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Abstract

The paper considers the problem of identifying uncer-
tainty model sets, defined by an approximated model
of the plant to be identified and a frequency domain
bound on the modeling error. It is supposed that
the measurements consist of time domain samples, col-
lected in closed loop operations and corrupted by a
power bounded noise. The model is supposed to be
used for robust control design, whose performance is
measured by a given closed loop Hy norm, and the
“goodness” of the model is measured by the discrep-
ancy between the closed loop performance predicted by
the model and the one actually achieved on the plant.
It is shown that identifying a model minimizing this dis-
crepancy is equivalent to finding the best approximated
model of the dual Youla parametrization of the plant in
a suitably weighted Ho norm. Then, an optimal uncer-
tainty model is derived for the dual Youla parametrized
plant, from which an uncertainty model for the actual
plant is obtained. Such uncertainty model is finally
used for designing a robust controller and evaluating
the closed loop performance that can be guaranteed
when the designed controller is applied to the actual
plant.

1 Introduction

In the past few years, a growing attention has been
devoted to set membership methodologies for system
identification (see e.g. {1, 2, 3, 4]), largely motivated by
the important progress in robust control design realized
in the 80’s.

Robust control methodologies aim to design controllers
guaranteeing to meet the specifications not for a single
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nominal model, but for all models obtained by given
perturbations of the nominal model. Such model set,
called uncertainty model, is introduced to take into ac-
count that models derived by any identification method
are always affected by uncertainty. A quite popular
class of uncertainty models is obtained by considering
dynamic perturbations, bounded in the frequency do-
main. The simplest case is the additive uncertainty

model M defined as the set:
MM W)= {M(z)+A(z) : " WA,;I(Z) A(z)”oo< 1} (1)

where M (z) is the transfer function of the nominal
model, A (z) is the transfer function of the perturbation
and Wyy (z) is a known transfer function. A large body
of literature is available for designing robust controllers
for such uncertainty models. However, in most practi-
cal applications, such models are not directly available
to the control designer and have to be identified from
actual measurements on the unknown process P, to
be controlled and from available prior information (or
assumptions) on Py and on the noise corrupting the
measurements.

Since the final goal is to guarantee high performance
of the controlled plant, it is of relevance to provide an
uncertainty model able to achieve this requirement. In
[, 6] it is shown how to derive tight uncertainty models
and evaluate the performance that can be guaranteed
in closed loop on the true plant Py, using open loop ex-
periments. The methods used in those papers need that
the plant Py to be identified is asymptotically stable.

In this paper, a method is proposed to achieve the same
goals using closed loop experiments, thus allowing to
identify uncertainty models for unstable plants. An
approach is followed that is closely related to the one
in [7}. Here, in particular, the focus is on deriving
tight uncertainty models for the case of measurements
corrupted by power bounded noise.

Another interesting feature, shared with few others pa-
pers (e.g. [7, 8, 9]), is that the uncertainty models are
tuned to the closed loop measure of performance that
is underlying the control design.
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2 Problem formulation

As a general set-up, the linear time-invariant finite-
dimensional feedback interconnection of Fig. 1 is con-
sidered, where u and y are the measurable input and
output of the plant, r; and r, are reference signals and
e is a disturbance signal.

At

Figure 1: Feedback configuration.
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A performance function of a closed loop configura-
tion composed of plant P; and controller C' is a sys-
tem property, such as a step response, a sensitivity
function, a complementary sensitivity function, etc.
This control performance function can be formalized as
an element J (P, C) in some normed (Banach) space.
The control performance cost is then measured by the
norm ||J (Po, C)||, and a corresponding control design
method will provide a controller that minimizes this
cost. Many control design methods are based on the
minimization of a particular performance cost. In the
paper, the following ones are considered in detail [10]:

- Mized sensttivity optimization. The mixed sensitiv-
ity design is reflected by the choice

Vi(l+PC)™! 2x1
VoPoC (I + Pyt | € Tl
(2)

with weighting functions Vi, Va2 € RHo, and
the corresponding control performance cost is
II7 (Po, C)llo- In the sequel, RH, denotes the
set of real rational stable transfer functions.

