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Solution
C

oncepts
and

W
ell-posedness

of
H

ybrid
System

s

M
aurice

H
eem

els
C

ontrolSystem
s
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D
epartm

entofM
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U
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ofTechnology

m
.heem
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D
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C
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M
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and

C
ontrolofH
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System
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K
ey

issues:

•
D

ynam
ics

and
Funny

B
ehaviour:Solution

concepts

•
W

ell-posedness:existence
&

uniqueness
ofsolutions

given
initialcondition

•
Second

hour:(Startw
ith)Stability

and
stabilisation

(control/observerdesign)

O
utline

lecture

•
H

ow
does

this
w

ork
forcontinuous

system
s

(differentialequations)?

•
H

ow
does

this
w

ork
forhybrid

autom
ata?

•
W

hatcan
happen?

–
Zeno

behaviour:
infinite

num
ber

of
discrete

events/actions
in

a
finite

length
interval...

•
Various

exam
ples

•
Sw

itched
system

s/D
iscontinuous

dynam
icalsystem

s

–
Sliding

m
odes
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Solution
concept

D
escription

form
at/syntax

/m
odel

#
solutions

/trajectories
/executions/sem

antics/behavior

)

W
ell-posedness:

given
initialcondition

does
there

exista
solution

and
is

itunique?

Let’s
startsim

ple
...
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H
ybrid

system
s

H
ybrid

system
s

are
com

binations
of

•
discrete

m
odels

such
as

finite
state

m
achines

/autom
ata

•
continuous

m
odels

such
as

differentialequations

H
ow

does
this

w
ork

forcontinuous
system

s,i.e.differentialeqs?
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C
ontinuoussystem

s:differentialequations

Exam
ple

ẋ
=

f(t,x)
x(0)

=
x0 .

A
solution

trajectory
is

a
function

x
:
[0,T

]!
R

n
thatis

continuous,differentiable
and

satisfies
x(0)

=
x0

andẋ(t)
=

f(t,x(t))
forallt2

(0,T
)

W
ell-posedness:

given
initialcondition

doesthereexistsa
solution

and
isitunique?

Q
uestion:W

ho
can

say
som

ething
aboutthis

thatm
akes

sense???
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W
ell-posedness

Exam
ple

ẋ
=

2 p
|x|,x(0)

=
0.Solutions:x(t)

=
0

and
x(t)

=
t 2.

Localexistence
and

uniqueness
ofsolutions

given
an

initialcondition:

Theorem
1

Let
f(t,x)

be
piecew

ise
continuous

in
t

and
satisfy

the
follow

ing
Lips-

chitz
condition:there

existan
L
>

0
and

r
>

0
such

that

k
f(t,x)�

f(t,y)k


Lkx�
yk

and
all

x
and

y
in

a
neighborhood

B
:=

{x
2
R

n
|kx�

x0 k
<

r}
of

x0
and

for
all

t2
[0,T

].

+

There
is

a
d
>

0
s.t.a

unique
solution

exists
on

[0,d
]starting

in
x0

attim
e

0.

•
w

hatif
f

is
continuously

differentiable?
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G
lobalw

ell-posedness

Exam
ple

ẋ
=

x 2
+

1,x(0)
=

0.Solution:x(t)
=

tant.Localon
[0,p

/2).

•
N

ote
thatw

e
have

lim
t"p

/2 x(t)
=

•
.Finite

escape
tim

e!

Theorem
2

(G
lobalLipschitz

condition)
Suppose

f(t,x)ispiecew
ise

continuousin
tand

satisfies
k

f(t,x)�
f(t,y)k


Lkx�

yk
forallx,y

in
R

n
and

forallt2
[0,T

].Then,a
unique

solution
exists

on
[0,T

]forany
initialstate

x0
at0.

•
N

otnecessary:ẋ
=
�

x 3
notglob.Lipsch.,butunique

globalsolutions.

