated least-squares estimator propogedarametrized process model is considered

in [11] for open-loop system identification is identical to a ba- Bla-10 bia—1 4t bog—T

sic instrumental variable estimator. For the closed-loop ideng : G(q,0) = ((.0) _ _big” 4+ bug (2)

—1 - -1 .. —-n
tification case, the BELS method is analysed in [8], where a Alg™,0) T+ ag™ 4+ ang o
relation is shown with a particular (and rather complex) fré&nd the process model parameters are stacked columnwise in
quency weighted IV method, applied to the input and outptite parameter vector
measurement data, gathered under closed-loop conditions. O=[a - an b - bn}T c R2". ©)

In this paper, it will be shown that the closed-loop BEL%he real planti, is considered to satisfy

method is equivalent to a so-called tailor-made instrumental 0 )

variable method, where the predictor for the closed-loop sys- Golq) = Bo(q™)
Aolg™1)’




while in these expressions™! is the delay operator, and thee.g.

numerator and denominator degreejs The m-th order con- M1 0 -+ 07
troller C'is assumed to be known and specified by ’
1
Qla™) qo+ag '+ +agmg ™ : 0
Olg= Q) _ dor i E—
() +p1g A+ pmg Pe=|,. 1 (12)
with the pair(P, Q) assumed to be coprime. The closed-loop 0o . I m
transfer function (1) can be rewritten in polynomial fraction _ _ ' _
form : ' o
LO - 0 pm]
0 1
y(t) = A*Bl'r(t) + AT)Z§(f) () P, e R"2*"is also a Sylvester matrix defined by
with £(t) = AgPu(t). The polynomialsBY and A%, will B _ P,
generically have orders, -+ m. T 100s nmyxnl
For parametrizing the closed-loop transfer funct@g/ (1 + . .
CG)) the following model structure is used 3 Bias-eliminated least-squares method

1 _ 1 . The bias-eliminated least-squares method (BELS) for closed-
Balg™,0) =g+ -+ Brog™™” ©) loop identification as discussed in [9, 10] is designed to pro-
Aa(@h,0)=1+a1g7 ' + + anpmg "™ (7) vide an unbiased estimate for the process mé&tel 8), while

pertaining to simple algorithmic schemes as the linear regres-
and the closed-loop parameters are collected in the paramegten type of estimates. Accurate noise modeling (i.e. finding

vector an noise-shaping filter that models the disturbance signial
’ not considered part of the problem. The method comprises the
0= [a" p7] following main steps:
= [041 c Opym B ﬁrB} T e RVmire - (g)

¢ Estimate an ARX model for the closed-loop system (5) on

Forrp > (no + m) the closed-loop model structure will be the basis of data andy; this estimate is denoted l&y;,.

flexible enough to exactly represent the reference to outpule This estimate generally will be biased due to the fact that
transfer function in the closed-loop system (5). &(t) in (5) will not be white noise; however the bias on
B.(q71,055)/Aq(q™,0;5) can be estimated and sub-

The bias-eliminated least squares method that is considered in .
tracted from the closed-loop estimate;

this paper attempts to estimate the process parameters by an
indirect Closed-loop identification. This means that the closed-o The corrected C|Osed-|oop parameter is converted to an

loop transfer function (5) is identified, after which process pa- equivalent open-loop process parameter by solving for (9)
rameters (3) are determined. in a least squares sense.

The relation between (open-loop) process parameters and
closed-loop parameters is determined by the linear eqdatiod Short

CLdata — éls — écorr I ébels
O =M0+ P (9) ARX Computation LS

wherep is a known vector and/ is a known full-column rank ARX estimate

matrix, given by
An ARX estimate for the closed-loop system is obtained

_ Pc QC (n+m+re)x2n through N ~ 1 a
M= (o Pc) SR (10) O1s(N) = R (N) ™ Ry (N)
p=(1 -+ pm 0 - 0) eROFmETE) - (17) where
R 1 X -
P., Q. € RM+tm)xn are Sylvester matrices expanded by Ry (N) = NZ@@)@ (t) (13)
1 p1 -~ pu) and[g @ --- ¢u] respectively, t:;,
A 1
N)=— t)y(t 14
INote that in [9, 10] the corresponding equation is writterGas= M6 — Roy(N) N Z@( Jy(t) (14)

p; the difference in sign is due to the fact that in the mentioned references
denominator parameters appear with a negative sign in the parameter vectqrét) = [—y(t—1) --- — y(t—n—m) r(t—1) --- r(t—rp)]".



