688

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 12, NO. 5, OCTOBER 2004

Input Selection for Nonlinear Regression Models
Radek Šindelář and Robert Babuška

Abstract—A simple and effective method for the selection of significant inputs in nonlinear regression models is proposed. Given a
set of input–output data and an initial superset of potential inputs,
the relevant inputs are selected by checking whether after deleting
a particular input, the data set is still consistent with the basic property of a function. In order to be able to handle real-valued and
noisy data in a sensible manner, fuzzy clustering is first applied.
The obtained clusters are compared by using a similarity measure
in order to find inconsistencies within the data. Several examples
using simulated and real-world data sets are presented to demonstrate the effectiveness of the algorithm.
Index Terms—Fuzzy clustering, fuzzy modeling, input selection,
regression models, similarity measures.

I. INTRODUCTION

R

EAL-WORLD modeling problems in the fields like data
mining or system identification involve a large number
of potential inputs. The number of inputs actually used by the
model must be reduced to the necessary minimum, especially
when the model is nonlinear and contains many parameters
(such as a fuzzy or a neuro-fuzzy model). Input selection is
thus a crucial step with the aims of: 1) reducing the model’s
complexity, 2) removing inputs that depend on other inputs, 3)
removing “noise” inputs that do not contribute to the output.
For dynamic systems, the input-selection problem also includes
the choice of the model’s order (number of lagged inputs and
outputs used as regressors) and the number of pure time delays.
Linear methods, like the analysis of correlations and auto-correlations, principal component analysis (PCA) and least-squares
methods are well known tools in linear regression modeling.
However, in real-world applications, which are almost always
nonlinear, these tools often fail to discover the significant inputs. Hence, input selection methods for nonlinear systems have
been studied. The methods found in the literature can generally
be divided into two main groups.
• Model-free methods, which do not need to develop models
in order to find significant inputs. These methods use the
available data only and are based on statistical tests, properties of functions, etc. For instance, the method proposed
in [1] exploits the continuity property of nonlinear functions. The so-called “Lipschitz coefficients” are computed
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in order to find the optimal order of input–output dynamic models. Another method, proposed in [2], is based
on estimating the model performance directly from data.
These methods are based on successively extending the regressor set by including additional lagged inputs and outputs. Hence, they cannot be applied to input selection in
static problems or in dynamic problems in which some of
the regressors are not expected to be included, due to transport delays, for instance.
• Model-based methods, which use a particular model in
order to find the significant inputs. The Akaike’s information criterion (AIC) [3] is often used for linear models.
Models with different sets of input variables are compared
and the model that minimizes the AIC is selected. Input
selection for nonlinear systems is often based on heuristic
criteria. A relatively simple and fast method was proposed
in [4] for the ANFIS learning algorithm. Initially, a set
of models whose inputs cover all potential candidates are
generated. After one epoch of training, only models with
the lowest root-mean-squared error (rmse) are developed
in the next epoch because of their expected potential to
achieve lower rmse after more epochs. Although this
method was developed for the ANFIS fuzzy system, the
same idea could possibly be used for other (neuro-) fuzzy
systems. The authors of [5] proposed a method based
on “fuzzy curves” that represent the sensitivity of the
output with respect to the inputs. Also, methods described
in [6]–[8] use the sensitivity of outputs with respect to
inputs. In [8], the framework of neural networks is used
and, in [7], the sensitivity analysis associated with the
system’s structure is exploited. The regularity criterion
based on dividing a data set into two parts was used in [9].
An algorithm for finding relevant attributes is proposed
in [10]. All the above-mentioned methods, except for
[10], need to develop fuzzy models in order to compare
them and select the relevant inputs. Such an approach is
very time consuming and the result may be biased by the
choice of the fuzzy model type and structure.
The method proposed in this article is model free. No specific
model structure is assumed and the relevant inputs are found directly from input–output data by using geometric concepts and
the basic property of a function. We apply fuzzy clustering to
partition the data samples into fuzzy subsets and subsequently
we use a similarity measure to quantify to what degree the data
violate the property of a function. In this way, the potential inputs can be ordered according to their relative importance. The
final interpretation of the result and the definitive selection of
model inputs is done by the user. We found this technique to
be less sensitive to noise and other disturbances in the data than
the methods based on Lipschitz coefficients, which exploit the
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continuity property of functions. In addition, an arbitrary subset
of regressors can be analyzed by means of this technique. This
is an advantage over methods based on Lipschitz coefficients
[1] and false nearest neighbors [11], [12] which can only assess
subsets of consecutive input and output lags.
This paper is organized as follows. First, the notation is introduced in Section II, which also gives a simple motivating example. Section III describes a fast clustering algorithm which is
then used in the proposed input-selection technique. Section IV
explains how the similarity of clusters is measured and also describes the algorithm. Section V gives a number of examples
using both simulated and real-world data. Note that the problem
of constructing fuzzy models is not addressed in this article.
II. PROBLEM STATEMENT
Many nonlinear static and dynamic processes can be represented by the following regression model [3]:

where the regression vector

is given by

The integer parameters ,
are related to the dynamic
is a nonlinear function we
order of the system,
wish to approximate. The total number of regressors is de. This model is known as the nonlinear
noted by
auto-regressive model with exogenous input (NARX). The
aforementioned single-input–single-output representation can
be assumed without a loss of generality as the extension to
multiple-input–single-output, multiple-input–multiple-output,
and dead-time systems is straightforward.
Given the sequence of available input–output data pairs,
, we construct the regressor matrix and the regressand vector according to (1), as
,
shown at the bottom of the page, where
and
. Further, we denote
the th row of , the th row (element) of and
by
the th element of . The aim of the modeling exercise is
to approximate the unknown function . It is assumed in this
paper that the inputs used to obtain the data sequence
are
persistently exciting [3] up to the order of the dynamic system.
as a concatenation
Define the matrix
of and
(2)

..
.

..
.

..

.

..
.
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For the moment, suppose that the relation between the inputs
and the output is a function (i.e., there is no noise in the data).
The main idea of the algorithm proposed in this paper stems
from the following basic property of a function.
,
Property 1: If is a function such that
, then
,
It is said that the matrix is consistent if Property 1 holds
for all pairs of its rows. It is assumed that all inputs needed to
construct the model are initially contained in . Besides these
also may contain variables that do not contribute to
inputs,
the output. The potential inputs can thus be divided into two
subsets: relevant inputs, which are essential for describing the
functional relationship between the input and output variables,
and redundant inputs, which do not influence the output. The
basic idea is to find the most relevant inputs by successively
and checking whether the reduced
removing columns from
data set is still consistent (i.e., Property 1 holds). If a relevant
variable is removed, Property 1 can be violated and the data set
is no longer consistent.
Denote by the number of distinct rows in that violate
Property 1, i.e., rows for which it holds that:

Further, denote by
the number of distinct rows of . This
number indicates how many independent data samples are available to estimate .
After removing column from (the th input variable is
is obtained.
removed from the input space), a new matrix
is denoted by
and the
The number of distinct rows in
number of rows violating Property 1 is denoted by . One of
the following three situations will occur.
and
. This means that the removed input
a)
is redundant and can definitely be left out.
and
. This means that the removed input
b)
is redundant and its removal leads to the reduction of the
data set size (which is a more favorable situation than case
a).
and
. This input is significant and may
c)
not be removed from the input space.
Now, we are ready to formulate the basic (naive) version of the
input-selection algorithm. We call it naive because it only works
for noise-free data and it assumes that the (in)equality of data
vectors can be established. In the sequel, we extend the algorithm to the realistic situation with noisy real-valued data.

..
.

..

.

..
.

(1)
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TABLE I
RESULTS OBTAINED IN THE INDIVIDUAL ITERATIONS OF THE ALGORITHM (EXAMPLE 1)

TABLE II
RESULTS OBTAINED IN THE INDIVIDUAL ITERATIONS OF THE ALGORITHM (EXAMPLE 1)