- Hy, design based on robusiness optimization. This
control design scheme proposed in [11} is re-
flected by the choice

J (P, C)=

J(P,,C)= {1;"] (I+CPy) '[C 1] eRHE?
3)

and the corresponding control performance cost
is ||7 (Po, O)lleo -

For given model M and controller C' designed on the
basis of M, it holds that:

HIT (M, Clse = 17 (Po, €)= T (M, C)los, | <
< IV (POl <
< (M, Olle + 11T (Po, C) = T (M, C)l|,

(4)
The following terms can be distinguished:

|7 (Ps,C)|\,, is the achieved performance when the
compensator C is applied to the true plant Py;

|7 (M,C)||,, is the designed performance when the
compensator C' is applied to the identified model
M;

[lJ (P, C) = T (M, C)||,, is the performance degrada-

€ tion, due to the fact that C has been designed
from M rather than from P;.

One aims at minimization of the upper bound of the
performance cost in (4). However, this simultaneous
optimization over both M and C' is intractable by com-
mon identification and control design techniques, be-
cause they can optimize either the model or the con-
troller, each while the other element is fixed. This
has led to the introduction of several iterative schemes
making use of separate stages of identification and con-
trol design, see e.g. [10, 12, 13] and the references
therein. In the identification stage of the i-th iteration,
a new model M; is obtained by minimizing the per-
formance degradation [|J (P, Ci—1) = J (M, C;i-1)llo,
where C;_; is the controller designed in the previous
iteration. In the control design stage, a new controller
C; is designed by minimizing the designed performance

”J (Mi!c)”oo‘

Indeed, a major motivation for iteration is due to the
fact that a caution factor is introduced in control design
based on model M; only. This factor is used in order
to prevent that the designed performance is high while
the achieved performance may be poor and even the
closed loop stability may be not achieved. The caution
factor is progressively reduced as iterations go on and,
hopefully, modeling error decreases.

In order to have a more systematic approach to deal
with modeling errors, in this paper a method is pro-
posed to derive, from measured data and suitable
prior information, not only a model M but also a
tight bounding function Wj; on the modeling error
A = Py - M. In this way, an uncertainty model
M(M, Wyy;) is obtained of the form (1) guaranteeing
that Py € M(M, Wiyy). Such uncertainty model is suit-
able to be used by robust control techniques, giving a
controller with guaranteed achieved performance.

3 Dual Youla parametrization approach

A closed loop identification approach is adopted, based
on the {dual) Youla parametrization of all plants that
are stabilized by a given known controller [10]. Given
the feedback configuration in Fig. 2, it can be shown
that, for given C stabilizing Py in closed loop, the
unique value of Ry that corresponds to the real plant
P, is determined by

Ro=D;*(I+ PoC)~" (Py— P;) Dy (5)
In the scheme, C has right coprime factorization (rcf)
C = N.D;!, P, is any auxiliary system stabilized by
C with ref P, = N,,.D;f1 and

S=D;'(I+PC)! (6)



Figure 2: Dual Youla representation of the data
generating system.

Now, defining the signals v, ¢ as indicated in Fig. 2
and writing the node equations z = D! (u+ N,v),
y = Nyz+ D.,v and u = r; 4+ Cry — Cy, it follows that:

v = (Dc+Pch)—1(y'"Pru)=
(De + PeNe) ™  y = Pz (r1 + Cra = Cy)] (7)

(Ds + CN) "t (u+ Cy) =
(Dz + CN.) " (ry + Cra) (8)

8
i

and

v = Roz + Se (9)

Signals v and z can be reconstructed from closed loop
data through known filters, provided the controller
C is known. Thus, the identification of Ry forms
an open loop identification problem based on recon-
structed measurements v, z.

The next propositions show that identifying a model
M of Py minimizing ||J (Ps, C) — J (M, C)||o, is equiv-
alent to finding an approximated model R of Ry mini-
mizing a suitably weighted Ho, norm.

Proposition 1. For given M, let
R=D'(I+MC)" " (M -P,)D, (10
Then,
- for the mixed sensitivity optimization:
J (P, Cy—=J(M,C) =
- [‘V‘:l] Do (Ro— R)D;Y(I+CP,)"'C
(11)
- for the H,, design based on robustness optimization:
J (P, C)—J(M,C)=
- [_IC] D.(Ro—R) Dz}(I+CPy)~* [C 1]
(12)

Proof. See [14].
|

In the sequel of the paper, SISO case is considered and
the identification criteria particularize according to the
following proposition, where any term of type F (w)

stands for F'(jw) or F (¢/*) in continuous or discrete
time domain respectively.