Bias correction e m < n (see [10]). By choosings = m + n the number
of equations in (16) is not sufficient to uniquely determine
A. In[10], this is solved by applying a dynamic prefilter
to the reference signal such that effectively a system with
higher numerator degree is estimated. This is equivalent
to simply choosing'g = 2n, thus obtaining the situation
éls(N) =0, + R;;(N)ng(]v) (15) tpat (16) is uniquely solvable fORyg(N). An estimate
A(N) can then be constructed according to

The bias correction principle is based on the following reason-
ing. If the ARX model structure is rich enough to capture all
dynamics of the closed-loop system (i.e. if the system is in the
model set), then

where, is the coefficient vector of the real closed-loop plant,
and

pp 0 0
HT [64(N) —p] . (18)

—1
N p—1 In+m T H—1 In+m
. 1 A(N)=R (N){ H*R,L(N)
Ree(N) = 5 D 0(DE(). W
t=1
Then, under minor regularity conditions on the data, the least

squares estimat®;; (V) is known to converge foN. — oo compining both situations it appears thatcan be set to
with probability 1 to

@?S =0+ R;;ng

with The bias elimination can now be performed by constructing the
B . corrected closed-loop parameter vector
Ryp = Ep(t)e (t)

rp = max(2n,n +m).

Rye = E(p(t){(t), Ocorr(N) = éls(N) - A(N) (19)
where the notationy := limy_ %E is adopted from the Finally the plant parameterestimaﬁ@ls is obtained by solving
prediction error framework of [3]. (9) in a least squares sense
As the noise disturbancgis assumed to be uncorrelated with . A
the reference signal, the bias in the asymptotic estimate is Obers(N) = (MT M) "M (Ocorr(N) — p).  (20)

iven b
J y It has been shown in [9, 10] that this resulting parameter esti-
. - —1 | Intm mate is asymptotically unbiased.
A" =R Ry = R} [ . } Rye. ymp y

Based on this expression, an estimate/fds obtained by con- 4  Tailor-made |V identification
sidering )
4.1 Main result
A(N) = R;;UV) [Inam} Rye(N). In the first step of the BELS method the closed-loop system
is estimated with a general ARX (black-box) model structure.
The unknownRyg(N) in this relation can be obtained by theHowever as we know that the closed-loop system has a partic-
following reasoning. ular structure (1) with a known controll€r, this structure can

As matrix M in (9) has full column rank, there exists a fuIIals:o be imposed on the parametrization of the closed-loop.

column rank matrixd € R(»tm+rs)x(m+rs—n) that satisfies When defining
HT M = 0. Multiplying equation (15) byr7” and using equa- B
tion (9) for @y , it follows that Ba(g™,0) = B(q~",0)P(¢"") (21)

. I ) . Aalg™,0) = Alg ", 0)P(¢)+B(¢ ", 0)Q(a™) (22)
TR | 57| fus) = (60,8 ). (19
a parametrization of the closed-loop system has been obtained,

This is a set ofn + rp — n equations withn + m unknowns in terms of the process parametérsin the literature this is
in Ryg(N). There are two situations to be distinguished known as a tailor-made parametrization, and has been applied
before in prediction error identification with least squares cri-
e m > n (see[9]).rp is chosen according tog = n +m, teria, see e.g. [7, 2].
and _equat|on.(16) is an overdetermined §et of equatioQgyt the main result is formulated.
that is solved in least squares sense, leading to

- (V) Lnim HTI%—l(N) - * Proposition 1 Consider a data generating system according
0 i 0 to (1), such that the closed-loop system is asymptotically sta-
HT [@zs(N) _ p] (17) bI_e, and_conS|der the BELS esumﬁgls(N) given by (20),
with rp = max(2n,n + m), andr persistently exciting of suf-
with (-)* denoting the matrix pseudo-inverse. ficiently high order.