Basic Input-Selection Algorithm
1. Construct an initial data set such that certainly contains
the relevant inputs (and possibly many redundant inputs). For
and .
this data set, compute
, create
from and compute the corre2. For
and .
sponding
3. Find the index for which it holds that
and
is minimal. If there is no such , stop, otherwise permanently
remove the th column from , decrement and remove from
also the redundant rows. Go to step 2.
It is important to realize that the input variables must be removed iteratively one by one. If there are, for instance, two
columns containing the same information (e.g., they are linearly
dependent), in the first iteration both will seemingly appear as
redundant. The importance of one of them will only become apparent after removing the other one.
Ties in step 3) of the previous algorithm are resolved by removing the column with the largest index. In this way, the user
can include prior knowledge or impose certain preference by
arranging the potential regressors in the order of decreasing
importance. If there is no preference, ties can be resolved at
random.
Furthermore, note that the data pairs causing the inconsistency do not necessarily have to be present in the data set. This
will typically be the case when the number of inputs is large. In

(for
order to reduce this problem, the input with the lowest
) is permanently removed. This quickly reduces
which
the size of the data set and the chance of discovering inconsistencies increases. Let us illustrate this algorithm with the help
of two simple examples.
Example 1: Consider the following nonlinear static function:

The potential input variables are selected as follows:

where
are additional uniform random variables. The data
set contains 500 uniformly randomly generated samples where
. Results obtained after the individual iterations
are shown in Table I. The symbol “ ” means that the input was
removed from the data set in that particular iteration. Note that
the algorithm indeed identified the true inputs of the model.
However, if we change the order of the input variables in
in the following way:

the results are different as one can see from Table II. Instead of
and , their linear combination was chosen.
input variables
This is because the data set is relatively small and this choice did
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TABLE III
RESULTS OBTAINED IN THE INDIVIDUAL ITERATIONS OF THE ALGORITHM (EXAMPLE 2)

not result in any conflicts in the data. A detailed discussion of the
limitations of the proposed approach is given later in Section VI.
Example 2: Consider the following nonlinear dynamic
system:

product space we will use fuzzy clustering and similarity measures to assess the (approximate) equality of data samples.

(3)

To cluster the data, a number of standard algorithms can be
used. The most important criteria for the choice of a suitable
algorithm are the ability to quickly cluster a large number of
data samples (up to say tens of thousands) into a relatively large
number of clusters (around 10% of the number of data samples). The number of clusters is not known a priori. In this sense,
clustering algorithms based on the minimization of an objective
function (such as the -means algorithm) are not suitable.
We use an algorithm similar to the self-organizing Kohonen
network [8]. The data set is normalized such that all variables
. The clusters are
are contained in the unit interval:
represented by Gaussian membership functions of the following
form:

where
means rounding the argument toward the nearest integer. The inputs and outputs can only attain integer values from
. The goal is to find
the following set:
the regressors in (3), given only the time series of input–output
obtained by simdata pairs
was constructed by
ulating the system. The initial matrix
and
. Table III shows
using the regressors for
the results obtained in five iterations of the algorithm. One can
,
and
were selected as
see that inputs
the most significant ones. This result corresponds to the original system (3).
This basic algorithm has several limitations.
1. The data must be discrete in order to establish (in)equality of
the individual data items. The discretization, although theoretically feasible, causes a number of problems. If we denote by
the number of discrete levels in the inputs, the number of possible points in the input space is . To populate such a large
space with data, a very good excitation of the system is necessary. For instance, in Example 1, the total number of discrete
. The data set that was used in this example
points is
had 500 samples, which is a tiny fraction of the total number.
Such a data set will certainly not cover the function hypersurface with a sufficient density. In such a case, it can then happen
and
for each and no decision can thus
that
be taken in step 2) of the basic input-selection algorithm.
2. The approach is time and memory consuming. The complexity rapidly increases with the number of candidate inputs
and the number of discrete values. The number of all possible
subsets of the inputs is .
3. Real data are often corrupted by noise. In such a case, Property 1 will be violated even if the removed input is not significant
(actually it will be violated already in the initial data set).
To make the method practically useful, the basic algorithm
must be modified. Rather than comparing discrete points in the

III. FAST FUZZY CLUSTERING ALGORITHM

(4)

is the membership degree of data point
in cluster
where
,
is the th cluster center and
is the cluster width along
the th feature. It is assumed that the data samples are vectors
in a metric space. If this is not the case, a suitable dissimilarity
measure can be defined instead of the distance.
The algorithm processes the input patterns one by one. Initially, the first input sample defines the first cluster center and
the initial width of this cluster is set to some default value (a
user-defined parameter). For each pattern, the algorithm then
checks whether the sample belongs to a sufficient degree to
some existing cluster. If this is the case, the pattern is added
to that cluster and the cluster center and volume are changed to
account for this new input pattern. Otherwise, a new cluster is
created.