Proposition 2 (SISO case). For given M, let R as
in}é(l()). Then,

- for the mixed sensitivity optimization:
”J (PO’ C) - J(M: C)”oo =
A Ro(e) - RO
(13)
- for the Hy, design based on robustness optimization:
7 (Po,C) = J (M, O, =

Do(w)[1+|C(w)I?
D,(w)[1[+0(w)P, (l)] [Ro(w)—R(w)] l

(14)

Proof. The Hy, norm of a stable transfer matrix G is
defined as:

= sup
[

= sup
w

1Glles = sup & (G (W) (15)
where & is the greatest singular value of G, i.e. the pos-

itive square root of the maximum eigenvalue of G¥G.

For the mixed sensitivity optimization, in the SISO case
it results that, from (11):

J(Po,C)—=J (M, C) = [‘V‘f] mlifjc—m(zzo—m

and result (13) directly follows from definition (15),
since for a rank-one matrix the H, norm and the
Frobenius norm coincide.

Analogously for the Ho, design based on robustness

optimization, in the SISO case it results, from (12):
c 1 D,

P,O)=-J(M,C)= _ -

J(Po,C)-J(M,C) [—C’z -—C] D.(11CE) (Ro—R)

Since the singular values of [_002 _lc,] are o1 = 0 and
o2 =1+4]|C|?, result (14) follows from definition (15).
|

If the compensator C' is stable, a valid choice for the
auxiliary system P, stabilized by C is N, = 0 and
D; =1, and in this case N, = C and D, = 1 can
be chosen as ref of the compensator. Then the R.H.S.
of (13) and (14) can be rewritten as ||Ro —R“Zc =

sup, W5 (w) |Ro (w) — R(w)], where

- for the mixed sensitivity optimization:

Wt @) = VI @F + M @F IC@) (16)
- for the H,, design based on robustness optimization:
W5 W) = 1+C @)/’ (an

Note that this particular choice of coprime factors leads
to the situation that Ry = ﬁ%"o—c, and identification of
R, actually reduces to the indirect method of closed
loop identification.




4 Set membership identification

In the previous section it has been shown that the iden-
tification of Py is equivalent to the open loop identifi-
cation of Ry, which is stable since it is supposed that
C stabilizes the closed loop system. The SM approach
developed in recent years for robust identification of
SISO stable systems from open loop data can be used
to identify an uncertainty model R(R, W) of Ro de-
fined as the set:

R(R, W) = {R+A A W) € Wa (W), Vw} (18)

Then, an uncertainty model M(M, W)yy) of the plant
Py can be determined on the basis of R(R, Wj).

Methods for identifying uncertainty models have been
developed for various specific cases, according to the
type of experimental information (e.g. time or fre-
quency domain data) and the noise assumptions, see
e.g. [4, 10, 15] and the references therein. Here the case
of identification of SISO, linear time-invariant, discrete-
time systems using time domain data corrupted by
power bounded noise is worked out in some detail. It is
supposed that Ry is a causal, BIBO stable, SISO, lin-
ear time-invariant, discrete-time system with impulse
response hflo = {hoR”, hf°, ...}, that controller C is
known and stable, that known sequences ry, 7o are
applied and that N output samples yq,...,yn_1 are
measured.

In view of (9), the experimental measurements give the
following information on the impulse response hAfe of

Ro:

[4
ve=Y A zpp+dy, ford=0,...,N—1 (19)
k=0

where v, and z,, for £ = 0,...,N = 1, are known,
derived from measurements ry,, ro¢ and y,, for £ =
0,...,N — 1, through (7)-(8), and d¢ = 3¢ _ Afes.
For the sake of simplicity, zero initial conditions are
considered, but extension to nonzero case is easy.
The noise sequence e is supposed unknown but power
bounded, that is:

eN=Te ... eN_.I]TEBez{eNE%N: VINHCNHQ Ss}
(20)
Then sequence d is power bounded, since system S
is stable and 7117!|le|2 < sup, |S (w)] 7117 ”ean <
sup,, | D71 (w) [1 + Po(w) C(w)]" ! |e. The transfer func-
tion F(z) = [l + Py(z)C(2)]”" is not known. How-
ever, F'(z) is the transfer function from ry to f=ry—y,
N samples of which are known from measured data.

From these samples some estimate F (z) can be de-
rived and § = sup,, |D;! (w) F (w) |e can be used as an
estimate of the power bound on d.

Now the aim is to derive an uncertainty model for Ry,
consisting of a nominal model and a measure of its
modeling error. From equation (19) it follows that the

.

experimental measurements give information on hf°

only for k¥ < N. Thus, from measurements only it is
not possible to derive a finite bound on modeling error.
To this end, some prior information on R, is needed.