•
A

s
hybrid

system
=

discrete
system

⇥
continuous

system
,the

above
can

happen,
buteven

m
ore

aw
kw

ard
stuff(Zeno)
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N
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H
ybrid

autom
aton

H
ybrid

autom
aton

H
is

collection
H

=
(Q

,X
,f,Init,Inv,E

,G
,R
)

w
ith

•
Q
=
{q

1 ,...,q
N }

is
finite

setofdiscrete
states

orm
odes

•
X
=
R

n
is

setofcontinuous
states

•
f

:Q
⇥

X
!

X
is

vectorfield

•
Init✓

Q
⇥

X
is

setofinitialstates

•
Inv

:Q
!

P
(X

)
describes

the
invariants

•
E
✓

Q
⇥

Q
is

setofedges
ortransitions

•
G

:E
!

P
(X

)
is

guard
condition

•
R

:E
!

P
(X

⇥
X
)

is
resetm

ap
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Evolution
ofhybrid

autom
aton

•
Initialhybrid

state
(q

0 ,x0 )2
Init

•
C

ontinuous
state

x
evolves

according
to

ẋ
=

f(q
0 ,x)

w
ith

x(0)
=

x0

discrete
state

q
rem

ains
constant:q(t)

=
q

0

•
C

ontinuous
evolution

can
go

on
as

long
as

x2
Inv(q

0 )

•
Ifatsom

e
pointstate

x
reaches

guard
G
(q

0 ,q
1 ),then

–
transition

q
0 !

q
1

is
enabled

–
discrete

state
m

ay
change

to
q

1 ,
continuous

state
then

jum
ps

from
current

value
x �

to
new

value
x
+

w
ith

(x �
,x

+
)2

R
(q

0 ,q
1 )

•
N

ext,continuous
evolution

resum
es

and
w

hole
process

is
repeated
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Form
alization:H

ybrid
tim

e
trajectory

D
efinition

3
A

hybrid
tim

e
trajectory

t
=

{Ii }
Ni=

0
is

a
finite

(N
<

•
)orinfinite

(N
=

•
)sequence

ofintervals
ofthe

realline,such
that

•
Ii =

[ti ,t
0i ]w

ith
ti 

t
0i
=

ti+
1

for0


i<
N

;

•
ifN

<
•

,eitherIN
=
[tN

,t
0N
]orIN

=
[tN

,t
0N
)

w
ith

tN


t
0N


•
.

•
Forinstance,

t
=
{[0,2],[2,3],{3},{3},[3,4.5],{4.5},[4.5,6]}

t
=
{[0,2],[2,3],[3,4.5],{4.5},[4.5,6],[6,•

)}

I0
=
[0, 12

],I1
=
[ 12
, 34

],I2
=
[ 34
, 78

],...,Ii =
[1�

2
i,1�

2
i+

1]

•
lim

t
0i
=

1
forlattercase!
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Execution
ofhybrid

autom
aton

D
efinition

4
A

n
execution

c
ofa

H
A

consists
ofc

=
(t,q,x)

•
t

a
hybrid

tim
e

trajectory;

•
q
=
{q

i }
Ni=

0
w

ith
q

i :Ii !
Q

;and

•
x
=
{x

i }
Ni=

0
w

ith
x

i :Ii !
X

I
n

i
t
i
a

l
c
o

n
d

i
t
i
o

n
(q(t0 ),x(t0 ))2

Init;

C
o

n
t
i
n
u

o
u

s
e
v
o

l
u

t
i
o

n
foralli

•
q

i is
constant,i.e.q

i (t)
=

q
i (ti )

forallt2
Ii ;

•
x

i is
solution

to
ẋ(t)

=
f(q

i (t),x(t))
on

Ii w
ith

initialcondition
x

i (ti )
atti ;

•
forallt2

[ti ,t
0i )

itholds
thatx

i (t)2
Inv(q

i (t)).