Fast Clustering Algorithm
,
,
,
Set the parameters
and create the first cluster:
,
,
.
Repeat for

,
,
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COMPARISON

OF

TABLE IV
COMPUTATION TIME (IN SECONDS)
NUMBERS OF CLUSTERS

FOR

DIFFERENT

Compute
,
by using (4) and find the
closest cluster:

if
cluster
ters:

COMPARISON

OF

TABLE V
COMPUTATION TIME (IN SECONDS)
NUMBERS OF SAMPLES

FOR

DIFFERENT

contained in that cluster. Now, instead of establishing
ples
the equality of the individual data items, the degree of similarity
among the individual clusters is computed. To assess the similarity, we use the inclusion measure defined for two fuzzy sets
and by

, add the input pattern to
and modify the cluster’s parameThe similarity of these two fuzzy sets is then given by
,
(5)

for

if
otherwise
else create a new cluster:
,
,
,

.

The threshold
is used to find out whether a
given input pattern belongs to an existing cluster. Along with the
and the contraction/expansion parameter
maximal width
, it indirectly determines the number of clusters. Larger
and smaller
result in more clusters. The default setting for
is
.
In Tables IV and V, the fast clustering algorithm and the fuzzy
-means (FCM) algorithm are compared on the data set from the
heat-transfer process presented in Section V-D. This data set
contains 1309 samples in eight dimensions. The standard fuzzy
-means algorithm was used with the fuzziness exponent
, a random initial position of cluster centers and the algorithm
stopped when the number of iterations
or when

where
is the partition matrix in the
iteration. Table IV
shows the computational time demand (in MATLAB) as a function of the number of clusters. Table V presents the time demand
for different numbers of data samples clustered in 70 clusters.
One can see that the proposed algorithm is considerably more
effective for large data sets and large numbers of clusters.
IV. INPUT SELECTION ALGORITHM
First, the initial data matrix given by (2) is clustered, using
the algorithm described in the previous section. Note that the
data space is the complete product space of all the regressors
and the regressand. As a result, the clustering algorithm provides
for each cluster its center, width, and the number of data sam-

As it is computationally prohibitive to compare all pairs of clusters, clusters that are close to one another are first selected.
The clustering algorithm (see Section III) defines the maximal
cluster width and therefore it is easy to find the distance of
cluster centers above which the clusters cannot not be sufficiently similar. These dissimilar clusters are not considered further.
The similarity in the input space and the similarity in the
output space are computed separately. Similarity of clusters in
one dimension is computed according to (5). The total similarity
in the given space is

where
is the similarity of two clusters in th dimension and
is the dimension of the space. The product operator in the above
equation is a natural choice given that the Gaussian membership
functions are used (the total membership degree is the product
of membership functions in the individual dimensions).
The basic algorithm described in Section II uses the variable
, which quantifies the amount of information that is available
to discover the function relation between the input and output
patterns. Here, the total similarity is introduced that has a
similar meaning as :
(6)
Using the obtained clusters, the inconsistency in the data set is
defined as follows.
Clusters that are similar in the input space and not similar in
the output space are not consistent with Property 1.
As this definition is fuzzy, a fuzzy decision function is used
(see Fig. 1). The three corners in which the decision surface
reaches zero represent the following situations.
• Clusters are not similar in the input space and are not similar in the output space.
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TABLE VI
INCONSISTENCY INDEX  AND THE NUMBER OF CLUSTERS c FOR EXAMPLE V-A

Input-Selection Algorithm
1. Construct an initial data set such that certainly contains
the relevant inputs and possibly many redundant inputs.
,
2. Cluster the data in and compute . For
from and compute the corresponding normalized
create
.
3. Find the index for which
is minimal. Remove permanently the th column from and decrement . Go to step 2.

Fig. 1.

Decision surface (S (1

0S

))

Note that this input selection algorithm does not include any
termination condition. The interpretation of the relative differis left to the user. Generally, one stops removing
ences in
over the
regressors from the data when the distribution of
regressors does no longer change significantly. The examples
presented in the next section give an illustration of the typical
results that one can obtain.

for  = 3.