:To make a minimal use of prior information, a residual

type is assumed, i.e. giving constraints on the tail of
hfe only. In particular it is assumed that Ry € K R
where:

Krn={R:|h{|<Lp*, VE>N}  (21)

with known L > 0 and 0 < p < 1. For a discussion of
such type of prior information, see e.g. [16].

The Feasible Systems Set, i.e. the set of all systems
consistent with prior information and available mea-
surements, is then given by:

FSS = {hR € Kgr : \/—l-ﬁ”vN—XN Tnh® ll2 < 6} (22)

where v = [vg ... vn_1]T, Tiv is the truncation op-
erator defined as Twh® = [h{)2 hﬁ__l]T and Xy is
the lower triangular N x N Toeplitz matrix formed by
the sequence V¥ = [z ... a:N_l]T.

The F'SS is the smallest set of systems that, on the ba-
sis of assumed prior information and available measure-
ments, is guaranteed to include Ry, thus representing
the “best” possible uncertainty model for Ry;. How-
ever, this set is not in a suitable form to be used by
available robust design techniques. Then, the smallest
uncertainty model of the form (18) is looked for, such

that FSS C R(R, Wp). This is obtained by computing
R as a central estimate, i.e. the center of the minimal
ball in the || - ||ZZc norm including FSS with radius:

r= sup ||[R—R||% =inf sup ||R- R|I%e (23)
REFSS R REFSS

The quantity r is called (local) radius of information in
SM identification literature and represents the minimal
error that can be guaranteed on the basis of the given
prior information and measurements. For this reason,

R is called (locally) optimal estimate of Ry.

Then the bounding function Wy (w) is obtained by

evaluating sup pe pgg |2 (w) — R (w) |. The next propo-
sition provides the solution to this problem.

Proposition 3.

i) The central estimate R is the F IRy system with im-
pulse response hf = [hf ... AE | 0,0,..] such that:
TyhR = X5tV (24)

it) For any w € [0, 27}, it results:
LN o
VF6s (E(w) - =< sup |R(w) - R@)| <
—P  ReFSs

< V65 (5 (w)) + %
(25)



where & (L(w)) is the maximal singular value of Z(w) =
Oy (@) X5, Qv (w) = [Re(Un(w))T Sm(y ()T
and ¥y (w) = [L eI g=I2 | ¢=i(N-1)w],

Proof. From definition (22) of FSS, it follows that (I

Tn)FSS = (I - Ty)Kg and TyFSS = {h¥ € ®V .
(hN - XNl N)TXTX (hN X1 N) < N52} which

is an ellipsoid with center in Xy ~ oM. Then it follows

that R is a center of symmetry of FS S Thus, i) follows
from the well known result that a center of symmetry

of a set is its Chebiceff center in any norm, see e.g. [17].

Let RN (w) be the z-transform of Ty A®. Then:
sup |R(w)~RNw)|-$5 < sup |R(w)-Rw)| <
ReFSS ReFSS

< sup |R(w)-RNw)l+
REFSS

Since R(w) — RN (w) = \IIN(w)TN(hﬁ — h®) it results
|R(w) — RN (w)| = ||@n(w)Tw (BT — AR)||5. Then:
sup |R(w) - RN ()| =
REFSS
= sup W @)X 5 N =T Ao =
AR v N-XNThR||2< VNS
= sup Qv X5 AVl
aN:{|aV |2 VNS
(26)
The R.H.S. of (26) is v/N§ times the induced £; norm
of matrix X (w) = Qn (w) X5, which is well known to
be & (X (w)), thus proving ii).
n
An uncertainty model ’R,(R, Wjy) can be obtained by
taking R as given by 1) of proposition 3 and
_ LpN
Wy (w) = VN6& (Z (w)) + - (27)
Note that L and p represent some information about
the “memory” of the closed loop system. If the dura-

tion of the experiment is not shorter than the “mem-
ory” of the closed loop system, as needed for obtaining
N
acceptable identification errors, then the term %f—p is
typically negligible with respect to VNé§s (Z (w)). If
this is the case, the derived uncertainty model is close
to be the smallest uncertainty model of the form (18)
guaranteed to include Rg.

Given the uncertainty model R(R, W) of Ry, the cor-

responding uncertainty model M (M, W) of the plant
Py is then given by the following proposition.

Proposition 4. If C is stable then, with the choice
N:=0,D;,=1,N.=Cand D, =1:

RyER(R, Wy) & Poe M(M,Wy) (28)

where
. 1 (1- CR)"
M = = - -1 (29
@) c<|1_cmz_|cpwg )( )
W
W, = R 30
@) = T oE e (30)

Proof. See [14].