D
i
s
c
r
e

t
e

e
v
o

l
u

t
i
o

n
foralli,

•
e
=
(q

i (t
0i ),q

i+
1 (ti+

1 ))2
E

,
•

x(t
0i )2

G
(e);

•
(x

i (t
0i ),x

i+
1 (ti+

1 ))2
R
(e).
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Executionsofhybrid
autom

ata:the
therm

ostatexam
ple

This
is

an
infinite

execution
as

itcan
be

defined
foralltim

es
t2

[0,•
)
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Executionsofhybrid
autom

ata:the
bouncing

ballexam
ple

•
D

ynam
ics:ẍ1

=
�

g
subjectto

x1 �
0

(x1 (t):height)

•
x2 (t)

is
velocity

•
N

ew
ton’s

restitution
rule

(0
<

c
<

1):

x2 (t+
)
=
�

cx2 (t�
)

w
hen

x1 (t�
)
=

0,x2 (t�
)

0
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Bouncing
ball

•
A

ssum
ing

x1 (0)
=

0,x2 (0)
>

0,eventtim
es

are
related

through

ti+
1
=

ti +
2c

ix2 (0)
g

•
Sequence

has
finite

lim
itt

⇤
=

2x2 (0)
g�

gc
<

•
(geom

etric
series)

•
Physicalinterpretation:

ballis
atrestw

ithin
finite

tim
e

span,butafter
infinitely

m
any

bounces!
Zeno

behavior

In
this

case:infinite
num

berofstate
re-initializations,setofeventtim

es
contains

right-accum
ulation

point
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N
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II
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Bouncing
ball

This
is

also
called

an
infinite

execution
as

ithas
an

infinite
num

beroftransitions
...

Zeno
behavior:infinitely

m
any

m
ode

sw
itches

in
finite

length
tim

e
interval
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Zeno
ofElea

and
one

ofhisparadoxes

D
istance

Travelled
(m

)by
A

chilles

10.5
0.25
0.125
0.0625
0.03125
0.015625
0.0078125
0.00390625
0.001953125

Eventtim
es

ofA
reaching

previous
T

position

11.5
1.75
1.875
1.9375
1.96875
1.984375
1.9921875
1.99609375
1.998046875
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Executionsofhybrid
autom

ata:the
M

system

Q
=
{q

1 ,q
2 },X

=
R

,Init=
{(q

1 ,0)}

M
ode

q
1 :

•
ẋ
=

f(q
1 ,x)

=
1

•
Inv(q

1 )
=
{x2

X
|x

1}
M

ode
q

2 :

•
ẋ
=

f(q
2 ,x)

=
�

1

•
Inv(q

2 )
=
{x2

X
|x�

0}

Transitions:E
=
{(q

1 ,q
2 )}

w
ith

G
uard

G
((q

1 ,q
2 ))

=
{x2

X
|x�

12 }

R
esetrelation

R
(q

1 ,q
2 )

=
{(x,0)|x2

X
}.

System
is

notdeterm
inistic

N
o

infinite
solutions,but-asany

H
A

-itdoeshave
so-called

m
axim

alones....atend
ofexecution,the

system
is

in
deadlock
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W
ell-posednessfor

hybrid
autom

ata

•
H

•(q0 ,x0 ) :infinite
executions:eitherdefined

on
[0,•

)
orinfinite

num
beroftransi-

tions.
Form

ally:t
is

an
infinite

sequence
oriflim

i!
N t

0i
=

Â
i (t

0i �
ti )

=
•

•
H

M(q0 ,x0 ) :m
axim

alexecutions:solution
cannotbe

continued
any

further(atend
of

the
execution

system
in

deadlock
oritis

an
infinite

execution).
Form

ally:t
is

nota
strictprefix

ofanotherone!

•
A

hybrid
autom

aton
is

called
non-blocking,

if
H

•(q0 ,x0 )
is

non-em
pty

for
all

(q
0 ,x0 )2

Init.

•
Itiscalled

determ
inistic,if

H
M(q0 ,x0 ) containsatm

ostone
elem

entforall(q
0 ,x0 )2

Init.
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W
ell-posednessfor

hybrid
autom

ata
-continued

A
ssum

ption
•

The
vectorfield

f(q,·)
is

globally
Lipschitz

continuous
forallq

2
Q

.