Define the weighted tailor-made IV estimaﬁl;e,p(N) as the connection between IV and BELS estimators has been stated,
solution to the set din equations the equation error can be written as

elt,bi.r) = y(t) = 0" (O)(Mbivr +p).  (27)

N
—Z (t, 050 7)1 (23) _ o _ o
N =1 This equation can be simplified by analyzing the constituting
e(t,0) = Au(q~ 2, 0)y(t) — Bulg™",0)r(t) (24) expressions. At first, it can be noticed that the controller de-
‘ ’ nominatorP(g~1) can be used as a prefilter for the outp(tt).

n(t) = Fe,(t), FeR™ > (25) Then, with »
With o, (1) = col [r(t —1) - r(t—r5)]  (26) y(t) = Pla)y(t) (28)
it follows that
with () =y(t) =" (t)p (29)
) o The second expressiast (t) M can be rephrased by consider-
F = Ign in the situationm S n, and |ng the p|ant description
F=MTRY (R, ,RY ,)~!inthe situationmn > n. y(t) = »T ()00 + Ao(q~ v (1),
Then with
Opers(N) = B0, 1 (N). Y(t) = [yt —1) - —y(t —n)

u(t —1) --- u(t —n)]T € R*™,

Proof. The line of reasonning of the proof is given in the P A filtered version this reads:
pendix and a full proof can be found in [1].

y(t) =97 ()0 + Pg~")Ao(g™ o) (30)
Remarks wherey(t) := P(g 1) (t). Similarly,

T -1 -1

o If the order of the process model exceeds the controller y(t) =" ()(Mbo + p) + P(q~ ) Aolg™Ju(t)

order (» > m), the parameter estimate is a simple tailofgading to

made |V estimate, where the closed-loop prediction error

is made orthogonal to delayed versions of the external ref- g(t) = T ()Mo + P(qg ") Ao(g~H)v(t)

erence signal. Related estimation algorithms based on a

least squares criterioly., £2(t,6) have been consideredWhich combined with (30) shows that

in [7, 2]. The indicated equivalence greatly facilitates the DT () = LM

understanding and analysis of the BELS-estimator. More- =¥ '

over, it also allows the analysis of the estimator undgjsjng this expression in (27) leads to

conditions where the real process is not considered to be

present in the model set. Note that in the formulation of e(t,050.7) = G(t) — DT ()00 p. (31)

the main result it isotassumed that, has order. ) ) )
For a further interpretation two cases have to be considered,

e In the situationm < n, it is suggested by [10] to intro- according to the orders of the controller and the system.
duce an auxiliary filter operating on the reference signals
in order to increase the number of numerator parameters
to identify. Here it is shown, as was also indicated by [8];
that this dynamic prefilter is superfluous. The probler)
can be handled by simply choosing = 2n, i.e. by de-
liberately enlarging the number of numerator parameters R _—0 (32)

. ©r€ .
to estimate.

asem < n. If the controller order is smaller than or equal
the system order, it has been stated thas equal to the
identity matrix and the tailor-made IV estimate satisfies

By substituting (31) in (32), this yields
e Whenm > n, the estimator is obtained by using a linear

combination of delayed samples of the reference signal, to Ry.5— Ry g0ivr =0. (33)

act as an instruments in the IV estimator. _
If the signalr(t) is persistently exciting, of sufficient order, the

squared matrnR . € R¥***" s invertible and thus the IV
estimate is given by

In 0[der to interpret the role of matrix’, let us analyse 5 -1 p 34
e(t,Ope1s), the equation error of the BELS estimator. As the ery (34)

4.2 Interpretation of matrix F



Casem > n. Inthe case where the controller order is greater equivalently,
than the system order, the vector is made up of(n + m) - o
components (see the proposition). It follows that the matrix y(t) =4~ ()0 + £(1). (41)