• Clusters are not similar in the input space and are similar
in the output space.
• Clusters are similar in the input space and are similar in
the output space.
The fourth corner represents the situation when the clusters in
the input space are very similar but they are very dissimilar in
the output space, i.e., Property 1 does not hold. Mathematically,
the decision function is defined as follows:
(7)
where
and
are the similarity in the input and output space,
and
are the number of data samples in
respectively,
clusters and , respectively, and is a parameter defining the
curvature of the fuzzy decision surface such that inconsistencies
are emphasized. The value of is usually set to 3 to 4. The
is involved because the number of
weighting by
patterns in the individual clusters can significantly differ.
The choice of the relevant inputs is based on the ratio between
the inconsistency given by and the total similarity , given by
(6). Removing a significant input causes more inconsistency in
the corresponding matrix . On the other hand, the removal
of a less significant input causes the increase of the similarity
for the given
is comindex . The total inconsistency
puted by adding up the outcomes of (7) for all pairs of similar
clusters. The (relative) inconsistency index is then defined as the
following ratio:
(8)
The resulting are then normalized such that their sum equals
to one. For dynamic input–output models, this normalization is
done separately for the input and output regressors.
Now, we are able to formulate the clustering-based input selection algorithm.

V. EXAMPLES
This section presents some typical results of an extensive experimental evaluation that was done for the proposed method.
Data sets from two simulated and two real-world systems are
used. The default settings of the clustering algorithm are
,
(clusters cannot expand or contract),
and
. The cluster size parameters
and
may
need to be adjusted for the problem at hand. The decision surface parameter has been set to 4 in all the examples. For the
first example, we show a comparison with the method based on
Lipschitz coefficients.
A. Simulated Nonlinear System
Consider the following nonlinear dynamic system:
(9)
The data set was obtained by simulating the above system for an
input sequence of 300 samples generated randomly according
to the normal distribution with a zero mean and a unit variance.
The default settings work fine with this data set, but as this is
a simulated system with noise-free data, we may increase the
in order to reduce
maximum cluster size to, e.g.,
the number of clusters. The following initial set of regressors
was assumed:

(10)
The results obtained after the first iteration of the algorithm are
given in Table VI. The last column shows the number of clusters.
,
and
can clearly be selected
Regressors
as the three most important ones.
For a comparison, Table VII shows the Lipschitz coefficients
computed by using the method proposed in [1]. The row and
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TABLE VII
LIPSCHITZ COEFFICIENTS FOR EXAMPLE V-A

TABLE VIII
INCONSISTENCY INDEX  AND THE NUMBER OF CLUSTERS c FOR EXAMPLE V-B

TABLE IX
INCONSISTENCY INDEX  AND THE NUMBER OF CLUSTERS c FOR EXAMPLE V-C

column headings in the table denote the individual model structures. For instance, the coefficient in the row labeled
and column labeled
is calculated for the model struc. To deture
termine the order of the system, one has to look for a sharp
decrease in the coefficients. We can see that the decrease is
quite gradual throughout the entire table. The largest gap is between the first-order model (15.58) and the second-order model
, but referring to
(9) we see that the first-order model is not the correct structure.
Another limitation of the Lipschitz coefficients method is also
clear from the example: the method can possibly select the order
of the system (the largest lag for the inputs and outputs), but not
an arbitrary subset of regressors in which some lags are missing
in this example).
(such as
B. Simulated Transport-Delay System With Sensor Noise
This example shows that the proposed algorithm is able to
detect systems with a transport delay and noise. The nonlinear
system given by (11) and (12) was simulated in MATLAB using
1000 randomly generated input samples (normal distribution
with a zero mean and a unit variance).