•
The

edge
e
=
(q,q 0)

is
contained

in
E

ifand
only

ifG
(e)6=

/0
and

x2
G
(e)

ifand
only

ifthere
is

an
x 02

X
such

that(x,x 0)2
R
(e).

A
state

(q̂,x̂)2
R
each,ifthere

exists
a

finite
execution

(t,q,x)
w

ith
t
=

{[ti ,t
0i ]}

Ni=
0

and
(q(t

0N
),x(t

0N
))
=
(q̂,x̂).
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SmoothContinuation
and

Out

•
The

setofstates
from

w
hich

continuous
evolution

is
possible:

S
m
o
o
t
h
C
o
n
t
i
n
u
a
t
i
o
n
=
{(q

0 ,x0 )2
Q
⇥

X
|9e

>
08t2

[0,e)
x

q0 ,x0 (t)2
Inv(q

0 )}

•
The

setofstates
from

w
hich

continuous
evolution

is
im

possible
:

O
ut

=
{(q

0 ,x0 )2
Q
⇥

X
|8e

>
09t2

[0,e)
x

q0 ,x0 (t)62
Inv(q

0 )}
in

w
hich

x
q0 ,x0 (·)

denotes
the

unique
solution

to
ẋ
=

f(q
0 ,x)

w
ith

x(0)
=

x0 .
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W
ell-posednesstheorem

s

Theorem
A

hybrid
autom

aton
is

non-blocking,ifforall
(q,x)2

R
each\

O
ut,there

exists
e
=

(q,q 0)2
E

w
ith

x
2

G
(e).

In
case

the
autom

aton
is

determ
inistic,

this
condition

is
also

necessary.

Theorem
A

hybrid
autom

aton
is

determ
inistic,ifand

only
ifforall(q,x)2

R
each

•
ifx2

G
((q,q 0))

forsom
e
(q,q 0)2

E
,then

(q,x)2
O
ut;

•
if
(q,q 0)2

E
and

(q,q 00)2
E

w
ith

q 06=
q 00,then

x62
G
((q,q 0))\

G
((q,q 00));and

•
if
(q,q 0)2

E
and

x
2

G
((q,q 0)),then

there
is

atm
ostone

x 02
X

w
ith

(x,x 0)2
R
((q,q 0)).
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Exam
plesw

ith
Zeno

behavior

•
Zeno

behavior:
infinitely

m
any

m
ode

sw
itches

in
finite

tim
e

interval

•
Prevents

thatsolutions
are

globally
defined

[0,•
)

(“sim
ulators

getstuck”)

•
Exam

ples

1.bouncing
ball

2.tw
o-tank

system

JJ
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Bouncing
ball

•
A

ssum
ing

x1 (0)
=

0,x2 (0)
>

0,eventtim
es

are
related

through

ti+
1
=

ti +
2c

ix2 (0)
g

•
Sequence

has
finite

lim
itt

⇤
=

2x2 (0)
g�

gc
<

•
(geom

etric
series)

•
Physicalinterpretation:

ballis
atrestw

ithin
finite

tim
e

span,butafter
infinitely

m
any

bounces!
Zeno

behavior

In
this

case:infinite
num

berofstate
re-initializations,setofeventtim

es
contains

right-accum
ulation

point

N
on-blocking

and
determ

inistic
H

A
,butno

solutions
on

[0,•
)
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Tw
o

tank
system

w

v2
v1

r1 x1
x2r2

•
Tw

o
tanks

(x
i :volum

e
ofw

aterin
tank)

•
Tanks

are
leaking

atconstantrate
v

i >
0

•
W

ater
is

added
at

constant
rate

w
through

hose,
w

hich
at

any
point

in
tim

e
is

dedicated
to

eitherone
tank

orthe
other

•
O

bjective:keep
w

atervolum
es

above
r1

and
r2

•
C

ontrollerthatsw
itchesinflow

to
tank

1
w

heneverx1 
r1 and

to
tank

2
w

henever
x2 

r2
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D
escription

oftw
o-tank

system
ashybrid

autom
aton

w

v2
v1

r1 x1
x2r2

•
Tw

o
m

odes:filling
tank

1
(m

ode
q

1 )ortank
2

(m
ode

q
2 )

