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Exercise 1 Standard formulation

Consider the 10 model
Xo(K+1) = AgXo(K)+ Koo (K) + Lodo(K) + Bou(k) (1)
y(k) = CoXo(K) +€o(k) (2)
whereA, € R K, e IR™*1 |, e R™*1 B, e IR®*1 andC, e IRM"™. The state is(k),

do(K) is the known disturbancey(k) is the input signal anéy(k) is zero-mean white noise.
Note that this is a SISO model.

A performance indeX(k) is given by:

N

J(u,k) = % (é(k+j|k))2+)\2 % (u(k+j—1|k))2 3)

i= =1

where ~ denotes prediction, aatk) contribute to the performance index onlyyik) —r(k) <
Omin OF y(K) — 1 (K) > Omax:

0 for Omin < Y(K) —r(k) < dmax
8(k>—{ Y(K) —r(K) —Omax for y(k) —r(K) > dmax
y(K) —r(K) —Omin for y(k) —r(K) < dmin
SO
e(K)|=_ min  [y(k)—r(k) —d(K)|

6min§6(k) §6max

(1.1) Describe the problem of finding the control-law that miniegzperformance index (3) as
a standard predictive control problem, and give the comegdmg system matrices and the
selection matriceB(j).



Exercise 2 Solution of the SPCP

Consider the 10 = Au) system (5.1) - (5.3) with a steady-state

(Vss, Xss, Wss, Zss) = (Vss, Xss, Wss, 0)

at timek with statex(k), external signalv(k) and ZMWN signak(k).
Define

J(k) = mvinJi(k)

where

¢ J; is the performance index for the SPCP with prediction haride= 40, control horizon
Nc = 20, and finite minimum cost horizdd,, = 2.

e Jyisthe performance index for the SPCP with infinite predithiorizon (N = «), control
horizonN; = 20, and finite minimum cost horizdd,, = 1.

e J3is the performance index for the SPCP with infinite predictirizon (N = ), finite
control horizonN; = 20, and finite minimum cost horizdd,, = 2 subject to inequality
constraintsp(k) < W(k).

e J, is the performance index for the unconstrained SPCP wittiigren horizonN = 40,
control horizorN. = 20, and finite minimum cost horizdx,, = 4.

e J5 is the performance index for the SPCP with infinite predictimrizon (N = ), con-
trol horizon Ne = 20, and finite minimum cost horizoNy, = 1, subject to inequality
constraintsp(k) < W(K) .

(2.1)
Describe how the performance ind&Xk) of the SPCP changes when

¢ the prediction horizon is increased (decreased),
e the minimum cost horizon is increased (decreased),
e an inequality constraint is introduced (removed).

(2.2) Find a ranking in magnitudg < J;" for all combinations =1,...,5,j=1,...,5.
(For example, four fictive performance indicEs Jg, J; andJ;, give a ranking:J; < Jg <
Js andJ; < Jjp < Jg if J7 is the smallest); is the largest, but the order i§ andJj, is
indefinite). Comment on your choices.



Exercise 3 Model predictive control of a bicycle

(3.1) If you ride a bicycle and you want to make a turn to the left, fiost have to steer a little
bit to the right to make your bicycle tilt to the left. This mesthat, if we use MPC (with
a sufficiently large prediction horizon), the optimal cahtsequence will be to initially
steer to the right and later steer to the left.
If we use this optimal control sequence in receding horizoy the first control action
will be implemented. As a consequence we will always steeritht, and we will make
a turn to the right instead of a turn to the left.

Is the above reasoning correct and may we conclude that M€ mtmt work for control-
ling a bicycle?

Exercise 4 Stability of infinite horizon MPC

Given the following theorem:
Theorem

Consider a LTI system given in the state space description

X(k+1) = Ax(k)+Baw(k)+Bzv(k)
Z(k) = G X(k) + D22W(k) + D23V(k)

with zis = 0 in steady state. A performance index is defined as

N-1

minJ(¥, k) = min Z)z(k+ j|k))T (2(k+ ilk) (4)

(K W0 &

where an additional equality constraint is given by:
X(K+N) = X (5)

Finally, letw(k) = wgs for k > 0. Then, the predictive control law, minimizing this perfaance
index subject to the equality constraint results in a staldsed loop.
(4.2)

Proof this theorem.