The output of the system
and

is restricted to the interval (

(11)
,3)

(12)
where

is a nonstationary output noise
, with
. The initial regressors were the same as in (10).
The results after three iterations of the algorithm are given in

Table VIII. Although the elimination process could continue,
here we suppose that the algorithm stops at this point. Regresand
are clearly the most important ones.
sors
could be included in the model as well, but
Regressor
and
note that the difference between the values for
is rather small (which means that
should then
be included as well). This is caused by the presence of noise,
which makes the clusters fuzzier and therefore more similar to
each other. This blurs the result as one can see by comparing
Table VIII with Table VI, in which a much larger difference in
the indices is observed. A similar phenomenon occurs with
standard linear techniques based on eigenvalues of the data covariance matrix, for instance.
C. Pressure Dynamics in a Fermeter
In this example, a real data set obtained from a laboratory
fermenter is used. The goal is to identify a nonlinear model for
the pressure dynamics in the fermenter’s head-space. The input
of the model is the position of the outlet valve and the output is
the pressure in the head-space. A more detailed description of
the system can be found in [13], [14].
The data set contains 757 data samples. The initial regressors
are again selected as in (10). The results of the input-selection
and
algorithm are given in Table IX. Regressors
seem to be the most important ones after the first iteration.
are
However, as the differences in for the inputs
very small, additional iterations of the algorithm were executed.
was removed and after
After the first iteration, regressor
was removed. After the
the second iteration, regressor
,
and
are
third iteration, regressors
could possibly be included
the most important ones (
as well). The resulting model has the following structure:
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TABLE X
INCONSISTENCY INDEX  AND THE NUMBER OF CLUSTERS c FOR EXAMPLE V-D

Fig. 2.

Schematic diagram of the heat transfer process.

Simulations with a Takagi–Sugeno fuzzy model using these
variables give a slightly better result than the first-order model
used in [14].
D. Heat-Transfer Process
This example shows an application of the proposed algorithm
to the laboratory heat-transfer system process (PT326, manufactured by Feedback), which is a typical example of a dynamic
process with a significant transport delay. This process consists
of a fan that blows air through a tube (Fig. 2). The air flow-rate
can be manually adjusted by a damper. At the inlet of the tube, a
heating resistor is mounted (similar to a hair dryer). The manipulated input to the system is the voltage applied to the power electronic circuit feeding the heating resistor. A temperature sensor
is placed at the other end of the tube. The output of the system is
the voltage given by this sensor. An identification data set was
obtained by randomly manipulating the input in the interval 0
, with the
to 10 V. The total number of samples is
sampling period of 1.1 s. For details, see [15] and [14].
The results obtained after the first iteration are shown in
and
.
Table X. The most significant inputs are
The least significant input
is removed and the new
data set is checked again. After the second iteration it is clear
that the process contains a transport delay of five samples and
third-order dynamics (which is a very realistic approximation
of the system under study). According to this result, the model
structure is

samples are similar to one another. The use of fuzzy clustering is
essential for this approach. A fast fuzzy clustering algorithm has
been proposed which outperforms the standard FCM in terms of
computational efficiency.
Rather than giving an exact selection of inputs that should
be used to create model, the algorithm suggests a certain order
of importance of the inputs. The final selection of inputs to
be used in the model is left to the user. A full automation of
the algorithm by using some threshold, for instance, would
be difficult in general, as the level of importance depends
on the type of nonlinearity and the excitation of the inputs
(see, e.g., Example V-A). We found this technique to be less
sensitive to noise and other disturbances in the data than the
methods based on Lipschitz coefficients, which exploit the
continuity property of functions. In addition, an arbitrary subset
of regressors can be analyzed by means of this technique.
This is an advantage over methods that only assess subsets
of consecutive input and output lags.
Sometimes, it is not easy to decide what structure is optimal.
For instance, in Example V-C, either of the models
and
can be chosen (in addition we could also consider
). In such a case, several models can be constructed and the final model is chosen by
considering the accuracy–complexity tradeoff. Note that with
physical systems, there may not be any clear-cut solution, since
the physical order may be infinite (distributed-parameter systems). Moreover, the NARX model structure does not require
the number of input and output lags to be the same. The user
may have preference for more input regressors (toward the nonlinear FIR model) or more output regressors (toward the nonlinear AR model).
Finally, note that mutual dependencies between the input candidates are often very strong. If there are many input candidates,
the inconsistency levels may become very low. In such a case,
more candidates can be removed from matrix at a given step
and the result will generally depend on the order in which they
are removed (see Section II for an example). A possible extension of the proposed algorithm could use a decision tree to optimize this choice.

VI. CONCLUSION
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