•
Evolution

ofcontinuous
state:

(
ẋ1

=
w
�

v1
ẋ2

=
�

v2
in

m
ode

q
1

(
ẋ1

=
�

v1
ẋ2

=
w
�

v2
in

m
ode

q
2

•
Init

=
{q

1 ,q
2 }⇥

{(x1 ,x2 )|x1 �
r1

and
x2 �

r2 }
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D
escription

oftw
o-tank

system
ashybrid

autom
aton

(cont.)

w

v2
v1

r1 x1
x2r2

•
Invariants:

Inv(q
1 )

=
{x2

R
2|x2 �

r2 }
Inv(q

2 )
=
{x2

R
2|x1 �

r1 }

•
G

uards:
G
(q

1 ,q
2 )

=
{x2

R
2|x2 

r2 }
G
(q

2 ,q
1 )

=
{x2

R
2|x1 

r1 }
•

N
o

resets:R
(q

1 ,q
2 )

=
R
(q

2 ,q
1 )

=
{(x �

,x
+
)|x �

,x
+
2
R

2
and

x �
=

x
+}
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D
escription

oftw
o-tank

system
ashybrid

autom
aton

(cont.)
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A
sim

ulation

r1
=

r2
=

1,v1
=

2,v2
=

3,w
=

4,x1 (0)
=

x2 (0)
=

2,q(0)
=

q
1
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Tw
o-tank

system
and

Zeno
behavior

•
A

ssum
e

totaloutflow
v1
+

v2
>

w

•
C

ontrolobjective
cannotbe

m
etand

tanks
w

illem
pty

in
finite

tim
e

•
Infinitely

m
any

sw
itchings

in
finite

tim
e
!

Zeno
behavior

B
e

carefulw
ith

yourconclusions!
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Sum
m

ary

•
Sm

ooth
differentialequations

–
Lipschitz

continuity
sufficientforw

ell-posedness
–

absence
Lipschitz:possibly

non-uniqueness
ẋ
=

2 p
x

–
absence

globalLipschitz:possibly
finite

escape
tim

esand
no

globalexistence
ẋ
=

x 2
+

1

•
H

ybrid
autom

ata:

–
N

on-blocking
and

determ
inistic

can
be

checked
via

O
utand

R
each

–
C

om
plications

due
to

Zeno:
non-blocking

H
A

m
ight

have
no

solutions
on

[0,•
)

–
Zenonessm

ightalso
lead

to
erroneousconclusions...tanksdo

notstay
full...
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D
ynam

ics
ofsw

itched
system

s?
Funny

phenom
ena?
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Sw
itched

system
s

ẋ
=

fs
(x)

{
f1 (x),f2 (x),...,fN

(x)}
fam

ily
ofsm

ooth
vectorfields

from
R

n
to

R
n

Sw
itching

signals
:[0,•

)7!
{1,2,...,N

}
piecew

ise
constantfunction

oftim
e

•
Function

oftim
e

t:s
(t)

•
Function

ofstate
x(t):s

(x)
Piecew

ise
sm

ooth
system

s
orD

iscontinuous
dynam

icalsystem
s

•
C

om
binations:s

(t,x)

N
o

resets,continuous
state

variable
x

evolves
continuously,only

its
derivative

m
ay

be
discontinuous

...