_ (n+m)x2n ; H : E i _
By, e R 'S n.OF mvertlble: Thus, tfje MaNX 1S 116 definition ofy(t) andy(t) assume that a delay is operating
added in order to make it invertible, i.e. to make ; regular. on the loop, due to a hold. Then, a weighted optimal IV esti-
In this case,F is equal oM™ RY _(R,,,R% ,)~' and the mator operating on the plant input and output signals is denoted

tailor-made IV estimate satisfies by
R ew(N) - (GTWivG)_lGTWiUﬁ (42)
Rpo .. =0. 35
Feor (35) where
By substituting (31) in (35), it follows | XN B
. o G=52_ =" (®) (43)
RFcp,.'g - RFg;,,djeiv,F =0. (36) t=1
N
If () is persistently exciting of sufficient order, the matrix 5 — 1 Zz(t)gT(t) (44)
Ry, g € R?"2"isinvertible and the IV estimate can be writ- N
ten as i Al 37 zt)=|rt—-1) - r(t—n-— m)]T e R"™™  (45)
R R S (37) W, is an optimal weight (46)

The matrixR,, ; can be regarded as the product of two mand itis stated in [8] that

i D _ 2n X (n+m) D (n+m)x2n ~ ~
tricesF' andR,, ;. F'€ R andARWw eR . Bi(N) | —sr5-1= Opers(N)
have both rankn. Thus, the product'R,, ;, or equivalently

Rp,, ;. is squared (dimensiors: x 2n) and has ranirn. With § = [0 Injm] Ry (N)M(MTM)~', assuming that it
is non singular.

5 Relation with other work In the proof of this result the property is used that both

) ) ) weighted IV and BELS estimators can be written as
Recently it was claimed in [8] that the BELS method of [9, 10]

when applied to closed-loop data, is equivalent to a particular Opers(N) = 0 (N) = (K — CD™1E)p (47)
frequency weighted optimal IV estimator. In this analysis use
is made of earlier results from [6], in the open-loop context. Where

However, the estimator analysed in [8] is different from the & _ (MTM>—1MTR—1(N> <In+m) € R2x(n+m) (4g)
BELS estimator of [9, 10] as will be indicated next. e 0

In [8] the following situation is considered. K= (MTM)—lMTR;;(N) (I 0 ) € R2nx(ntm) - (49)
n+m
D= HlTR;;(N) (Ina»m> € R(n+m)x(n+m) (50)
rg=n-+m (38)
M is given by equation (10) = HlTR;;(N) (I 0 ) c R(rtm)x(n+m) (51)
n+m

The matrix, perpendicular to M is chosen as
. . (ent2m)x (n4m) However, equation (47) only holds true if matiixis invertible
Hi M =0 with H; eR ; (39) (and thus square). This implies that matfx has dimensions
) o . (2n + 2m) x (n + m). In the method of [9], as considered in
where in the situatiom > n, H; has a smaller column dimen-ihig paper, the matri&l has either dimensior(@n +2m) x 2m
sion than the matri¥{ used before in this paper. As a resu"(situationm > n) or (3n-+m) x (n+m) (situationm < n). As
this leads to an estimator different from the one consideredi{bse dimensions do not match with the dimensiotiof the
the paper [9]. method developed in [8] gives consistent estimates but can not
In order to app|y the reasoning of [6] in the C|osed_|00p Corli).e associated with the BELS estimator considered here, neither
text, a linear regression has to be found between the closétthem > n case, nor in then < n case.
loop regression vectap(t) and the open-loop ong(t). As
a result, the filterP(¢—') is used to change the affine magg Conclusions
(©g = M6y + p) into a linear one” (t) = MT¢(t)). Then,
the prefiltered open-loop system relation are defined by It has been shown that a bias-eliminated least-squares (BELS)
estimator for closed-loop identification is equivalent to an in-
P(g YHyt) = P(¢gHyT ()8 + P(¢ ) Age(t).  (40) strumental variable estimator, where the predictor considered



reflects the closed-loop system, and where external refereAqgpendix

signals act as instrumental variables. This requires a tailor- . ) A
made parametrization of the closed-loop system, as has bB&Of Of Proposition 1. The equations that constitug.;
used in the literature before in a least squares setting. The r&@gg collected in the following set of equations:

tion between BELS and IV greatly facilitates the understanding Opets = MOyers + p (52)
and analysis of the former method. . A
g brete = (M" M)~ M Deorr — p) (53)
A CA1A A
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