-——0—, but R # A/IA .

+ Pl 1+ MC
Making use of such uncertainty model, a new compen-
sator can be designed, using robust design methods.
For example, H, design techniques allow one to com-
pute a controller C'aq such that

Cpm = arg min 17 (M,C)|loo (31)

Note that Ry =

where C,, is the set of all controllers guaranteemg ro-
bust stability with respect to any system in the uncer-
tainty model M(M, Wy;).

Standard H,, design techniques require that model
M and model perturbation bound Wy, have rational
transfer functions. Then, W has to be chosen as a
rational transfer function overboundlng (27), by using
e.g. the method in [18]. Its order has to be kept low
because it affects the order of M and of Wy, which in
turn affects the order of Caq. Indeed, even 1f the order
of Wy is kept low, the order of Mis large, greater than
N, since R has transfer function of order N. If a low
order model is desired, order reduction techniques can
be used to derive from R an approximated model R,
of order n < N. In particular, the closed loop approxi-
mation method [19] may be appropriate here. Estimate
R, is no more optimal, giving the identification error:

E(R.)= sup ||Ra—R|%¢ =ar (32)
ReFSS

where a > 1 measures the degradation in the identifi-
cation error with respect to the radius of information,
which is the minimal guaranteed error. Straightforward

computation gives:

|1 2n — R|e 33
\/—6supr W) & (T (w)) ~ &= (33)

As n — N, R, is close to be optimal, i.e. @« — 1.
Indeed, typically it results that yet for moderate values
of n, ||R, — R||%c is small with respect to  and then
axl

a<l1

In order to derive an uncertainty model of the form
R(Rn, Wy, ), a bound on |Rn (W) — Ro (w) | is needed.
The followmg result directly follows from proposition 3.

Proposition 5. For any w € [0, 27], it results:

VN§3 (2 (w)) — $£5 = [Rn (w) ~ R(w) | <
< sup |Rn (w) - RWw)| <
ReEFSS N A A
< VN6G (B (W) + 35 + |Rn (w) = R(w)|
(34)
n

Typically, the above bounds are sufficiently tight for
practical purposes. If needed, tighter bounds can be
derived by use of theorem 2 of [16].



By use of proposition 4, a “reduced order” uncertainty
model M(M,, WM,.) for Py can be derived from the

“reduced order” uncertainty model R(Rn,W ) for
Ro, where Wj_(w) is a rational transfer functlon over-

bounding the R.H.S. of (34). A “reduced order” robust
controller can be derived using in (31) the uncertainty

model M(M,, Wy )- Since it may be convenient to

choose n so that ||R, — R||%< is sufficiently small to
ensure that o ~ 1 and the bounds of proposition 5 are
reasonably tight, the complexity of the obtained con-
troller may be not as low as desirable. Then, order
reduction techniques can be used to derive a controller
C% of further reduced order. The performance degra-
dation due to the use of the reduced order controller
instead of the full order one Cx4 can be evaluated by
considering the robust performance J(C%,) achievable
by C%, defined as:

J(CM)=  sup
MeM(M,W )

I7(M, Cia)lleo  (35)

Robust performance J(C%,) is the minimal perfor-
mance that it can be guaranteed, using the available
information, when controller C’y is applied to the un-
known plant Py. A method for the computation of
J(Cr4) is proposed in [9], requiring a sequence of p-tests
which may be computationally demanding. The follow-
ing proposition gives bounds on J(C%,) that can be eas-
ily computed. Alternative bounds can be foundin [7].

Proposition 6.

1. CElleosup W) [VN67 (26)) + 125 | <

<T(Ch) <
17V, CRo)lloortsup W5 ) [V 65 (S)+ 455
(36)

Proof. From propositions 2 and 4 and from (27), the
next inequalities directly follow:

J(Ch)= sup (MGl <
MeM(MW,;,)
<IHMCEoot  sup  IHMCRe) = I(M,Cig)lleo
MeM(MW;)
= MM,CL)lloot  sup  supWg'(w) |R(w)—R(w) |
RE’R(RW)“’
—HJ(MCM)Hoo+suchl(w) sup  |R(w)~R(w)|

RER(R,W)
~ N
<TG oot sup Wz ) [VIVS3 (2(0))+ 525

Since analogous inequalities hold for the lower bound

of 7 (C?%,), the claim (36) is proved.
|
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