Exam
ple:therm

ostat
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D
iscontinuousdynam

icalsystem
s/Piecew

ise
sm

ooth
system

s

State-dependentsw
itching
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Exam
ple

1:Piecew
ise

linear
system

ẋ
=

(
A

1 x
,

w
hen

x1
<

0
A

2 x
,

w
hen

x1
>

0

w
here

A
1
=

✓
�

2
2

�
4

1 ◆
and

A
2
=

✓
�

2
�

2
4

1

◆
.
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Exam
ple

1:Piecew
ise

linear
system
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Sliding
m

odes

C
+C

-

f(x )
+

0

x
0 f(x )

-
0

φ(x)=0

f+
(x)

points
tow

ardsC
�

and
f�
(x)

points
tow

ardsC
+ .

N
o

classicalsolution

•
R

elaxation:spatial(hysteresis)D,tim
e

delay
t,sm

oothing
e

•
C

hattering
/infinitely

fastsw
itching

(lim
itcase

D
#

0,e
#

0,and
t
#

0)

Filippov’sconvex
definition:convex

com
bination

ofboth
dynam

ics

ẋ
=

l
f+
(x)+

(1�
l
)f�

(x)
w

ith
0


l


1

such
thatx

m
oves

(“slides”)along
f
(x)

=
0.“Third

m
ode

...”
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D
iscontinuousdifferentialequations:a

classofsw
itched

system
s

ẋ
=

(
f+
(x)

,
ifx2

C
+

:=
{x2

R
n|f

(x)
>

0}
f�
(x)

,
ifx2

C
�

:=
{x2

R
n|f

(x)
<

0}

•
x

in
interiorofC

�
orC

+ :justfollow
!

•
f�
(x)

and
f+
(x)

pointin
sam

e
direction:justfollow

!

•
f+
(x)

points
tow

ardsC
+

and
f�
(x)

points
tow

ardsC
� :A

tleasttw
o

trajectories

•
f+
(x)

points
tow

ardsC
�

and
f�
(x)

points
tow

ardsC
+ :sliding

m
ode!

Filippov
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D
ifferentialinclusions

ẋ
=

8><>:

f+
(x),

iff
(x)

>
0

l
f+
(x)+

(1�
l
)f�

(x),
iff

(x)
=

0,
0


l


1
f�
(x),

iff
(x)

<
0,

D
ifferentialinclusion

ẋ
2

F
(x)

w
ith

set-valued

F
(x)

=

8><>:

{
f+
(x)},

f
(x)

>
0

{l
f+
(x)+

(1�
l
)f�

(x)|l
2
[0,1]},

f
(x)

=
0

{
f�
(x)},

f
(x)

<
0

D
efinition

5
A

function
x

:
[a,b]7!

R
n

is
a

solution
of

ẋ
2

F
(x),if

x
is

absolutely
continuous

and
satisfies

ẋ(t)2
F
(x(t))

foralm
ostallt2

[a,b].
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Exam
ple

1:Piecew
ise

linear
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Exam
ple

1:Piecew
ise

linear
system

•
A

ttractive
and

repulsive
sliding

m
ode

•
Sliding

m
odes

m
ightbe

non-unique
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Exam
ple

2:

ẋ1
=

�
x1
+

x2 �
u

ẋ2
=

2x2 (u
2�

u�
1)

u
=

(
1,

ifx1
>

0
�

1,
ifx1

<
0.

Tw
o

“original”
dynam

ics:

•
C
+

the
region

x1
>

0:
ẋ
=

f+
(x)

ẋ1
=

�
x1
+

x2 �
1

ẋ2
=

�
2x2

•
C
�

the
region

x1
<

0
ẋ
=

f�
(x)

ẋ1
=

�
x1
+

x2
+

1
ẋ2

=
2x2
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Vector
fields
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Vector
fields:zoom
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Sliding
m

odes?

Tw
o

“original”
dynam

ics:

•
C
+

the
region

x1
>

0:
ẋ
=

f+
(x)

ẋ1
=

�
x1
+

x2 �
1

ẋ2
=

�
2x2

•
C
�

the
region

x1
<

0:
ẋ
=

f�
(x)

ẋ1
=

�
x1
+

x2
+

1
ẋ2

=
2x2

•
n(x) T

f+
(x)

=
x2 �

1
<

0
�!

x2
<

1

•
n(x) T

f�
(x)

=
x2
+

1
>

0
�!

x2
>
�

1

•
Sliding

possible
in

x1
=

0
and

x2 2
[�

1,1].
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Filippov’ssolution
concept

Tw
o

“original”
dynam

ics:

•
C
+

the
region

x1
>

0:
ẋ
=

f+
(x)

ẋ1
=

�
x1
+

x2 �
1

ẋ2
=

�
2x2

•
C
�

the
region

x1
<

0:
ẋ
=

f�
(x)

ẋ1
=

�
x1
+

x2
+

1
ẋ2

=
2x2

•
Filippov:Take

convex
com

bination
ofdynam

ics

ẋ
=

l
f+
(x)+

(1�
l
)f�

(x)

such
thatstate

slides
on

x1
=

0:H
ence,x1

=
ẋ1

=
0.

•
l
(x2 �

1)+
(1�

l
)(x2

+
1)

=
0

im
pliesl

=
12 (x2

+
1)

•
H

ence,ẋ2
=

l
(�

2x2 )+
(1�

l
)(2x2 )

=
�

2x 22

•
0

is
unstable

equilibrium
.
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Vector
fields:Filippov’scase
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Solution
trajectories:Filippov’scase

+
hysteresis
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A
w

ell-posednessresult
C

+

C
-

x'=
f(x)

+x'=
f(x)

-

φ(x)=0

•
f�

and
f+

are
continuously

differentiable
(C

1)

•
f

isC
2

•
the

discontinuity
vectorh(x):=

f+
(x)�

f�
(x)

isC
1

Ifforeach
pointx

w
ith

f
(x)

=
0

atleastone
ofthe

tw
o

condition
holds:

•
f+
(x)

points
strictly

tow
ardsC

�
(n(x) T

f+
(x)

<
0

w
here

n(x)
=

—
f
(x)

k—
f
(x)k

is
norm

al
to

sw
itching

surface
atthe

pointx)

•
f�
(x)

points
strictly

tow
ardsC

+
(n(x) T

f�
(x)

>
0)

(fordifferentpoints
a

differentinequality
m

ay
hold),then

the
Filippov

solutions
are

unique.

Localexistence
is

alw
ays

guaranteed
undercontinuity

of
f+

and
f� .
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Sum
m

ary
discontinuousdynam

icalsystem
s

•
D

iscontinuous
dynam

icalsystem
s

and
piecew

ise
sm

ooth
system

s

•
D

ynam
ics:sliding

m
odes

•
Form

alized
this

–
Filippov’s

convex
definition

(lim
itcase

/idealization
ofhysteresis,spatialde-

lay)

•
(Local)existence

ofsolutions
guaranteed.

•
W

ell-posedness:directions
ofvectorfield

atsw
itching

plane
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Sum
m

ary

•
C

ontinuous
differentialequations

–
Solution

conceptstraightforw
ard

–
C

ontinuity
sufficientforlocalexistence,notforuniqueness

–
LocalLipschitz

continuity
sufficientforlocalw

ell-posedness
–

G
lobalLipschitz

continuity
sufficientforglobalw

ell-posedness
–

absence
globalLipschitz

finite
escape

tim
es

and
no

globalexistence

•
H

ybrid
autom

ata:non-blocking
and

determ
inistic

•
C

haracterizations
ofw

ell-posedness
using

Reach
and

Out!

•
C

onditions
forhybrid

autom
ata:im

plicit!

•
B

e
carefulw

ith
conclusions

due
to

Zeno!
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Sum
m

ary
-continued

•
D

iscontinuous
differentialequations

–
Interpretidealized

sim
ple

m
odels

such
thatthey

m
atch

underlying
realplant

(hysteresis).
–

Filippov’s
convex

definition
–

Solution
conceptfrom

differentialinclusions
–

Sliding
m

otions
–

Localexistence
ofsolutions

alw
ays

guaranteed
–

Foruniqueness
conditions

on
directions

ofvectorfield
atsw

itching
plane


